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In the first part! of this article, we had intro-
duced the notion of quadratic reciprocity and
dwelt briefly on its history, which goes back all
the way to the work of Fermat. Then we dis-
cussed the Law of Quadratic Reciprocity (‘QRL’),
which Gauss named Theorema Aureum. Follow-
ing this, we gave a not too well known proof of
the QRL, due to G Rousseau. Now we give two
more proofs of the QRL, drawing respectively
from ideas in linear algebra and field extensions;
they too are not very well known.

Preamble

Throughout, p, ¢ denote distinct odd primes; x, y denote
integers; m denotes an arbitrary modulus, not necessar-
ily prime; Z/mZ denotes the set {0,1,2,...,m — 1},
which forms a ring under addition and multiplication
modulo m; (Z/pZ)" denotes the set of non-zero elements
in Z/pZ, i.e., the set {1,2,...,p — 1}. Note that Z/pZ
forms a field under addition and multiplication mod-
ulo p, and (Z/pZ)* forms a group under multiplication
modulo p. For any integer a which is not a multiple of

a prime p, we define the symbol (%) is defined thus:

(%) = 1 if a is a quadratic residue modulo p; (%) =-1

if a is a quadratic non-residue modulo p. The QRL

states that
<8> . (2) = (—1)PDl-1/4
q p

1. Proof Using Linear Algebra

The proof we now give is due to F Keune. It uses lin-
ear algebra and the following two results; the first one
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concerns the nature of the multiplicative group of a fi-
nite field, while the second one concerns the existence of
elements of a given order in a finite cyclic group.

1. The multiplicative group formed by the non-zero
elements of any finite field is cyclic. (This theorem
is due to Galois.)

2. Let G be a cyclic group of order n, and let k be
any divisor of n. Then there exists an element of
G with order k.

Let p be any prime number, and let r be any positive
integer; then the theorem tells us that the multiplicative
group of non-zero elements of the field I, is cyclic, i.e.,
it has an element of order p” — 1. (In the particular
case of the field Z/pZ, this amounts to stating that a
primitive root modulo p exists; this is a known result in
number theory.) The proofs of these theorems may be
found in any text on algebra.

1.1 Keune’s Proof

Let p, g be distinct odd primes, and let n be the order
of p modulo ¢; then p” =1 (mod q), so ¢ | (p" — 1), i.e.,
q| # (F;n) Since the group [, is cyclic, this implies
that there exists an element p € I}, with order ¢.

We now work with the ¢ x ¢ matrix A € M, (F,») with
entries a;; = p"YU=Y and with the ¢ x ¢ matrix B =
A2 The two matrices have the following appearance:

1 1 1 1
L p p? ptt
N 1 pz p4 p2(q—1)
- 1 p3 p6 e p3(q_1) )

1. The multiplicative
group formed by the
non-zero elements of
any finite field is cyclic.
(This theorem is due
to Galois.)

2. Let G be a cyclic
group of order n, and
let k be any divisor of
n. Then there exists
an element of G with
order k.

The multiplicative
group of non-zero
elements of the field
[F,- is cyclic, i.e., it
has an element of
order p"—1.
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g 00 00 0
00 0 0 ¢ 0
00 0 g 00

B= 1000 00 0|
0 ¢ 0 00 0

To see why B has the form shown, note that b;; =
Sty aigar; = >opoy pUHITAENSoif g | (i +j - 2)
then b;; = > ], 1 = ¢, since p? = 1. For other pairs 1, j,
we get b; ; = 0, because the expression for b; ; simplifies
to 14+ p+p>+-+p7 ' =0.

From the above we get:

det B = ¢/(—1) V2 - (detA)” = ¢9(~1)7 /2
(1)
Write d for det A. We see that d> € F,. However, d

may not be an element of I,. We shall now prove the
following;:

a1 (2) (—1)-Da-D/1 @)

p

Pl = (g) that is, 70 = (—1)@ /. (3)

The QRL will then readily follow from the equality (%) :
_1)e-D(e-1)/4 _ (P
(~)e-De-D/ = (2],

In (3) we use the equality <§> = (—=1)@ /" We may
justify this as follows. If q;—l is even, then q;—l is a

multiple of n, so p9~1/2 = 1 (mod ¢), and therefore,
<§> =1 1If q;—l is odd, then qg—l is equal to n times half
an odd integer; therefore, p@1/2 = —1 (mod ¢), and
therefore, <§> = —1.

20
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To prove (2) we use Euler’s criterion. Since d? = ¢7(—1)@=1/2

we have:

dp—l _

(dz)(p—l)/2 = ¢2P=1/2 (_1)-De-1)/4

?

and as ¢®?~V/2 = %) in F,, and ¢ is odd, we get d?~! =

). (Z1)(p-D(a-1)/4
(p) (—1)-Dla-1)/4,

To prove (3), we write it in the form dP = <§> d. By
definition we have:

d = ) (580 0)a1,00) G200 "+ Ago(o)-
0ESy

Since [F, has characteristic p, taking p-th powers of both
sides is easy to do:

dP = Z(Sgﬂ U)af,g(l) ag,U(Z)"'az,a(q)' (4)
0ESy

We see from (4) that d? is the determinant of the matrix
C whose entries are the p-th powers of the corresponding
entries of A. That is,

d? = det C, where

1 1 1 e 1
1 pP o . pp(q—l)
1 pPla=) p2la=1) . pp(q—l)Q_

Since p? = 1, we may reduce the exponents modulo ¢,
so that they lie between 0 and ¢ — 1; we find then that
the columns of C are a permutation of the columns of
A ie., C = A x (a permutation matrix). This tells us
that det C = +det A, i.e., dP = +d; we only need to
find which is the correct sign.
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To make progress we examine the case p = 5,¢ = 3 in
some detail, and see what understanding it brings.

1.2. The Casep = 5, q = 3

The order of 5 modulo 3 is 2, so n = 2. We must now
construct a field Fs2 of order 52, and find an element
p € i, with order ¢ = 3. To construct a field of order
52, we use the polynomial 2 + 2 which is irreducible
over [F5, since —2 = 3 is a quadratic non-residue modulo
5. So [F52 can be realized as

]F5 [LE]

m = ]F5(CY>

where a satisfies the relation a?+2 = 0. After searching
through the elements of the field, we find that a genera-
tor of the cyclic group I, is a +1. So one element with
order 3 is (a+1)%, which simplifies to a+2. Accordingly,
we let p = a + 2.

Now we construct the 3 x 3 matrices A, B (= A?), and
C (remember that p* = 1):

1 1 1 1 1

A = 1 pl p2 — 1 pl p2 —
1 p2 p4 1 p2 pl
1 1 1

1l a+2 —-—a+2],
1 —a+2 ao+2

with det A = 3(p? — p) = —a; and

300 11 1
B = A%2= 10 0 3], C = (1 p? p',
0 3 0 1 pbt p?

with det C = 3(p — p?) = a. Note that the 2nd column
of C is the same as the 3rd column of A, and the 3rd
column of C is the same as the 2nd column of A. Indeed,

22
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C = AD, where D is a permutation matrix: Since the order of p in

ZZ is n, it follows
that 6 is a product of
the singleton cycle (0)
and one or more

disjoint cycles of the
form (i, pi, ..., P i).

) detD = —1.

|
oo~
— o o
o~ o

1.3. The General Case

In general, the columns of C will be some permuta-
tion of the columns of A. If we number the columns as
0,1,2,...,q — 1, then this permutation corresponds to
some permutation 6 of {0,1,2,... ,¢—1}, with (0) = 0.

It is not hard to identify . Since we are multiplying
the exponents by p and reducing modulo ¢, it is sim-
ply the permutation map 6 : Z/qZ — 7/qZ defined by
0(z) = px. Since the order of p in Zj is n, it follows
that 6 is a product of the singleton cycle (0) and one or
more disjoint cycles of the form (4, pi,--- ,p" %). If the
number of such cycles is ¢, then tn = ¢ — 1. Therefore,

sen (0) = (1)) = (1)) = (—1)r T =

and so det D = (—1)t = (—1)a=D/n,

It follows that d? = (—1)(@~1/" ¢ and so dP~! = (—1)=D/",
as claimed.

With (2) and (3) proved, our task is done. Equating
the quantities on the right sides, and multiplying both

quantities by <%>, we get the QRL:

(%) | (%) = (=P (6)
RESONANCE | October 2007 N\l\/\/\/\f 23
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It is based on
calculations of norms
of certain field
extensions and rests
on finding a certain
‘natural’ elementin a
cyclotomic field whose

norm is (5).

The field Q(v/d)
can be realized as the
quotient

Ql)
(2 —d)

where (x*-d) denotes
the ideal generated
by the monic
polynomial X*—d in the
ring Q[z]. The
elements of this field
can also be
represented by the
remainders of
polynomials in Q[x]
when divided by x*—d.

2. Proof Using Norms from a Field Extension

Now we present a proof due to R Swan which is rather
more sophisticated than the earlier proofs. It is based
on calculations of norms of certain field extensions and
rests on finding a certain ‘natural’ element in a cyclo-

tomic field whose norm is g). The norm of this element

turns out to be expressible in terms of sine values, and
the very same expression appears in another proof of
the quadratic reciprocity law (as given in J-P Serre’s A
Course in Arithmetic). Before going into the details, we
first recall the basic notions of field extension and norm.

We start with a familiar example, that of Gaussian In-
tegers, first introduced by Gauss in 1829-1831 while
studying generalizations of quadratic reciprocity law. A
Gaussian integer is a complex number a+bi where a, b €
Z.. The Gaussian integers are members of the imaginary
quadratic field Q(i) and form a ring denoted by Zli].
The norm of a Gaussian integer a+bi is (a+ib)(a—ib) =
a?+b2, i.e., the square of its magnitude. The norm of an
element may be thought of as giving an indication of its
‘size’. A similar result holds true for arbitrary quadratic
extensions Q(v/d) where d is a squarefree integer. The
field Q(vd) can be realized as the quotient

Ql)
(2 —d)

where (2% — d) denotes the ideal generated by the monic
polynomial 22 — d in the ring Q[z]. (The ideal gen-
erated by a polynomial g(z) € Qz] is the set of all
multiples of g(z), i.e, all elements of the form f(xz)g(x)
with f(z) € Q[z].) The elements of this field can also
be represented by the remainders of polynomials in Q[x]
when divided by 22 — d. For example, in Q(v/2), z rep-
resents v/2. The norm of an arbitrary element a + bv/d

is (a + b\/E) (a, - b\/E) = a? — db2.

The concept of norm is useful in algebraic number the-
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Q) ={r+yi:2,yeQ}
Q(21/2) = {$+y21/2 : x,yE@}
Q(2/3) = {x+y21/3—|—222/3 : x,y,ze@}

(dimension = 2),
(dimension = 2),

(dimension = 3).

ory. Algebraic numbers are the roots of non-zero poly-
nomials with integer coefficients. An algebraic integer
is an algebraic number which is a root of a polynomial
with integer coefficients and with leading coefficient 1.
An algebraic number field is obtained by taking an alge-
braic number o € Q and forming all the numbers that
can be produced from « and the rational numbers using
the operations +, —, x and + (by non-zero numbers);
the field is denoted by Q(«), and it is called a finite di-
mensional field extension of Q, its dimension being the
degree of the polynomial with integer coefficients and
least degree of which « is a root. Examples are given in
Table 1.

If K is an algebraic number field, we denote by R g the
subring containing all the algebraic integers of K. By
an abuse of notation we say that a ‘unit of Ry’ is a
‘unit element of K’. The norm of an algebraic integer
a is now defined to be the product of all the roots of
its monic minimal polynomial p(z). (Considering the
examples mentioned above, this is a natural definition;
e.g., the norm of a + bi is (a + bi)(a — bi); the norm of

a4+ bVd is <a + b\/ﬁ) <a - b\/ﬁ) .) The absolute value

of the norm is also equal to the number of elements in

the finite quotient ring %.

The above discussion can be generalized for any exten-
sion L/K of number fields, as we now show. Let K be
a field of characteristic zero; that is, n x 1 # 0 for all
n € N. Let E be a finite extension of K. Let {0;}1<;<,
be the distinct embeddings (that is, injective homomor-
phisms) of E in K® (the algebraic closure of K) over

Table 1. Some examples of
finite field extensions.

Algebraic numbers
are the roots of non-
zero polynomials with
integer coefficients.
An algebraic integeris
an algebraic number
which is a root of a
polynomial with
integer coefficients
and with leading
coefficient 1.
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An element o in R,
is a unit if and only

if N&(a) = £1.

K (that is, the restriction of the above injective map is
the identity map on K). For any o € E, we define the
norm of o in K by

NZ(a) = [[oilo):

=1

then N¥(a) € K*. The norm function is a multiplica-
tive map, and if K C E C F, then one has the transi-
tivity property N¥ = N£o NL, where embeddings of E
over K are extended to maps from K* to K (which is
possible since all extensions under consideration are al-
gebraic) and then N% is considered. Also, if E = K(a),
and the least degree polynomial over K of which « is a
root is " +an_12" 1+ - +ag, then NE(a) = (—=1)"aq.

The following is true: An element o € Rk is a unit if
and only if NG (a) = £1.

To see why, let a be a unit; then by definition there
exists 3 € Rk such that a@ = 1. Then, 1 = N§(1) =
N§(af) = N§ (o) NE(B) € Z. But, as the only units
of Z are £1, we get N§ (o) = £1.

Next, suppose for some o € Rk, we have N (o) = £1.
We know that there exists § € K* such that af = 1.
Now « satisfies a monic integer polynomial of the form
2" + ap_12" '+ -+ ag where a; € Z, 0 < i <n — 1.
Also, ag = +1. Therefore, 5 satisfies the monic polyno-
mial £2" 4+ a2+ --- + 1. So, f € Rk. Therefore,
o 18 a unit in Rg. Thus this characterization of units is
proved.

2.1 Swan’s Song

With these preliminaries covered, we now give Swan’s
proof. Let p be an odd prime and let ¢, be a primitive
p'" root of unity in Q% The minimal polynomial of Sp

over Q is the cyclotomic polynomial

26
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p—1
00) =TIl -5) = 1errateosart
r=1

The p — 1 embeddings of Q(s,) over QQ are those which
send ¢, to ¢, as r varies from 1 to p — 1. So the norm

Ng(cp)(l —<p) = Pp(1) =p.

Now consider the field K, = RN Q(s,) = Q(s, +,71).
Let 7, be defined as follows:
Q(sp -
o= Npl(l-g) = (1-g)(1-¢1).

Note that 7, is a real number, and Ng”(wp) = Ng” o

N%:p)(l —¢p) = p by virtue of transitivity of the norm.
Let ¢ be another odd prime. We similarly consider the

field K, and the element m,. Finally, we look at the field
L = K, K, and the element

N =mp—Tg = qtsy =5, =5 (1= gse) (1=, ') -
This element is going to be our candidate for a unit

whose norm s equal to <§>; we clatm that n is a unit

m RL.

To prove this, we need to show only that n is a unit
in Ro(,, Where we have written ¢, for ¢,q,; this is a
primitive pg*" root of unity. We have:

Ng(Cpq)(n) —_
Q - Q Q -
NQ(<pq) (gq 1) NQ(<pq) (1 _ gpgq) NQ(<pq) (1 - lgq) '

Now, Ng(W) (gq_l) =[l-ioi (§q_1) =11, cé =1 (since
gq_l is also a primitive ¢'* root of unity). Next,

m(1-g)

NQ(Cpq) 1 — —_ _
T = g T (1= )
Mo
pXq
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Similarly, we get Ng(g”q) (1 =<, ") = 1. It follows that
Ng(g”q)(n) =1, and so 7 is a unit in Q(g,,). Since n € R
(the set of real numbers), it follows that ™" € Rgy,,) R
and hence to Ry. Therefore,  is a unit in R .

We now claim that Ng(n) = (%).

For, n = m, (mod m,), and any embedding of L over Q
must take 7, to 7, times a unit in Rz. This is because
any conjugate of ¢, is (; for some 1 <r < p—1, and the
element 1 — ¢} is 1 — ¢, times a unit in Q(¢,). In other
words, both 7, and 7, are moved by an embedding of L
to themselves times units in Ry. Hence, we have

Nb(”) = H(‘ﬂ”p) —o(mg)) = N(B(”p) (mod mg)R.

o

But then N§(n) — N§(m,) € m,RL N Z.

Now, as ¢ = Ngq(ﬂ'q> € 1Rk, C 7Ry, and as ¢Z is a
maximal ideal, it follows that ¢Z = m,R; N Z. Hence,
NK(r) — NE(r,) € oZ.

On the other hand, N§(r,) = Ng* o Nk (r,) =

ng<ﬂ'p>(q_1)/2 = pleD/2 because [L 1 K, = L(q - 1).

So N<I@(77> = pla-l)/2 = (%) (mod ¢). As the left side

is £1, and so is (%), they must be equal, and the claim
follows.

Interchanging p and ¢, we get (—1)[L:Q]N<I@(77> = (%)
Therefore,

(—1)P-D(a-1)/4 (g) _ (g)

This is equivalent to the QRL.
Remarks

It is interesting to note that n can be rewritten as fol-
lows. Writing ¢, = ¢>™/? for some 1 < r < p — 1, we

28
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get

.o (T
7rp:4sm —

Thus, the norm

. : t
Nb(n) = 4l H sin? 22— gin? 0
ot p q

This is exactly the expression in the trigonometric proof
given in Serre’s book. So this in some sense provides
a conceptual way of viewing the trigonometric proof,
which is otherwise quite mysterious and scarcely believ-
able.
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