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C*-algebras

COMPLETELY POSITIVE MAPS
Let A and B be C*algebras and ¢ : A — B be a linear map.
Then ¢ is called
e positive if p(a) > 0foralla>0in A
e n-positive if ¢, : Mp(A) — Mp(B) given by
on((aj)) == (¢(ay)) is positive
e completely positive (cp) if ¢, is positive for every n > 1.
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C*-algebras

STINESPRING’S THEOREM

EXAMPLE

Let A be a unital C*-algebra, H and K be Hilbert spaces,

V e B(H,K) and p : A — B(K) be a x-homomorphism. Then
o(a) = V*p(a)V, acA,iscp.
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C*-algebras

STINESPRING’S THEOREM

EXAMPLE

Let A be a unital C*-algebra, H and K be Hilbert spaces,

V € B(H,K) and p : A — B(K) be a x-homomorphism. Then
o(a) = V*p(a)V, acA,iscp.

THEOREM: (W. F. STINESPRING 1955)

Let A be a unital C*-algebra and ¢ : A =, B(H). Then 3 a
Hilbert space K, a unital x- homomorphism p : A — B(K) and
V € B(H, K) such that

o(a)=V*p(a)V, acA
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C*-algebras

e The triple (p, V, K) in the Stinespring theorem is called a
Stinespring representation for ¢.
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C*-algebras

e The triple (p, V, K) in the Stinespring theorem is called a
Stinespring representation for ¢.

e If span{p(A)VH} = K, then (p, V, K) is called a minimal
Stinespring representation
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C*-algebras

e The triple (p, V, K) in the Stinespring theorem is called a
Stinespring representation for ¢.

e If span{p(A)VH} = K, then (p, V, K) is called a minimal
Stinespring representation

e if (p1, V4, Kq) and (p2, V2, K2) are minimal representaions,
then there exists a unitary U : Ki — K such that UV = Vs
and Up1 = pQU.
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HILBERT C*-MODULES

Let A be a C*-algebra. An inner-product .A-module is a
complex linear space E which is equipped with a compatible
right .A-module structure, together with a map (-, )E x E — A
such that; forall x,y,z€ E, a, € Candaec A

O (x,ay +Bz) = a(X,y) + B(x, 2)
® (x,ya)=(x,y)a

© (x,y) = <X>*

O (x,x) >
e<x,x):0<:>x:0.

Forx € E, ||x|| := \|<x,x>H% is norm on E. If E is complete w.r.t
|| - ||, then E is called a Hilbert .A-module.
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Examples
e If Ais a C*-algebra then A is a Hilbert .A-module w. r. t the
norm induced by (a, b) = a*bforall a,b € A
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Examples
e If Ais a C*-algebra then A is a Hilbert .A-module w. r. t the
norm induced by (a, b) = a*bforall a,b € A
e B(Hi, Ho) is Hilbert B(H;)-module w. r.t the norm induced
by (T,S)=T*Sforall T,S € B(Hy, Ho)
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DEFINITION
Let ¢ : A — B(H) be linear. Amap ¢ : E — B(H;, Ho) is said to
be a
o ¢p-map if (®(x), P(y)) = ¢((x,y)) forall x,y € E;
e ¢p-morphism if ® is a p-map and ¢ is a morphism;
e ¢-representation if ® is a ¢-morphism and ¢ is a
representation.
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THEOREM: (MOHAMMED B. ASADI 2009)

Let E be a Hilbert .A-module. Let ¢ : A = B(H;) and
o : E 2™, B(H;, Hy). Assume that

® /(1) =1
O O(xo)®(x0)* = Iy, for some xp € E,
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THEOREM: (MOHAMMED B. ASADI 2009)
Let E be a Hilbert .A-module. Let ¢ : A = B(H;) and
o E 2™, B(H,, Hy). Assume that
0 /(1) =1
O O(xo)®(x0)* = Iy, for some xp € E,
Then there exist
© Hilbert spaces Kj, K>
® isometries V: Hy - Kiand W: H, — Ko
® a x-homomorphism p : A — B(Kj)
® a p-representation ¥V : E — B(Kj, K2)

such that
¢(a) = V*p(a)V, o(x)=WV(x)V, forall xecE, ac A
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THEOREM: (B. V. R. BHAT, G. RAMESH & K. SUMESH 2010)
Let A be a unital C*-algebra and ¢ : A — B(H;) be a cp map.
Let E be a Hilbert A-module and ¢ : E — B(Hy, H») be a
¢-map. Then 3 a pair of triples ((p, V, K1), (V, W, K3)), where

©® K; and K> are Hilbert spaces;
® p: A — B(Ky) is a unital -homomorphism &
V: E — B(Ki, K2) is a p-morphism;
©® VeB(Hi,K)& W e B(Hs, Ky)
such that

o(a) = V*p(a)V, forall ae Aand
d(x) = W*V(x)V, forall x € E.
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PROOF
Step I: Existence of (p, V, Kj)
Follows from the Stinespring theorem
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PROOF

Step I: Existence of (p, V, Kj)
Follows from the Stinespring theorem
Step IlI: Existence of (V, W, K>)

o Ky :=span{®(E)H;}
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PROOF

Step I: Existence of (p, V, Kj)
Follows from the Stinespring theorem
Step IlI: Existence of (V, W, K>)

o Ky :=span{®(E)H;}
e For x € E, define V(x) : K1 — Kz by
V(x) (7L pla) Vi) =31 o(xa))h;
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PROOF

Step I: Existence of (p, V, Kj)
Follows from the Stinespring theorem
Step IlI: Existence of (V, W, K>)

o Ky :=span{®(E)H;}
e For x € E, define V(x) : K1 — Kz by
V(x) (7L pla) Vi) =31 o(xa))h;

e W := Py, (The orthogonal projection onto K>)
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DEFINITION

Let ¢ and ® be as above. We say that a pair of triples

((p, V, K1), (W, W, K>)) is a Stinespring representation for
(¢, ®) if the conditions (1)-(3) of previous Theorem are
satisfied. Such a representation is said to be minimal if

O Ki = span{p(A)VH;}
® K> =span{V(E)VH,}.
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UNIQUENESS OF MINIMAL REPRESENTATIONS
Let ¢ and ¢ be as above. Let ((p, V, Ki), (V, W, K>)) and
((¢', V', K]), (W', W', K})) be minimal representations for (¢, ®).
Then 3 unitary operators U : K1 — K] and Us : K» — KJ such
that

O UV=V Up(a) =p(a)l;, forallae Aand

0 ULW=W, UV(x)=V(x)U;, forallxekE.
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UNIQUENESS OF MINIMAL REPRESENTATIONS
Let ¢ and ¢ be as above. Let ((p, V, Ki), (V, W, K>)) and
((¢', V', K]), (W', W', K})) be minimal representations for (¢, ®).
Then 3 unitary operators U : K1 — K] and Us : K» — KJ such
that

O UV=V Up(a) =p(a)l;, forallae Aand

0 ULW=W, UV(x)=V(x)U;, forallxekE.
That is, the following diagram commutes, forae Aand x € E :

H1—V>K1ﬁ>K1MK2LH2

.

Us

Uy l Uy o

!/ !/ !/
K@ s e
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PROOF
Define

e U : span(p(A)VH;) — span(p’'(A)V'Hy) by

Ui(d_ p(a)Vhy) = > p(a)V'h;,
j=1 j=1
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PROOF
Define

e U : span(p(A)VH;) — span(p’'(A)V'Hy) by

Ui(d_ p(a)Vhy) = > p(a)V'h;,
j=1 j=1

e U, : span(V(E)VH;) — span(V'(E)V'H;) by

U3 W) Vi) = S W) V'h

j=1 =
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EXAMPLE I

Let A = My(C), H; = (CZ,H2 =C8and E= A9 A.

1 1

letD=(, 2
5 1
2

Define ¢ : A — B(H;) by
¢(A)=Do A, forall Ac A (o denote the Schur product).

1 1
—-— 0 — 0

LetD1:<2 1>andD2:<‘/§ 1).
0 4 0o
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EXAMPLE II

Let Ky = C* and K> = Ho.
Define ¢ : E — B(Hy, Ho) and V : E — B(Kj, K2) by

Y3 AD

14

ﬁ A 0
¥3 A, D, A 0

O (A1@Ay) = | V2 W (A@A) = | 72 L A Ag €A
L AD, 0 A
1 0 A

o is a ¢p-map.
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EXAMPLE III

Define V : Hi—Kj and p : A — B(Kj) by
Y3 p
)
ve (27 = (A 0, forall Aca
1D 0 A
V2 2

e Vs a p-morphism
o P(A1 B A)) = W V(A @A)V, where W = /Hz'

There does not exists an xp € E with the property that
P (xp)P(X0)" = In,, which is an assumption in Asadi’s Theorem.
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THEOREM: MICHAEL SKEIDE 2010

Let E and F be Hilbert modules over unital C*-algebras B and
C, respectively. Then for every linearmap T : E — F the
following conditions are equivalent:

O T is a p-map for some completely positive map ¢ : B — C.

® There exists a pair (F, ¢) of a C*-correspondence F from
Bto C and a vector ¢ € F, and there exists an isometry
v:EGF — Fsuchthat T = v(ide © () : x — v(x ® ().
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