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Introduction

Statistical Mechanics (19th century: Maxwell, Boltzmann,
Gibbs) separates into two parts: equilibrium and
non-equilibrium.

Equilibrium:

Boltzmann: detailed balance.
Kolmogorov: reversibility.
(Kubo-Martin-Schwinger (KMS) condition).

Non-equilibrium: (non-detailed balance, irreversibility)
Dynamical detailed balance.
Entropy production.
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Current decomposition for GKSL generators

GKSL have the canonical form

L(x) =) LixLx + G*x + xG, x € B(h), (1)
k

where B(h) denotes the von Neumann algebra of all bounded
operator on a Hilbert space h, (Lx)x>1 is a sequence of
possible unbounded operators on h and —G is the generator of
a strongly continuous semigroup on h.

The sequence (Lx)k>1 and the generator G are related by
means of the formula

1 " ,
Gzzzk:LkLk—/H
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Under suitable conditions one can construct a minimal quantum
dynamical semigroup (7;):>o that preserves the identity and
hence is a quantum Markov semigroup (QMS).

If we denote by L the (true) generator of (7;):>0, which is an
unbounded densely defined operator on 5(h). The domain of
this generator is characterized by means of

Dom(L) = {x € B(h) : £(x) € B(h)}, )

if and only if the corresponding QMS is conservative.
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Given a faithful state p we consider the Hilbert space 5(h)
endowed with the inner product induced by p:

(X,¥), = tr(px°y).

From now on we will assume that Dom(£) is dense with the
norm-topology induced by the above inner product.
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Definition 2.1

Given a faithful state p and a 0 € [0, 1], the (p, #)-adjoint L3, 0
of a GKSL-generator L is defined for x Dom(ﬁ?‘pﬁ)) ={x¢e

B(h) : there exists z € B(h) such that tr(p'=0z*p’y) =
tr(p'=x*p’L(y)), Vy € Dom(L)} by means of the relation

tr(0" 0 (£, () Py ) = tr(p'~"x* P°L(y)). ¥ y € Dom(£) (3)
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Given a self-adjoint operator H on h such that for some function

6 :R — (0,00) the operator e #(MH < [;(h), the space of all

the operators with finite trace. We denote by o 4 the state
o= Zi PO

where Z; 1y = tr(e S(HH),

Roberto Quezada Universidad Auténoma Metropolitana-lztapalapa México D. F.

Cycle representation and dynamical detailed balance for a class of GKSL generators



Introduction Current decomposition for GKSL generators A class of GKSL generators with a current decompositio

Definition 2.2

Let H be a self-adjoint operator on h with a discrete spectrum
and spectral decomposition

H=>"emlem){eml

and let £ be a GKSL-generator.

We say that £ have a (H, 3)-current decomposition (4), if the
state pg 4 is invariant and the (ps 4, 8)-adjoint ﬁfpg 0) enjoys
the following properties: ’
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(i)
LX)~ L, 5y(¥) = 211K, X] = Ty, (%), (4)

Vx € Dom(£) N Dom(ﬁ’(kpﬂ Hﬁ)) N Dom(i[K,]). Where K is a
self-adjoint operator and My, ,, ¢)(x) is CCP map.

npﬁ,H(X) - Z (QHmeﬂ(em)ﬁmi’B(e")E" — Qmn) EmnXEmn+
{(m,n):em>en} (5)

(qmneﬁ(Gn)Gn_ﬁ(efn)em _ qnm)EmnXE;vn)v

with (Emn)m.n>0 @ sequence of rank one operators on h
and (gmn)m,n>0 a sequence of non-negative numbers.
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(i) Dom(£) N Dom(L5 ) NDom(/[K’,]) is a core for L,

(s ) ANDI[K ] in B(h),
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Assume for simplicity that h = C9. Take
p=psH=(p1,,pn), pn= e Pln)n Then, after some
computations one can see that (4) reduces to

LX) = Lipu0.0/(X)

20K, — Y (@Eﬁ;,ananrJ”—mEmanfnn). (6)

{(mn)em>eny M Pn

Where Jnn = —Jnm are the currents: Jmpn = pmQmn — pnQnm-
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Proposition 1

Assume h = C", let L be a GKSL generator with a

(H, B)-current decomposition (4) such that E,m = E};,,,. Then L
is a (ps,H, 0)-detailed balance generator in the sense of
Fagnola-Umanita (Alicki, Frigerio) if and only if for all x € B(h),

Z pPmPn EmnXEmn Z EnnXEmn, (7)

Em>€n Em>€n

where we write simply p instead pg y and pn = e=5(n)en,
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Now let us give a necessary and sufficient condition for a GKSL
generator to have a current decomposition with the structure

(4).
Theorem 2.3

Suppose, thath = C?. Then, the difference £ — £;§H’ 5 has the
structure (4) if and only if
(C1) p = pp H is a faithful invariant state “generic” i.e.
ppm' = pp, ifandonly ifn=n' and m = m'.
(C2) £ commutes with the modular automorphism

a_i(x) = pxp~ .

Roberto Quezada Universidad Auténoma Metropolitana-lztapalapa México D. F.

Cycle representation and dynamical detailed balance for a class of GKSL generators



Introduction Current decomposition for GKSL generators A class of GKSL generators with a current decomposition
[e]e]e]e)

Cyc

00C

Theorems 3.1, 7.1 and Proposition 8.1 in [Fagnola-Umanita]:
(p, 0)-adjoints coincide, i.e., they are independent of 6.
Moreover, under these assumptions, by Prop. 4.4 p. 348, there
exists a GKSL representation of £ such that:

o_i(Lk) = plip™ " = MLk, for all k. (8)

Therefore the Ly are eigenvectors of o_;.
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By (C1), the spectral structure of o_; is:

m 1 is an eigenvalue with multiplicity d and eigenspace
generated by the operators Exx = |ex)(ex| withk =1,...,d,

m each one of the d? — d positive values pnpp,', With n # m,
is an eigenvalue with multiplicity 1 and eigenvector
Emn = |en){€m|-
Therefore there exists a GKSL representation of £ with Ly that:
either

m Commute with p, or
m Are multiples of the Ep, with m #£ n.
We can then write the generator £ as

L(X) =G X+ Y qmEppXEmn + XG, with Gmn > 0. (9)

m#n
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The computation of L7, . then yields

* —1
£pH,ﬁ(X) = E*(Xp)p

where L, is the pre-dual of £. Hence, using that E;;,, = Epm, we

can write
£(x) = £5,,,0) = 20K, X1+ " (G = pnpm' Ao ) EnXEn
€Em>€n (1 O)
+ Z <Qnm — PmPH1an> EmnXEpp,.
€Em>€n

This is exactly the structure (4).
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Conversely, if (4) holds, then the (p, #)-adjoint is a *-map
therefore, also the CP maps T; of the QMS are *-maps and, by
a theorem of Majewski and Streater (Theorem 6, p. 7985 in
[Majewski-Streater]), T; as well as its generator commute with
the modular automorphism.
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The QMS satisfies a (p, 0)-detailed balance condition in
(Fagnola-Umanita) if and only if £ — Efp,O) = 2ilK,-]. As a
consequence of Proposition (1).

Corollary 2.4

(Fagnola-Umanita) Under the assumptions of Theorem 2.3, the
GKSL generator L satisfies a (p, 0)-detailed balance condition if
and only if Fagnola-Umanita’s condition for existence of a
privileged representation holds, i.e., there exists a unitary
operator (Uk)1<k j<d Such that with \x = pmpp, ' and Lk = Epmp

1
AELE = ugly, k. (11)
j
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A class of GKSL generators with a current decomposition

The stochastic limit shows:

m |f a quantum system with discrete spectrum Hamiltonian H,
interacts with a reservoir (field) in an equilibrium state of
inverse temperature (3, then (under general conditions) the
GKSL generator of the system has an equilibrium state

PH,3-

Idea:
m Replace the equilibrium state of the reservoir by a
non-equilibrium state, then one should obtain a
non-equilibrium invariant state py 5 of the GKSL generator.
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This idea was realized by Accardi and Imafuku and yield to a
class of generators that have a GKSL representation of the form

£0) =18, ~ Y (T w(G{EL B x) — EXXEL)+
weF (12)

F+7W(%{EWEZ‘,,X} — ExE})),
which are canonically associated with Hamiltonian

Hs = Z€m|€m><€m’a (13)

m

because E, = |¢/){(em|, for €/, em € Spec(Hs) such that
em— € =w > 0.
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It is assumed that the Hamiltonian is generic, i.e., with the
notations

F={w=¢ —€r:€r,er €Spec(Hs)}, (14)
F., = {er € Spec(Hs) : ¢y — w € Spec(Hs)}.
(1) The spectrum Spec(Hg) is not degenerate.

(2) Forany w, |F,| =1, i.e., there exists a unique pair of energy levels(
€1, €m € Spec(Hs) such that w = ey — €.
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A=iY Y () EE - (g )EED). (1)
weF j=12

Mo = 2Re( Z 'yiij) >0, for w>0, I+, =0, for w< O.(17)
Jj=1,2
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The physical information is contained in the generalized
susceptivities (or transport coefficients):

5 eBi(wj(K)—p;)
Tegor = [ IG(ROP 8w ) — )

P.P. | dk 9j.w(k )2 efilwitk—m) (18)
/ / wj(k — w @Biwi(k)—ry) _ 1’
V+jw =T g],id( ) '(wj(k)_ﬂj) 1 (UJ/( ) — w)_
|gj 1 (19)
/W .
'PP/dk —weﬁ/(w/(k) g =12
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The minimal QMS

The minimal QMS

One can construct the minimal semigroup associated with this
class of generators, observe that the completely positive part is

O(x) = > (T WESXE + T4 wELXED),
weF

and G = —5o(l) + iA.

The minimal semigroup is conservative, hence it is a QMS.
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The minimal QMS

Proposition 2

Any GKSL generator of the form (12) commutes with the
modular automorphism o_;(x) = pﬁJ-/XpIEJ,_I, ie.,
Loo_j=o0_joL.

Proof: Define g =T_ ,—¢, and qj, = ' .,—¢,- Hence we can
write

L(x) = d(x)+ G*x + xG,
where

1 1
d)(x) = Z (L;/XLH/ aF LTnXL/,-,), Ly = qﬁ/Enh Lin= q/%E;;l;
{(n,)):en>¢€}
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The minimal QMS

Let ®p(x) = L3 xLp + Lj XLyp.

Since E} Ep = |en)(en| @and EpE}; = |€)) (€|, then (/) and A
are diagonal operators. Hence G and G* commute with p.
Hence it suffices to prove that & commutes with o_;.

Forall, 6 €[0,1]: [En,p"] =(oh — p])Eni,
[Ery. 0°1 =(p] — P})Epy-

Roberto Quezada Universidad Auténoma Metropolitana-lztapalapa México D. F.

Cycle representation and dynamical detailed balance for a class of GKSL generators



Introduction Current decomposition for GKSL generators A class of GKSL generators with a current decomposition Cyc

The minimal QMS

Using these relations, simple computations show that for all
(n, 1) such that e, > ¢; we get

p(pxp~ ") =Lypxp~ Lo+ Lipxp~ 'Ly
=Qnpn(p; " — pn) EpyXEni + Anipr — pn)py  EpyXEny
+0qinpi(on ' — i )EnXEpy + Qinpn — pi)pn EnXEjy
:p(bn/(X)p_1.

(21)

The commutativity of ® with the modular automorphism follows
from the above relations.

Therefore all GKSL generators of this class have a current
decomposition.
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Cycle decomposition and dynamical detailed balance

Assume the (p, 6)-adjoint does not depend on 6. Therefore it
suffices to consider the case # = 0 and talk about p-dynamical
detailed balance. To avoid technical difficulties, we take h = C9,
(or equivalently, for the class (12), S = Spect(Hs) is not
degenerate and finite).
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Cycle decomposition and dynamical detailed balance

Assume the (p, 6)-adjoint does not depend on 6. Therefore it
suffices to consider the case # = 0 and talk about p-dynamical
detailed balance. To avoid technical difficulties, we take h = C9,
(or equivalently, for the class (12), S = Spect(Hs) is not
degenerate and finite).

LX) = L{p,, 0.0/ (X)
. J J
20K, X = > (BB + T EmnXEpy ). (22)

{(m,n):em>en} & Pn
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Cycle: any finite collection ¢ = {eg, . . ., es} of different elements
of S, s > 2 and ¢y = ¢s.

Proposition 3

(Kalpazidou) If¢ is an irreducible, stationary Markov chain with
finite state space S, Q-matriz Q = (q; ) jcs Stationary
distribution NN = (;);cs. Then for every cycle ¢ = (e, .. ., €s)

there exists  lim;_ WC”t(”) =Ww, as., wherew(w)

denotes the times that the cycle ¢ appears in the trajectory w
up to time t and

D({i, ..., is}°)

- ST 2 (23)
2 jes D(/3°)

— s—1
We = (_1) Qeo,e2ene3 "+ " Ges_1,esGes 0
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Theorem 4.1

(Kalpazidou)(Cycle deomposition) If ¢ is as in previous
Propostion, then for every ej,¢; € S

Jj = miQij — Q)i = Z (We — we_)Je(i f)- (24)

ceCoo

In Kalpazidou-Qians notations: w, are the cycle “skipping
rates", C is the set of cycles and J.(m, n) is the passage
function for the cycle c, i.e., Jo(m, n) = 1 if the edge (em, en) € C
and zero otherwise.
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An immediate consequence of Kalpazidou’s cyclic
decomposition for the currents Jyp, is:

Proposition 4

Let S = Spect(Hs) be not degenerate and finite. Let the
diagonal restriction of the QMS, with generator of the form (12),
be a finite Markov chain irreducible, recurrent and stationary
with faithful invariant state (measure) py g. Then

L(X) ~ £}, , 9y(%) = 21[K, X]

Y e-we) Y de(mn) (p;J E o XEmn — p;1Eman;;m).

ceCoo {(m,n):em>en}

Moreover one can prove.

Roberto Quezada Universidad Auténoma Metropolitana-lztapalapa México D. F.

Cycle representation and dynamical detailed balance for a class of GKSL generators



Introduction Current decomposition for GKSL generators A class of GKSL generators with a current decompositio

Theorem 4.2

The following are equivalent:
(i) The generator L is 0-detailed balance,
(ii) The classical Markov chain is reversible,
(iii) The classical Markov chain is in detailed balance,

(iv) The classical generator Q = (q; )i jes Satisfies
Kolmogorov's reversibility condition:

Qeo,e1Gerver =" Qes_1,es = Gesyes 17 Qeaer Geq 6o

for any cycle {eo, . . ., €s}.
(V) we =wg_, Ve € Co,
(vi) The classical entropy production rate e, = 0.
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Definition 4.3

The entropy production rate for a stationary classical Markov
chain:

.1 _
€p = lim —H(Pro.q, g 4),

where H(IP’[OJ],IP’[B t]) is the relative entropy of P with respect to
P~ restricted to the o-algebra F{.

Hiu / Iog d )u(dx) ifp< Aandlog % e Ly(u)
otherwise
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Proposition 5

Assume S = Spect(Hs) is not degenerate and finite, the
diagonal restriction of a GKSL generator L of the form (12) is
the generator of a irreducible, recurrent and stationary classical
Markov chain with a faithful invariant state (measure) p. If L has
a current decomposition (6) with currents Jnm, satisfying Ohm’s

law:
Z Jnm — Z Jmm
n n

for every m, then all currents are integral multiples of certain
real constants.
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An idea of the proof:
Under the above assumptions, in predual representation
equation (6) takes the form

J J
Z (ﬂEmnPE;m + :m E;;vnPEmn) =0. (26)

{(m,n):em>en} Pm n

Equivalently,

> dom(Jem)(em| ~ len){enl) = 0. (27)

{(m,n):em>en}
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The above equation (27) yields to a system of homogeneous d
linear equations for the currents Jn,. Indeed, (27) together with
the relations Jnn = —Jnm yields the system of d equations in
&~d indeterminates (currents):

Jot +doo +doz + -+ Jog =0
—Jo1 +di2a+diz+ -+ Jig=0
—Joz —Ji2+Jog+ -+ Jog =0 (28)

—Jog — J1g —J2g + - — Jg—1)0 = 0.
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Consider the oriented graph with set of vertices S and oriented
edges
E = {(ei, ) : € < €j, €, ¢; € S}

The incidence matrix of this oriented graph coincides with the
matrix M of system (28). A function Z : E — Z is called an
integral cycle if it satisfies Ohm’s law. Moreover it is well known
that the set of cycles (cycle space) coincides with the null
space of the incidence matrix. Therefore any solution

J = (o1, ,doas J12, -+ s d1d, -+, Ja—1)a) Of (28) can be
written in the form J = aZ where Z is an integral cycle and a is
a real constant.
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m detailed balance condition holds if and only if J,,, = 0 for
all m, n.

If Jom # O for some edge (en, €m), then there is a integral cycle
Z on the graph for which J,, = aZ(ep, em) and the
corresponding vector of currents J = aZ, a # 0. Collecting all
of these non-trivial cycles we obtain a sub-graph C whose
complexity measures the deviation from detailed balance.

m For instance, if these sub-graph is connected, there is only
one non-zero constant a.

m Otherwise there may be two or more different constants.

The sub-graph C consist of the set of cycles that does not
satisfies Kolmogorov’s reversibility condition.
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Definition 4.4

Assume h = C?. A QMS 7 with an invariant state p and a
KGSL generator £ that commutes with the modular
automorphism, satisfies a p-dynamical detailed balance
condition with “complexity” n if and only if £ has a p-current
decomposition (6) with a subgraph C of non-trivial cycles with n
connected components.
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Example

Example: non-equilibrium stationary state for a quantum
spin chain

We apply this approach to a quantum spin chain interacting
with two non-equilibrium boson fields at different temperatures.
The Hamiltonian of the spin chain is defined by means of

Hs = Mof + A203 + (1 +v)ofos + (1 —v)od oy, (29)
where \q, Ao and ~ are real numbers,

0 1 0 —i 1 0
=i o) 7= o) ==(o 5)

And we set 0§ for 0% ® .
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For A1 \2 < 1 — ~? the spectral representation of the above
Hamiltonian is given by

3
Hs = ele)el, (30)
=0
where €@ = — ()\1 — )\2)2 + 4, €6 = _\/()\1 o )\2)2 4L 472’

€> = —€1, €3 = —eg and with respect to the basis

e_®e;, e_R®e_,e; ®e;, e; ®e_, where ey are unit vectors
in C2 such that c¥e. = e+ and 0¥ e. = +ie¢, the coordinates
of (l¢j))o<j<3 are
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[e]e]e]e)

Example

leo) = ¢ 2 (072, (M = X2) =1/ (M — A2)2 + 4’0),

le1) = 01_% (2’770a0, (M +X2) — \/(>\1 +A2)2 + 4’)’2>a @31)
e2) = ¢ 2 (29,0,0, (0 + X2) + /(1 + 20)? + 492),

lea) = C3 %<072= (M = 2) +1/ (M — A2)2 + 4, 0>,
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Example

( )

c1 =C1(M, A2) =492 + (M + o) — \/()\1 + A2)? + 492 )2’(32)
( )
( )
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Notice that ¢y < €1 < e2 < e3 and the set of Bohr frequencies is
given explicitly by

F={w=¢ —e€:er e €Spec(Hs)} = {wio, w20, w30, w21 },(33)

with wig = €1 — €0, w20 = €2 — €0, w30 = €3 — €, W21 = €2 — €1;
W31 = €3 — €1 = W2, and W3 = €3 — €2 = W1(Q- Hence we are in
the case of a non-generic Hamiltonian. For simplicity we will
write simply wy = wyp, w2 =wpp, W3 = wsg, W4 =waq, Ws=
w3 and W = W32.
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The interaction of the spin chain with the two non-equilibrium
boson fields is described by the Hamiltonian

H=Hy+ A Z Hj;,  (Xis a coupling constant),
j=12
Ho =Hs + Hg,

34
J

- (00
where D; =0, 0 —(1 0

annihilation and creation operators of the j-th field (j = 1,2)
and g;(k) is a form factor.

, i
> , @ and a; , are the

Roberto Quezada Universidad Auténoma Metropolitana-lztapalapa México D. F.

Cycle representation and dynamical detailed balance for a class of GKSL generators



Introduction Current decomposition for GKSL generators A class of GKSL generators with a current decomposition Cyc
0000 00C

Example

The initial state of each field is a Gibbs state at constant
temperature ﬁf‘ and chemical potential ; with respect to the
free Hamiltonian (in this example we assume p; =0, j=1,2),
i.e., the mean zero gauge invariant Gaussian state with
correlations

(@l ay k) =05 N(k; B))o(k — K'),

| 1 (35)
N(k,ﬂ/) :W-
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The Schrodinger equation in the interaction picture is

(?tUIQ\) _ —/>\H[(t) Ulg)\)’ UIQ\) — eitHo e—il‘Ho7 (36)

Jj=1,2
> S5 [ ak(gun(RE( m)a], &0 4 gy (EL( m)2
j=1,2weF I;m

gji,m(k) =gj(k){er, Djem),
E.(I,m) = Z (er —wlep)(emler)ler — w){er],

ercFy
w=€em — €, €m > €; F, = {ey € Spec(Hs) : € —w € Spec(Hs)
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With A, v+ ;.. given by (16), (18) and (19), respectively. Taking
gi(k) = ezk*, j = 1,2 using (19), (18) and (38), after some
computation we get for \ydp <1 —~2and d =3
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The restriction of the predual GKSL generator to the diagonal
sub-algebra, coincides with the generator of a classical Markov
chain (or Q-matrix) given by

—(Qo1 + Gos) dof 0 Qo3
o g10 —(q10 + 912) Q12 0
0 Qo —(g21 + g23) o)

Q30 0 Qa2 —(g30 + g32)
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e ey
Bow
(CO a )Zeﬁfwf l 1 )’
Qo1 = 47r2(C10;C41"72)w1 e wi (eﬂ1 :1" — (e;(;“: j)j ) 7 (39)
e G
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Q31 =877 7wze

'
i —87r 2<(c 4 )
i

/81 w1 5 eﬁzuﬁ )

w1<(03—4)2 16+ )

1
_ 2
Qo3 =8 wi€ ebiwi — 4 = gbewi — A

C2C3

And all remaining q;-js equal zero.
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The classical Markov chain with the above Q-matrix is
irreducible, i.e., starting from any ¢; it is possible to reach any e,
with positive probability. Moreover it has an invariant measure,
that we identify with the generalized Gibbs state p.
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To identify the cycles that does not satisfy Kolmogorov’s
reversibility condition, one can use formula 23 in, to evaluate
the cycle skipping rates in terms of the matrix elements of Q. It
follows that for all cycles we have w, = w,_ with the exception
of the cycle ¢ = (0,2, 3,1). Therefore Kolmogorov’s reversibility
condition does not hold for this cycle. Moreover we can prove
the following.
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Example

To identify the cycles that does not satisfy Kolmogorov’s
reversibility condition, one can use formula 23 in, to evaluate
the cycle skipping rates in terms of the matrix elements of Q. It
follows that for all cycles we have w, = w,_ with the exception
of the cycle ¢ = (0,2, 3, 1). Therefore Kolmogorov’s reversibility
condition does not hold for this cycle. Moreover we can prove
the following.

Proposition 6

Kolmogorov's reversibility condition holds for the cycle
(0,2,3,1), i.e.,

Q02923931910 = Go1913G32G20;

for all values of w1, wo; if and only if the boson fields are at the
same temperature, 37" = 3, .
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Corollary 4.5

If 37" # 3, then the GKSL generator of the QMS associated
with the above spin chain, satisfies a p-dynamical detailed
balance with constant non-zero currents Jjj = £Jp1.

If 37" # B, , then Kolmogorov's reversibility condition is
violated for the cycle (0,2,3,1) i.e.,

Q02923931010 7 Qo1913G32020- (40)

Then, associated with this cycle is the solution of system (28):
J20 = —-./017 J13 = J01, J32 = —Jo1 and all remaining Jmn’S
equal zero. This proves the corollary. O]
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The invariant state p is a solution of the linear system,

Mp =j, (41)
with j = Jp1(1,—1,1,—1) and

—Qo1  Gio 0 0
—Qo2 O o O
M
0 —gi3 0 Qs
0 0 —Q3 g3
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Direct computations show that the unique solution of (41) has
the explicit form 5 = (po, p1, p2, p3), With

(913920932 + G10(G23931 + G20(g31 + G32)))Jo1
Det(C) '

(902923931 + Go1(G23931 + G20(g31 + G32)))Jo1
Det(C) '

(901913932 + Go2(q13932 + G10(g31 + G32)))Jo1
Det(C) '

(9o2(g10 + G13)g23 + Go1G13(G20 + G23))Jor
Det(C) '

(42)

p3 =

Where
Det(C) = 90223931910 — Go1913G32G20-

The value of the current Jyq is obtained in terms of the q,fjs from
the normalization condition tr(p) = 1.

Roberto Quezada Universidad Auténoma Metropolitana-lztapalapa México D. F.

Cycle representation and dynamical detailed balance for a class of GKSL generators



Introduction Current decomposition for GKSL generators A class of GKSL generators with a current decomposition Cyc
0000 00C

Example

If a generic QMS (7;)>¢ is irreducible and has an invariant
measure p, then this state is the unique Z;-invariant state and

Jim Zi(o) = p, (43)

for every initial normal state. o.

Hence, as a consequence of the above result, the QMS
associated with our quantum spin chain is ergodic, in the sense
that any initial normal state is driven by the QMS towards the
dynamical equilibrium steady state p.
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Cycle dynamics and entropy production

Our analysis of the cycle decomposition of a GKSL generator
satisfying a p-dynamical detailed balance reveals that, in a
non-equilibrium stationary state of the small system coupled to
the environment, there exists a dynamics associated with the
set C of cycles violating Kolmogorov’s reversibility condition.
This section is devoted to an initial study of this cycle dynamics.
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The first important question is give a physical meaning to the
map I1,, , in current decomposition (4). First of all notice that
this is a CCP map, i.e., a quantum object. One can compute
explicitly M,,, , in the case of the spin chain of Example 1
above. In this case Mo s is not identically zero, it has a
non-trivial contribution coming from the cycle (0,2, 3, 1).
Moreover, denoting by ,,, , . its predual, one can show that
Mo, 5.+(pH,p) is the diagonal matrix

W(o231) — Wrs20) 0 O 0
0 0 0
0 0 0 0

0 0 0 —wWo231) + W1320)
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A naive interpretation of this quantity is the following:

My 5(pH,p) represents the net current (or flow of energy)
between the fields through the small system, i.e., the spin
chain. Indeed, at level ¢, the spin chain is taken a quantity
W(0231) — W(1320) Of energy from environment at temperature
By > 3,1, the same quantity is transfer to environment at
temperature 3, 1 at level e3. The quantity W(0231) — W(1320) Can
be computed explicitly in terms of the matrix elements g, of
the classical generator Q, i.e., in terms of the temperatures

B, Byt
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For an irreducible and stationary continuous time Markov chain,
the notion of entropy production was defined by the Qian’s and
collaborators, see Chapter 2 in [Qian’s et al], in terms of the
relative entropy of the probabilities of the Markov chain and its
time reversed. This entropy production rate has a simple
expression in terms of the cycle skipping rates w; of cycles in
C, indeed,

)- (44)
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One can evaluate the entropy production for the spin chain.
Indeed, a direct computation show that

W(0231)
W(0132) (45)
_ _ 902G23931G10 — Q01913432020 lo Q02923931410

>0 D({i}0) Q01913932020

ep =(W(0231) — W(0132)) log

where

f)({o}c) = 413920032 + G10923931 + G10920931 + 10920432
D({1}°) = 902023931 + Go1G23G31 + Qo1G20G31 + Go1920932
D({2}°) = 901913932 + 902913932 + Q02910931 + Go2G10G32

D({3}°) = 02910923 + 902913923 + Q01912920 + Jo1G13G23-

(46)
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