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ABSTRACT. Gerth generalised Cohen-Lenstra heuristics to the prime p = 2. He conjectured that for any

positive integer m, the limit
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exists and proposed a value for the limit. Gerth’s conjecture was proved by Fouvry and Kluners in 2007. In

this paper, we generalize their result by obtaining lower bounds for the average value of |C1Z /Cl{ |™, where
L varies over an infinite family of quadratic extensions of certain Galois number fields. As a special case
of our theorem we obtain lower bounds for the average value when the base field of certain Galois number

fields with class number 1 containing Q(%).

1. INTRODUCTION

In 1984, based on some numerical evidence, Cohen and Lenstra made striking conjectures on the
structure of the odd part of the (narrow) class group, and on divisibility properties for class numbers of
quadratic fields. For instance, their predictions imply that, for any positive integer n, quadratic fields
with class number divisible by n, must have positive density among the family of all quadratic fields.
Among other things, Cohen-Lenstra’s conjecture asserts that the probability that the class number of a
real quadratic field is divisible by an odd prime p is

o0

L= T -1/,

n=2
A key idea of Cohen-Lenstra is to associate as a weight to the class group, the reciprocal of the order
of its automorphism group. In 1987, F. Gerth modified the Cohen-Lenstra heuristics to the prime p = 2
by considering the square of the class group. Twenty years later, E. Fouvry and J. Kluners ([3], [4])
confirmed these predictions on the 4-ranks of class groups Clk of quadratic fields K. Here, 4-rank refers
to the Fy-dimension of Cl /Clk. If f is a sufficiently nice, real-valued, positive function on the set of
discriminants, one can define its average value in a natural manner. When f is the characteristic function
of a set of discriminants satisfying some specific property, this average value - if it exists - is said to be
the density of this set of discriminants. If f(D) is of the form

ﬁ (Qdimh (C%WB)/C%(\/?)) — 2i>

1=0
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for some positive integer r, Fouvry-Kluners obtain the densities both for positive as well as negative
fundamental discriminants D, thereby confirming Gerth’s conjecture.

In this paper, we follow their technique to treat the more general case of quadratic extensions of a class
of number fields that have certain nice properties. We obtain lower bounds for the densities. The lower
bound involves the number of subspaces of cardinality 2™ in F3™. This idea of employing the geometry
of Fy-vector spaces was a novel one introduced by Fouvry and Kluners. The idea was inspired by the
work of Heath-Brown in [7] and [8]. In order to use their ideas, we restrict our base field to a family of
class number one fields. Even though the outline of our proofs follows that of Fouvry and Kluners, we
need to carry out a number of technical generalizations to adapt their proof. We use generalized versions
of the Hilbert and Jacobi symbols, and of the Siegel-Walfisz theorem and other analytic estimates to

complete our proof. Throughout this article, K will be a number field such that:

(1) the extension K/Q is Galois,
(2) the ring of integers Ok is a principal ideal domain, and
(3) there exists a unit e € O} such that the order of € mod p? is 2 for all p | 20k.

Examples of quadratic fields satisfying the above conditions are Q, Q(i) and Q(v/3) to name a few.
Further, we show in Section 7 that certain Galois number fields with class number 1, containing Q(7)
will also satisfy the above three conditions. We refer the reader Section 7 for several explicit examples.
For a number field K, we shall use nk, rx and 91 to denote, respectively, its degree, rank of the unit
group, and the norm map to Q. Further, for a field extension L of K, Cly,, will denote the class group of
L and rk4(Cy) will be used to denote the 4-rank of L, viz.

dimg, (C13,/Cl3).

Our aim is to obtain, for a family F of quadratic extensions of K and any positive integer m, a non-trivial
lower bound for
2 LeF(x) gm-rke(Cle)
lim inf
Xvoo 2rer !
where F(X) is used to denote the number of fields in F for which the absolute norm of relative discrim-
inant of L/K at most X.

We became aware of some results due to Alexander Smith (“The Distribution of ¢"/*-Selmer groups
in Degree ¢ Twist Families I” - arxiv:2207.05674v2 [math.NT] 8 Feb 2023, and “The Distribution of rnfty.
Selmer groups in Degree ¢ Twist Families II” - arxiv:2207.05143v2 [math.NT] 8 Feb 2023). Smith’s meth-
ods are very general, and address also Selmer groups associated to elliptic curves. We have not suc-

ceeded so far in deducing our results from those of Smith. In [17], he considers in Theorem 1.12,
number fields F' which do not contain the 2/-th roots of unity. On page 17 of [18], prior to Remark
3.12, he also makes the comment: “In our estimation, it should be challenging but possible to adjust
the methods of this paper and [17] to compute the distribution of class groups in the presence of extra
roots of unity.” We are able to consider some families of fields containing i as well (see the last section).
Our methods are comparatively elementary, and considering that it is not obvious to us how they may

follow from Smith’s work, we feel that publishing them would be of interest to others.
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Choosing the family 7 of quadratic extensions of K. We state first a lemma due to Smith [19] to help

us in selecting an appropriate family of quadratic extensions of K.

Lemma 1 (H. Smith [19]). Let p be a prime above 2Z in K. We use f to denote the residue class degree of p over
Q. Let L = K(v/«) for some o € Ok. Then O, = Ok [v/«] if and only if aOx is square free and

o? Zamodp?  forallp|20k.

Let M be the compositum of K40, and K((Oj)'/?) and let f be the conductor of M/K. Here K40,
(resp. Kj) is the ray class field of K with respect to the modulus 40k (resp. f). We will now define a
family of quadratic extensions of such a field K.

Definition 2. Let (; be a generator of the subgroup of the roots of unity in K and let S = {e1,...,e,} be a set
of fundamental units generating Oy modulo its torsion part. We denote by C the product of the absolute norms of
the conductors of the orders Ok [\/g] in Ok /z) as we vary ¢ in the set S U {(;}. Let
Pk = {p C Ok : (p,COk) = Ok and p splits in K;} and we set Px (X) = H p.
PEPK,

N(p)<X

Definition 3. Let
1 w

{aO0k C Ok :p | a0k = p € Pk, aOxk square free } and

For a generator o of aOx such that
3) o? #amod p? forallp | 20k,
we set L, to be K(y/a).
It stands to question why an « satisfying (3) should exist for aOkg € W. To see this, we note that by
condition 3 there exists a unit ¢ € Oy such that order of e mod p is 2 for all p | 20xk. If there exists a

generator « for the ideal Ok € W satisfying (3), we are done. If not, the generator e will satisfy (3).

Finally we define
F' = {Ly:aOk € W}.

For each such L, € F/, by Lemma 1 we now have Or,, = Ok|[v/a]. Since {1, /a} is a relative integral
basis of O, /Ok, we know that 9, /x = 4aOk. We now choose a set 7 C F' such that

o for any Ok € W, L,, € F for exactly one generator a; of aOk.
Let us also set for convenience the following notation:
F(X) :={LeF: Nor/k) <4X}.
We state the main theorem of our article now.
Theorem 4. For any positive integer m and X varying in R,

. ZLG]—'(X) 2m-rk;4(ClL) ,/\/'(Qm, 2)
lim inf > R
R S ot

Here N'(2m, 2) is used to denote the number of subspaces of F3™ of 2™ elements.
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Infinitude of the family F follows from Chebotarev’s density theorem. In Section 2, we compute an
asymptotic for the cardinality of the set (X ) as X — oco. In order to prove our theorem, an important
ingredient is a lower bound for 27%4(°!t) for I, € F. This is computed in Section 3. In Section 4 we recall
the definition of Ray class groups and introduce an analogue of the Jacobi symbol which will play the
main role in the proof of Theorem 4. We also prove certain properties of this new symbol. Section 5 has
been divided into two parts. Subsection 5.1 deals with the divisor function, some of its variants and their
average orders. In Subsection 5.2 we state some important character sum results such as the Large Sieve
inequality for number fields, Siegel-Walfisz for number fields and prove a generalisation of a Lemma
of Heilbronn. In Section 6 we begin computing a lower bound for the average of 2™ %+(Clt) a5 I varies
in F, for any positive integer m. This section is divided into several parts. Subsections 6.1 and 6.2 are
devoted to rewriting the main sum and bounding the contribution of certain subsums, culminating in
Propostion 39. In Proposition 41 we state a result on the indices of this new sum which are not “linked”
(see Section 6 for definition). This will be used to rewrite the main sum of Proposition 39 in Subsection
6.4. We complete the proof of Theorem 4 in Subsection 6.4. Finally, we conclude with examples of fields
K which satisfy conditions 1, 2 and 3 in Section 7.

2. CARDINALITY OF F(X)
We begin by noting that
#F(X) = #{a0k : aOx e W(X)} = Y 1

N(aOK)<X,
aOk | P (X)
We recall here a version of the Tauberian theorem as seen in [15]. Let us define the Dirichlet series

(4) o= Y g =11 <1+m1ps> =3

a#(0) peEPK n>0
aCOk

Note that b, = 1 if a is squarefree and composed only of the primes in Pk. Further b, is 0 otherwise and
an = Y ora—n Da-

Theorem 5. Let 0 < k < 1 be a real number. Suppose that we can write

oo h(s)
f( )* (8_1)1_,,€

for some h(s) holomorphic in R(s) > 1 and non-zero there. Then

d(k)x
S g, 400

= (log x)*

where d(k) = h(1)/T(1 — k).

In R(s) > 1, since f does not vanish in this region, one may take logarithms on either side of (4).
Now applying the series expansion for logarithms, we get

m4+1 1

1 -1
log f(s)= ) Tpe > Z(mm)pms: >

S
(pK;/K)=1 (rK/K)=1 m>2 (0 Kj/K)=1, P
(p,COK)=0OK (p,COK)=0K (p,COK)=0K

+6(s)
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where

m+1
9(8): Z Z mg’tpms and

(p.K;/K)=1 m2>2
(p,COK)=0Or

(b, K;/K) is the Artin symbol of p with respect to the abeiian extensnion K;/K. Note that for £(s) = o,

|—ZZ mpma Zmp (ﬂpo, KZ o(pr — 1)

p m>2

where ng = [K : Q]. Therefore, §(s) is holomorphic on R(s) > 1/2. By orthogonality of generalised
Dirichlet characters modulo f we get

1 1 X
2 Nps  [Hi(K)) 2 2y

(p,Kj/K)=1 (p,CO)=0k x mod f
(p,COK)=0K

In R(s) > 1 we can interchange the sums to get

1 x(p)
Z ‘ﬁps - |Hf Z Z ;nps

(v, Kj/K)=1 x mod f (p,COk)=0x

(p,COK)=0OK

X mod f P

x(p
TR DI
X mod § p|COk
However this now gives us

1 1
® <p_K;<>_l Nps  |H{(K)| > (log L(s, x) + 01,4(s))

(p,COK)=0K

x mod f

where 6, ,(s) is holomorphic on R(s) > 1/2 for all x modulo f (by the same argument as seen above for
f(s)). Since L(s, xo) extends to a meromorphic function on C with only a simple pole at s = 1 we have

02(8)
(s—1)

L(S, XO) =

with 62 (s) entire. We have

02(6) = (5 = VLG5 x0) = (5= Dae(s) [T (1 )

plf
11 (1 - *ﬂlp>

plf
is entire and non-zero in R(s) > 1/2. Now by the zero free region for (k(s) (see lemma 8.1 and 8.2 of

and the product

[11]), we have a simply connected region containing $(s) > 1 in which 65(s) is non-zero. Therefore
1
log L(s, xo) = log [C=) + 05(s)

where 65(s) = log#s(s) which is holomorphic in $(s) > 1. For x # xo, L(s, x) extends to an entire
function (see corollary 8.6 on page 503 of [14]). Again by the zero free regions for each L(s, x) (from the
zero free region for (k, (s) and the factorisation (k; (s) = [], 1,0a  L(s; X*)) we have a simply connected
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region containing R(s) > 1 in which L(s, x) is non-zero. In this region it follows that log L(s, x) can be
defined and is holomorphic. Combining all these observations and substituting in (5) we get
> 1 ! log(s — 1) + 64(s)
- _ A
(p,K;/K)=1 mps |Hf(K)‘
Ky

(».COK)=0K
where 6,(s) is holomorphic on R(s) > 1. Taking exponentials, we get
h(s
o) = —"L
(s — 1) A
with h(s) = e?®)+%1() holomorphic in R(s) > 1 and non-zero there. We can now apply the above
Tauberian theorem to deduce that
de(1 = 1/ (K)) X

#{aOk : a0k e W(X)} ~ r—
(log X)' ~ TR

Therefore, we have
_ de(1—1/|H(K))X

‘F(X) 1— 1
(log X) [Hy (K)|

3. LOWER BOUND FOR 27k4(ClL)

Throughout this section we assume L € F.

Definition 6. We say that a class [a] in the group Cly, is strongly ambiguous if it contains an ideal a such that
a = o(a) for the generator o € Gal(L/K). We denote the subgroup of all such classes in the class group by
Amgy(L/K).

We now recall the class number formula for strongly ambiguous classes.

Theorem 7 (see [13]). The number of strongly ambiguous classes is given by
2t1,L+t2,L*1
[Ok : No/k(Or)]
where t; 1, is the number of prime ideals in Ok ramified in L and to 1, is the number of primes at infinity of K
which ramify in L.

#Amg (L/K) = h(K) -

The subgroup of classes generated by the ramified primes in L/K is contained in the group of
strongly ambiguous classes of the class group. On the other hand suppose we consider a strongly am-
biguous class represented by a fractional ideal a of L such that a = o(a), then let a = pi* -- - p;* with
all the p; being distinct prime ideals of Oy,. Since o(a) = a, for every prime p;, p; = o(p;) for some
1 <j < kands; = s; (by unique factorisation of ideals in a Dedekind domain and distinctness of the
o(p;)’s). This implies that if p; lies above a prime of K that splits in L, p;p; = p;o(p;) divides a and it
is principal. If p, = o(p;) it lies above a prime of K that is either inert or ramified. If p; is above an
inert prime, it is already principal since Ok is a PID. Any other p; must lie above a ramified prime. This
implies that Am; (L/K) lies in the subgroup generated by the classes of ramified primes of L /K.

Remark 8. We note that in our context h(K) = 1 and we set [0k : Ny,/x (0f,)] = 2°*.
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Definition 9. We will use By, to denote the set of ideals
{PFPs2-- -‘B:I}LL 2B, | 4Oy, prime, e; € {0,1} foralli € {1,...t1 L}}.
Further let By, denote the set of ideals
{PFPs2 - mfj};_’f 2B, | aOy, prime, e; € {0,1} foralli € {1,.. .ty — 1}}.
Remark 10. We have Am, (L/K) = {[b] : b € Br}. Given a [b] € Amy, (L/K) there is a bijection between
{b; € B : by principal } < {by € B : by € [6]}.

The map from the left to right is obtained by sending by to bby /ged (b, by)? Further, the inverse map is also given
by sending by to bbs /ged(b, by)?. Since

b-bby/ged(b,b1)® b
ged(b, bby /ged(b,b1)2)2
these maps constitute bijections. We now conclude that each class [b] € By, has exactly k representatives in By,
where
k= #{b; € By, : by principal }.

We now observe that

#BrL= > #{bseBr:bye [b]} = k- #Amy(L/K).
[b]€Am; (L/K)

It follows from the ambiguous class number formula that
k=2""1[0k : Npk(0f)] =201 r,

Further, we have
[0k : NL/k(01)] < [Ok : (Ox)?] < 27 H

where ry is the unit rank of Oy. So ér, < rx + 1.
Lemma 11. Forany L = L, € F,
1 . .
orka(Cle) > m\{b € By, : [b] € Cly, [b] = [a?] for some non-zero fractional ideal a of Ov}|.

Proof. By definition
rky(Cly,) = dims, (CIf,/CLE) .
Therefore
2a(Cu) = |C1f /C1 | = [{B? € Cly, : B* = [OL]}].
However

{B?e Cly : B* = [O1]} 2 {[b] € Cly, : b € By, [b] = [a?] for some non-zero fractional ideal a of O, }.

Therefore we have

1 -
orka(Cle) > WHB € By, : [b] € Cly, [b] = [a?] for some non-zero fractional ideal a of O }|
1
> |{b € By, : [b] € Cly, [b] = [a?] for some non-zero fractional ideal a of Oy }|.

27‘K+2
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We now define an analogue of the usual Hilbert symbol and some of its properties with an aim to
characterise the lower bound in Lemma 11.

Definition 12. For a,b € K*, we define
(ad) : K* x K* — {0,1}
where

(al) 1 if2* = ay® + bz? has a non-zero solution in K3
a =
0 otherwise .
The next proposition shows the equivalence of three useful properties which will be used in simpli-

fying the bound in Lemma 11.

Proposition 13. Forany L = L, € F and b € By, we denote by bOx the ideal Ny, /k (b). Then the following
are equivalent:
(1) [b] = [a®] for some non-zero fractional ideal a of Ox,.

(2) be is a norm of an element in L* for some € € Of.
(3) (albe) =1.

Proof. (1) <= (2):
For the forward implication, suppose (72) = a®b~'. Taking norms on both sides we get
N,k (a?)
b2
where bOg = Ny, /k(b). Since Ok is a PID we have a 3 € K* such that (y3) = M,k (a). By Lemma 13

Nk (720L) = b

on page 25 of [20], we have
N/ (120L) = NL/k (12) Ok
Therefore )
Nk (720L) = Nk (712)0k = bZ%OK = Ny, /k (73/b)Ok.
This gives us assertion (2).

Conversely, let bs = Ny, /k(74) for some 74 € L*. We know that 74, must be of the form 75/vs where
v5 € O, and 76 € Ok. Rationalising denominators, we get

bevg = N (75)-
If a prime ideal p of Ok divides 750y, that is, pOy, | 7501, then p? | be13Ok. Since bOk is square-free,
p? | 72 Ok. Therefore by dividing on both sides by a generator of the principal ideal p?, we may assume
that pOy, 1 15Oy, for any prime ideal p of Ox. However for every prime ideal p of Ok dividing 6Ok
we must have p? | Ny, /k (1501). Therefore there exists an ideal I C O, with I? | 450y and (1) = p.
Finally, there is a unique ideal of norm bOk given by some b € By,. Combining the above we get

7501, = ba? for some non-zero integral ideal a of Ox,.

(2) < (3):
For the forward implication, if be is a norm in K of an element of L, then there exist z,y € K such
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that 22 — ay? = be. Therefore (albe) = 1. Conversely, if (albs) = 1, there exists a non-trivial tuple

(7,9, 2) € K3 such that

ax? 4 bey? = 22
Rewriting the same, we get

bey? = 22 — az?.

Since the ideal aOx is square-free, \/a ¢ K. Therefore y is non-zero. Now dividing by y? we get the
lemma. O

We will now prove some properties of the aforementioned analogue of the Hilbert symbol.
Lemma 14. [4] We have (a|b) = (bla) = (a| — ab) and (ac?|b) = (al|b).

Remark 15. For an arbitrary squarefree integral ideal I C Ok, we say that an element v3 € Ok, with
(v30xk,I) = Ok, is a square modulo I if it is a quadratic residue modulo every prime ideal p | I.

Lemma 16. For any ideal «Ox € W, we have
2| [(Ox/p)" : Ok mod p], forall p | aOk.

Proof. By definition of aOx, (p,K;/K) = 1 for all p | aOk . Now consider the field K(+/¢) for any
element of the set S considered in definition 2, say €. Since K(v/¢) C Kj, p splits in K; = K(y/¢). To
apply the Dedekind-Kummer theorem (see page 47 of [14]) , we note that any prime p | «Ok is co-prime
to the conductor of Ok [\/€] in Ok, . Therefore X? — ¢ splits modulo p. Therefore for any element, € of S,
we have

2 [ [(Ok/p)" : (¢) mod p].

Applying the same to all the elements of S and using the fact that (Ok /p)* is cyclic, we have the lemma.
a

Lemma 17. Let aOx € W. Suppose aOx = abOx and (a|be) = 1 for some e € Ok, then a is a square modulo
bOx and b is a square modulo aOxk.

Proof. Since aOk = abOxk, we have abe; = a for some €1 € Oj. From Lemma 14, we have
1 = (a|be) = (abeq|be) = (—abey - belbe) = (aes|be)

where each ¢; € Oj;. Since we have (ags|be) = 1, we have

(6) bez? = x? — aezy” for some non-zero tuple (z,y, z) € K.

Since the ideal aOx is square-free, |/ae3 ¢ K. Therefore z is non-zero. Further z is coprime to every
prime ideal dividing aOxk. This is because if p | ged(20k, aOxk) then p? | ay?Ok. Therefore an odd
power of p will divide ay?Oxk (aOx is square free) and an even power of p will divide the other two
terms (since ged(aOk, bOk) = Ok). Similarly v/bs ¢ K and y is coprime to every prime ideal dividing
bOk. Further, by Lemma 16

2| [(Ok/p)* : Ok mod p], forall p | aOx
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and in particular for all p | Ok, we get that Oy mod p is in the subgroup of quadratic residues modulo
p. Now reading (6) modulo aOk, we get that b is a square modulo aOk. The argument for a« modulo
bOk is similar. 0

Theorem 18. We have, for acOx € W with L = L, € F,

1
orka(Cl) > St {(aOxk,b0k) : aOxk,bOk square free ,aOk = abOxk,
a is a square modulo bOx and b is a square modulo aOx }|.
Proof.
1
orka(Cl) > WHB € By, : [b] € Cly, [b] = [a?] for some non-zero fractional ideal a of O, }|

1

= WHB € By, : N, /k (b) = bOK, (a|be) = 1 for some ¢ € Ok }|

Since there is a unique ideal b € By, of norm bOx for every bOk | aOxk, we get

1
orka(ClL) > [{bOk | aOxk : (albe) = 1 for some e € O }|

= ork+2
1
> WH(aOK,bOK) : a0k = abOxk, (albe) = 1 for some ¢ € Ok }|.
Now by Lemma 17, we have the theorem. O

4. ALGEBRAIC PRELIMINARIES

Definition 19. Let p be an any prime ideal in Ok and let a € Ok. We define the quadratic residue symbol as

0 ifaep,
() =41 ifa¢pandaissquare mod p,

—1 otherwise.

Let p be a prime ideal and I be an ideal in Ok such that p and I are co-prime. Since Ok is a PID, we
can express I as I = iOx. For p | aOxk, we define ®,(I) as:

o))

Since 2| [(Ok /p)” : Ok (mod p)], the mapping is well-defined. Firstly, we will define ray class group
mod p of K and then we will prove that ®,, is a character on that group. We generically denote places by
the symbol v, but for non-archimedean places, we may use q to denote both a prime of K and the place
corresponding to the absolute value |.|;. We write v|co to indicate that v is an archimedean place, which

is real or complex and Mx to be the set of all inequivalent places of K.

Definition 20. Let g : Mk — Z>¢ be a function with finite support such that for v € My and v|oco we have
g(v) < 1with g(v) = 0 unless v is a real place. Then any modulus b in K can be viewed as a formal product
b=bobs, withbo= [] ¢’ andbs = []»*".
qfoo,q|b vloo

where by corresponds to an Ok -ideal and b, represents a subset of the real places of K.
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Now we define the following notation in Oxk:

(1) Zx be the set of all non-zero fractional ideals in Ok.

(2) I C Ik is the subgroup of fractional ideals which is prime to b.

(3) K® C K* is the subgroup of elements o € K* for which (a) € Z%.

(4) K" C K" is the subgroup of elements a € K" for which vq(a — 1) > v4(bg) for all primes q|b
and a,, > 0 for v|by (here o, € Ris the image of « under the real-embedding v).

(5) P C I is the subgroup of principal fractional ideals (o) € Z; with o € K"

Definition 21. The ray class group of K for the modulus b is the quotient
Hy(K) == I /Pk.

Recall that for p | aOx € W, ®,(I) = (%), if I = iOk with ged(I,p) = Ok. Since the power residue
symbol is multiplicative, it immediately follows that ®, is also multiplicative. If ic = 1 mod p for some
€ € Ok then ®,(I) = 1. Therefore, ®, is a character on H,(K). Such a character is called a generalized
Dirichlet character (a special instance of a Hecke character). Let a be a square-free ideal in Ok such that
a | aOk € W. Then we define the symbol (=) from Hy(K) to {£1} by

G-116)

This map is multiplicative since the power residue symbol is multiplicative. Further, for any ideal I =

10Ok with ged(I, a) = Ok and ie = 1 mod a for some ¢ € Oy, we have
(©)-16) -
pla P

This makes (=) a character on H,(K). We now recall a theorem of Bauer from Class field theory.

Theorem 22. (Bauer, Theorem 8.19 of [1]) Given two finite degree Galois extensions ¥y and ¥4 of a number
field K, if

H{p C Ok :psplitsinF1}\ {p C Ok : psplits in Fa}| < oo,
then Fy C Fy.

We now introduce some notation. Let sOk be an ideal of Ok. If s satisfies (3), we set e, = 1. If s does
not satisfy (3), we choose € € O such the order of e modulo each p? for p | 20k is 2 (This is condition
(3) on K) . We now set ¢, = €. We now consider the field L. /K and apply the above theorem of Bauer
to prove the following lemma.

Lemma 23. Consider the map
(%2): ;i > (1},

given by
SEs ses\ "
< 5 ) =11 ( ; ) , forall (9, s0k) = 1.
e
The map, (%), defines a primitive character of Hy, _ . (K).
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Proof. Clearly, (%) is multiplicative. The extension L. /K has relative degree 2 and relative discrimi-

nant oy, _ /k = 4sOk. We may think of (*5+) as a character on I;L“S "* defined by

SEq ses\ "
(8) = H (p) ,for all ged(0,0p,, /x) = 1.

prl10
By Lemma 1 and Dedekind-Kummer theorem, we know that for any prime ideal q satisfying the condi-
tion ged(q,4s0k) = Ok,

(st> =1 ifandonlyif X? — se, splits modulo g

(7) ifand only if (q,Ls./K) = 1.

Here (g, L,., /K) denotes the Artin symbol of q with respect to the relative extension L., /K. Hence for
an ideal 9, gcd(9,4s0k) = Ok,

8) <Sga) = 1if and only if H (¢, Lye, /K)" = 1.

qr||o

By Conductor-discriminant formula, we have that the conductor of the extension L, /K satisfies

fL.../k = OL,._ /K- This implies Ls., C Ko, where K, . is aray class field of modulus oy, /k

s /K7 /

with respect to the number field K.
By Class field theory, Ho, _ . (K) = Gal(K,, . /K) via the map

[Cl] - H (q7 KULSES/K/K)'F'
afla

/K

Now suppose we have an ideal 0 = bOk with b = 1(d,,, sk ), then [J] is trivial on the left. Therefore

[T40(a, Ko« /K)" = 1. By properties of the Artin Symbol, we have
1= H (qa KDLSES/K/K)T’LSES = H (qa Lsss /K)T
arllo qrlo
(K).
We will now prove the claim about the primitivity of (*+) as a character on Hy, _

By (8) this implies that (%) is a character on Hy, .

S/K(K). Suppose
that (2%+) is a character on H,(K) for some a | 0y, /k. We have H,(K) = Gal(K,/K) via the map
6] = ] (a,Ka/K)".
arfle
Therefore, any prime q of Ok which splits in K,/K would also satisfy [q] = 1 in H,(K). Since (*¢) isa
character on H,(K), we would then have (%) = 1. By (7), this means that if ged(q, 45Ok ) = Ok, q will

also split in L., /K. Bauer’s theorem (Theorem 22) would now imply that L,., C K, implying that

a =0y, k. Therefore (22) is a primitive character of Hy, _ . (K). O

4.1. Analogue of quadratic reciprocity.
Lemma 24. For an integral ideal a of Ok we have
Hy(K) = (Ok/a)" /O5 mod a.

Here O mod a = {u mod a : u € Oy }. We shall denote this isomorphism by &,.
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Proof. Since O is a PID, we may define

€ T8 = (Ox/a)" Ok mod a
b — b, whereb=0b0k.

Surjectivity of £ is obvious. We now consider injectivity. To do so, we note
ker¢ = {b € Zj : be = 1 mod a for some e € Oy} = {b € T : b has a generator which is 1 mod a}.
Hence, 7§ /Pg = (Ok/a)" /O (a). O
Class field theory tells us that
Ty /Pi = Gal (Kq/K)
via the Artin map, denoted ¥,. From Lemma 24, we now have the following corollary.
Corollary 25. For an integral ideal a of Ok we have
Gal (K,/K) = (Ok/a)" /Oj mod a
under the map £, 0 UL,

Let p and g be two prime ideals in W. Since Ok is a PID, we have p = (p) and q = (g) for elements
p,q € Ok. Without loss of generality, by the definition of W, we may assume

q = 1 mod 40k.
Now,

<g> = (g) = 1if and only if 22— ¢ splits modulo p.

1 1
Let Ly = K(,/g), where +2\/§ € O, . Then {17 +2\/§} is an basis of Lj over K. Therefore oL, /K |

q. However since q is prime and it ramifies in L/, we have oL /k = 4 We claim now that Ou, =
1+
O { Vi ]

Lemma 26. Let K, be any quadratic extension of K, and Ok be PID, then Ok, = Ox|a] for some o € K.
1+va
2

module with basis {1, 0}, we have a matrix M with entries in Ok such that
ult Tt 1
0 o0)) 1+2\/§ # '

1
det(M)?disc{1,0}Ok = disc {1, T \/(j} Ok =q=20,/x

By Lemma 26, we have (’)qu = Ok [#] for some 6 € OL; . Since S (’)L; and OL; is a free Ok

Since

2
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we have that det(M)? € Oj. But det(M) € Ok and therefore det(M) € Oj. This implies that M is

invertible and therefore we have our claim. Now we have the following diagram:

K,

(o1

‘2
K
Observe that, G = (Ok /q)" /Oy mod q (under the map & o ¥ ') is cyclic. Hence

(g) =1 ifandonlyif =2 — gsplitsin modulo p,

ifand only if (22 — 1)? — ¢ splits in modulo p (p does not lie above 27Z),
if and only if  p splits in L'q (by Dedekind-Kummer Theorem).
Now by the properties of the Artin Symbol, we have
psplitsin L ifand onlyif (p,L;/K) =1
ifand only if (p,Ky/K) € Gy
Let us now consider & o ¥! ((p, Kq/K)). By the definition of the Artin map ¥,, we have
S0 U3 (0 Ko/K)) = & ([1).
If the ideal p = pOxk, we have &, ([p]) = p € (Ok/q)" /O mod g.
psplitsin Ly ifand only if (p,K,/K) € G,
if and only if  p is in the unique subgroup of index 2 in (Ok/q)* /Ox mod q.
The last observation follows from Corollary 25. We have a natural surjective homomorphism given by
m:(Ox/9)” — (Ok/a)" /O modq
amodq — a.

For p € W, by Lemma 16 we know that Oy mod ¢ is contained in the subgroup of quadratic residues
in (Ok/q)". Let us denote the subgroup of quadratic residues in (Ok /q)" by R,. Then we observe that
7(Ry) has index 2 in (Ok /q)" /Oj mod q. This is because

(Ok/q)" /O mod g .

Therefore, the unique subgroup of index 2 in (Ok /q)" /O mod q is 7(R,). We may now conclude that

psplitsin L] ifand onlyif pisin the unique subgroup of index 2 in (Ok/q)" /Ok mod g,
if and only if pis a quadratic residue modulo g,

if and only if 2 —p splits in modulo q,

if and only if <E> =1



ON GERTH’S HEURISTICS FOR QUADRATIC EXTENSIONS OF CERTAIN NUMBER FIELDS 15

Therefore, for primes p and q in W, we have (g) = (E) .

By multiplicativity, we obtain the following lemma.

Lemma 27. Let 9y and Oy be two ideals in W. Then ( ?) = (g")

5. ANALYTIC PRELIMINARIES

5.1. Divisor function and some variants. We begin with an upper bound on the number of squarefree
integral ideals with norm atmost = and a prescribed number of prime divisors.
Lemma 28. There exists a constant By = By(XK) such that for every X > 3 and ¢ > 1 we have

X (loglog X + By)“!
log X (£—1)!

#{a C Ok : N(a) < X,w(a) = £,p%(a) = 1} <x
Here 9 denotes the norm map from K to Q.

Proof. We prove this by induction. For ¢ = 1, the required inequality holds by prime ideal theorem. We
now assume the result for £ and prove for £ + 1. Let

My(X) ={a C Ok : N(a) < X,wk(a) = ¢, u?(a) = 1}.
Let us consider an element a1 = p1ps - - - prr1 € Myy1(X) such that

MN(p1) < Np2) < -+ < Npes1).

Since N(a;) < X, N(p;) < VX forall 1 < i < £. In other words N(p?) < X forall 1 < i < £. We also
have

pip2 - Pic1Piv1 - Perr € Me(X/N(p;)) forall 1 <i <2
This implies that

(Mea(X) <) Mo(X/N(p)).
N(p2)<X

Applying the induction hypothesis, we now have

Mo (X

1 (loglog X + B;)“!
)< Z m Tog(X/N(p) -1

Therefore, we have

loglog X + By )¢ 1
M£+1<<(Og0g + B1) X Z

|
0 oy TP log X/m( )

Since N(p) < v X, we have X/M(p) > VX, and hence by Theorem 1 of [5], we obtain

(loglog X + B1)*~1 X Z 1 X (loglog X + By)*

M R
e < 7 log X Mp S logX 7

N(p2)<X
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Next we would like to obtain an upper bound for the average value of y**(% for any positive real v
as (a) varies in an interval. To this end, we recall here a theorem of Shiu which we will apply to bound
certain sums in short intervals. Consider a class E of arithmetic functions f which are non-negative,

multiplicative and satisfy the following two conditions:

(1) There exists a positive constant A such that
fH <AL p prime and ¢ > 1.
(2) For every 81 > 0 there exists a postiive constant Ay = A5(f;) such that
f(n) < Aon®t n > 1.
We now state the theorem of Shiu [16].

Theorem 29. (Shiu) Let f € E,as X — oo,

Y
Z f(n) < Tog X exp f)

X-Y<n<X p<X p

IN

uniformly in'Y, provided that 2 < X exp(—+/log X) <Y < X.

We now make an observation which will be useful in the proof of the following lemma. By the

Chebotarev density theorem, we have

X X
l=— 10 (—01)].
2 [H{(K)[logz (10g2x>

Nk /q(P)<z,
(p,Kj/K)=1

Now by partial summation formula, we get

N(p) m

m<z

1 T Qim —m 1
2

log = t2
=y i1 1
_ / ERCASTLSE dHOK( )
2 t log x

v t ¥ t 1
ot v ([ i) <0x ()
/2 |H;(K)[t?log t K( o t2log?t K \logx

On computing the above integrals, we have

1 loglogx
© 2w ) Ok

5 1 3 2 (p)=m,(p Ky /K)=1 |

Nk /g(P)<z,
(p, Kj/K)=1

Nk /(P <z,
(p, K5 /K)=1

We now proceed to apply the theorem of Shiu.
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Lemma 30. Let v € R+, then

ST @ e, Y (log X) T

X—-Y<N(a)<X
aew

holds uniformly for 2 < X exp(—/1og X) <Y < X.

Proof. Let f(m) = > s(a)=m.aew 7+x(%) with the convention that the empty sum is 0. We claim that f is
multiplicative. This can be seen as follows. Consider

ZWWK(Q):H( Y )ZOOf(”)

a#(o), m(a)s peEPK m(p)s n=1 n

aCOg
aEW

For any positive integer n which is a norm of an ideal in JV we have that f(n) is the coefficient of n° in
[L. 11 bl 1+ m(%)) . Similarly if m is also the norm of an ideal in W and (m,n) = 1 we have that

flimn)i 1s the coefficient of (mn)?® in

I I (o) =TI (o) I I (1 )

plmn PIPOK plm plPOK pln PlPOK
PK PEPK PEPK

The last equality follows from the fact that (m,n) = 1. This proves the claim. We have

Jmy= 3 W< D ymetm <yt (m).

N(a)=m,aceW N(a)=m

For a prime power m = p‘, we have f(m) < y"%nk. For all m and any 3; > 0, we have
F(m) < o™, (m) < 218 (7 (m))™ <, m.

We now apply Shiu’s theorem (Theorem 29), to get

Yo o= Y fm)<

f(p)
exp —
X pSZX p

x_xiégzvugx X-Y<m<X
Note that
(a)
f Z Z‘)’t(a):p acWw yx Z " loglog X
> el M D S
p<X p<X p N(p)<X, (]J N(p)<X P |Hf(K)|
N (p) is prime pePK
pEPK

where the last step follows from (9). This gives us the required lemma. O

We conclude this subsection with the average order of the function which counts the number of
ordered factorisations of an integral ideal of K into exactly g integral ideals. Let g > 1 be an integer. For
any ideal a C Ok, 7k 4(a) denotes the number of ways the ideal a can be written as an ordered product

of g ideals. For a number field K, we have the following lemma.

Lemma 31. For any positive integer g > 1, we have

1 91
Z K, g(a) = ozi’{liz( 087 — + Ok (2(log x)97?).
Siia) <o (g—1!
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Proof. We use the induction hypothesis to prove the claim. It is well-known that (see; [12])
(10) Z 1= aK:r—i—O(xl_i),
N(e)<z

where ni is the degree of K/Q. By using (10), we obtain

D mea®= >, D 1= >, > 1

Me)<e Ma)<z o N()<z NB)< 5%
> (o e )
= aK—I—OK(() ))
N()<w N(c) 9(c)

=aKT Z ‘ﬁtc)+OK<x1"1K Z }_1)

MN(c)<z M(e)  mx

Also, using (10) and partial summation formula it is easy to see that

1 1 1
1<N(0) <z (0) 1<o(o)<a M(e) "

Thus, we have
Z K 2(a) = akzlogz + Ok (7).
N(a)<z
Now, we assume that the claim is true for 7« ;1. Therefore, we have
_1z(logz)9—2 _
S nco1(6) = af TR+ Oclaloga)? ).
N(e)<z g ’
Since Tk 4(a) = Zc‘a TK,y—1(¢), we obtain
_1x(logx)9~1t N
Z TK g(a) = ag; 1(( g_ i)| + Ok (z(log )772).
N(a)<w 9 ’

]

5.2. Important Analytic prerequisites. The aim of this section is to introduce a few character sum esti-
mates which will be used in the due course of the article. We begin by recalling the Large Sieve inequality
for number fields due to Wilson ([21]).

Lemma 32 ([21], Wilson). Let K be a number field and Ok its ring of integers. Let {tq}ac ok be a sequence of
complex numbers. Let x be a character of Hy(K). Define Sar(x) = Z tax(a). Then

N(a)<M
N *
S S w00l <@+ Xl
N(@)<Q quodq N(a)<M

where Z* denotes summation over primitive characters and ¢ is the Euler-Totient function defined on the inte-

gral ideals of K in the following manner ¢(q) = 9(q) H (1 B mzp)) '
pla

The following lemma is a generalisation of the Siegel-Walfisz theorem due to L. J. Goldstein [6].
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Lemma 33. [6] Let K be a normal algebraic number field of finite degree nx and discriminant dk. Let x be
a nontrivial generalised Dirichlet character on Hy(K). Let € > 0, there exists a positive constant ¢ = c(e) not
depending on K or x, such that

E x(p) < Dz(log? z) exp(—cnk (log z)*/? /D),
N(p)<wz
(p,f)=0Ox

where D = n}(|dg|N(f))cc™"x.

We conclude this section with a generalisation of a lemma of Heilbronn on Generalised Dirichlet
characters of Ray class groups. A key ingredient in the proof is following character sum estimate of

Heilbronn.

Lemma 34. (Heilbronn, Lemma 2 of [9]) Let K be an algebraic number field of discriminant dx and degree
nk. Let x be a non-principal Hecke character defined on Hy(K), for an ideal b with M(b) = b. Then for any real
x > 1and e > 0, we have
> x(@) = 0" |dxc[p) =7,
N(a)<z

where the constant implied by the symbol O depends on nk and e.
We now prove our generalisation of Heilbronn’s result from [9].

Lemma 35. Fori € {1,..., N} and integral ideals ¢ with N(c) < x, let a;,b. be complex numbers satisfying
lai|, |be| < 1. Further let g be any positive integer. We also assume that we have N distinct Hecke characters

{x;}7_, modulo ideals of norm {b;}_,, respectively. Then, we have

j=1

N N i
Z > aibexi(e) <y N' Tizloga + N'~ 32! TR (log @) (Z Z ’ Wl) '

i=1 M(e)<a

Proof. By Holder’s inequality, we have

N
Z Z aichi(c)

i=19(c)<z

1
29

g
( bc1bC2Xi(c1)Xi(c2)) )
=1 *9(c1),N(c2)<z

NS

. B N
szvlw( fer) f<e2>zxi<e1>>a<e2>) ,

N(e1)<z9 N(e2)<z9

where

flej) = Z be; , - be,;, for j € {1,2}.
We observe that | f(e;)| < 7K 4(e;). By multiplicativity of 7k , we have 7k 4(¢;) = HPSHe,- i o (p°). We

now consider i 4(p*)? < (s + 1)%9 <, ((6)2;2195)' Since Tk 24+1(p%) = %, we have 1k 4(¢;)? <4
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TK,29+1(¢;). It follows from Lemma 31 that

> (0 <k 2(logz)*
2QOK
N(e)<z?

By applying the Cauchy-Schwarz inequality twice, we get

> Z aibexi(c

1
4g

< VE(CS el Y 1er)

i=1 9N(c N(er)<z9 MN(ez)<x9
N 2 ﬁ
X E E xi(e1)xi(e2)
N(ey)<zd | j=1
N(eg)<ad

L
g

(11) < N3 (2% (logx)49) s (ZZZZXM e1) X, (e2 xm(ez)ng(el))

11 12 €1 €2

If we split the inner sums in (11) into two, one over the diagonal terms (that is i; = i3) and otherwise,
we get
< N7 (2% (log ) ') (Z 2

1
2> g
71 io

< N9 (229 (log )*9) %5 <N:1729 +Z > ‘ Y XiXa(0)

12 N(a)<z?
i1#02

N
Z Z aichi(c)

i=1 9(c)<z

Z Xi1 Xio (a)

N(a)<z9

)

1
1 1 ~ o~ ig
<y N'"%gloga + N " 223 logz< E E (:cQ"K|dK|bi1bi2)”K2+2+B>

Using Lemma 34, we have

> Y wht

i=1MN(c)<z

<<N141szsclogm+N12lgasi‘logx(ZZ‘ Z Xiy Xi» (@
i1 12

N(a)<z?d

i1 #0

i1 i2

D)
1
1-L 1—L 1——1 ~ ~ 2 \ig
< N Bloga + N1 50! 705 (log ) ( 30 D (bibi)
i1 d2
i1Fi0

6. COMPUTING THE AVERAGE VALUE OF 2m7ka(ClL) goR I, € F

Let a € Ok. For any ideal 6Ok satisfying (6Ok, aOk) = Ok, we set

xaox(5)=m 11 ((2) +1>

plaOx
Therefore, by Theorem 18, for «Ox € W and L = L, € F, we have

X 1
orka(ClL) > e Z Xa0x (D) Xpox (@)

(aOK,bOK)
aOK=abOK
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We shall use T'(aOxk) to denote the sum Z Xa0x (0)xp0x (). Then

(a0 ,bOK)
aOK=abOy

600~ Y e 1 (1+(3)) T (1+(3))

abOK:aOK p|aOK p|bOK

1 bOK GOK
~ Quk(aOk) > > <COK> 2 (dOK) '
dOk |bOK

abOk=a0k cOk|aOk

Suppose aOk = Jpd1 and bOk = 0203, also let Iy = cOk and 95 = dOxk, then we have
1 0o O3 Oy 01
reon) - o, 3 (3) () (3) (5):
2 K( OK) 80810283:(10}( 80 80 63 83

Define ®; : F3 x F3 — Fo, by ®1(4,9) = (u1 + v1)(u1 + v2), where @ = (u1,u2) and © = (v1,v2). Note
that &, (u,v) = 1if and only if

(u,v) € {((1,0),(0,0)), ((0,1), (1,1)), ((1,1),(0,0)), ((0,0), (1, 1))}

If we write 0y = 0go, D1 = Jo1, D2 = D10 and 93 = 011. Then it follows that

1 611 P4 (u,v)
(aOK) S (a0x) Z H (8)

aOx=000001010011 @,0€F3 v

We interpret the elements 0,1 € Fs as 0,1 € N with the convention that 0° = 1. Now we consider the
m-th moment of 2°%4(Cx) where m € N
1

27nwK(aOK)

(12) Trn(aOk) =
W\ ® @) oy 1), 00m)

Z H 81](1) L H a11(m)
S ew \ O oo epz \ O
aOkg= ]-_-[u(l) u(l) a(1),0(1)€F3 o(1) a(m),v(m)€EF3 o(m)

OL(DI(ZI_[E(WL) 8;7(1177)7,)

Suppose that 0Ok = [](1)erz 8, = Ilamers 8,(m) and we define

) (m)
8u( 1),...,a(m) = ng ((9 (1)) - 8ﬂ(m))

and
may= I[ - I I - I a.acm:
u(1)eF3 a(¢—1)eF? u(¢+1)€F3 u(m)€eF3
We claim that my) = ‘94@) Recall that aOx = [], (0)eF3 aw), which implies that 8, 2(0) is square-
free. If p|8,( 7 then it divides aOk and this implies that p| (Z), for some (i) € F2, for all i. Hence,

P10a(1).....a(0).....a(m), for such u(i), where i # ¢ which implies p|m;(), thus 8 /)|mu(5 Conversely, if
plma(r), then

14 m
pleed (950, 0,08

(m)

) for some indices (i) € F3 Vi # { = p|31(4()[)
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Moreover, my ) is square-free. This proves our claim. Therefore we can write aOk as

aOkg = H 855([) H H H Oa(1),...,a(m)-

u(€)€F3 u(1)€F3 u(€)€EF3 a(m)€F3
Therefore, by replacing 8_ vy by ma(p) in (12), we get

1 a(1),....a(m)
(QOK) 9mwk (aOK) Z H (

617 v(m
0Ok =T105(1). o) A1), .oi(m)erg )
a(1),...,a(m)€F3  o(1),...,v(m)eF2

) > @a(a(i),0(2)

Therefore, we have
1 1
(rk4(ClL)) -
Z 2R 2 Z 2m(rK+2)Tm(aoK) = 2m(rx+2)N
LeF(X) aOrEW(X)
where
(13) N= Y Tn(aOk).
Ok eEW(X)

Now, we need to estimate N. Let 4,0 € F3™ with 4 = (@(1),...,4(m)) and o = (9(1),...,9(m)). We
define

(14) (1, 0) = Y B (a(i), v(i)).
Therefore we have proved the following theorem.

Theorem 36. We have

P, (4,0)

N = Z uﬂzma ok (1, cp2m On) H( ) ’

mwk (
(9a) g erom €D(X,m) 2 a0

where D(X, m) is the set of 4™ —tuples of squarefree and coprime ideals Oy such that
(1) the index i = (u(1),...,4(m)) € F3™ and
(2) lzerzm Oa € W(X).

6.1. Eliminating indices corresponding to a large number of prime divisors. For any ideal a C Ok,

T ,m (a) denotes the number of ordered ways of writing a as a product of m ideals. Let

) 8\ 2 (@)
Zl _ > S Tyexgm Oa) g (@;) .

(00) g pgm €PXm) 2

”K(Haeb‘gm 9a)>Q
Here, the parameter ) will be chosen later. Since 7k 4m(a) = 22mwic(a) for any squarefree ideal a, we
have

Z < Z ;Ifnix o) < Z 2mwK(u)

m(a )<X
wK(a)>Q K (a)>Q
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By using Lemma 28 and Stirling’s formula, we write

mo mo X (loglog X + B vl
Z1<<Z2 Z i) <<KZ2 logX(OgOEgv—l)!O)

v>0 SXt(a)SX V>0
wk (a)=v

X (loglog X + By)* (2m(loglog X + B1))Y X
m 2m’u m .
<K, 1;} log X v! <K, 1;2 (v/e)¥ log X

By choosing © = e4™(loglog X + By), we see that the sum
2™ (loglog X + B1))? 1
Z (2™ (loglog X + B1)) < 2:720(1)7

v>0 (v/e)” >0 2me

for any m > 1 and hence we have
X
(15) Y <k o

6.2. Dissection of the range of the variables J; into sub-intervals. Let A =1 +1og_2m Xand Ay = AT,
for some positive integer r, for all 4 € F3™. For A = (Aa)aerzm, we define

a P, (4,0)
T(X m, A Z (H2—7nwx(d )) H <a> )

where the sum is over 9; € D(X,m) such that Az <9(9z) < AAg, wK(Hangm 0z) < Qforall i € F2™.
Here D(X,m) is defined as in Theorem 36. By using (15), we write

(16) N= Y Tm(aOK):ZT(X,m,A)—i—O( X )
A

aOk EW(X) 1OgX

where A is such that Hﬁngm Az < X. We will now consider 4 families of tuples (Az)gzcrz= and show
that their contribution is negligible.

First family: The first family is defined by: (Ag) such that [[;cpzm Az > A~*" X. We have

ue

A m A=A X <N (a)<X
[Tacrgm Ag>A—Y" X Y

Using Lemma 30, Z ‘u2(a)2mw1((a) <<K,f,m X(l _ A74m)(10g X)mel.

A=A X <N (a) <X
acw

We note that A=4" = (1 +log 2" X) 4" =1 —4mlog 2" X + O,n(log™ 2" X); hence
X
T(X,m, A .
> ITEmA) <k ooy

A
Muergm Aa2A™4" X

Remark 37. Note that l:fHﬁe]F%m Ay < AT X then N H%F%m 05) < A" Hue]Fgm A < X,
To introduce the other families, we define

(17) Xt = (log X)max(20.10(nx+1)(2H4™ (142™) () = 273

(18) X* is the least A’ such that A? > exp(log"™ X),
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where 3 > 0 is sufficiently small.

Second family: This consists of (Az) such that [];cpem Aa < A=*" X and

19) at most 2™ — 1 of the A in A = (Ag)gerzm are greater than X*
Then
>, ITEm A< > > 12 (01) T am — (01)27 70OV
A satisfies (19) 0<r<2m—1oy(d,)<(X1)4m—r

<3 ()i (a)2 e 2,
m(éz)ﬁﬁ
dyeW

By using Lemma 30, we bound the inner sum by

Z N2((§2)TK,T(52)2_”le(52) < Z TK’2(52)_7”+10g2 .

d X 5 X
W(OZ)SW m(az)ﬁm
doEW doEW

X r2”™m g
LK, m —=—(log X)) M10OT 7,
0N(01)

Thus
p2mm N Qmwx(él)
Yo X, m A <xmX Y. (log X)) 3 p2(0) ————
A satisfies (19) 0<r<2m-—1 N(Br)re o (XA~ N(0h)
r2= ™M 2m
<enX X Q)T T (14 )
0<r<2m—1 v (p)

N(p)<(xH" T

_ _om
r2—m 1
<X Y eI (1og)
0<r<2m—1 , (p)
N(p)<(xH" T

By using Mertens’s theorem for number fields (Theorem 1, [5]), we have

—m

2 m
X log X)THi®T= _q .
Yo IT(X m, A) <xmy X<( gX) P )(10gXi)2
A satisfies (19) © (log X) &1 _ 1
<KmX log” T T X

Definition 38. The variables @ and U are said to be linked if ®,,,(u,v) + ®,,,(,a) = 1.

Third family: This consists of (A4;) such that

(i) [, 4z <A™ X.
(ii) Atleast 2™ of the Az in A = (Ag)gerzm are greater than X i
(iii) There exists two linked indices %, o such that Ay, A; > XT.
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Without loss of generality, we assume ®,,(4,7) =1

(20) [T 2 mex®)

WAU,D

T(X,m, A)| < >

(Ow)wv,a
Ap<N(0g)<AAg

X

g
g
/&
e

O-
w)w;éﬁ,a)a(am (3«@)@;&73,11) (u>
Aa<N(0a)<AA; A@S‘{;@gv@%

( 87 (I)'m(wvﬂ) 67 quV(ﬂaw)
h O, (0a)wpv,a) = 27" (00) - - :
where a(, (9 )a 5.2 1;(8) E(m)

Analogously we have a(9s, (0w ) w0,a).- We would now like to apply Lemma 35. For this we note that
(E) is a primitive character modulo 0y. Each character appearing in (20) is primitive with a distinct
conductor. Hence these characters are distinct. We now apply Lemma 35, to obtain, for any integer g > 0
=1 S T PN 25
rCtm A < JT Aa(Asdua og40) 4 47 T4 T og 4, (5w ) ")
WHUL,D N(a)<Asp
-1 11 1
< H Au_) <A1—)A,a (A;g log A»a) + A,L—)Aﬂ 2l D) Ag(nKJrl) 10g Aﬁ)
WHU,V
— -t 1
<X((X1) 5 log X) + X (AZKTD ATOKTD ) o0 X,
By choosing g = 5, we see that if A; < A2 holds, then

T(X,m, A)] < X (x1)~ " (e ) 160 x.

We now tackle the case A2 < A;. Using the Cauchy Schwarz inequality, we may bound the sum
inside the absolute value in (20) by

Shole

< A

2> 1
If 9 = sOk, then by definition of (E) for 9; € W(X), (

85> = (%‘i) Here ¢, is as defined before
Lemma 23. By Lemma 23, (Si) is a primitive character modulo 40;. Now, by Lemma 32, we obtain
(when A2 < Ay)

(Z

Ou

95 %

> a(0s, (0a)wrs.a) (8u>

Ox

WAT,T

IT(X,m A < [] Ac(AZAZ(A2 +4,)%) < XAF < X(X)7
By summing over all O((log X)*"(1+2™)) possible A and using the definition of Xt we get

IT(X,m, A)| <

= log X~
A satisfies (i), (ii), (iii)

Fourth family: This consists of (A;) such that
@) H'&EF%"L Ay < AT XL

(ii) There exists two linked indices @, 7 such that 2 < A; < X and A4, > X*.

(iv) Two indices @, with Az, A; > X are always unlinked.

25
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(v) Atleast 2™ of the Az in A = (Ag)gerzm are greater than X*

By assumption (ii), there exists an index ¢ which is linked to %. We observe that there may be more than

one index linked to @. Recall that

—mwk (0g) (9 m(:0)
) N

u,v

Let I; C F3™ be the set of all indices linked with @ and let I, C F3™ be the set of all indices unlinked

with 4. We now divide the above sum into three sums as follows

T(X,mA)= S > z( 11 meK(au1)> I (%?ybm(uz,v).

(aw)well (6w1)w1612 Ou ﬂlngm ’H.Q,’T)G]Fgm

Taking absolute values, we get

o ¥ % [S( QL ) (%)

(Ow)wer, (Owy)wier, = Oa a1 EFZ™ Uy, 0EF3™

Any term given by ( ) with %y, T # 4, can be pulled out of the sum over 95 and can be bounded by

1. If we have a term given by < ) with @ € Iy, then the term (g ) will also appear in the product and
by Lemma 27, they can be multiplied to give 1. Finally we are left with terms given by (g:) or (gz)

with © € I;. By Lemma 27 and multiplicativity of these characters, we get

romas 0y el (o)

MWK (03) B _
(Op)wer, (Owy)wier,  Ou 2 Hw1€[2aw1

1
SEED SRED DIE-H D DI | EOI e el
(Ow)wer, (Owy)wyer, 0SLSQ (dai) _ 1€l

Writing 03 = p1 - - - p¢ in ascending order of absolute norm, the inner sum is bounded by

)| =2 XSt T oo (g )

wle]? P1 Pe—1 WH#U

b

(21) ‘ Z *(I] s <

(A]((’)ﬁ):é

where (1-[3) is non-trivial generalised Dirichlet character. We note here that
Wy €Iy YW1

A4,
22 AV <m(p) < — 22
(22) < N(pe) < Tpr--prr)
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If pr | [lgza O then the corresponding term in (21) is zero and number of such p, is at most Q by

condition (iii) above. Therefore, we have

S wren [Lon (2

AAg DU wy €l YW1
RUCHES oy WFU

= @P(pr-. P H ) Z (H%)

. _ 01 €1, YW1
] NS g tE s w1l

However

iy peer [ 00) 2. ] <M>

WA ”n < AAg
CPOSTpy,. v 1)

ged(p g [loza Ow)=0k

= P per [] 9w) > (r["”aw) +0(Q).

o _ 01 €1
WA an < AAg w1 €l2
(”)*‘ﬂ(m ----- Pe_1)
gcd(pp.llwy €1, 9wy )=Ok

Applying Lemma 33, we obtain for any 3; > 0,

be )
= | K
ZAA{L <H’LU1€IQ awl

m(”)g‘ﬂ(m ----- Pr_1)
gcd(pp:llwy €15 9wy )=Ok

o (1Og AA> :
N H - AAy 10g2 AAy exp ( _ 9 N(p1---pe—1) )
o Npr...pee1)  Npr-. pe1) K N, cr, 0))P

w1 €l
<y, MMayer, %)™ Ads
! B-2 __ AAg .
g™ s N(p1...pe—1)

Choosing 81 = ﬁ, we obtain

Z ( ” > <B m(leelz awl)l/Q . AAy
- B—2 AAg :
RUCYIRS m(h?i‘ﬁ’f_l) H’U71612 81111 IOg N(p1...pe—1) m(pl e p[—l)
gcd(Peqﬂmlejz 3121):OK
By (22) we have
Z ( y ) <B m(leeb aw1)1/2 . Ada .
R(pp)< , Lo, e, O log?~2 A}/é N(p1 ... pe—1)

ged(py 7]_[@1 €Iy 9w, )=0K
By the definition of the fourth family, we have A; > X* > exp(log”(m) X). This implies that

logB~2 A, S log(B=2n0m) x N g B30
/B2 KB (loglog X)B-2 ~ K5 18
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Therefore, we have

> (m> <p A, Mo e O, )2 log~ " x
AA- Hﬂ;leb 8@1 “ m(pl-“pl—l)
‘n(Fz)Sm
gcd(t’eyl_[wleh 9w, )=0K
Also, we see that
2
pA(p1 - pe—1)
— 2 L log AAy < log X
Z Z m(pr"]ﬂz&) & g

<0 N(p1--pe—1)<AAg
and Z‘ﬁ(awl)gxf N(Dg,)? < (X1)2. Further

Z Z 7rL€ Z Z 1< X(Xi) é

(Ow)wer, (Omy)w;ery 0SESQ Pe—1

1—-1/¢
N(pr-pp_1)<AAG /

Hence, for B > 1, we have

T(X,m,A) <p [[ Ao+ [ (XT)% - ((Qog X)= B+ 45) + QX (XF) =%
wely w1 €12

—Br(m m  Joglog X X
<<BX<(IOgX) P (O ()gci)%m) B log X

Combining the estimates for all the four families and recalling n(m) = 27™5 we get:

Proposition 39. For every m > 1 and 8 > 0 sufficiently small, we have

@ Y mieon= X romao( X
aOKEW(X) A (logX) [Hj (K)]

where the sum is over tuples (Az)gerzm satisfying the following conditions:
() [Taerzm Aa < ATYX
(ii) At least 2™ indices satisfy Ay > X%,
(iii) Two indices @, v with Az, Az > X1 are always unlinked,
(iv) If two indices u, v with Ay < Ay are linked then either Ay = 1or2 < Ay < XTand Ay < X1

(log X)* "™ '”f“") ,

6.3. Geometry of unlinked indices.

Lemma 40. (Lemma 18, [4]) Let m > 1 be an integer and let U C F2™ be a set of unlinked indices. Then
#U < 2™ and for any u € F3™, 4 + U is also a set of unlinked indices. If #U = 2™ then U is a vector subspace
of dimension m in F3™ or a coset of such a subspace.

Proposition 41. For every m > 1 and 8 > 0, we have

—m

* X mp(m)— 22—
Z T’m(aOK) = Z T(X7 m, A) + O ﬁ(log X)2 n(m) Hy (k) | ,
aOkeEW(X) A (log X) M0

where the () in the sum is used to indicate that A varies over
(i) Hﬁeﬁgm As < A" X
(i) U = {u: Ay > Xt} is a maximal set of unlinked indices,
(iii) Az =1foru ¢ U.
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Proof. For B >>,, 5 1 we have X > (log"™ X)B > Xt. Therefore, by part (iii) of Proposition 39, U
is a set of unlinked indices. Further by part (ii) of Proposition 39, U contains at least 2™ elements. By
Lemma 40, &/ must be a maximal set of unlinked indices. For ¢ ¢ U and any @ € U, @ and © are linked.
Since Ay > Ay, by part (iv) of Proposition 39 either A; = 1or2 < A; < X' and 4; < A; < X*. But
Az > Xtso Ay =1. O

Definition 42. Let U C F3™ denote an unlinked set of 2™ indices. We say A = (Aa)aerzm is admissible for U if
it satisfies:

(@) Tlaerzm Aa < A-4X

(i) U ={u: Az > X*},
(iii) Az =1foru ¢ U.

Note: If A; = 1 then 93 = Ok.

6.4. The final estimate. We begin by recalling the sum we want to estimate. Recall that

1 s Pk (u,v)

aOKEW(X) () a0
T10aeW(X)

By Proposition 41, we have

1 s Pk (4,0)
Z T (aOk) = Z gmuk (I19a) H (@;)

aOkeEW(X) (0a) w,v
T10aeW(X)

X m
*Z T(X,m,A)+0 —1(10gX) T )

(log X)k T} (k)]
where the (x) in the sum is used to indicate that A varies over
@ TTacrzn As <AY'X
(ii) U = {u: Az > X*} is a maximal set of unlinked indices,
(iii) Az =1foru ¢ U.
By the definition of admissible A (Definition 42), we get

—m

2™ n(m)— W

Y Tu(a0k) =Y T(X,m,A)+ 0 X (legX)

aOKEW(X) A (log X)lf 5 (x)1
X Mo (m) — 2—m
=>. > T(X,m,A)+ 0O <1_110g2 1 T X) :
U A admissible for U log Hiaol X
Here

Dk (u,v)
T(X,?’ILA) = Z 9mwk HO ) H ( ) :

(0a),wk (IT0a)<Q W,0
Aq <N (Bg)<AAL
102 eW(X)
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Let us look at

1 8,; Pk (a,v)
YY)

A (8a),wk([10a)>0 w0 (0a),wk ([T 0a)>0
Ag<N(95)<AAg Ag<N(95)<AAg
[10zeW(X) [10aeW(X)
Since
1 —muwik (a) X .
Z Z Sman(T192) < Z Z 2 Tam (0) < 1 X.(Cf. subsection 6.1)
A (9a),wx(I]0a)>Q ' £2QN(a)<X 08
Ag<N(97)<AAgz wi (a)=¢
[19aeW(X)

For a set of maximally unlinked indiced ¢/ and an A admissible for I/, we set

Pk (@,v)
T/(X’va) = Z Ha 2_mWK(Hueud“) H ( ) - .

(%a)acu acU w,v€
Aa<M(0a)<AAg
[Taeu OaEW(X)
By Lemma 27 we get
T'(X,m, A) = S ([ 2 Tlacu o),
(Oa)aeu acU
Ag<N(0z)<AAg

Hﬂeb{ Dz EW(X)
Therefore we have
X o m)— 2=
Z m(aOk) = Z Z T'(X,m,A)+ O (1_1(logX)2 n(m) 'Hr<K)'> )
aOk eEW(X) U A admissible for U log Hiao! X
We now consider the sum

Z Z MQ(H aﬁ)Z_mwK(Hﬂeu 0u)

A admissible for U (Ou)acu ael
Ag<N(0a)<AAy
[Tacy OaEW(X)

Since A is admissible for U/, at least 2 entries of the tuple A are 1 and these are all the entries with
Ay < X% We first note that given any a € W(A~*" X) with norm greater than X* appears as a product,
[lacy Ou, for some A admissible for ¢/. Each such a appears as many times as the number of factorisa-
tions of a into 2™ ideals each of norm greater than X*. Therefore we have

> T'(X,m,A) = 3 3 y2 (T )2~ (T2

A admissible for U A admissible for U (Ou)acu aeU
Aa<M(9a)<AAg
T10aeW(X)
_ 2 27mwK(a) 9] 2 27mwK(a)
= p*(a)Tic 2m (a) + p(a)mk 2m (a)
aeEW(X) A=A X <9(a)<X

aeW(X)

+ O( Z 2_mwK(b)TK,2m(b)lu2(b) Z 2—mwK(c)(2m _ 1)wK(c)M2(C)>’

bEW(XH) €W ()
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where the last term corresponds to the summands which have at least one factor that is less than X*. By

using Lemma 30, the inner sum of the second error term is bounded by

I = Z g=mwr(e) (gm _ 1)wK(0) 2 (¢) = Z o (6) T HOE 27 1)

ceW(%) cew(%)
X g—m+logy(2 —1) X 1_2—m
<—(log X [Hj (k)] < —(log X)) Hix)!
m(b)(og ) m(b)(og )

Then by using Mertens’s theorem for number fields (Theorem 1, [5]), we can bound the second O term

as

X (log X) a0t ! 3 H0) ¥ (10g x) T " 11 <1+ ! )
) ) —
1<N(b)<XT (o) N(p)<X* N(p)

2™ n(m)— ‘Hf(K)|

X
log Mol X

By using similar arguments as in the estimate of the first family, we see that the first error term is
bounded by X/ log X. Therefore, we have

X ™o m) — o—m
S TEmA) = Y @)k (@)27 K10 (11(1ogX)2 i) 'Hr<x>>.
log

A admissible for U acW(X) Hy k)l X

As noted before for a squarefree ideal a, 7k om (a) = 2mwk(a) This lets us conclude that

: _ 2 ()~ A
s L Tel0x) = gmem Y Y 1+0( = (log X) 3
a0k eW(X) U aeW(X) log= ™iaol Ty X
- Mo >, 140 —(logX)zmn(m) o]
2m(rK+1) 1 - :
aeW(X) log jael X

7. EXAMPLES
In this section, we give examples of number fields which satisfy all the above conditions.
7.1. Example 1: K = Q(4).

It is obvious that Q(7) satisfies conditions 1 and 2. We know that 2Z ramifies in K. For the unique prime
p | 20k, [(Ox/p?)*| = N(p)(M(p) — 1) = 2. Since 1 # i mod p?, condition 3 is also satisfied.

7.2. Example 2: K = Q(v/3).
Again, K is known to satisfy conditions 1 and 2. In this case Oy = {£1} x (v/3 — 2). Again we note that
27 ramifies in K. For the unique prime p | 20k, |(Ox /p?)*| = N(p)(N(p) — 1) = 2. In Ok, we have

p? =20k = (1 —V3)Ok - (1 +V3)0k = (1 — V3)?0x,

this shows that 2 — v/3 % 1 mod p2. Hence we have condition 3.
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7.3. Other quadratic examples: Some other examples of fields for which the above argument can be
applied are Q(v/d) for
d e {7,11,19,23,27,31,43,47,59,63,67,71,75,83,99}.
These were generated using SAGE and many more can be generated in this fashion.

7.4. Example 3 (higher degree): Let K be a Galois number field with class number 1. If 2Z splits in K,
then for any prime p | 20k, we know that 2 ¢ p2. This is because the valuation of 20k with respect to
pis 1. Therefore 1 # —1 mod p2. This gives us condition 3 above. Here are some examples of such cubic
fields.

TABLE 1. Examples of Galois cubic fields with class number 1 in which 27 splits

Serial Defining polynomial of the field Serial Defining polynomial of the field

1 3+ 2% — 10z — 8 8 23 — 2?2 — 94z + 304
2 23+ 2% — 142 — 8 9 23 — 22 — 102z — 216
3 23 — 109z — 436 10 o3 — 433z — 3464

4 23+ 22 — 422 — 80 11 23 — 2?2 — 146z + 504
5 o3 + 2% — 52z + 64 12 o3 — 2% — 1522 + 220
6 23 — 22 — T4z — 256 13 3 — 22 — 166z — 536
7 3 — 2% — 76z — 212 14 % — 22 — 200z — 512

7.5. Example 4 (Galois Field K with class number 1 containing Q(¢) in which ramification index of
2Z is 2): In view of Example 7.1, we assume that K # Q(i). We have already assumed that the field
K satisfies conditions 1 and 2. We know that 27 ramifies in K. Let the ramification index be 2¢;. This
implies that

20K = H p2et.

p|20K
p C O prime

If e; = 1, then we have

1+doxk= [ »

pl20K
p C Oy prime

This implies that 1 # —i mod p? for all p | 20k. This implies that if e; = 1, condition 3 is also satisfied.

TABLE 2. Examples of Galois number fields with class number 1, containing Q(7) in
which ramification index of 2Z is 2

Serial Defining polynomial of the field Serial  Defining polynomial of the field
1 rt—22+1 6 2% + 62t + 927 + 1
2 zt 4+ 322 +1 7 12 — 2% +1
3 28 —ab a2t — 2?2 +1 8 28 — 925 + 192* + 522 + 4
4 28 + 5t + 622 + 1 9 219 + 928 4 2825 + 3521 + 1522 + 1
5 20 _ I8 4 416 14 4 012 210 4 08 o6 a4 2 0 1 24+ T2 49
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