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Sum of the Reciprocals of the Binomial Coefficients

B. Sury

1. INTRODUCTION

The sum in the title will be shown to satisfy the following identities.
For any natural number n,

20 ("C)' = (n +1)/2" 2 2/(i +1)

=(n+ 12" D "'CAYL ®

jodd, jsr+1

The sum on the right-hand side of the first equality involves n only at the upper limit.

Thus, we are able to find a recurrence for the sum of the reciprocals of the binomial
coefficients.

The proof of # is extremely easy: we will give it and make a few remarks on some
consequences.

Proof of &:
;‘,0 "Co)~' = 20 Tk + 1) (n — k + 1)/ I(n +1)
=(n+1)§oﬁ(k+l,n—k+l)
=(n+1) Ll (zﬂ (1 - :)"—k) dt
=m+nf0m—u—m“mmhu—m

=(n + 1)j2"*! f ((s + L)™' — (1 — sy ") ds/s

rn

=(n+1)/2"" Jl

0 j=

"1~ (~1Y)s ds/s

=m+1/2" > "G

jodd, j=n+1

This proves one of the equalities.
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Moreover, the intermediary step

(n +1)/27*! [' ((s + 1" = (1 —5)"™* ") ds/s
0

=(n+ 1)/2"+1(£ s+ = 1) ds/s + Ll (- @ =sy ) dsis)

—enn S ([ arras [a-sra)

= (n+ 1)/~ 2 (@ =D+ D+ 16 +1)

={(n+1)/2" 2 2/ +1),

which proves .

2. REMARKS
Let §, be the sum Y} ¢ ("C,,)‘l) and let o,= %", 2‘/(;’ +10)=2"/(n+ 1+ a,_;.

Then, §, = (n + 1)0,/2" and, consequently,

S, =8,_i{n+D2n+1.

This shows at once that

M

)

3)

lim 8, = 2.
If we set T, = n! S, so that T, is a positive integer, then we find that the recurrence is
T,=T._(n+1)/2+n!
We are thus enabled to calculate the following modest table of T,:
Hoeeeeerieeeeeeenn, T,
) 2
2 5
o 16
L SR 64
TR 312
B 1812
Tttt 12288
TR 95616
O 840960
100 8254080
1 D o 89441280
12 1060369920
13, 13784808960
4. 191064543360
15, 28240773120000

The recurrence (3) gives a number of theorems of the following type:

THEOREM 1. If p is a prime, S,_, =1 mod p.

THEOREM 2. If p is a prime, T,_;= —1modp.

I

TueoreM 3. If p is a prime, p divides T, for n =2p — 1.
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