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Hypercontractivity on the g-Araki-Woods algebras

Lq—Araki-Woods algebra and g-Ornstein-Uhlenbeck semigroup

g-Fock space for —1 < g < 1 (Bozejko, Speicher '91)

» Hp: real Hilbert space, H = Hg + i'Hgr: complexification.
Fo(H) =CQ@® @, H®" (Free Fock space)

» P, : Symmetrization operator on H®"

PoQ = Q, Pn(fl R R fn) — Z q’.(ﬂ')fﬂ-(l) R ® f7r(n)7
7T€5n

where S, is the symmetric group on {1,2,--- ,n} and
i(m) = #{(, )L < i,j < nyw(i) > 7(j)}-
> (g-inner product) (-, ), on Fo(H):
(&) g 7= Onm (&, Pam)yy for £ € HEM,m € HE™.
> (g-Fock space) Fy(H) := (Fo(H),(),), —1<g<1
Fi1(H) := (Fo(H), () 1)/ Ker({, ) 1q)-
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Lq—Araki-Woods algebra and g-Ornstein-Uhlenbeck semigroup

g-generalized gaussian

> For h € H, £4(h) is the left creation operator defined by
lq(h)Q = h,

ly(h) ® - @hy=h®h ®- - & h,
forany hy € H,1 <i<n.
» (g (h) is the annihilation operator (the adjoint of /4(h)).

> (etk)k>1: an ONB of Hp.
i = (pk)k>1: a sequence of positive reals > 1.

> (g-generalized gaussian)

8a.k = by Lq(ex) + 1ukly(e—k).
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g-Araki-woods algebra (Discrete Case)

> Tg:={8qu}is1 C B(Fq(H)), —-1<q<1
My = {exp(i - g1.4) }is1 C B(F1(H)).
» g = +1 Araki, Woods'69
g = 0 Shlyakhtenko '97
—1 < g <1 Hiai '03.
> T4: The vacuum state defined by
Tq(X) = (XQ,Q), for X €Tq.
> 74 is tracial when px =1, and actually ['q is a I/, factor.
When 1 # 1 for some k, then 74 is not tracial anymore, and
g is a type I/l VN-algebra.

v

2 is always a separating vector for 4.
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g-Ornstein-Uhlenbeck semigroup

» g-Ornstein-Uhlenbeck semigroup P/ : T4 — 4 is defined by
P (X)Q = e "(XQ) for any X € Iy with XQ € H®".
> For example, P{(gq * Bqkn) = € " 8qyks " * Bk
» P; is actually a semigroup of completely positive, normal,
Tq-preserving contractions that commute with the modular
group of 7.
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Hypercontractivity problem

v

For which p, r and t does P; extends to a contraction
P{ i LP(Tq) — L(Tq)?
(Nelson '73, classical case) When g =1 and p=1
Z -1
1Py =1 & e < P
(Carlen, Lieb '93) When g =—-1and pu=1
- -1
1Pl =1 & e < i
(Biane '97, tracial case) When —1 <g<land pu=1
|Pillp s <1 ©e?<p—1 1<p<2.
Question : What happens for the non-tracial case? i.e. the
case ux > 1 for some k.

v

v

v

v
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Non-commutative LP spaces 1 < p < o0

» N: VN-algebra \{vith n.f. tracial state (.
Ixll, == @(1xIP)7, x € N.
LP(N, ¢) := the completion of (N, ||-|[,).

» M C B(H): VN-algebra with n.f. state ¢.
LP(M, ) can be defined in the sense of Haagerup.

» Elements in LP(M, ¢) can be understood as (well-behaving)
unbounded operators acting on a bigger Hilbert space
L?(R, H).

» There is a unique functional tr on L*(M, ¢) and a
distinguished element D, € LY(M, p) s.t. tr(xD,) = ¢(x).

1

» MD/ is a norm-dense subspace in LP(M, ).

1
- 1 _
x € M 9 e ¢ L,(M) in the sense of complex

interpolation.
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Extension to non-commutative LP-setting

» M, N: VN-algebras with n.f. states ¢ and v, resp., with
associated density operators D, and Dy,.
T : M — N be a c.p. contraction satisfying
YoT =g
{ﬁwT:Toﬁ,WER
> Let 1 < p,r < .

1 1 2
TP": MDg —>NDJ, C L(N), xD§ — (Tx)D

ARSI

» It is well-known that TPP extends to a (complete)
contraction.

» We will denote TP simply by T.
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The main results

Theorem
Let1l < p < 2. Then, we have

48
HP?HLP—>L2 S 1 if e—2t S Cau p(p— 1),
where o, = SUP,>1 fin-
» Note that we get the same optimal order p — 1 for p ~ 1.

Theorem
Suppose that o, = oo, then P; can not be extended to a
contraction from LP(T ) into L?(T4) for any 1 < p < 2.
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Sketch of Proof

» For the "if" part, we approximate creations and annihilations
(and consequently generalized gaussians) by using the Baby
Fock model.

» P.A. Meyer '95: the case g = 1 or Bosonic case.

P. Biane '97: the case —1 < g < 1.
A. Nou '06: the case —1 < g < 1 focusing on the non-tracial
case.

» For the "only if" part, we get the conclusion by examining
1-dimensional behavior as usual.
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A. Nou's twisted baby Fock

> | ={£1,+2,---  +n}

e: | x 1 — {£1}: a choice of sign satisfying

e(i,j) = €@, i), e(i,j) = e(lil, [jl), and (i, i) = —1.
» A(/,¢): unital algebra with generators (x;);c; with

xixj — (i, j)xjxi = 20;j, i,j €l

In particular, x,-2 =1.

A(1,€) is equipped with an involution *, such that x* = x;.
> xp:=1and xg :=x;, ---x;, for A={ih <--- <ix} C I

{xa: AC I} is a basis for A(Z,¢), so that dimA(Z, e) = 22".
> ¢° 1 A(l,e) — C: a tracial state given by ¢°(xa) = da .

H = L[?(A(l,¢),¢°): the corresponding L2-space

{xa:ACI}: an ONB of H.
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A. Nou'’s twisted baby Fock: continued

» (Creations and Annihilations)
. xixa ifi¢A xixa ifi€eA

ﬂf(x“):{ 0 ifiiA | ﬁ’(x“):{ 0 ifigA
» (Gaussians and corresponding VN-algebra)

Vi =i B+ pif—i, 1< i < n.

Mh={7:1<i<n} CB(H)X M.

diml, = 2".

7¢(-) = (-1, 1): the vacuum state.

> (Relations satisfied by Gaussians)

vivj —€(i, j)vjvi =0 i#jel
vivg —e(i, j)vvi =0 i#jel
v =072 =0 iel

Vvt =+ ?)id Qe
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A. Nou's twisted baby Fock: continued 2

» (e-Ornstein-Uhlenbeck semigroup)
N: =i, 37 Bi: the number operator on H.
Then, for any A C | we have N.xa = |A| xa.
We define the e-Ornstein-Uhlenbeck semigroup P; : I, — Iy
by
P:(X)1 = e ™MNe(X1), X €T,

» P; is actually a semigroup of unital, completely positive maps.
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Hypercontractivity of e-Ornstein-Uhlenbeck semigroup

» Using Speicher’s central limit procedure it is enough to show
Hypercontractivity of e-Ornstein-Uhlenbeck semigroup.

» Following the idea of Carlen/Lieb and Biane we use the
induction on n, the number of generators.

» We start with any element X € I, which is uniquely
expressed as
X = a+'7nb+'7;:c+)/nd,
where a,b,c,d € T,_1 and y, = vy, — p;2id.
» We use y, instead of v}v, because of orthogonality.
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Key estimates

» We will end up with the estimate

1112 i 2 i 2
HXD,;’ > laDp_ || + Cl(pl)HbD,;’_l
P P p
1 2 1 2
+ Cz(p — 1) CD:_l + C3(p — 1) HdD:_l ,
P P

where D, and D,_1 are corresponding densities.
» (Optimal convexity inequality, Ball/Carlen/Lieb, '94)

1 : 2 2
(LIA+BI+1A=BIZ]) = A2+ (p-1) IBIZ, ABeM,

» By the optimal convexity inequality and the fact that
Yn > —7n is a state-preserving x-isomorphism we get

112 2
o

1

2
(a+ y,,d)DnB

2
p

1
+(p—1) H(%b+ﬁC)Dn" =I+(p—-1)Il.
P

P
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Key estimates 2

» The estimate of / and /I heavily depends on the structure of
the algebra generated by I',_1 and y,. Indeed, we have the
following state-preserving *-isomorphism.

& (r<17 ’n717}’n>77-€) - (ego( 1, -,n71>)7¢ ® TE) c M2 ® r<1,~- ,n—1)s
a+pid 0

a+)/nd 0 a—,u;2d ’

where 1) is a tracial state on /5° given by
P(x,y)=x+(1-Ny, x,yeC

and A = =~
+u
» An asymmetric convexity inequality as follows.

(MlA+ wBI+a-N A ?BI7) = 141+ 55 (p-1) B2
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Approximation by the central limit procedure

» For the increased index set
T={(ij):1<i<n1<j<mu{(—i,—j):1<i<n 1<j<m}
we construct generalized baby gaussians «;; associated with
the parameter p;j for 1 <i<n, 1 <j<m.

» Note that the “choice of sign” function ¢ in this case would be

el x1— {1}

satisfying a similar conditions.

> Now we replace e((i1, i), (j1,/2)), (i1, 2) < (j1,J2) € I with a
family of i.i.d. random variables with

P(e((iv, i2), (j1,12)) = —1) = 1%‘7, P(e((ir, i), (j1,)2)) = 1) = HTq

where (i1, i) < (Jj1,J2) means iy < j1 or i1 = ji, i < jo.
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Approximation by the central limit procedure: continued

> We set .
1
Siim = = Z’Yu-

Then, the Speicher’s central limit procedure tells us that:
For any x-polynomial @ in n non-commuting variables we have

lim 75(Q(s1,m, -+ »Snm)) = Tq(Q(&q,1,-*+ + &qn))

m—0o0

for almost every ¢.

» Since the set of all non-commuting *-polynomials is
countable, we can find a choice of sign € such that the above
is true for any Q.
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Approximation by the central limit procedure: continued

» We can transfer the above convergence in L,-setting following
A. Nou’s ultraproduct approach:
Let U be a fixed free ultrafilter on N and 1 < p < 2. For any
*-polynomial @ in n non-commuting variables we have

1 1
rl:,rzr} HQ(SLHH e asn,m)Dl57 = HQ(gq,la e 7gq,n)D;
’ p

p

and with a careful analysis we also have

1
m _ HPf(o(gq,l,~-~ 8an) DS

1
Pta(Q(Sl,m7 to 75n,m)Dr¢1
mU

p p

» Combining the above approximation and the baby version of
hypercontractivity we get the "if " direction.
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1-dimensional estimate

> gi: g-gaussian with parameter p;.
For 1 < p < 2 we have

2_4
P

1
HgiDﬁ
P

1
whilst ||g;D3|| = 1. Thus, P,_f’ can not be extended to a

2
contraction from LP(I'y) into L2(Ty).

> When p — 1 we have a more precise estimate. Indeed, for
—1_ %, n(>?2) eN, HPtHL ., < 1implies that
p— k2

48
e 2t <2ay, P(p—1).
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Final remarks

» Our results are far from the optimal one. Even though we
restrict ourselves to the tracial case ¢ = 1 we do not get the
optimal estimate.

» Note that we did not use the Jordan-Wigner transformation!
Actually, if we adapt our approach to the tracial case u =1,
we can prove the tracial optimal hypercontractivity without
using the Jordan-Wigner transformation.

» The second quantization procedure in the twisted baby Fock
model is not available!
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