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The famous Binet formula for the Fibonacci sequettge= 1 = F, |, F,.o =
F, + F),.1 is the identity
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where¢ is the golden ratig1 + /5) /2.

As we all know, many identities—even quite complicated ones—once written
down, can be verified by anybody who can perform elementary algebraic manipu-
lations. However, discovering it may not be easy at all. Binet's formula too can be
verified easily. As for arriving at it, one method is to look for exponential solutions
to the difference equation that defines the Fibonacci numbers. Here is another way
to arrive at Binet's formula by producing a polynomial identity that perhaps could be
regarded as a parent of Binet’s formula.

Note first that the golden rati$ satisfies the identities

b t=1, ¢+1i=VE
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Let us look at the polynomial
n/2] N
Fu(X,Y) =Y (-1) (" . Z> XYY + X))

=0
It is an easy exercise in induction arto show that
F(X,Y)=X"+X"'Y +.. .+ XY™ +y"

Indeed, multiplying the identity fon = k by X + Y and subtracting from it the
product of the identity fon = k£ — 1 by XY, one obtains the identity for = k + 1.
Therefore, on the one hand, we have
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On the other hand, from the identify" ™! — V"™ = (X — Y)Y " , X'V, we
obtain
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Sincez <n Z_ Z) satisfies the same recursion as the Fibonacci sequence and starts
with lf,oFg, it follows by induction that
O — (1))

o+1/¢

Z <n - Z) = F,,, and one obtaing’, ; =

/)
i>0

which is Binet’s formula.

This note was submitted in the beginning of 2001 and when it was accepted in
October 2003, attention was drawn to two very enjoyable artidlieg that appeared
in the June 2003 issue. The authors studied a general Fibonacci-type of two-term linear
recurrence:

gn+1 = agn + bgn—17

wherea, b are any (even complex!) constants. If we start wjgh= 1 = g¢,, then the
analog of the formula
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as can be proved by induction. The corresponding Binet identity can be derived from
the same polynomial identity above as follows. Consider the numbers defined by

A+p=a, \p=—b.
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Therefore,
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This is Binet's formula for these general Fibonacci sequences.

It is fun to exploit the polynomial identity to derive some interesting identities in-
volving binomial coefficients but the author would welcome a more natural motivation
explaining the polynomial identity. Incidentally, one referee points out that Binet's for-
mula appeared in De Morgan’s notebooks before Binet was born.
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