Complex Analysis B.Math (hons.) III year Mid-Semester 2008-2009
http: / /www.isibang.ac.in/~statmath/oldqp/QP/Complexr Analysis MS 2008-09.pdf Midterm

Solution

1. Find a Mobius transformation S from R U {oco} to {z : |z| = 1} which is surjective. Find the image
under this transformation of {z : Im(z) > 0}.
Answer: Consider a Mobius transformation F' from {z € C: |z| =1} to RU {oo} by

az+b
cz+d

F(z) =
where ad — bc # 0. By this transformation the points i — 0o, —i — 0 and 1 — 1. Now

F(i)=00 = ci=—d
F(—i)=0 = ai=b
F1)=1 = a+b=c+d.

Therefore F(z) = —iZtl. Hence the inverse transformation S from R U {oo} to {z : [2| = 1} is
w—1
S(w) = .
(w) w1
First observe that S(—1) = i, S(0) = —1 and S(1) = —i, i.e., the real-axis goes to a circle by this
transformation. Now putting w = x + iy we have
w—1
S =
(w) w1
2 4+y? -1 ) —2x

= +1 .
w?+(y+1)? 2+ (y+1)?

Therefore |S(z)| = 1 and (0, 1) goes to (0, 0). Hence the image of {x+iy : y > 0} under this transformation
is the unit disk i.e., {z +iy : 2% + y* < 1}.

2. Find the harmonic conjugate of u(x,y) = sinzcoshy vanishing at (1,0).

Answer: We see that u,, +uy,y = —sinzcoshy+ sinxcoshy = 0. Therefore u(x, y) is a harmonic function.
Let v(z,y) be the conjugate harmonic of u(z,y) such that u + iv is analytic. Then by Cauchy-Riemann
equations, we have u, = v, and u, = —v;. Now

ou
= [ —d
v(z,y) 5,0 T9(@)
= cosxsinhy + g(x).
Differentiating with respect to z, we get % = —sinxsinhy —I—g,(a:) = —‘3—’; = —sinxsinhy. Therefore g is

constant. But v(1,0) = 0 gives g(x) = 0 for all x. Hence v(x,y) = coszsinhy. This is the required result.

3. Give an example of a region and a function f in H() such that there is no power series convergent
at all points of whose sum is f(z).
Answer: Consider f(z) = L for z € C\{1}. Clearly this is an analytic function on this region. But there

o0 o0
are two power series representations namely for |z| < 1, f(z) = Y 2™ and for |2| > 1, f(2) = — > =i+
n=0 n=0

4. If Q is a region and f? and f are analytic in © show that f is necessarily a constant on .

Answer: Let f = u + iv, where u = u(x,y) and v = v(z,y) be real-valued functions. Then f=u—iv
which is analytic by hypothesis. Now f2 = u? — v? +32uv and f2 = u? — v2 — i2uv both are analytic.



Therefore f2+ f2 = 2(u® —v?) which is a real-valued analytic function and hence constant. Similarly uv
is also a constant function. Thus f2 and f? are constant functions. Now using the fact that f is analytic,
f has to be a constant function.

5. If v:[0,1] — C is continuously differentiable show that f —dn —0as z — oo.

1

Now |f (t —dt| < sup | t) | f (t)|dt. Since v([0,1]) is bounded, sup|ﬁ| — 0 as z — oo.
Hence ’anfzdn — 0 as z — 00.
6. Find the nature of singularity of the following functions at 0 :
Log(1+ z)
(1)722
1
b
)1 — e
c)z2sin(1)
z

Answer: (a) : We see that for |z] < 1, % =1_14422- ...
Hence z = 0 is a simple pole.
(b) lfe =—2[1+ &+ 3 3. +...] = —z[1 + f(2)], where f(z) = 23+§—?+ Clearly, z = 0 is a simple

pole of =

(¢) The Laurent expansion at z = 0 of

z%sin(1) = 2z — 3 + z55 — . ... Therefore z = 0 is an essential singularity.

7. If f is a given entire function, find all entire functions g such that |g(2)| < |f(2)|? for all 2z € C.

Answer: Since |g(2)] < |f(2)|?> = |f2(2)] for all 2, the zeros of f? should be zeros of g. Consider
h(z) = fgz(—é)), 2z € C. Clearly h is an entire function as g and f? are so. Also |h(z)| < 1. Now by
Liouville’s theorem h is constant. Therefore g = cf?, where c is a constant with |c| < 1.



