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classical symmetry
A= L>*(E, & pn),
T := (1})>0 Markov semigroup on A
7 invariant density (faithful)
symmetry / reversibility

/Edu g Tyf = /Edu 7 Tig f

iIn an equivalent way

9 TeN) r2ge) = 129, Fr2(p.e )

Entropy production measures deviation form
symmetry



classical entropy production

Forward and backward states on A ® A
—
M (g® f) = /Edungtf,

Mo = [ dunTgf

(X¢)r>0 Markov process with initial law 7 and
transition semigroup T

it@@f)
M (9@ f)

Er [9(Xo0) f(X)]
Ex [g(X¢) f(X0)]

Relative entropy

S (T | T1y)

Entropy production




. —> <—
densities of 14, I1;

(Tef)(@) = [ n(dy) pe(a, 1) F ()
then

N (g® f)

= ExEu(dw)u(dy)W(w)pt(x,y)g(:v)f(y)

N (g® f)

= ExEu(dw)u(dy)W(y)pt(y,w)g(w)f(y)

densities w.r.t. utQ® u

jt (z,y) — m(2)pi(z,y)
My (z,y) — m(y)pe(y, )

typically strictly positive u® u a.e.



classical explicit formula

Then S (ﬁt | ﬁt> IS

//‘(d%’)u(dy)ﬁ(a:)pt(ag,y) log (W(m)pt(a:,y)>
m(y)pt(y, x)

Suppose
pi(z,y) = 6(x,y) + tg(x,y) + o(t)

then S(ﬁt | ﬁt) fort — 0 is

~ x (X Z W(ZE)Q(m,y)
Nt/u(d Ju(dy)m(z)q(z,y) log <7r(y)q(y,fv)>

The entropy production EP is given by

B m(z)q(z,y)
EP = /u(dx)u(dy)ﬂ(fv)Q(%y) log <7r(y)q(y»33)>

Rem. EP < oo = {q(z,y) > 0iffq(y,z) >0}

EP = 0 iff m(xz)q(z,y) = 7(y)q(y, x)



Dual semigroup (quantum)

h complex separable Hilbert space

T = (7t)>0 semigroup of completely positive,
identity preserving maps on B(h),
T« = (Tut)i>0  Predual semigroup.

p faithful normal invariant state

tr(p7i(x)) = tr(pz) Vvt i.e. Tu(p) =0

Dual semigroup(s) 7 with respect to p

tr(pZy(x)y) tr(prTi(y)) or
tr(p*Ti(z)pl ~%y) = tr(p®zp' 5T (y)) s €[0,1]

Te(z) = p~ =) Ty (p~52p®)p~*

Contrary to the commutative case T may not
be x-map, i.e. Ti(a)* #*= Ti(a™) for some a if

s#=1/2.



Quantum detailed balance (QDB)

QMS 7T with dual 7 which is still a QMS and

L(a) — L(a) = 2i[K,a], K = K*,

Time reversal: antiunitary 6 s.t. 62 = 1.
a = a*is even (odd) if 0ad~1 = a (8ab~1 = —a)
EX. Conjugation Ou = u.

Def. Quantum detailed balance condition(s)
with respect to p and 6§ (QRDB-s-6), [0,p] = O,

tr(p02*0~ 1 pt 5T (y)) = tr(p®0 Te(z)* 0~ Lot 5 y)

EX. Conjugation u =u, s=1/2

tr(p 2z T pt 2T (y)) = tr(p /% Ti(x) T p1/%y)

a:T — transpose



§_2>t and <S_Zt on B(h) ® B(h)

Qi(awd) = tr(pa’ pM/?Ti(0))
Qi(a®b) = tr(pl/zﬂ(a)Tpl/Qb)

Density of 60 = 50 w.r.t. Tr on B(h) ® B(h)
Qo (a®b) = (r,(a®@b)r) = Tr(|r)(r|(a @ b))

where

1/2
T:Z/)k/ er @ ey p=> prler) ekl
k k

— <—
Densities of €2; and 2

of Dy = (I1® Tup) (Ir)(r])
of Dy = (T ® D) (Ir){r])

Rem. Other functionals on B(h) ® B(h)

a®b— tr(pab) not positive!
a®b— tr(pa™d) not linear!



entropy production for QMS

S <§_2>t|<§_2t) = Tr (Bt (Iog(Bt) — Iog(T)t)))

Properties: (1) EP>0
— —
(2) EP =0 if and only if Q; = Q; Vt
(3) EP =0 if and only if
(I ® L) (D) = (L+®1)(D)
Example: 3-cycle
h=C3 (61, €9, 63) basis,

Sej =ejq1 (mod 3) shift



example: (quantum) 3-cycle
L(a) =aS*aS+ (1 —a)SaS* —a, a €]0,1]

invariant state: p = % (normalized trace)

adjoint w.r.t. any s ([p,a] =0 Va € B(h))
L(a) =aSaS*+ (1 —a)S*aS — a

T. 7T are QMSs, QDB does not hold if
aF*F1/2

L(a) — L(a) = (2a— 1) (5*aS — SaS*)
— —
Explicit computation of D; and D; yields

)
1l — o

Coincides with the classical EP of the Markov
semigroup acting on diagonal matrices.

EP = (20 — 1)Iog(



Generic QMSs

h =¢2(N;C), (e;);>1 0.n. basis,
L(z) =G24+ ?(z) + 2G

Gej —_— — (% —|— i/ﬁ‘,j) €j, Hej — i/ﬁ:j ej
P(x) = ) oirlej)(exlzlex) (el
3k

where pj, o5 >0, k; €R
pwi=> wj = LA)=0
k

Invariant state

p=2_pjlej) el

J

Properties. (1) Restriction to diagonal ma-
trices defines a classical Markov semigroup.

(2) EP of the QMS and its classical restriction
coincide.



GKSL form
h complex separable Hilbert,
T = (7t)>0 CP-semigroup on B(h),
norm continuous, unital (7;(1) = 1Vt > 0),
7 normal.

Thm (GKSL)

L(a) = G*a+ ?(a)+ aG,
®(a) = ) LjaL,
J

where
1. G,LjEB(h), G*—l-ZjL;aLj—FG:O,

2. 3; L;FLJ- strongly convergent.



GKSL form & fixed normal state

We can write
1

G = —EZL;?L]-
J

We can choose L; with tr(pL;) = 0 and

—4H, H=H*

1,Lq, Lo,...linearly independent (min)

If L"i also satisfy tr(pL;) = 0, (min) and
L(a) = Gfa—+ ZijaLj + aG
L(a) = G a+ ZjL/;aL;- + oG’
then 3 a unitary (uj;) s.t.
L= ujpLy, H = H + cl,
k

(special GKSL).

Decomposition

L(a) = Lo(a) +i[H, a).



EP explicit formula

L(z) =Gz + I(z) +2G, &I(z) =) LjzLy
12

p = S pl/2le;)ex| invariant state

1/2
r=kp ’lex @ ep)ex®@eyl, D= |r)(r]

— «—
Di={U®Tyq)(D) Di=((Tu®I)(D),
— d gy d
D{t:%(f@?;t)(l)) D{t:%(ﬂt@)])(l))
By conditional complete positivity

DLDyDt >0, DLDLDL >0

Prop. If both are > 0 and
p1DyD=DtDyD, DDHDt=DDLDL
then EP =

Tr (Dil_)%DL (Iog(Dil_?”oDi) — |09(DL<56DL)))




EP formula - 2

(r, (I @ B:)(D)ry = [tr(pLy)|?
I

shifting L, to Ly, — tr(pL,)1 we find

D(I ® ¢+)(D)D = 0.
Then, with the new Lj’'s,

—

Dy— Dy = D18 G)D-DH(G® 1D

+ D(1®G*)D* — D(G*® 1) D+

+ D (I ®P:) (D) — (9+® 1))(D)) D+
and the following are equivalent

(1) Dr(1® G)D = D-H(G® 1)D

(2) pl/QGT — G,Ol/2

Tr (DY DLD* (log(DHDHDY) — log(DL Dy D))



SQDB generators, s = 1/2, 6§ conjugation

tr (pl/QCLTpl/Qﬁ(b>> — tr <p1/2£(a)Tpl/2b>
represent £ is GKSL form with tr(pL,) =0

Thm (FF-VU) This SQDB condition holds if
and only if

(1) pl/QGT — G,Ol/z,

(2) Lin{Lep/2 | £ > 1} =Lin{p?/2L} | ¢ > 1}
(in Hilbert-Schmidt ops on h)

(3) (trace class) operators

Cj = tr(pLiL;j), Ry :=tr(p*/2Lp/2L])

commute and C~1R is unitary self-adjoint.



SQDB s=1/2,0 & EP=0
(1) @ DL(1®G)D = DG ® 1)D,

(2) & DX (I®®.+(D))D+ and DL (P.(D)®1)D+
have the same support
(3) & 3 a unitary self-adjoint (uy;) s.t.

J

Open problem: EP formula when

DH(1® G)D # D-(G® 1)D



Thank you




