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Abstract. We apply group actions to some natural situations like the natu-
ral ‘linear’ action of GL;(Z,) and some of its subgroups to derive number-
theoretic identities like

GCD(n,t; —1,tp,--- ,t;) = ¢(n)or_1(N).

t1€(Zn)*,tz,~" M €Zn
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1 Introduction

The title “A lemma that is not Burnside’s” was the fancy name of a paper
by Peter Neumann [2] who revealed that this lemma was already used by
Cauchy and Frobenius. He proposed the name Cauchy-Frobenius lemma but
ironically, the name “not-Burnside lemma” seems to have stuck. We shall
apply this lemma to the natural ‘linear’ action &L (Z,) and some of its
subgroups and derive number-theoretic identities. For instance, applying the
lemma to the action of a certain group of upper triangular matrices, we obtain
the identity:

For any natural number n,
GCD(n,t; —1,tp,--- ,t;) = ¢(n)or_1(N).

t1€(Zn)*,tz,~" M E€Zn
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Here ox(m) := zd|mdk and, we use the notatiafy, for the groupZ /nZ. In

fact, this identity can be proved using elementary number theory but our stress
is more on the fact that both sides drop out naturally from group actions.
Probably, there is scope for the method to carry over to more general groups
and hopefully give new identities. Note the special qasel is the following
beautiful identity due to P.K. Menon [1]:

Let n be a natural number. Then,

GCD(a—1,n) = ¢(n)d(n).
GCD(a,n)=1

Hered(n) is the divisor function. He had proved this by number-theoretic
methods. In the last section where we analyze the acti®LafZ,) on(Z,)",
we obtain two sets

{(al’... ,ar) 1 g S n,GCD(a]_,"' 7ar7n) = 1}
and
{c<n':p" JGCD(c,n") Y prime p}

which have the same cardinality but there doesn’t seem to be an obvious bi-
jection between them !

2 ‘Not-Burnside’ lemma for the upper triangular group.

‘Not-Burnside’ lemma Let a finite group G act on a finite set S with N orbits.

Then,
|S?| = O(G)N.
2

This simple lemma is well-known to have applications, via Polya’s theory of
enumeration, to chemistry - in particular, to counting of isomers.

Before stating a more general result, we point out how a special case proves
Menon'’s identity; this will set the tone for later computations which is slightly
messier.

Proof of Menon'’s identityLet the groupG = Z;, of integers coprime tm,
under multiplication modh, act onS= Z,, by (a,b) — ab. Now, fora € G,
S={beZ,:ab=b mod 1. We see thata— 1)b = 0 modn is equiva-

lent to 25b = 0 mod § whered = (a— 1,n) and has exactly the solutions

g, %, ---,0. Thus, the left hand side of the not-Burnside lemma gives the left
hand side of Menon'’s identity.
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To count the numbeN of orbits for our action, we observe that two ele-
mentsb andc of Z, have the same orbit if, and only {fp,n) = (c,n). In other
words, orbits are

Qq:={a:(a,n)=d}

for divisorsd of n. ThusN = d(n). Note also thatQq| = ¢(n/d) and, since
Z, is the union of orbits, we have the well-known identity

n= %]q)(n/d).

The two sides of the not-Burnside lemma now give Menon'’s identity. O

Note that Menon’s identity gives an immediate proof of the well-known in-
equality dn)¢(n) > n as the left hand side of the not-Burnside lemma has n
as a term (corresponding to-a 1).

Theorem 1 Let n be a natural number. Consider the action of the group

titats -ty

010---0 _
G={| ... . .|:tte(Zn)"tieZ, foralli >1}

000---1

on S= (Z,))" as matrix multiplication on the left on column vectors. Write

htotz--- &

010---0
9ts,---t) = SRR €G.

000 1

Then, we have;:

(i) || =n-1GCD(n,ty — Ltp, - ,t).
(i) The number of orbits is;_1(n).
(i) We have the identity :

GCD(n,t; —1,tp,--- ,t) = ¢(N)or_1(N).
t]_G(Zn)*,tz,-",trEZn

Although the proof is not different for differemt it is a bit more transparent
whenr = 1. We first discuss this case separately for clarity. So, we now write

G:{<82> Lac (Zn)',be Zn).

Proposition 1 (i) || =n(n,a—1,b)ifg= <g 2) €G.
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(i) The number of orbits i (n).
(iii) Zae(zn)* Zbezn(nya_ 1, b) - ¢(n)6(n)'

Proof Of course, (iii) follows from (i) and (ii) by the not-Burnside lemma.
ab

To prove (i), consideg = (0 1

) € Gand(ag,a)t € §. Then, we have :

(a—1)a;+ba=0mod n

If GCD(n,a— 1) = d, we haved|ba and so there arfd, b) solutions foray.
Also, thena; can be arbitrary; hend&’| = n(n,a— 1,b).

Now, to prove (ii), look at the orbi(a;,a2) = {(aa; + bap,a2) : (a,n) =
1,b<n} of any(ay,a;). Note that the second co-ordinate remains fixed. We
observe that the cardinality of this is a multiplicative functiompflue to the
following reason. LeGCD(l,m) = 1 and look at the isomorphisms

and

(2)" x (Zm)" = (Zim)"
given by the Chinese remainder theorem. Evidently, the above isomorphism
maps orbits to orbits. Therefore, it suffices to compute the number of orbits

whenn = pX for some primep. Let (pX,ap) = p' with | <k. If | =0, then the
set

{(20,a2) s @0 € Zn}
is an orbit because one can solve &b with aa; + ba, = ag mod pk. Thus,
eacha, relatively prime ton gives one orbit. This contributes p¥) orbits.

Next, look at anypay € Z, for which (az, p) = 1. For any such fixed,, there
are two orbits

{(20, pap) 1 @0 € (Zy)"}
and

{(pao, pap) 1 a0 € Z}.
Thus, there are (p*~1) suchay’s and, for each one, there are two orbits; these
contribute 2 (p*~1) orbits.

If we look at orbits of elements of the forfr, p’ap) with (ap, p) = 1, we get
the orbits

{(a0,PPa2) 1@0 € (Z(y)*},
{(pao, p?az) 1 a0 € (Z )" };

{(pPa0, p*az) 1 a0 € Zy}.
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Thus, we get three orbits from each of thgs here, which are(p*~2) in
number ag?a; < pXand(ap, p) = 1. In this manner, we havey3p*—2) orbits.
Proceeding in this manner, the total number of orbits is

k
)2 lp(P*) = o (p").
=1

In fact, we can easily show that(n) = y,d(t)¢(n/t) for anyn, by looking
at the corresponding Dirichlet series. Thus, (ii) is proved.

Then (iii) follows from the not-Burnside lemma because the ord€s of
n¢ (n). The proof of the proposition is complete. O

Proof of Theorem 10nce again (iii) is a consequence of (i) and (ii) from the
not-Burnside lemma since the order of the group'is'¢(n).

To prove (i), we need to computgtt)|. Look at the number of solu-
tionsinag,ap,---,a € Zpforg(as,---,&) = (a1, ,a); that is,

(t1—1)ag +trax+---+ta, =0mod n
Claim: Forany b, by--- by € Zy, the cardinality of

{(Xq, %) € (Zn)": Zbixi =0}

equals A~2GCD(n, by, by, -, by).

This can be proved by induction anIf r = 1, clearlyb;x; = 0 modn
has the(n,b;) solutionsin/(n,by) with 1 <1 < (n,b;). Assumingr > 1 and
that the result is true far— 1, we consider any possible solutioq, - - - ,X;)
of 3{_1bixi =0 modn. SoS{_,hix; =0 mod (n,by). By induction hypoth-
esis, the number of tuplese,---, %) with x; varying mod(n,b;) equals
(n,by)" =2(n,by, by, -+, by). But, if xp,--- , % vary modn, we are allowed to
change eaclx; by any one of then/(n,b;) multiples of (n,b;). Thus, the
number of tuplesxz, - - - , X ) with x; varying modn is

(n,by) "2(n,by, by, b )(n/(n,by)) L.

Now, when(xy,-- -, X ) is any one such tuple witfi{_,bixi = 0 mod(n,by),
the equation . ST brx .
1 i=2MiA
(n.by) X1+ (n.by) = 0mod W
has a unigue solution fog modulo(TT)l). Thus, allowing for changing of;
by a multiple of(TT)l), we have(n,b;) choices forx; modn for each fixed
X2,--+,%. Therefore, the number of solutions is

(n7 bl)(n7 bl)r_z(na bla b27 e 7bl’)(n/(n7 bl))r_l = (n7 b17 b25 T 7bl’)nr_1'
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Hence, the claim is proved and we have (i).

Finally, (ii) can be proved once again by reducing to prime powers using
the Chinese remainder theorem as before. Indeed, assume:tlp‘:itand look
at the orbit of any(ay,--- ,a). The lastr — 1 co-ordinates are fixed and the
first one runs over the set

{ttaa+---+ta t1 e (Zn)tieZpv2<i<r}.
If (p,&) =1 for some i <r, then the set

{(ag,@2,---,a;) 1@ € Zn}

is a single orbit since one can solve the equati@a + - - - +tra, = ag for

t1 € (Zy)* for suitablety, -t € Zx whenag is arbitrary. This is so, be-
cause If(a;, p) = 1, then one may choosec (Z )" so thatag — 3i_,tig isin
(z pk)*. Thus, for each choice @b, - -- ,a; with at least oney a unit, one has
one orbit. This givegpX)"~1 — (pk~1)"~1 orbits.

Now, look at the orbit of an element of the fofay, pap, pag, - - - , par). Clearly
all the tupleqag, pap, - - - , pa) with (ag, p) = 1 form an orbit as one can solve,
for anyay, a; relatively prime top, the equalitytia; + ¥{_,t pa = ap mod pk
forty € (Z,x)*. Thus, we havép )"~ orbits of this kind.

If (a,p) =1forsome i <r, then the set

{(p2o, pag, -+, par) 180 < P 1}
is a single orbit as argued in the beginning. This way provig#s?!) — —
(p=2)"1 orbits.

Proceeding in this manner, we see that there are two orbits of a tuple of the
form (a1,0,0,---,0); these are

{(aOaO,Oa"' ’0) : (paaO) = 1}
and the singletof(0,0,---,0)}. Thus, the total number of orbits equals
(P =P D+ (P (P = (P (- 12

This simplifies top" V) 4+ pk-D=1) ... 4 p"=1 1 1 = &;_1(p¥). The proof
is complete. ad

Problem worth further investigation: For the action onZ)" of the sub-
group of upper triangular matrices containedsh, (Z,,), compute both sides
of the not-Burnside lemma.
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3 The general linear group over finite rings

Let us look at the ‘linear’ action o6 = GL,(Z) on the setS of r-tuples

Zn X Zn X -+ X Zp, for any fixed natural numbersr > 2. We write the tuples

as columns and take matrix multiplication on the left. The situation is more
complicated. Before stating the results, for any 1, we recall the generalized
totient function (sometimes called Jordan’s totiefth) = n" [1n(1—1/p").

Note ¢ is the usual phi-function. The main result is :

Theorem 2 (i) The orbits are parametrized by divisors d of n and are given
as
Qq={(aq,---,a) € S:GCD(ay,:--,a,n) =d}.

(i) The cardinality|Qq| = ¢r(n/d). In particular, T =3 4, [pad" (1-1/p").
(iii) Forany r,n, there is a bijection between the s€tsand

{c<n":p" JGCD(c,n") V prime p}.
(iv) We have

2 1 1 1
| =d(n)n' 1-)(1- =) (1—
g€§| | =d(n)n m{( p)( =

(iii) Ifn = p%... p%, then

3.191- rlgeGLr(Za)«ng»f)g\.

That is, the expressions given by the not-Burnside lemma is a product of
corresponding expressions when n is a prime power.

Proof The Chinese remainder theorem tells us that the g@ap well as the
set(Z,)" breaks up into a Cartesian product corresponding to the prime pow-
ers dividingn and, the orbits themselves are products of the orbi@LefZ )
on(Zy «)" for various prime powers dividing. The Chinese remainder theo-
rem also helps us compute the ordeofindeed, it is easy to show that

1 1 1
O(GL(Zn)) = p\n((l_B)(l_E) "(1—5))-

Hence, we have the assertion in (v). Moreover, the assertion (iv) follows from
this excepting that one has to show that the number of orbdéns Let us
now prove (i),(ii) and (iii). We start with various observations.

Observation 1Orbit of any(xy,--- ,X;) is the orbit of(dy, - - - ,dr) where ¢ =
(X, ).
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Proof It is easy to get even a diagonal matrixGn ad

Observation 2 For divisors d, - - - ,d, and divisors h, - - - , h; of n, if the orbits
are the same, then GQBy, - -- ,d;) = GCD(hy,--- , hy).

Proof Letg= (gij) € G be such that

d; hy
d> ho | .
d; hy

Then,y'_;gijdj = hj +nc; as integers where; € Z. Thus, the GCD of all
the di’s divides each right hand side above. As it certainly divideshis
GCD must divide each;. HenceGCD(dy, - - - ,d) dividesGCD(hy, - -, hy).
By symmetry, the result follows. ad

Observation 3 For divisors d, - - - ,d, and divisors R, - - - , h, of n, the orbits
are the same, if GCQy, -+ ,d;) = GCD(hy, -, hy).

Proof. LetGCD(dy,---,d;) = D, say. Then, get integegs,- - - ,g1r such that
g11d1 + --- + g1rdr = D. Now, one can complete this unimodular row to a

di D
_ da | [,D _
matrixg € SL(r,Z). Then,g| . | isoftheform| . | for some integers
d I,D
1 00---0
. [-z1 00 .
lj. Left multiplying by the matrix| =~ = . . , We get a matriXA €
—, 0 0--- 1
SL(r,Z) such that
dx D
d> 0
Al . | =
d 0

One can evidently regar8l as an element db. This proves that the orbit of
(dg,---,dy) is that of(D,0,-- - ,0). The observation follows. O

Completion of proof of Theorem Ry the last observation, the orbits are
Qd(n) = {(alv' o 7ar> : GCD(alv' o 7ar>n) = d}

asd varies over divisors ofi; the number of orbits id(n). This proves (i).
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Now, clearly
Qq(n) ={(day,---,da) :a <n/d,GCD(ay,-- ,&,n/d) = 1}.
Thus, one needs to compute only the cardinality of the set
{(bg,---,br) : by <m,GCD(by,---,b,,m) =1}

for anym. Once again, the Chinese remainder theorem gives a bijection be-
tween (1) x Q1(m) and Q1(Im). Indeed, iflL + mM = 1, then the map
(a,b) — mMa+ ILb modIm gives such a bijection. Here, we have writén
andb in short for(ag,--- ,&) and(by,--- ,by) respectively. Thus,

k
(P = [ (A
i=

Now, (by,---,by) & Q1(p¥) if and only if p|b; for eachi andb; < pX. Evi-
dently, this has cardinalityp—*)" which means

1Q1(p9) = (p9)" = (P 1) = p"(1-1/p").

Hence,[Q1(n) = n' [[pn(1—1/p"). We have proved (ii).
Finally, to prove (iii), look at the set

®(n):={c<n":p" JGCD(c,n")V prime p}.

To show that the cardinality®(n)| is a multiplicative function ofn, look

at two relatively primea,b. Then we haveAa” + Bb' = 1 for some integers
A, B. We will define a one-to-one correspondence betw@éa) x ¢ (b) and
®(ab). Indeed, ifu € ®(a), andv € @ (b), considevAd' + uBb' (this is ex-
actly the solutiorx mod a"b" produced by the Chinese remainder theorem
givenx = u mod a” andx = v mod b"). Adding a suitable multipl&ab",

we get an element= ¢ (a)vAd' + uBb'+ ka'b" in @ (ab). Indeed,(u,v) —t

is the bijection we were looking for. This proves the multiplicativity. Now,
a simple count gives the cardinality df(p¥) to be p*" — p~1r. Therefore,
|®P(n)[ =n"pn(1—1/p") = ¢ (n). Therefore, we have proved (iii) alsoD

We have an
Intriguing question.
Proposition 2 (iii) proves equality of cardinalities of the sets

{(a1,--+,&) & <n,GCD(ay,"- ,a,n) = 1}

and
{c<n":p" JGCD(c,n") V prime p}.

Is there a natural bijection between them ?
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Note that the left hand side of the not-Burnside lemma in general seems
difficult to compute. We look at the case whes- p, a prime and draw some
corollaries.

Clearly, forg € G, we have
§ == {(dla 7dr) : (g_ I)(dlv 7dl’)t == (07 7O)t}

which is a vector space over,. Thus,|S?| = pdimKere=1) If Ny = |{ge G
rank(g—1) =t}|, then the not-Burnside lemma implies

20 = 1)(p —p) (= H= 5 Np

o<t<r

since the order oG is (p" — 1)(p" —p)---(p — p'1).
Corollary 1 Forr > 2, p divides|{g € GL(Zp) : g—1 € GL(Zp)}|.
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