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104.27 An additive analogueof an unsolved multiplicative
problem

Considerthe equational!b! = c! in positive integersb > a > 1.
Apart from the infinitely many ‘trivial’ solutionswith b + 1 = a! (which
givesc = b + 1), the only nontrivial solution known is 6! 7! = 10!. In
fact, more generally, under the assumptionof Baker's explicit ‘abc’
conjecture(a deepconjecture),SaranyaNair and T. N. Shorey (see[1])
proved that the only solutions to the equation

ala)...a! =nl

in integersn > a > a_, > ... =2 a > 1, t > 1 are the trivial
solutionsn = a + 1,a = a;! ... a_1! — 1 apart from the following ones
71313121 =91, 716! = 10!, 715131 = 10!, 1415 21 = 16!

Thattheseare all the solutions,is a conjecturedueto Hickerson(see[2, p.

70]). The above authorsalso proved that the Hickerson conjectureholds
(without assumingany conjecture)for n < e¥. Their method involves
sharpeningthe lower boundson the greatestprime factor of a product of
consecutive positive integers. In general, Hickerson's conjecture is still open.

The additive analogueof the first problemabovewould be to find all
positive integers, b, ¢ satisfying

T+2+ ... +ay+Q+2+ ... +b=1+2+ .. +c
Thatis, one wishesto find all sumsof two triangularnumberswhich are
triangular:t, + t, = t. wheret, = %a(a + 1). Analogousto theinfinitely
many ‘trivial'’ solutionsof the multiplicative versionabove,here alsowe
have infinitely many solutions by taking b + 1 = t, (for which
c =b+1).Since8t, + 1 = 4a(a + 1) + 1 = (2a + 1)?, the equation
ta + tp = tcis equivalent to

a+ 1%+ (2b+ 1)? = (2c + 1)* + 1.

By the above-mentionedobservation,for any a, there is a solution
b+1=t, that is, 2b+ 1 =a+a-1 and 2c+1 =2b+ 3
=a’+a+1 In other words, (2t + L2+t - L t2+t+ 1) is a
polynomial parametrisation of the hyperboloid

X+y-7Z-=1
Thereare also other polynomial parametrisation®f the hyperboloid. For
instancejf we think of a? asthe sumof the first a odd numberswe obtain
the polynomial parametrisatid@t, 2t2 — 1, 2t?).
In terms of integer points, these give the families
(x XX -5 x+ 3)
4 7 4

and

( X2 -2 x2)
X, s A
2 2
of integer solutions whexis odd or even respectively.
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More generally,any 3 x 3 matrix that preserveshe quadraticform
X? + y* — Z* carries a point on the hyperboloid to another one.

Although one can obtain parametrisationsuch as above,one cannot
expecta descriptionof all integerpointsakin to Pythagoreairtriples for the
circle problem.In fact, the problemis to beregardedn the samespirit asthe
notoriously difficult Gausscircle problem. The numberof integer points
(X, ¥, 2 on the hyperboloid wittx, [y, |4 < t can be estimated as follows.

If rq(n) denotesthe numberé)f orderedtuples (xq, ... , Xg) of non-
negative integers with n = Iglx.-z, then consider the solutions
x> + ¥ = n = Z + 1foragivenn. The number of solutions

Y ra(myri(n - 1)

n<t

is known to have asymptotic growth cvft logt. In fact, more generally the
asymptoticsof the numberof integerpointson a hyperboloidcan naturally be
obtained only by viewing the problem as one in the ergodic theory of
homogeneouspaces(see [3]); in their paper,Hee Oh and Nimish A. Shah
obtainedthe sameasymptoticsHowever,the import of our brief noteis to show
how an obvious additive analogueof an unsolved multiplicative arithmetic
problem leads to an old problem that has been studied for its own sake.
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