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Abstract

In this paper, we compute the Hilbert space adjoint 0" of the deriva-
tive operator O on the Hermite Sobolev spaces S;. We use this calculation
to give a different proof of the ‘Monotonicity Inequality’ for the class of
differential operators (L, A) for which the inequality was proved in [2]. We
also prove the Monotonicity Inequality for (L, A), when these correspond
to the Ornstein-Uhlenbeck diffusion.
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1 Introduction

Let S be the space of rapidly decreasing smooth functions and S’ be its dual,
the space of tempered distributions on R*. Let A;,L : S’ - S',i =1,---,r
be partial differential operators (to be specified below) and A = (4, , A,).
Consider the existence and uniqueness problem for stochastic partial differential
equations of the form

dY, = L(Y;) dt + A(Y;).dB,

where (B,) is a r-dimensional Brownian motion and (Y;) an &’ valued process,
with Y) a given S’-valued random variable. In many cases (see [1], [2], [4],
[5], [7], [8]) a sufficient condition for existence and uniqueness is the so called
‘Monotonicity Inequality’ for the pair of operators (L, A) (a related inequality,
called the coercivity inequality is also considered in the context of stochastic
partial differential equations, but in the setting of a Gelfand triple of Hilbert
spaces (see [5], [6])). In [2] the Monotonicity inequality was proved for constant
coefficient differential operators L and A of the form

d d

1
L=5 > (0005 =Y bid;

ij=1 i=1



and
d
A,L' = — Z O'jiﬁj.
7j=1

The object of this note is to provide a new proof that is more conceptual than
the essentially computational proof given in [2].

The Monotonicity inequality can be stated as follows : Let ||.|| be a Hilber-
tian semi-norm on &’ with corresponding inner product (-,-). Then the pair of

operators (L, A) satisfies the ‘Monotonicity Inequality’ for the semi-norm ||.|| if
(0, L6) + 3 _ [l Aigll* < Clloll*, ¥ €S, (11)
i=1

In practice, the norm ||.|| is taken as one of the Hermite Sobolev norms ||.||4,¢ €
R defined in Section 2, with the corresponding Hilbert spaces denoted by (S, || -
lq) and S € S; € §'. The proof in [2] involved expanding ¢ along an ONB
{hnq} in Sy, where h,, , are multiples of the usual Hermite functions h,,, that
form an ONB in Sy := £L2(R? dx) = L2(R?) [where dz denotes the Lebesgue
measure]. The left hand side in the inequality above can then be computed using
linearity, in terms of the action of L and A; on the A, 4 , which in turn can be
computed, using the recurrence relation for the action of the derivatives 9; on
the Hermite functions, viz. 9;h,. It was shown in [2] that the resulting series
was essentially the same as that for ||4||?, by showing that certain sequences
appearing in successive terms of the series was bounded (see Lemma (2.2), [2]).

In this paper we show that the set of computations mentioned in the previous
paragraph, involve essentially two main steps : One, calculation of the adjoint 9
of the derivative operator 0; in the Hilbert Space corresponding to the norm ||. ||,
We calculate it as 0 = —0; +Tp,, where Tj, is a bounded operator on (S, ||||)-
The proof that Tp, is a bounded operator involves a ‘first-order’ version of the
inequalities proved in Lemma (2.2) of [2] (see Lemma (2.2) below). Two, an
‘integration by parts’, using the adjoint computed in step one, that results in
cancelation of the unbounded terms in the series for the LHS of inequality in
(1.1), and that leaves only the action of the bounded operator Ty, on ¢. Our
proof thus is a generalization of the proof in the case p = 0 (i.e. £2(R%)), for
which it follows trivially by ‘integration by parts’.

In Section 2, we calculate the adjoint 0 and prove the representation men-
tioned above. In Section 3, we prove the Monotonicity Inequality when the
operators L and A are constant coefficient operators as above . Section 4 is
devoted to a proof of the Monotonicity Inequality for variable coefficients when
L and A correspond to the Ornstein-Uhlenbeck diffusion (see [8]). Some appli-
cations of this will be developed in a separate article. We prove our results only
when the underlying state space has dimension d = 1. We only state the results
for higher dimensions. The proofs for higher dimensions are similar to the one
dimensional case.

2 The Adjoint of the Derivative on §,

Let Z4 := {n = (n1, -+ ,ng) : n; non-negative integers}. If n = (nq,-- ,ny),
we define |n| := ny + -+ + ng. Let {h, : n € Z%} be the orthonormal basis



(ONB) in £2(R?) given by the Hermite functions (see [3], [9]). Let (-, -) represent
the £2(R?) inner product. For any fixed ¢ € R, consider the following formal

{<f, Da = Dneo X i 2k + )21 f, ) (g, ),
||ch21 = Ziio Z\n|:k(2k +d)*U(f, hy)?

Let S C £2(R?) be the space of smooth rapidly decreasing R-valued functions

(2.1)

on R? with the topology given by L. Schwartz (see [10]). Then (S, ||.||;) are pre-
Hilbert spaces and completing them one obtains the Hilbert spaces (Sg, ||.||q)
(see [3)).

oo
For any ¢ € S, we have ¢ = Z Z ¢nhyn. We are going to use the following
k=0 |n|=k
convention: n; < 0, for some ¢ will mean ¢, =0, h, = 0.
Let S’ denote the space of tempered distributions. In [3], it was shown that
(S—¢: I-1l=¢) are dual to (S, ||.|l4). Furthermore, the following are also known:

L2(R?) = (So. [I-llo),
for p < q,(Sq, 1I-lg) € (Sp, [I-1lp),
S = Nyer(Sas [I-lq);
S = qu]R( qs ||Hq)

From now onwards we shall work with dimension d = 1. Any results mentioned
in the following can be generalized to multi-dimensions.

Consider the derivative map denoted by 9 : S — S. We can extend this map
by duality to 9 : &’ — S’ as follows: for ¢ € &,

(O, B) := —(1p,0¢), Yo € S.

The following relation is wellknown (see [9

1
8hn \/7 n—1 — \/ﬁ n+1, V’I’L > O (22)

and hence it is easy to see that 0 : Sq+% — S, is a bounded linear operator. Since

S is dense in S, J is a densely defined closed operator on S, with Dom(9) D

Spit-

Let 0* denote the Hilbert space adjoint of d on &,. For convenience of notation,
we shall not introduce ¢ in 9*, though it should be understood that we are
working for a fixed ¢ € R. Now 0* : Dom(9*) C §; — S, with Dom(9*) =
{¢ € S : Dom(0) 29 — (O, $)q, is a bounded linear functional}. Note that
S C Dom(0*).

For ¢ € Dom(0*), 0* satisfies

(00, ¢)q = (¢, 0"d)q, ¢ € Dom(D).

Observe that by integration by parts, for ¢ = 0, we have 9* = —9. In the next
Theorem, we compute 0" in S, explicitly and the resulting formula generalizes



the above relation to the case g # 0.

Consider the following two sequences:

2q 2q
om—1 1 2
ap = (Y |y, e (203 (2.3)
2 [\2n 1 V2 m+ 1

We now define linear operators A, B, U;1,U_1 on S via the formal expressions:

for ¢ = igbnhn €S,

n=0
A¢ = Zanwnhru B¢ = anwnhna (24)
n=0 n=0
Ui = thpsthn, U_1¢:=> thn_1hy. (2.5)
n=0 n=0

We then have,

Theorem 2.1. A, B,U,,U_1 are bounded linear operators on (S,| - |,) and

hence can be extended to bounded linear operators in (Sy, || - |lq). Further we
have, for any ¢,¢ € S,
(06, )q + (6, 00)q = (6, (AU + BU 1)) (2:6)

and hence we obtain

0" =—-0+Ty on S,
where Ty = AU,l + BUH.

For the proof of Theorem (2.1), we need the following two Lemmas (2.2),
(2.3).

Lemma 2.2. The sequences {a,}°2, and {b,}>2, satisfy the following inequal-
ity:
M M
lan| < ,onl < —=, VneN

Vn Vn
for some M > 0. Consequently, both the sequences are bounded. We take
Mig:= sup lay| and Ma,:= sup |b,]. (2.7)
neNU{0} neNU{0}

Lemma 2.3. For any ¢,v € S, we have

<a¢7 1[)>q + <¢v 81b>q = Z(2n + 1)2q¢nan¢n71 + Z(zn + 1)2q¢nbn1/]n+1 (28)
n=0 n=0



Proof of Theorem (2.1).
Given ¢ € S,

1Ag]13 = > (2n +1)*an /¢

n=0

< ( sup |an|2> Z(?n—i—l)gq(ﬁi

neNU{0}} re
< M2 |62 (by Lemma (2.2))

Therefore, [[A¢lly < Miqll9llg, ie. [[Ally < My g
Similarly, | B|l, < Ma.,.
Again,

o)

||U+1¢||3 = Z(Qn + 1)2q|¢n+1|2

n=0

(2n+1)2 9 9
*Z gy 2+ 3o

(2n+1)%) ¢ 2 2
: (;gﬁio}w 2 L

n=1

2q
2n +1
<( sw () 1612
neNU{0} 2n+3

from which we obtain ||U41]y < sup }@Zié)q

neNU{0

2n+1 )q
2n—1

Similarly, [[U_1]|q < sup(
neN

Linearity of A, B, Uy1,U_1 is clear from definition. Using Lemma (2.3), we now
have

(06, 8)q + (6, 00)g = (¢, (AU_1 + BU 1))
Since each of A, B, U1, U_, is a bounded linear operator on (Sy, ||.|l4), (AU_; +
BU4,) is also bounded linear operator on (S, ||.||4)- O

Proof of Lemma (2.3).
Since ¢, € S, we have ¢ = > dnhn, 0 = > thphn

Now,

aqbfqusn Ohy)

nz()¢n l\/> n—1 — n;]- n—‘—l]
Z ¢n+1\/ n+1hn Z¢n 1 ghn

n=—1 n=1




Similar expression is true for 9.
oo

Therefore, (¢, %)y = > (2n+ 1)%¢, [ ntly oy — \/gw,l} ...... (*)

n=0
and
(0¢,1)q = Z(2n+ )44, s 1¢n+1 \/7% 1]
:Z(n_l ¢n¢n 1\/7 Z 2n+3 q¢nwn+1\/n+1
n=1 n=—1
= (2n— 1)t 1\/7 Z (2n + 3)*hpthnia n—2&—1
n=0 n=0
> 9 n(2n—1
T;(Zn—kl) 1on [1/% 1\/g<2n+1) ]
> 1 (2n+3\%
;(Qn—i- 124, lwnm/”; (;L) 1 ...... (%)
Using (*) and (**), we get the result. O

Proof of Lemma (2.2).
For n € NU {0}, |an|_\fH(§Z+i>zq_1”

To find an upper bound of a,’s, we follow the method in Lemma (2.2) of [2].

Choose an analytic branch of z + 227 in a domain containing the positive real
axis and then we can define

o= (553) -

in a neighbourhood of 0, say in a ball of radius § > 0, i.e. B(0,9).

Since f(0) = 0, 3 an analytic function g defined on B(0,0) such that f(z) =

zg(z), ¥z € B(0,6). But on the compact set B(0, $) the function g is bounded,
say by some constant R > 0.
Fix a positive integer N such that + < %. Then Vn > N,

|an| = nf<1>‘<l <1> < B
N2\ ) T Ve P \n )| Van
Then taking M := sup{|a1|,v2|az],--- ,vV/N]any], %}, we have

M
lan| < Yn > 0.

7

From this inequality required bound can be obtained.
Proof for b,,’s are similar. O

The operator Ty has the following important property that will be needed
in the next section.



Lemma 2.4. The map (0(-),Ta(-))q : S x S = R defined by

(¢7¢) = <a¢7 T3¢>Qa V(Zsﬂf) S S

is a bounded bilinear form in |||, and hence extends to a bounded bilinear form
on (Sg, [[llq) x (Sq, Illlq)-

Proof. For ¢, € S,
= (00, To)q
= (20 +1)Y0¢, hn)(Tot), hn,)

n=0

==Y (20 +1)%(¢,0h,)(AU_y + BU41%), hy)

n=0

== >t 0200 s = ) (AU BUL )
n=0

_ = 2q E _ n -+ 1

- Z(2n =+ 1) 9 On—1 D) ¢n+1 (and)n—l + bn'l/)n—&-l)
n=0

From Lemma (2.2), we have that a,, ~ O(ﬁ)7 by, ~ O(ﬁ)
Now using the Cauchy-Schwarz inequality, we get 3C' > 0, such that

(00, To)q| < Cllolll[¢llg-
This completes the proof. O

Multi dimensional version of the above results can be formulated as follows:

For any fixed integer i, 1 < i < d consider the sequences:

[n; [(2k +d —2)%7 — (2k + d)?
Apj = 5 3
’ 2 (2k + d)2a

A [n; +1 [ (2k +d)?? — (2k + d + 2)24
e 2 (2k + d)2a ’

where n = (nq,--- ,ng) is a multi-index with [n| =k > 0.

Let {f; : 1 <4 < d} denote the standard basis for R?. Define linear operators

[ee]
A;, B, U_t,, Uiy on S(RY) by the formal expressions: for 1) = Z Z Uphy, €

k=0 |n|=k
87
k=0 |n|=k k=0 |n|=k
U0 =2 > Unpphm, Updi=> > thn g, hn. (2.11)
k=0 |n|=k k=0 |n|=k



Theorem 2.5. Each of A;, B;,U_;,, U, s, is a bounded operator on (S;(R%), ||.|I4)
hence extends to (S;(RY), ||.|l,) as bounded linear operators. Furthermore, for
any 1 <i < d and for any ¢, € S(RY),

<81¢,’¢>q + <¢78iw>q = <¢)v (AiU_fi + BiU+f,i)w>q
and hence we have
0f =—0;+ Ty, on S,
where Ty, = /LU_h + B¢U+fi.

3 The Monotonicity Inequality

Let {e; : 1 < 4 < r} denote the standard ONB in R". Let ¢ = (0;;) be a
constant d x r matrix with (a;;) = (oo');; and b= (by, ...,bs) € R%. For ¢ € S,
we define
1 d 2 d
Lo:=3 Zi,j:l aij05;0 — > iy bi0i¢,
d

Aip = =351 05i(0;0)

A¢ = (A1¢a cee 7A’r‘¢)
So that for [ € R",

r d r
Ap(l) === 05 (i)l = > _ Ad(es)l;.

i=1 j=1 i=1
The following result has already been established in [2].

Theorem 3.1. For every g € R,3 a constant C = C(q,d, (045), (b;)) > 0, such
that

2(0, Lo)q + [ 49II315(q) < C-19173 (3.1)

for all ¢ € S(RY), where ”AQS”%{S((;) =2 [ Aigll2.
Furthermore, by density arguments the above inequality can be extended to all

RS Sq+1(Rd)'
Proof of Theorem (3.1) for the case d = 1.
Let p € S.
For the sake of convenience, we shall denote
Log = %aa% and L1¢ := —b0¢, so that Lo = L1¢ + Lo¢.
Observe that,
<¢76¢>q + <8¢7 ¢>q = <T8¢7w>q
< 1 Tollqllellqllellq-

Therefore,

(0, Li)q + (L1, 9)q = = [(9,0)q + (00, )]
< (16l Tallg) I8llgl[4l4-

Taking ¢ = 1, we obtain
2<¢7L1¢>q = <¢7L1¢>q + <L1¢7 ¢>q

< (Z |bi|||T8||q> [ (%) (3.2)



Now consider,

2<¢a L2¢>q = a<¢7 a2(7ZS>(1
= —a({0¢,0¢)q + a(Top,0¢),, (using Theorem (2.1))

T
But a = ZU,%.
k=1

T

o —a(09,0¢)q = =Y _(0k0d, 010¢),

k=1
== (Ad(ex), Adlex))q
k=1
= —[|Adll5rs ()
220, Lad)q + | AlEs() = alTod, 9),- (3.3)
By Lemma (2.4), we have
|a{Ta¢, 0¢)q| < Clligll3, Vo € S (3-4)
for some constant C' > 0.
Combining (*) and (**), proof is complete. O

Remark 3.2. From inequalities (3.2) and (3.4), it is clear that the constant
C in the Monotonicity Inequality actually depends on the upper bound of |o;;|
and |b;].

4 The Case of Variable Coefficients

Let a be a C* R%valued function on R¢ with bounded derivatives satisfying
the linear growth condition, i.e.

d 3
la(z)|| == (Z |ai(x)|2> <M+ |z|), Vo € R (4.1)

i=1

Let My : & — S denote the multiplication operator defined by ¢ — a¢. By
duality, we can extend this operator to M, : 8" — &’ as follows: for i) € &,

(Ma¥p, ¢) := (1, Ma®) = (1), a0), VP € S. (4.2)

Unless specifically mentioned, we shall take ¢ to be an integer.

Following the proof of Proposition (3.2) in [8], one can show the following:

HMocqu < ||’(/}||q+17 VQ/} € Sq+1-

Therefore, M : Sq+1 — Sy is a bounded linear operator. Since S C Sy, M, :
Sq = 84 is a densely defined closed linear operator, with Dom(Ma) O Sgy1-



Let M7 denote the Hilbert space adjoint of M, : S — S;. Then, M :
Dom(M}) C §; — S, with

Dom(M}) :={y € S;: ¢ — (b, M), is a continuous linear operator on Dom(M,)}.
Note that S C Dom(M}).

We list a few known results regarding the Monotonicity Inequality for variable
coefficients, which is stated below.

Suppose ¢ = (045), 4 =1,..,d,j = 1,..,r and b = (by, .., bq), where o;; and b;
are C* functions on R? with bounded derivatives satisfying

3 J 1
lo ()]l + [[b(= ZZ\% + (Zlbi(I)F) (4.3)

< M(1+ |z|) Vo € R?

for some M > 0 and |z|? := Zf-l:l z?.
Let & denote the space of distributions with compact support.

Definition 4.1 (L*, A*). Define A* : &’ — L(R",&") and L* : &' — &' by

A*¢ = (AT¢7 ..,A:¢)7
A =— ZZ 1ak(am>, (4.4)
Lg=130 102 ((00Y)i0) — S0y i(big)

Note that in [8], it was shown that under the linear growth condition on o, b
we have the following: given a positive real number p, for any ¢ € R satisfying
q > [p]+4, the operators L* : S_,NE'(K) — S_4NE'(K) and A* : S_,NE'(K) —
L(R",S8_,NE'(K)) are bounded operators, where £'(K) C £ denotes the space
of distributions whose support is contained in a compact set K.

Consider the following linear stochastic partial differential equation:

Yo (4.5)

where ¢ € £'. Tt was shown in [8] that the explicit solutions for such equa-
tions when supp(t)) is contained in some compact set, can be constructed by
considering the flow corresponding to

{dYt = LY, dt + A*Y, dB,,

dXt = O'(Xt) dBt + b(Xt) dt, (4 6)
X() =T '
It was also shown in [8] that ¢, = EY; solves the initial value problem:
awt —_ *
dt L 1/&7 (47)
Yo =1

Assuming that the pair of operators L*, A* satisfy the Monotonicity Inequal-
ity, i.e. 3 a constant C' = C(p, d, (c45), (bj)) > 0, such that

2(0, L*¢)—q + |4 ¢ll5r5(—g) < CllON1Z, (4.8)

10



for all ¢ € S_, NE’, one can prove the uniqueness of the solutions of equations
(4.5) and (4.7) (see [1], [8]).

Note that when o = Id, b;(z) = x; Vi, 1 < i < d, the associated diffusion is the
Ornstein-Uhlenbeck diffusion.

We are now going to prove the Monotonicity Inequality for the pair of operators
L*, A* for specific o,b. We prove the one dimensional version of the result.

Theorem 4.2. Let 0 = (0;) be a constant function. Let b(x) = by + bix
for fized by,by € R. Fiz any positive real number q. Then the monotonicity
inequality for L*, A* holds, i.e. 3 a positive constant C = C(q,0,b), such that

forallp € S.
For the proof of Theorem (4.2), we need the following Lemma:

Lemma 4.3. Let ¢ € R. If b(z) = x, Vx € R, then we have

<¢»Mb1/1>q = <Mb¢7w>q + <TI¢7 7/’>q» v¢7¢ € S

where T, = (AU_, — BU41) is a bounded operator on (S,, | - |l4), with the
operators A, B,Uy1,U_1 as in Lemma (2.1). This also shows

My =M, +T, onS.

Proof. Note that bh,, = \/ghn,l + %-th+1 for all n > 0. The proof follows
as in the case of Ty in Theorem (2.1). O

Using the recurrence relations for zh,(z), it is easy to check that OM, :
Sy+1 — S, (where b(z) = z and ¢ € R) is a bounded linear operator and hence
using density arguments we have

Corollary 4.4. Under the assumptions of Theorem (4.2), equation (4.9) holds
forallp € S_gq1.

Proof of Theorem (4.2). We use the same approach as in Theorem (3.1). We
shall denote
L3¢ := 10%*(a¢) and Li¢ := —0(bg), where a = Y, _, 0.
Observe that if we take o,b to be constants, the inequalities
2, L3¢)—g + | A" ¢llirs(—q) < ClISII2,, VO €S (4.10)

2(¢, L1¢)—q < Cllo|2,, Vo €S (4.11)

—q

follows from Theorem (3.1).
Combining the inequalities involving L}, L5, A* we get the result.

Next we show that taking b(z) = x, L} inequality works out.
For ¢,9 € S,

<¢a 8(()’(/)»_,1 = <(b + Ta:)(_a + T6)¢7 ’L/)>—Qa
= _<ba¢7 w>*q + <bT3¢a 1/1>7q - <Txa¢7 1p>*q + <T1T8¢7 1p>*q

11



But, d(bg) = ¢+b0¢, Ty = =T, and (bTp¢, ) —q = (Tod, bb) g+ (Tod, Tuth) 4.
Therefore,

(0,0(b9))—q = (&, V) —g — (0(b9), 1) g + (To, b)) —q + (00, Tu 1)) —q-

Taking ¢ = ¢ gives,

To verify the L} inequality, we only need to check
(Tog,bd)—q < Clll12, (4.13)

The proofs of (4.13) and (4.14) are completed as in Lemma (2.4), noting that
both the operators Ty, T, may be written in terms of A, B, Uy1,U_q, except for
a possible change of sign.

Checking the inequality for b(z) := by + by for fixed bg,b; € R is routine. [

Remark 4.5. For the multi dimension case, we have the following:
Given ¢ € S(R?), observe that for i # j, 9;(z;¢) = 2;(0;¢) and hence we have
a relation similar to (4.12):

2<¢a 0; ($j¢)>—q = <T8i¢’ x]’¢>—q + <81¢7 ij ¢>—qv (4'15)

where T, = Aj U_y, — Bj U, y,, with operators on right hand side as in Theorem
(2.5).

From this we conclude that we can take any permutation of x1,--- , x4 as the
functions by, --- ,bg and the result is still true. Furthermore, even if we take
linear combinations of x;’s as our b;’s, the bounds work out.

Multi dimensional version of the Theorem (4.2) is as follows:

Theorem 4.6. Let o be a constant function. Let b = (by,--- ,bg) with each
bi(z) :=d; + Z;l:l cijx; for fized di,c;; € R. Fiz any positive real number q.
Then the monotonicity inequality for L*, A* holds, i.e. 3 a positive constant
C =C(q,d,(04j), (b;)), such that

for all ¢ € S_y11(RY).
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