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Some arithmetic properties of the sequence M, of subgroups of index » in some free
products are studied. For the free product Z/2 x Z/2 = Z/2, an explicit recurrence relation
is obtained for the M,,’s from which one deduces the corollary: M,, is always odd. For
the free product Z/3 x Z/3, again an explicit recurrence is obtained for the M,,’s from
which one deduces: M, is odd if, and only if, n is of the form 2 *—3. The mod 3 behaviour
of M, is periodic viz., M, = M,,. s mod 3; the first eight values of M, are 1,0, 1,2,2,0,2,1
mod 3.

Keywords: Free products; subgroup counting

Mathematical Reviews Subject Classification: 20E06, 20D60

INTRODUCTION

Our purpose is to study some arithmetic properties of the sequence M,
of subgroups of finite index in free products of some cyclic groups. The
modular group is one example that has been studied by several authors
([St, GIR]). Recently, Grady and Newman ((GN1, GN2, GN3]) have
made a study of the free products of cyclic groups of prime orders. In
contrast with the earlier papers, they study properties of the sequence
M, modulo appropriate primes p without actually getting a recurrence
for the M,. Here, and in what follows, M, stands for the number of
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348 B. SURY

subgroups of index » in the given group. They prove the existence of
a linear recurrence for M, modulo p when (Z/p) * (Z/p) is a free factor
and p > 3. For the prime p = 2 (respectively 3), they prove that a
similar recurrence exists mod p provided (Z/2)*(Z/2)*(Z/2)*(Z/2)
(respectively (Z/3) = (Z/3) * (Z/3)) occurs as a free factor. In this note,
we prove some results complementing those of [GN1, GN2, GN3] viz.,
the following.

We get explicit recurrence formulae for M, for the groups (Z/2) *
(Z/2) % (Z/2) and (Z/3) = (Z/3).

Then, we use these to prove:

For G = (Z/2)x(Z]2)*(Z/2), M,, is odd for all n.

For G = (Z/3) x(Z/3), M, is odd if, and only if, n is of the form 2°-3,

The mod 3 behaviour of M, is periodic viz., M,= M, + g mod 3; the
first 8 values of M, modulo 3 are 1,0,1,2,2,0,2,1.

The starting point is a formula of Dey.

Let G be any finitely generated group. Denote by 4, the number of
homomorphisms of G into S, and by a,, the number A,/n!. Dey’s
formula states that the sequences M, and «, are related by

oM, + oM, 1+ -+ an_1 My = nay

where ay is taken to be 1.

The method of [GN3] is to prove that when G is a free product of
cyclic groups, the rational numbers «, are in pZ, for n> p, provided
Z/p occurs as a factor at least 2 times (respectively 4, 3 times) when
p > 3 (respectively p = 2 or 3).

This elegant method does not work in our cases — indeed, for (Z/3) *
(Z]3), ax¢Zs and similarly, for (Z[2)*x(Z[2)*(Z]2), ax¢ Z, for
arbitrarily large k. So, one has to get an appropriate recurrence
relation among the M,’s themselves.

Let p be a prime. Let us recall that the number 7,(n) of elements of
exponent p in S, is given recursively by

Y
(n) = (= 1) 4 Ly = )
with 7,(0) = --- = 1,(p—-1) = 1.

Thus, if G =Z/p1*Z/py*---+*Z/p, is a free product, the number

ha(G) of homomorphisms of G into S, is 7,,(n) -7, (n). One can
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prove that the numbers o, = h,/n! satisfy a recurrence (with polyno-
mials in n as coefficients)! of order, at the most p; p>...p,.

1. ON THE GROUP G = (Z/2) + (Z/2) *(Z/2)

Let a, = 72(n)/n!, where the number 7,(n) of involutions in S, is given
recursively by m2(n) = ma(n— 1) + (n— 1) 72 (n — 2). Then, na, = a,_
+ a,_,. This gives, a2 , = (na, — a,_1)* = n2a? +a2_, — 2na,a,.;.
On the other hand, a, + a,_; = (n + 1)a,+ gives, on squaring, an
expression for a,a,_;. Eliminating the a,a,_,; term from the two
equations, one gets the recurrence

nby = nbp_y + nby_3 — (n — 2)b,_3

where b, = (n)a2=mn (n)?/n!. We notice that this gives easily the
generating function X, oM, +1¢” for the group (Z/2)*(Z/2) to be
(142t —12)/(1 - 2)*(1 + ¢). This leads us to the well known result for
G = (Z/2)*(Z/2) that, M, is n or n + 1 according as n is odd or even.
This was first proved by Stothers by a graphical method.

Let us return to the case G = (Z/2) x (Z/2) » (Z/2). We have the two
recurrences for a, = 75(n)/n! and b, = 7(n)*/n!:

Nap = Gp-1 + Gn> (1)

nb, = nb,..\ + nb,_3 — (n — Z)b,,_;; (2)

We are interested in a recurrence for o, = h,(G)/n! = a(n)*/n! =
(n)anb,. We will write ¢, = a,b,,. The Eqgs. (1) and (2) give,
n2Cy = nap_1by + Nap_2bp-1 + nCn_y — (n — 2)ap2bs_3
= NAp-1by + Nap_2bn—1 + NCn2 — Cp3 — An—4bp-3

Therefore

2
nCp = NCp + Cn—3 = NAp_1by + NAp_2by_1 — Gp_yby_3 (3)

! This observation has already been made in [GIR].
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Usi~ng (2) with n replaced by » + 1, we get on simplifying

(l’l Dne, + (n +1)cp1 — nCp2

4
(n+ l)nan n+1 (n+1)an 2by—i + an-3by_2 ( )

Let us write L; and L, for the left hand sides of these two equations.

Changing n to n + 1 in (3) and adding with (4), one gets

Lt + Ly = (n+ 1 apbpst + (n+ Dap1by — (1 + Danzbpr  (5)

Here, we have written L7 to mean the expression for L3 when n is
changed to n+ 1. We shall adopt this convention for any L;.

Changing n to n+2 in (3) and eliminating a,_»b,_, from the
resulting equation and (5), we have

(n+ V)L — LT — Lo =(n+ 2)(n + 1)ans1bns2

6
+ (n+ Daybpy — (n+ Vay_1by ()

Similarly, we have
LEL - LI+ = (n + 2)an+1bn+2 + apbpst — an_1by (7)

Thus, we see from Egs. (5), (6) and (7) that

Le Lt
n+l n+2

=1

Writing out the expressions for the L’s in terms of the ¢;’s, we have two
recurrences:

(n+ 12 (1 +2)eus2 = 201 + 2)(n + 1)?cpps + 2(n + 2)(n + 1),
= 2(n+ 1)ener = (1= D+ 2)enr (8

(n+ D)(n+2)(n+3) cps = (n + 1) (n+ 2)(3n + 7)ens2
+2(n+ 1) (n? 4 4n+ 5)cu
—2(n+ 1)(2n+3)ca
—(r=Dn+ D1+ (n—=1)caa (9)
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The corresponding recurrences for o, = (n!)c, are:

n(n+ Dag = 2n(n+ Dap + 2n2(n + Dax_y
—2n%(n— Dop—z — (n+ 1)(n— 1) (n - 2)%an3  (10)

(n+3)anss = 3n+ Tansz +2(n% +4n + S)ann
—2(n+1)(2n+3)ay —n(n - 1)(n+ 1)om
+n(n—1)a, (11)
One can translate these recurrences into equations for the gene-
rating function f(tf) = X,50 a.t". Further, Dey’s formula can be
rewritten as f'(£)/f(t) = M(t) := Z,30 Mn+1t”, and, in fact one can
write any f®(¢)/f(¢) in terms of M(f). For example, f®)(1)/f (1) =
M(8) + M7, O/ (8) = M) +3MOM' (1)) + MO(0), fO(1)/
f(6) = M@ + 6M'()M(1)?* + 4AM(OM (1) + 3(M'(2))* + MO (2)
etc. When we do that, we get:

THEOREM 1 For the group G = (Z/2) x(Z/2) * (Z/2), the numbers M,
of subgroups of index n satisfy the equations

4—8t—8t2=(—4—20r+28:2+52¢%) M(2)
+ (1= 21— 1412 +16% + 52 %) (M (1) + M(2)?)
+ (=203 420 + 1415 (M) + 3M()M' (1) + MO (1))
+18(M()* + 6M'()M(1)* + 4M ()M D (1)
+3(M'(1))* + MO (1)) (12)

—1— 4+ 612 =20 = (=14 3¢+ 617 — 1413 — 61 + 10°) M(2)
+ (203 —4t* — 615 + Tt (M' (1) + M(1)?)
+ (=t + )M (1) + 3M()M' (1) + M D (2))
(13)

Here M(?) is the formal power series ¥, My 1t".

As a matter of fact, we can obtain (12) (but not (13)) by directly
finding a recurrence for a3. Equations (12) and (13) can be regarded as
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recurrence equations for the M, if we compare like powers of ¢. As we
shall see shortly, it is Eq. (13) that proves useful for us.

CoRrROLLARY M, is odd for any n.

Proof We read Eq. (13) modulo 2. To start with, we can compare the
coefficients of ¢,0<i<4 to obtain M; =1, M, =17, M;=21,
M, = 107 and M5 = 425. Let n> 5 and we assume that M, is odd for
all » < n. Let us read the coefficient of t” modulo 2 in (13).

For n even and n odd, we get, respectively, the congruences

Muit =My + Mua + MJ,_y
+ MM, ¢+ MM, 3+ ---+ M,_¢M,
+ M\ My-s + MMy + - + Myp_sM)
+ MiM g+ M3M{, g+ + MysM
+ MM, g+ MaM?, g+ + My gM7

and

My =M,
+ MMy s+ MMy 7+ -+ M, ¢M;
+ MMy s+ MiMy_ 7+ + My_sM;
+MyM? 0+ MaM, g0+ + My sM7
+MM?,_ 0+ MaMG, g+ -+ MasM7

It follows by induction that M,, 4., is odd. This proves the corollaryz.

2. ON THE GROUP G = (Z/3)x(Z[3)

In this section, we denote by a,, the rational number 73(n)/n!. Then,
we have

Ha, = Qp_1 + An_3 (14)

2 Interestingly, (12) turns out to be not amenable for a similar argument as it gives
only an expression of nM,,, in terms of M;, i<n.
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Multiplying by (n — 1) and using (14) with nreplaced by n — 1, one gets
n(n—1)a, — ar2 = (n— 1)ay—3 + an-4 (15)

Squaring, we get

ni(n— 1)2a,2l +al ,—2n(n—1)aya,—»

(16)
= a§,4 + (71 - 1)203_3 + 2(” - l)a,,_3a,,_4

Equation (14) with n replaced by n+1 gives, on squaring,

2 2 2 2
2,0,y =(n+1)Ya;,, —a,—a;,_,

Similarly, we have

(n—3)a2_,+a’ ,—2(n—3)an3au4 =a’¢

Feeding the expressions for a,a,_, and for a,_sa,_4 from these
equations into (16), one has a recurrence for the a 2. Writing it in terms
of a, = (n!)a2, one gets

(n+ Va1 = (0?2 —=n+ Day + (1% —n+ ax—
—2(n—1)(n—2)2qn-3 — 2(n — 2)*0p_s
+(n—=1)(n—2)(n—4)(n—5)on-s (17)

This can be written in terms of the generating function f(f) = £,>0

o, t" which, in turn, yields for the generating function M(f): = 2,,;0
M, 1t", the following:

THEOREM 2 For the group G = Z/3xZ/3, the generating function
M(t):= Z,50 M, t" satisfies the equation

14312 — 41> — 8% + 4015 = (1 — 413 +201* +102° — 140: ") M(2)
(=12 —t* 1415 + 21 —92/8)
(M'(£) + M(2)*) + (215 — 18¢°)
(M(1)> +3M(OM' (1) + MO (1))
— "M (©)* +6M' () M(2)* +4M() M P (1)
+3(M' (1)) + MO (1))
(18)
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Remark The first values of M, are 1,0,4, 8,5, 36,98, 112,490, 1560,
2464, 8768, .... This suggests the curious question as to whether M, =0
mod n whenever n# 0 mod 3.

From the theorem, we get:
CoROLLARY | M, is odd if, and only if, n is of the form 2°-3.

Proof As before, we can compare the coefficients of the first few
powers of tin (18) to get My =1, M, =0, M5=4, My =8, Ms=>5
and Mg = 36, and will apply induction to prove the corollary. We read
(18) modulo 3, and look at the coefficient of ¢” for n > 6. Assume that
the assertion of the corollary holds for M, when r <n. We have

0=Mu 1+ (n - 1)(Mn =+ Mn—2)
+a(MZy+ M2 op) +b(Mi,, +M3,)

where a is 0 or 1 according as n is odd or even, and b is 1 or 0
according as n = 4k + 10 for some k, or not.

This implies immediately that M, is even, for any odd n.
If n = 2k > 6, this reads

Mo + My = a(My + My_3)3)

where a = 1 if k> 5 is odd, and, a = 0 otherwise. Hence, it follows by
another induction argument that My + M, _; is even.

Now, 2k +1 is of the form 2° — 3 if, and only if, kK — 1 is of the same
form. This proves the corollary.

We prove now

COROLLARY 2 The mod 3 behaviour of M, is periodic viz.,, M,=
Mn+8 mod 3‘ N
The first 8 values of M, modulo 3 are 1,0,1,2,2,0,2,1.

Proof As before, we can read the Eq. (18) for the M,’s mod 3. Now,
we apply induction to prove the statement

Muag=M_,-M,
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This is easily checked for the first few values of n. We assume
the induction hypothesis that the above congruence holds for any
2<r<n.

The Eq. (18) reads mod 3,

O0=Myp — My — My 3+My 4+ M,
+ M, + My 3 —~M,_4— M, ¢ ifn=0
M, 2+ M, 4 if n =1
M, +My oM, 3+ M, ifn=
+M, 3 —Mi_3/3 ifn=0
0 otherwise

+ M3Mn_.9 + MGMn—IZ R
- M%M,,_g — M%Mn_lz e e aernennn

- MMy -~ MM, 53— — M, M
- MMy 3—-M)My 44—+~ M,_3M;
— MMy 4 — MM, _5s—-- — M, _4M
-M\M, s — MM, ¢—--— My sM

+ MMy 7+ MM, g+ -+ M, 1M

On using the induction hypothesis, this easily proves M, .=
M, _— M,, and the corollary follows.
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