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Classroom 

In this section of Resonance, we invite readers to pose questions l ikely to be 
raised in a classroom situation. We may suggest strategies for dealing with 
them, or invite responses,  or both. "Classroom" is equally a forum for raising 
broader issues  and sharing personal experiences and viewpoints on matters 
related to teaching and learning sc ience .  
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In a beginning course in number theory, an elementary 
exercise is to compute the largest power of a prime p 
dividing n!. This number, called the p-adic valuation of 
n!, is easily proved to be 

vp(n!) = + + + - - - .  (1) 

Note that this is a finite series. The number Vp(n!) comes 
up naturally in a few situations like the following. In the 
group of permutations of n objects, this would give the 
power of  p which is the order of a p-Sylow subgroup. 
While discussing p-adic .numbers as analogues of the 
usual real numbers, one looks at the analogue of the 
exponential series. The expression for vp(n!) leads one 
to determine that the exponential series has the radius 
of convergence p-1/(p-1). 

Now, Vp(n!) can also be computed in another manner 
by a beautiful observation due to the legendary math- 
ematician Legendre. Legendre observed that the p-adic 
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valuation of n! can be read off from the base-p expan- 
sion of n. It is simply n-~(,~) where s ( n )  is the sum of p-1 
the digits of n in this expansion. A related result that  
Kummer  proved is that ,  if r < n, then the p-adic valua- 
t ion of the binomial coefficient (~) is simply the number 
of 'carry-overs' when one adds r and n - r in base-p. In 
[1], Honsberger deduces Kummer 's  theorem from Legen- 
dre's result and refers to Ribenboim's lovely book [2] for 
a proof of the latter. Ribenboim's proof is by verifying 
that  Legendre's base-p formula agrees with the standard 
formula given in (1). 

Is it possible to prove Legendre's formula without re- 
course to the above formula (1)? We shall see that  this 
is indeed possible and tha t  the s tandard formula follows 
from such a proof. Wha t  is more, Kummer ' s  formula 
also follows without  having to use Legendre's result. 
The author 's  long-standing belief that  these proofs are 
more natural  than the ones quoted above was vindi- 
cated during a selection interview to an undergraduate 
programme, when an outstanding candidate Swarnendu 
Dat ta  came up essentially with the same proof! Let us 
start  b y  recalling Legendre's formula. 

L e g e n d r e ' s  F o r m u l a  

Let p be a prime number  and let a k ' "  a i a o  be the base- 
p expansion of a natural  number n. We shall show that  
if Legendre's formula 

k 
n -  8 ( n )  n -  ~ i = o a i  

; -  1 - ; -  i (2)  Vp 

holds good for n, then it also holds good for p n  + r for 
any 0 _< r < p. Note that  the base-p expansion of p n  + r 

is 
a k �9 �9 ' a l a  o r. 

Let us denote, for convenience, the number m-din) by p-1 

The p-adic valuation 

of n! can be read off 

from the base-p 

expansion of n. It is 

n - s ( n )  
simply p - 1  

where s(n) is the 

sum of the digits of n 

in this expansion. 
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f ( m )  for any na tura l  number  m.  Evidently,  

k a 
f (pn + r) = pn - ~-~i=o i 

p - 1  
= n + f ( n ) .  

On the o ther  hand,  it follows by induct ion  on n t ha t  

Vp((pn § r)!) = n + vp(n!). (3) 

For, if it holds good for all n < m,  then  

v~((pm + r)!) = v . (pm) + v . ( (pm - p)!) 

= l + vp (m)  + m - l + v p ( ( m  - 1 ) ! )  = m + vp(m!) .  

Since it is evident  tha t  f ( m )  = 0 = Vp(m!) for all m < 
p, it follows t ha t  f ( n )  = Vp(n!) for all n. This  proves 
Legendre 's  formula. 

Note also t ha t  the  formula 

% ( n ! )  = + + + . . .  

follows induct ively  on using (3). 

Kummer's  Algori thm 

As before p is any prime number .  For any na tu ra l  num-  
bers r and  s, let us denote  by g( r , s )  the number  of 
'carry-overs'  when the base-p expansions  of r and  s are 
added. K u m m e r ' s  result is t h a t  for k < n, 

,4, 

Once again, this is clear if n < p, as both sides are then 

zero. We shall show that if the formula holds good for 

n (and every k <_ n), it does so for pn + r for 0 _< r < p 

(and any k <_ pn + r). This would prove the result for 

all natural numbers. 

Consider any binomial coe~cient (pn+r~ for 0 < a < p. 
\ p m + a ]  
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Firs t ,  s u p p o s e  a < r. 

Wr i t e  m = bk . . . b 0 a n d  n - m  = Ck . . . c  o in base-p. T h e n  
the  base-p e x p a n s i o n s  of  p m  + a a n d  p ( n  - m )  + (r - a) 
are,  respect ively,  

p m  + a = bk " " bo a, 

p ( n - m ) + ( r - a )  : C k ' ' ' C  o r - a .  

Eviden t ly ,  t he  c o r r e s p o n d i n g  n u m b e r  of carry-overs  is 

f ( p m  + a , p ( n  - rn) + (r - a)) = f ( m , n  - m ) .  

By the  i n d u c t i o n  hypo thes i s ,  f ( m , n -  m )  = V p ( ( ~ ) ) .  

( ( p , n + : ) )  is equal  to  Now % m + 

vv ( (pn  + r)!)  - Vp((prn + a)!) - Vp((p(n - m )  + r - a)!) 

= n + Vp(n!) - m  - V p ( m ! ) -  ( n -  m ) -  Vp((n - m ) ! )  

= ( ( : ) )  
Thus ,  we are t h r o u g h  in the  case w h e n  a _< r. 

( ( p n + r ~  
Now s u p p o s e  t h a t  r < a. T h e n  Vp is equal  

\ \ p m  + e l i  
to  

Vp( (pn +r  ) ! ) - v p (  (pro + a ) ! ) - V p (  ( p ( n - m -  1 ) + ( p + r - a  ))!) 

= n + V p ( n ! ) -  m - V p ( m ! ) -  (n - m - 1) - Vp((n - m - 1)!) 

= 1 + V p ( n ) + v p ( ( n -  1 ) ! ) - V p ( m ! ) - v p ( ( n - m -  1)!) 

We need  to show t h a t  

f ( p m  + a , p ( n  - m - 1 )  + (p + r - a))  

= 1 + Vp(n) + f ( m , n  - m - 1). (5) 
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Note  t h a t  m < n. Wri te  n = a k ' "  ao, m = bk . ' -  b0 and  

n - m -  1 = c k ' ' ' c o  in base-p.  I f v p ( n )  = d, t hen  ai = 0 

for i < d and ad ~ O. In base-p,  we have 

and, therefore ,  

n = a k ' ' ' a  d 0 ' '  " 0  

n - 1 = a k ' " a d + l a  d - -  1 p - -  1 ' ' '  P - -  1.  

Now, the  add i t ion  m § ( n -  m -  1) -- n -  1 gives b~ +c~ = 

p -  1 for i < d (since t hey  mus t  be  < 2 p -  1). Moreover ,  

b d §  d : a d -  1 o r p §  d -  l .  

Note  the base-p expansions  

p m  + a = b k . . . b o a, 

p ( n - m - 1 ) + ( p + r - a )  = c k . . . c o p + r - - a .  

We add these  using the  fact t h a t  the re  is a car ry-over  in 

the  beg inn ing  and t ha t  1 + b~ + c~ = p for i < d. Since 

there  is a car ry-over  at  the  first s t ep  as well as at  the  

next  d s teps,  we have 

p n + r = *  * . . .  a d O . . .  O r  

where  the re  are  d zeroes before  r, and  

f ( p m + a , p ( n - m - 7 1 ) + ( p + r - a ) )  = l + d +  f ( m , n - m - 1 ) .  

This  proves K u m m e r ' s  asser t ion  also. 
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