isibang/ms/2006/3 February 1,2006

http://www.isibang.ac.in/~ statmath/eprints

Convergence in Distribution of Row Sum Processes to Mixtures of Additive Processes

P.Jeganathan

Indian Statistical Institute, Bangalore Centre 8th Mile Mysore Road, Bangalore, 560059 India

Convergence in Distribution of Row Sum Processes to Mixtures of Additive Processes

P.Jeganathan Indian Statistical Institute Bangalore Center 8 th Mile, Mysore Road Bangalore 560059 INDIA

January, 2006.

Abstract. Consider the arrays {X_{nk}; k = 1, 2, ...} and {Y_{nk}; k = 1, 2, ...} adapted to the same array {A_{nk}; k = 0, 1, 2, ...} of σ-fields such that A_{n,k−1} ⊂ A_{nk} for all k ≥ 1, n ≥ 1. Further, for each n ≥ 1 and t ∈ [0, 1], let k_n (t), k_n (0) = 0, be integer valued, non-decreasing and right-continuous stopping times adapted to {A_{nk}; k = 0, 1, 2, ...}. Conditions are given under which (∑_{kn(t)} k=1 X_{nk}, ∑_{kn(t)} k=1 g (∑_{k−1} j=1 X_{nj}, Y_{nk} )) , for a suitable function g (u, v) (in particular for g (u, v) = v), converges in distribution to (S (t) , R (t)) in the Skorokhod space D_R2 [0, 1], such that S (t) is an additive process and, conditionally on (S (u) , 0 ≤ u ≤ 1), the process R (t) is (conditionally) additive, that is, R (t) will be a suitable mixture of an additive process. The same convergence holds for (∑_{[nt]} k=1 X_{nk}, ∑_{kn(t)} k=1 Y_{nk} ) or (∑_{kn(t)} k=1 X_{nk}, ∑_{[nt]} k=1 Y_{nk} ) also. The results are motivated by several applications, some of which are indicated here, and some are presented elsewhere.

1 INTRODUCTION

Let {X_{nk}; k = 1, 2, ...} and {Y_{nk}; k = 1, 2, ...} be arrays of random variables and let {A_{nk}; k = 0, 1, 2, ...} be an array of σ-fields such that A_{n,k−1} ⊂ A_{nk} for all k ≥ 1, n ≥ 1. Assume, throughout this paper, that both {X_{nk}; k = 1, 2, ...} and {Y_{nk}; k = 1, 2, ...} are adapted to {A_{nk}; k = 0, 1, 2, ...}, that is, both X_{nk} and Y_{nk} are A_{nk} measurable for each k ≥ 1, n ≥ 1.

Further, for each n ≥ 1 and t ∈ [0, 1], let k_n (t) be stopping times adapted to {A_{nk}; k = 0, 1, 2, ...}, that is, the event {k_n (t) = l} ∈ A_{nl}, l = 0, 1, 2, ... In addition, the sample paths of k_n (t) are integer valued, non-decreasing and right-continuous with k_n (0) = 0.

Let,

S_n (t) = k_n(t)∑

k=1 X_{nk}, t ∈ [0, 1] .

The conditions under which S_n (t)^{fdd}=⇒ S (t), in the sense of convergence in distribution of all finite dimensional distributions, or S_n (t) =⇒ S (t) in the Skorokhod space D_R [0, 1], where S (t) is an additive process, have been studied in several places, see for example Durrett and Resnick (1978) and Jeganathan (1983), Liptser and Shiryayev (1989, Chs 5 - 7) and Jacod and Shiryayev (1987, Ch. VIII). (See below for the notations^{fdd}=⇒ and =⇒ in D_R [0, 1].) Here, an additive process is by definition a stochastically continuous process with independent increments, see for example Gikhman and Skorokhod (1969, Ch. 6).

Now let

R_n (t) = k_n(t)∑

k=1 Y_{nk}, R^∗_n (t) = k_n(t)∑

k=1 g (_{k−1} ∑ j=1 X_{nj}, Y_{nk} )

for a suitable function g (u, v) (as specified in Theorem 2 in Section 2 below).

In this paper we study the conditions under which (S_n (t) , R_n (t)) =⇒ (S (t) , R (t)) in D_R2 [0, 1], such that S (t) is an additive process as before and, conditionally on (S (u) , 0 ≤ u ≤ 1), the process R (t) is (conditionally) additive, that is, R (t) will be a suitable mixture of an additive process. Results of the same form are obtained for the sequence (S_n (t) , R^∗_n (t)) also. The same convergence holds for (∑_{[nt]} k=1 X_{nk}, ∑_{kn(t)} k=1 Y_{nk} ) or (∑_{kn(t)} k=1 X_{nk}, ∑_{[nt]} k=1 Y_{nk} ) also.

In the important special case in which one of limits S (t) or R (t) has only the jump component and the other has no jump component, the required conditions will involve the arrays {X_{nk}; k = 1, 2, ...} and {Y_{nk}; k = 1, 2, ...} only separately. In the general case we shall also require a condition to the effect that certain point processes associated with the limits S (t) and R (t) do not jump simultaneously.

It may be noted that the present results may not be confused with those in for example Jeganathan (1983) or Liptser and Shiryayev (1989, Chs. 5 - 7) or Shiryayev (1987, Ch. VIII, Section 5) where also mixtures of additive processes occur as limits but the conditions involved there are in terms of the convergence in probability, whereas in the present situations such conditions will not be satisfied.

In Section 2 we state the conditions and the main results. In Section 3 some illustrative examples are presented which partly motivated the present investigation, but the applications that will require the full force of the present results to certain network traffic models are presented separately (Jeganathan (2006b)), in view of the importance of the contexts of those models. (Another application is given in Jeganathan (2006a, Lemma 4).) Proofs are presented in Sections 4 and 5.

Notations and terminologies. I_{{|x|≤τ }} stands for the indicator function of the interval [−τ, τ] of the real line. The indicator function of an event such as {|X_{nj}| ≤ τ} will be denoted by I_{{|Xnj |≤τ }}. a ∧ b and a ∨ b stand respectively for min {a, b} and max {a, b}. The real line will be denoted by R, and R − {0} = (−∞, 0) ∪ (0, ∞).

Convergence in distribution of a sequence of random vectors (of the same order) will be denoted by^d=⇒. Also, ξ_{n,ϵ}^d=⇒ ξ as n → ∞ first and then ϵ → 0 means that lim_{ϵ→0} lim_{n→∞} ρ (ξ_{n,ϵ}, ξ) = 0 where ρ (ξ_{n,ϵ}, ξ) is the Lévy distance between the distribution functions of ξ_{n,ϵ} and ξ. (See for instance Loève (1963, page 215) for the Lévy distance.)

Convergence in probability will be denoted by^p→. By ξ_{n,ϵ}^p→ 0 as n → ∞ first and then ϵ → 0, we mean that lim_{ϵ→0} limsup_{n→∞} P [|ξ_{n,ϵ}| > η] = 0 for every η > 0.

The notation^{fdd}=⇒ stands for the convergence in distribution of a sequence of random processes in the sense of convergence in distribution of all finite dimensional distributions. Also, if the index set of the processes involved is not clear from the context it will be explicitly indicated; for example in the form S_n (t)^{fdd}=⇒ S (t), t ∈ J, instead of S_n (t)^{fdd}=⇒ S (t), where J ⊂ [0, 1].

The notation =⇒ in D_Rq [0, 1] , q ≥ 1 means the convergence in distribution of a sequence of random processes in the Skorokhod space D_Rq [0, 1]. (D_Rq [0, 1] is by definition the collection of all functions from [0, 1] to R^q that are right continuous and admit lefthand limits, equipped with the Skorokhod topology, see Billingsley (1968, Ch. 3) for D_R [0, 1] and Jacod and Shiryayev (1987, Ch. VI) for D_Rq [0, 1] , q ≥ 1.)

The process S (t) , t ∈ [0, 1], will be abbreviated to S, which will also stand for the trajectory of the process depending on the context.

We shall use the abbreviations P_{k−1} [ . ] = P [ . |An,k−1 ] , E_{k−1} [ . ] = E [ . |An,k−1 ]

for the conditional probability and the conditional expectation given A_{n,k−1}.

In Section 5.2 below, we shall let F^Y_{k−1} (x) = P_{k−1} [Y_{nk} ≤ x], and in Sections 4 and 5, we shall let F^X_{k−1} (x) = P_{k−1} [ X^{(τ )}_{nk} ≤ x ] where X^{(τ )}_{nk} = X_{nk} − a_{Xnk} (τ) with a_{Xnk} (τ) as defined in (2) below. Similar notations such as F^Y_{k−1} (y) and F^{X,Y}_{k−1} (x, y) will be defined analogously later when their use arises.

Throughout the paper, we let k_n = k_n (1).

2 THE CONDITIONS AND THE MAIN RESULTS

We shall assume, throughout below, that the following Conditional Uniform Asymptotic Negligibility condition holds: max 1≤k≤k_n P_{k−1} [|X_{nk}| + |Y_{nk}| > ε]^p→ 0 for all ε > 0. (1)

The conditions to be imposed for the array {Y_{nk}; k = 1, 2, ...} will involve the limiting process {S (t) ; 0 ≤ t ≤ 1} of the convergence S_n (t)^{fdd}=⇒ S (t). For this reason we first recall the conditions for this (known) convergence.

2.1 CONDITIONS ON {X_{nk}; k = 1, 2, ...} FOR S_n (t) =⇒ S (t). We first introduce some notations. Let, for τ > 0, a_{Xnk} (τ) = E_{k−1} [ X_{nk}I_{{|Xnk |<τ }} ] (2) (recall that E_{k−1} [ . ] = E [ . |An,k−1 ] ) and σ^2_{Xnk} (τ) = E_{k−1} [ X^2_{nk}I_{{|Xnk |<τ }} ] − (a_{Xnk} (τ))^2

(which is the conditional variance of X_{nk}I_{{|Xnk |<τ }} given A_{n,k−1}.) Define

B_{n,t} (τ) = k_n(t)∑

k=1 σ^2_{Xnk} (τ) , A_{n,t} (τ) = k_n(t)∑

k=1 a_{Xnk} (τ) . (3)

Also, for x ≠ 0, let L_{n,t} (x) = { ∑_{kn(t)} k=1 P_{k−1} [X_{nk} ≤ x] if x < 0 ∑_{kn(t)} k=1 P_{k−1} [X_{nk} > x] if x > 0. (4) Consider the following conditions.

(C1): There is a family L_t (y) , t ∈ [0, 1] , of nonrandom, real valued functions defined on R − {0} such that, for each t, L_t (−∞) = 0 = L_t (∞) and

L_{n,t} (x)^p→ L_t (x) at all continuity point x ≠ 0 of L_t.

(C2): There are nonrandom B_t ≥ 0, t ∈ [0, 1] , such that for each t,

lim_{ϵ→0} limsup_{n→∞} P (|B_{n,t} (ϵ) − B_t| ≥ η) = 0 for all η > 0.

(C3): For some τ > 0 for which ±τ are continuity points of L_t, there are nonrandom A_t (τ) , t ∈ [0, 1], such that A_{n,t} (τ)^p→ A_t (τ) .

(C4): A_t (τ) and B_t are continuous in t. In addition, for each t, L_t′ (x) → L_t (x) as t^′ → t for all continuity point x ≠ 0 of L_t.

Note that all the limits involved in (C1) - (C3), with the convergence in terms of^p→, are non-random, and hence^p→ is equivalent to^d=⇒.

Now, (C1) and (C2) entail that the limit L_t (x) in (C1) induces, for each t, a Lévy measure L_t on R such that L_t ({0}) = 0 and ∫ (1 ∧ x^2) L_t (dx) < ∞. Then one can define ϕ_t (u) = iuA_t (τ) − u^2 2 B_t + ∫ ( e^{iux} − 1 − iuxI_{{|x|≤τ }} ) L_t (dx) where B_t is as in (C2) and A_t (τ) is the limit in (C3).

Then, when (C1) - (C4) hold, S_n (t)^{fdd}=⇒ S (t) , where S (t) is an additive process characterized by the family of triplets (A_t, B_t, L_t) in the sense that

log E [ e^{iuS(t)} ] = ϕ_t (u) for all real u.

(Note that S (t) being an additive process, S = (S (t) ; 0 ≤ t ≤ 1) ∈ D_R [0, 1] a.s ) If in addition (C3) is strengthened to sup_{0≤t≤1} |A_{n,t} (τ) − A_t (τ)|^p→ 0, then S_n (t) =⇒ S (t) in D_R [0, 1].

Remark 1 For the case A_t (τ) ≡ 0, B_t ≡ 0 and L_t of the form that the process S (t) has stationary increments, that is, L_t (x, ∞) = tν (x, ∞) , x > 0, and L_t (−∞, x) = tν (−∞, x) , x < 0, for a suitable non-random ν, the preceding result is due to Durrett and Resnick (1978, Theorem 4.1). For the statements in this generality, see for example Jeganathan (1983, Remark 2), Liptser and Shiryayev (1989, Chs. 5 - 7) and Jacod and Shiryayev (1987, Ch. VIII). (Note however that the proof of the preceding result will necessarily be implicit in the joint convergence of S_n (t) and R_n (t) to be established ). ■ 2.2 CONDITIONS ON {Y_{nk}; k = 1, 2, ...} Let a_{Ynk} (τ) and σ^2_{Ynk} (τ) be as defined in (2) and (3) (with Y_{nk} involved in place of X_{nk}). We assume that the earlier (C1) - (C4) hold so that, as recalled above, the convergence S_n (t)^{fdd}=⇒ S (t) together with

S = (S (t) ; 0 ≤ t ≤ 1) ∈ D_R [0, 1] a.s.

is available. Below S will also stand for the trajectory of the process depending on the context.

In what follows, by a functional γ (S) of S we mean γ (S) is a random variable such that γ (ω) is a real number for each ω ∈ D_R [0, 1].

Also, analogous to (4) and (5), let B^∗_{n,t} (τ) = k_n(t)∑

k=1 σ^2_{Ynk} (τ) , A^∗_{n,t} (τ) = k_n(t)∑

k=1 a_{Ynk} (τ) . (5)

and, for y ≠ 0, L^∗_{n,t} (x) = { ∑_{kn(t)} k=1 P_{k−1} [Y_{nk} ≤ y] if y < 0 ∑_{kn(t)} k=1 P_{k−1} [Y_{nk} > y] if y > 0. (6) We now state the conditions, analogous to the earlier (C1) - (C4).

There is a family {A^∗_t (τ, S) , B^∗_t (S) ≥ 0, L^∗_t (y, S) , t ∈ [0, 1] , y ∈ R− {0}} , τ > 0, of functionals of S, with, for each t ∈ [0, 1],

P [L_t (−∞, S) = 0 = L_t (∞, S)] = 1,

P [y −→ L^∗_t (y, S) is nonincreasing on (0, ∞) and nondecreasing (−∞, 0)] = 1, (7) satisfying the following conditions:

(D1): There is a dense subset T of [0, 1] and a dense subset J of R − {0} such that ( S_n (t) , L^∗_{n,t} (y) )_{fdd} =⇒ (S (t) , L^∗_t (y, S)) , (y, t) ∈ J × T . (D2): With T ⊂ [0, 1] as in (D1), ( S_n (t) , B^∗_{n,t} (ϵ) )_{fdd} =⇒ (S (t) , B^∗_t (S)) , t ∈ T as n → ∞ first and then ϵ → 0 along the set J of (D1). (See Section 1 for the meaning of this convergence.)

(D3): For some τ > 0 satisfying

P [L^∗_t (y, S) is continuous at y = ±τ] = 1 for all t ∈ T , (8) ( S_n (t) , A^∗_{n,t} (τ) )_{fdd} =⇒ (S (t) , A^∗_t (τ, S)) , t ∈ T. (D4): B^∗_t (S), A^∗_t (τ, S), as well as L^∗_t (y, S) for each y ∈ J, are continuous in t for almost all S.

(D5): All the^{fdd}=⇒ convergencies in (D1) - (D3) hold jointly.

Remark 2. Note that when T in (D1) is countable, the set of all τ > 0 satisfying (8) is dense in (0, ∞). To see this let J_{t,m} ⊂ R − {0} be the set of all τ ≠ 0 such that E [m ∧ L^∗_t (y, S)] is continuous at y = ±τ, where m is a positive integer. Then, because of (7), R−J_{t,m} ∪ {0} is countable. Let J_∗ = ∩_{m≥1} ∩_{t∈T} J_{t,m}. Then J_∗ is dense in R− {0}.

Thus for each τ ∈ J_∗, and for all t ∈ T and m ≥ 1, E [m ∧ L^∗_t (y, S)] is continuous at y = ±τ, that is, P [m ∧ L^∗_t (y, S) is continuous at y = ±τ] = 1 because (7) entails that, for each y, either m ∧ L^∗_t (y+, S) − m ∧ L^∗_t (y−, S) ≥ 0 a.s or ≤ 0 a.s. Because this is true for every positive integer m, we thus have P [L^∗_t (y, S) is continuous at y = ±τ] = 1 for each τ ∈ J_∗ and for all t ∈ T . (Here L^∗_t (y+, S) = lim_y′_{↓y} L^∗_t (y^′, S). ) ■

Remark 3. Note that, under (D4), (D1) will hold for T = [0, 1] itself. The same is the case for (D2). To see this for (D2), it is enough to note that, for each n ≥ 1, B^∗_{n,t} (ϵ) is nondecreasing in t and its limit B^∗_t (S) is such that B^∗_t′′ (S) − B^∗_t′ (S)^p→ 0 as t^′ − t^{′′} → 0 by (D4). The same argument holds for (D1) because of (D4) and because L^∗_{n,t} (y) and L^∗_t (y) are nondecreasing in t. ■

Remark 4. The limits in (C1) - (C3) associated with {X_{nk}; k = 1, 2, ...} are nonrandom. Hence when the marginal convergencies in (D1) - (D3) are restated to the corresponding situation of the array {X_{nk}; k = 1, 2, ...}, they are implied by the conditions (C1) - (C3). To see this, it is enough to lake J = ∩_{t∈T} J_t, where J_t is the set of all continuity points of x −→ L_t (x) and T is any countable dense subset of [0, 1]. Note that J is dense because T is countable and the complement of each J_t is countable. ■ 2.3 FURTHER CONDITIONS We shall also impose two further conditions that involve both the arrays {X_{nk}; k = 1, 2, ...} and {Y_{nk}; k = 1, 2, ...}. (E1): For every bounded closed intervals I_1 and I_2 contained in R− {0}, k_n∑

k=1 P_{k−1} [X_{nk} ∈ I_1, Y_{nk} ∈ I_2]^p→ 0.

This condition together with (C1) and (D1) will entail that certain two-dimensional point process generated by the arrays {X_{nk}, Y_{nk}; k = 1, 2, ...} converges in a suitable sense to a two-dimensional point process such that its marginals do not jump simultaneously. In the case when the limiting Lévy measure L^∗_t is non-random (note that L_t is already non-random), this would mean that the indicated marginals are mutually independent Poisson point processes, see, for example, Kasahara and Watanabe (1986, Section 8).

To introduce the second one, let σ_{Xnk ,Ynk} (τ) = E_{k−1} [ X_{nk}Y_{nk}I_{{|Xnk|<τ,|Ynk |<τ }} ] − a_{Xnk} (τ) a_{Ynk} (τ) , which is just the conditional covariance between X_{nk}I_{{|Xnk |<τ }} and Y_{nk}I_{{|Ynk|<τ }}.

(E2):_{kn} ∑ k=1 σ_{Xnk ,Ynk} (ϵ)^p→ 0 as n → ∞ first and then ϵ → 0.

We note that this condition as well as the condition (E1) are automatically satisfied in many important situations, see the Remarks 7 and 8 below.

2.4 STATEMENTS OF THE RESULTS In the statements below, a conditional additive process R (t) given the process S = (S (t) ; 0 ≤ t ≤ 1) is to be understood as explained in for example Jacod and Shiryayev

(1987, Ch. II, Section 6, page 124, Definition 6.2 and Lemma 6.10 with 𝟋_t = σ (S (v) ; 0 ≤ v < ∞)∧ σ (R (u) ; 0 ≤ u ≤ t) ).

Theorem 1. Let S_n (t) = ∑_{kn(t)} k=1 X_{nk} and R_n (t) = ∑_{kn(t)} k=1 Y_{nk}. Assume that the conditions (C1) - (C4), (D1) - (D5), (E1) and (E2) hold. Further assume that A_{n,t} (τ) and A^∗_{n,t} (τ) are tight in D_R [0, 1].

Then (S_n (t) , R_n (t)) =⇒ (S (t) , R (t)) in D_R2 [0, 1], where S = (S (t) ; 0 ≤ t ≤ 1) is as before, and conditionally on S, the process R (t) is additive such that

log E [ e^{iuR(t)} | | S] = iuA^∗_t (τ, S) − u^2 2 B^∗_t (S) + ∫ ( e^{iux} − 1 − iuxI_{{|x|≤τ }} ) L^∗_t (dx, S) .

Note that in Theorem 1 if the characteristics (A^∗_t , B^∗_t , L^∗_t ) of R (t) are nonrandom (that is, they do depend on S ), then the processes S (t) and R (t) are independent.

Remark 5. Theorem 1 holds also (see Remark 11 in Section 4.4 below) when (S_n (t) , R_n (t)) = (∑_{[nt]} k=1 X_{nk}, ∑_{kn(t)} k=1 Y_{nk} ) , under the following modifications of the conditions. The conditions (C1) - (C4) are now assumed to hold with [nt] involved in place of k_n (t), as well as the present S_n (t) = ∑_{[nt]} k=1 X_{nk} is now involved in the conditions (D1) and (D2), and in addition (1) and the conditions (E1) and (E2) hold with k_n ∨n involved in place of k_n. It is (the modification of) the conditions (E1) and (E2) that make the fdd =⇒ convergence of this extension feasible. The tightness in D_R2 [0, 1] will be reduced to what is called Aldous criterion, which will be satisfied for (S_n (t) , R_n (t)) whenever it is satisfied for each of S_n (t) and R_n (t) separately.

Similarly Theorem 1 holds also when (S_n (t) , R_n (t)) = (∑_{kn(t)} k=1 X_{nk}, ∑_{[nt]} k=1 Y_{nk} ) , under similar modifications. ■

Remark 6. It is important to note that the shifting quantity for the vector (S_n (t) ,R_n (t)) in Theorem 1 is the vector ( A_{n,t} (τ) , A^∗_{n,t} (τ) ) composed of those of S_n (t) and R_n (t).

This form is essential for the applications we have in mind, and we are able to obtain this form only by using the condition (E1) in a rather crucial manner. On the other hand, the usual shifting quantity suggested by the results for the case of sums of independent random vectors (see for instance Jacod and Shiryayev (1987)), would be of the form (∑_{kn(t)} k=1 E_{k−1} [ X_{nk}I_{{|Xnk |+|Ynk|<τ }} ] , ∑_{kn(t)} k=1 E_{k−1} [ Y_{nk}I_{{|Xnk |+|Ynk|<τ }} ]) . We do not know the relationship between these two forms in general under the present given conditions. ■

Remark 7. We note that (E2) is satisfied if either B_t ≡ 0 in (C2) (which means ∑ σ^2_{Xnk} (ϵ)^p→ 0 ) or B^∗_t (S) ≡ 0 a.s. in (D2) (which means ∑ σ^2_{Ynk} (ϵ)^p→ 0 ), because of the inequality | ∑ σ_{Xnk ,Ynk} (ϵ)|^2 ≤ ∑ σ^2_{Xnk} (ϵ) ∑ σ^2_{Ynk} (ϵ). ■ Remark 8. If either L^∗_t ≡ 0 a.s. together with B_t ≡ 0, or L_t ≡ 0 together with B^∗_t (S) = 0 a.s, then both (E1) and (E2) are satisfied. This is because of the preceding

Remark 7 and the fact that (E1) is satisfied if either L^∗_t ≡ 0 a.s. or L_t ≡ 0 holds.

We now give a situation (occurring in Jeganathan (2006a, Lemma 4)) where the modified (E1) and (E2) of Remark 5 hold. If, as n → ∞ first and then ϵ → 0, ∑_{kn∨n} k=1 σ^2_{Xnk} (ϵ)^p→ 0 and ∑_{kn∨n} k=1 σ^2_{Ynk} (ϵ) is bounded in probability then the modified (E2) is satisfied. If ∑_{kn∨n} k=1 P_{k−1} [|Y_{nk}| ≥ η]^p→ 0 for every η > 0, then the modified (E1) is satisfied. ■

The next result is directly applicable in, and in fact possibly broadens the scope of, many applications, see Jeganathan (2006b). To state the result, let g (u, v) be a function satisfying the following conditions.

(i) (u, v) −→ g (u, v) is continuous, (i) g (u, 0) = 0 for each u, (ii) there are continuous functions u −→ g^′_u and u −→ g^{′′}_u such that if ρ_η (u) = sup_{0<|v|≤η} 1 v^2 | | |g (u, v) − vg^′u − v^2 2 g^{′′}_u | | | , then sup_{|u|≤a} ρ_η (u) → 0 as η → 0 for each a > 0.

In the next statement, it is convenient to let A^∗ (t, τ, S) = A^∗_t (τ, S) , B^∗ (t, S) = B^∗_t (S) and L^∗ (x, t, S) = L^∗_t (x, S) . Theorem 2. Let R^∗_n (t) = ∑_{kn(t)} k=1 g (∑_{k−1} j=1 X_{nj} , Y_{nk} ) with g (u, v) and the corresponding g^′_u and g^{′′}_u as above. In addition to the conditions of Theorem 1, assume that k_n∑

k=1 |a_{Ynk} (τ)|^{2 p}−→ 0. (9) Further assume that P [t −→ A^∗ (t, τ, S) is of bounded variation] = 1.

Then (S_n (t) , R^∗_n (t)) =⇒ (S (t) , R^∗ (t)) in D_R2 [0, 1] where conditionally on S the process R^∗ (t) is additive such that

log E [ e^{iuR∗(t)} | | S] = iuA^#_t (τ, S) − u^2 2 B^#_t (S) + ∫_t 0 ∫ ( e^{iug(S(z),x)} − 1 − iuxI_{{|x|≤τ }}g^′_{S(z)} ) L^∗ (dx, dz, S)

with B^#_t (S) = ∫_t 0 ( g^′_{S(z)} )_2 B^∗ (dz, S) and

A^#_t (τ, S) = ∫_t 0 g^′_{S(z)}A^∗ (dz, τ, S) + 1 2 ∫_t 0 g^{′′}_{S(z)}B^∗ (dz, S) .

Remark 9. In the particular case g (u, v) = h (v), the conditions on g (u, v) reduce to: (i) v −→ h (v) is continuous, (ii) h (0) = 0 and (iii) there are constants h^′ and h^{′′} such that^1_{v2} | |h (v) − vh_′ −_v2_2 h_{′′} | | → 0 as v → 0. For this particular case, the extension

indicated in Remark 5 above holds also. For the case of independent summands, a form of this particular case is contained in LeCam (1986, Proposition 5, page 443).

Note that the condition P [t −→ A^∗_t (τ, S) is of bounded variation] = 1 is imposed in order that ∫_t 0 g^′_{S(s)}A^∗ (ds, τ, S) is well-defined (and is not required for the preceding particular case because h^′ is a constant). Further, this condition, as well as (9), will be satisfied in many applications, see Section 3 below.

We further remark that for the particular case g (u, v) = f (u) v, one can also use Kurtz and Protter (1991, Theorem 2.2, page 1039) to obtain from Theorem 1 the conclusion of Theorem 2 with R^∗ (t) = ∫_t 0 f (S (z)) dR (z). This will be implicit in the proof of the general case of Theorem 2 given in Section 5 below, which proof also relies on some of the ideas contained in Kurtz and Protter (1991). Also the additional condition (9) will not needed for this case because g^{′′}_u ≡ 0. ■

Remark 10. For convenience we have taken R_n (t) and R^∗_n (t) in Theorems 1 and 2 to be scalars. In applications one would often require these to be vectors. We now describe one such extension that is in particular needed in Jeganathan (2006b). Assume that the assumptions of Theorem 1 are satisfied. Consider an additional array {Z_{nk}; k = 1, 2, ...} adapted to {A_{nk}; k = 0, 1, 2, ...}, for which the conditions (D1) - (D5) hold (with limits that are functionals of the same S = (S (t) ; 0 ≤ t ≤ 1) ) such that the fdd =⇒ convergencies involved in these conditions hold jointly with corresponding ones for the array {Y_{nk}; k = 1, 2, ...}. Assume further that (E1) and (E2) hold in addition for the array {X_{nk}, Z_{nk}; k = 1, 2, ...} as well as for the array {Y_{nk}, Z_{nk}; k = 1, 2, ...} also.

Then Theorem 1 extend to the of vectors (∑_{kn(t)} k=1 X_{nk}, ∑_{kn(t)} k=1 Y_{nk}, ∑_{kn(t)} k=1 Z_{nk} ) in D_R3 [0, 1] with the limit (S (t) , R (t) , Z (t)) such that conditionally on S, the processes R (t) and Z (t) are independent additive processes. Theorem 2 is similarly extended. ■

3 SOME EXAMPLES

As noted earlier, extensive applications that will require the full force of the preceding results to certain network traffic models are presented separately in Jeganathan (2006b). (See further Jeganathan (2006a, Lemma 4), where the extension indicated in Remark 5 above has been invoked.)

In the examples below will shall use the sequence ξ_j, −∞ < j < ∞, of iid random variables belonging to the domain of attraction of a stable law with index 0 < α ≤ 2. (Later on we shall indicate that the results of the Example 1 below extend to the situation of a more general sequence of chain dependent variables described in Durrett and Resnick

(1978, Example 4.1).) Details regarding the stable distributions and their domains of attraction can be found in many sources, for instance in Feller (1971, Chapter XVII).

Consider the case 0 < α < 2, where the preceding requirement amounts to

P (ξ_1 ≥ x) ∼ c_1x^{−α}H (x) , P (ξ_1 ≤ −x) ∼ c_2x^{−α}H (x) , x → ∞

for some slowly varying function H (x) and nonnegative constants c_1, c_2 with c_1 + c_2 > 0. With the constants a_n chosen such that nP (|ξ_1| ≥ a_nx) → x^{−α}, define

X_{nk} = a^{−1}_n ξ_k if 0 < α < 1 a^{−1}_n (ξ_k − E [ξ_1]) if 1 < α < 2 a^{−1}_n ( ξ_k − E [ ξ_1I_{{|ξ1|≤τ an}} ]) if α = 1.

(10)

We next recall that (C1) - (C4) hold for X_{nk}. First, (C1) holds with L_t (x, ∞) = tpx^{−α}, x > 0, and L_t (−∞, −y) = tqy^{−α}, y > 0, where p =^{c1}_{c1+c2} and q = 1 − p with c_1 and c_2 are as above.

In addition (C3) holds, with

A_{n,t} (τ) → A_t (τ) = tα α−1 (p − q) τ^{1−α} if 0 < α < 1 −^{tα}_{α−1} (p − q) τ^{1−α} if 1 < α < 2 0 if α = 1.

(11)

The verification of (C1) with the limit as above, as well as the preceding convergence (11) for the cases α ≠ 1 are contained, for example, in Durrett and Resnick (1978, Example 4.1). For α = 1, note that E [ X_{nk}I_{{|ξ1|≤τ an}} ] = P [|ξ_1| > τa_n] ( a^{−1}_n E [ ξ_1I_{{|ξ1|≤τ an}} ]) , so that ∑ | E [ X_{nk}I_{{|ξ1|≤τ an}} ]| → 0 because nP [|ξ_1| > τa_n] is bounded and a^{−1}_n E [ ξ_1I_{{|ξ1|≤τ an}} ] → 0 in view of P [|ξ_1| ≥ ϵa_n] → 0 for all ϵ > 0. In addition, by (C1), ∑ | |E [X_{nk} (I_{{|Xnk|≤τ }} − I_{{|ξ1|≤τ an}})]| ≤ ∑ E [ |X_{nk}| I{_{τ <|Xnk|≤τ +a}−1_{n E}[_{ξ1I{|ξ1|≤τ an}}]} ] → 0,

Thus (11) holds for α = 1 by the preceding two displayed convergencies.

The condition (C2) also holds, with B_t ≡ 0, see Durrett and Resnick (1978, Example 4.1) mentioned above. Thus, according to Section 2.1 above, [nt]∑

k=1 X_{n,k} =⇒ S_α (t) in D_R [0, 1] , where the limit S_α (t) is now a stable process with index α.

Let us also note that the condition (9) is satisfied because sup_k |a_{Xnk} (τ)| → 0 and, similar to (11), ∑_n k=1 |a_{Xnk} (τ)| = ∑_n k=1 | |E [X_{nk}I_{{|Xnk|≤τ }}] | | converges to a finite quantity.

(Note that in the examples below (9) will not be required, see the Remark 9 in Section 2 above)

In the case α = 2, we shall assume for convenience that E [ξ^2_1 ] < ∞, in which case X_{n,k} = n^{−1/2} (ξ_k − E [ξ_1]). In this case L_t ≡ 0, A_t (τ) ≡ 0 and B_t = tE [ξ^2_1 ].

Example 1. First consider a simpler situation in which (ξ_j, ζ_j), −∞ < j < ∞, form an iid sequence of pairs of random variables, where ξ_j are as before belonging to the domain of attraction of a stable law with index 0 < α < 2. (The case α = 2 will be discussed at the end of this example.) Here ξ_j and ζ_j need not be independent for each j. For example ζ_j can be a function of (ξ_1, ..., ξ_j). Let S_{n,k} = ∑_k j=1 X_{n,j}, where X_{n,k} is as in (10).

We shall assume that E [ζ_1] = 0 and σ^2 = E [ζ^2_1 ] < ∞ (though it will be enough to assume that ζ_1 is in the domain of attraction of a normal distribution). In the case (13) below we shall assume in addition that E [ζ_1| ξ_1] = 0.

In certain asymptotic inference problems, asymptotic behaviors of the pairs of the forms 1 n [nt]∑

k=1 h (S_{n,k−1}) , 1 √ n [nt]∑

k=1 g (S_{n,k−1}) ζ_k , (12)

1 n [nt]∑

k=1 h (S_{n,k}) , 1 √ n [nt]∑

k=1 g (S_{n,k}) ζ_k (13)

are required, where g and h are continuous functions (for example g (x) = x and h (x) = x^2). See Jeganathan (1997) where specific cases of (12) and (13) arose in connection with the asymptotic representation of the likelihood ratios or of the approximate maximum likelihood estimates (MLEs) in certain time series models. There the asymptotic behavior was studied as a consequence of direct asymptotic analysis of the likelihood ratios. However, that method itself is applicable only for the case of approximate MLEs. Thus the present results would be useful if estimates more general than the approximate MLEs are considered (such as M-estimates).

To deal with (12), take A_{nk} = σ ((ξ_j, ζ_j) , j ≤ k). Recall that E [ζ_1] = 0 and σ^2 = E [ζ^2_1 ] < ∞. Then, taking Y_{n,k} =^{ζk√}_n , in view of the Remark 8 (the case B_t ≡ 0 with L^∗_t ≡ 0), the assumptions of Theorem 1 are satisfied. Hence Theorems 1 and 2 give S_{n,[nt]}, 1√ n [nt]∑

k=1 g (S_{n,k−1}) ζ_k =⇒ ( S_α (t) , B (∫_t 0 g^2 (S_α (z)) dz )) in D_R2 [0, 1] , (14) where B (t) is a Brownian motion with variance E [ζ^2_1 ], independent of S_α (t). Note that, because of the independence of B (t) and S_α (t), the distribution of the preceding limit is the same as that of ( S_α (t) , ∫_t 0 g (S_α (z)) dB (z) ) or that of ( S_α (t) , W √∫_t 0 g^2 (S_α (z)) dz )

with W standard normal independent of S_α (t).

Note that sup_{1≤k≤n} |S_{n,k}| is stochastically bounded, because S_{n,[nt]} =⇒ S_α (t) in D_R [0, 1]. Hence one can assume that both the functions g and h are supported by a compact subset of the real line.

Then, because h is continuous and compactly supported, and hence uniformly continuous and uniformly bounded, it will follow from the convergence (14) that S_{n,[nt]}, 1√ n [nt]∑

k=1 g (S_{n,k−1}) ζ_k, 1 n [nt]∑

k=1 h (S_{n,k−1})

=⇒ S_α (t) , W √∫_t 0 g^2 (S_α (z)) dz, ∫_t 0 h (S_α (z)) dz in D_{R3} [0, 1] . (15)

To indicate briefly the relevant arguments for this convergence (for the details see Jeganathan (2006b, Proposition 2.2, Section 2)), first the^{fdd}=⇒ convergence in (15) follows for example using the arguments of the proof of Theorem 1, page 485 in Gikhman and Skorokhod (1969). If in addition h (u) nonnegative, then the tightness in D_R3 [0, 1] in (15) follows using (14) and Jacod and Shiryayev (1987, Theorem 3.37 (Statement (a)), page 318 and Corollary 3.33 (Statement (b)), page 317), in view of the fact that 1 n ∑_{[nt]} k=1 h (S_{n,k−1}) is monotone in t and its limit ∫_t 0 h (S_α (z)) dz is continuous in t. When h (u) is not nonnegative, the positive part h^+ (u) and the negative part h^− (u) are considered jointly, obtaining the tightness in D_R4 [0, 1], from which the required tightness in D_R3 [0, 1] in (15) will follow.

To deal with the case (13), we show that it reduces to the situation of (12). Recall that we assume in addition that E [ζ_1| ξ_1] = 0. Then, assuming without loss of generality that g (u) is, in addition to being continuous, compactly supported as is indicated above (and hence uniformly continuous and uniformly bounded), (g (S_{n,k}) − g (S_{n,k−1})) ζ_k form martingale differences with respect to the σ-fields σ (ξ_j, j ≤ k + 1, ζ_l, l ≤ k). The sum of the conditional variances of this differences with respect to these σ-fields is given by E [ζ^2_1 | ξ_1]^1_n ∑ (g (S_{n,k}) − g (S_{n,k−1}))^2, where E [ 1 n n∑ k=1 (g (S_{n,k}) − g (S_{n,k−1}))^2 ] = ∫_1 0 E [( g ( S_{n,[nt]} ) − g ( S_{n,[nt]−1} ))_2] dt → 0

because ( g ( S_{n,[nt]} ) − g ( S_{n,[nt]−1} ))_{2 p} → 0 for each t and g (u) is uniformly bounded. This will imply sup_{0≤t≤1} | | |^{1√}_n ∑_{[nt]} k=1 (g (S_{n,k}) − g (S_{n,k−1})) ζ_k | | |^p→ 0, because (g (Sn,k) − g (Sn,k−1)) ζk are martingale differences. Thus the situation (13) reduces to that of (12).

We remark that if ξ_j are such that E [ξ_1] = 0 and E [ξ^2_1 ] < ∞, or more generally if ξ_1 is in the domain of attraction of a normal distribution, then under the assumption E [ζ_1| ξ_1] = 0, the preceding results will remain true with S_2 (t) (α = 2 ) and B (t) independent Browning motions. This is because, with X_{n,k} = n^{−1/2} (ξ_k − E [ξ_1]) and Y_{n,k} =^{ζk√}_n as before, one has E_{k−1} [X_{n,k}Y_{n,k}] = E [X_{n,k}Y_{n,k}] = 0 in view of E [ζ_1| ξ_1] = 0, and hence (E2) holds. As already noted L_t ≡ 0, A_t (τ) ≡ 0 and B_t = tE [ξ^2_1 ], in addition to L^∗_t ≡ 0, A^∗_t (τ) ≡ 0 and B^∗_t = tE [ζ^2_1 ].

We also remark that because the framework of Theorems 1 and 2 are quite general, the iid structure of (ξ_j, ζ_j) can possibly be relaxed in many ways. One particularly interesting situation is the case of chain dependent variables described in Durrett and Resnick (1978, Example 4.1, and the references given there). In that work, the earlier details that preceed the Example 1 above for the iid sequence (ξ_j, ζ_j) of the present example are actually essentially carried out for such chain dependent variables. One can possibly use these details, as was done above for the present particular iid case, to obtain suitable extensions of the present example to such chain dependent variables. ■ Example 2. A situation related to this example arises in Jeganathan (2006a), where the results of the present paper are invoked. Because that situation is a bit complex, we describe a case which is simpler but still important enough to be applicable to many situations, as will become clear below. We also note that Theorem 2 was applicable in Example 1 above but not in this example.

Let the iid sequence (ξ_j, ζ_j), −∞ < j < ∞, be as in Example 1 above with E [ζ_1] = 0 and σ^2 = E [ζ^2_1 ] < ∞. We shall also require that the index α of the domain of attraction of ξ_j is such that 1 < α ≤ 2. (The reason for this restriction on α will become clear below.) In addition we shall assume that ξ_1 satisfies the Cramér’s condition limsup_{|u|→∞} | |E [e^{iuξ}1 ] | | < 1. (16)

Let the functions h (u) and g (u) be uniformly bounded and locally Riemann integrable functions, such that ∫_∞ −∞ |h (u)| du < ∞, ∫_∞ −∞ |g (u)| du < ∞. Consider the pairs (with X_{nk} as in (10) and S_{n,k} = ∑_k k=1 X_{nk}) β^n n [nt]∑

k=1 h (β_nS_{n,k−1}) , √ β_n n [nt]∑

k=1 g (β_nS_{n,k−1}) ζ_k , (17) where β_n is such that β_n → ∞ but^{βn}_n → 0. Pairs of this form arises in asymptotic inference problems in certain nonlinear time series regression models, see Park and Phillips (2001) for the particular case α = 2, in a manner analogous to that described in Example 1 above.

Now, because g (u) is uniformly bounded, Y_{n,k} = √ β_n n g (β_nS_{n,k−1}) ζ_k form martingale differences, with ∑ E_{k−1} [ Y^2_{n,k} ] = E [ζ^2_1 ]^{βn}_n ∑ g^2 (β_nS_{n,k−1}). It follows from Borodin and Ibragimov (1995, Ch. III. Sections 2 and 3) or Jeganathan (2004, Theorem 2) for a more explicit statement, that (when 1 < α ≤ 2 and when (16) and the stated conditions on h (u) and g (u) hold) S_{n,[nt]}, β^n n [nt]∑

k=1 g^2 (β_nS_{n,k−1}) f^{dd}=⇒ ( S_α (t) , L_t ∫ g^2 (u) du ) (18)

where L_t ≥ 0 a.s. is random, called the local time of the process S_α (t) at 0 up to the time t. (Remark: Actually Borodin and Ibragimov (1995) considers explicitly only the marginal convergence of^{βn}_n ∑_{[nt]} k=1 g^2 (β_nS_{n,k−1}) but it is implicit in their proof that the preceding joint convergence holds whenever S_{n,[nt]}^{fdd}=⇒ S_α (t), see Jeganathan (2004, Proposition 6 and Lemma 8).

The details regarding the local time L_t can be found for example in Borodin and Ibragimov (1995, Ch. 1, Section 4). In particular, the local time does not exist for 0 < α ≤ 1, and when 1 < α ≤ 2, it has the representation L_t =^1_{2π} ∫_∞ −∞ ∫_t 0 e^{iuSα(z)}dzdu. Note that L_t is a functional of S_α (t).

Now, ∑ E_{k−1} [ Y^2_{n,k}I{|_{Yn,k}|_{≥ε}} ] = β_n n ∑ g^2 (β_nS_{n,k−1}) ∫ {√_{βnn} |g(βnSn,k−1)||u|≥ε^} u^2dF_{ζ1} (u)

where

sup_k ∫ {√_{βnn} |g(βnSn,k−1)||u|≥ε^} u^2dF_{ζ1} (u) ≤ ∫ { sup_k √_{βnn} |g(βnSn,k−1)||u|≥ε^} u^2dF_{ζ1} (u)^p→ 0

because sup_k √_{βn} n |g (β_nS_{n,k−1})|^p→ 0 and E [ζ^2_1 ] < ∞. Hence ∑ E_{k−1} [ Y^2_{n,k}I{|_{Yn,k} |_{≥ε}} ]_p → 0, by (18).

Thus, (D1) - D4) hold with L^∗_t ≡ 0, B^∗_t = L_t ∫ g^2 (u) du and A^∗_t (τ) = 0 for all τ > 0.

Then, when 1 < α < 2, it follows from Remark 8 that [nt]∑

k=1 X_{nk}, √ β_n n [nt]∑

k=1 g (β_nS_{n,k−1}) ζ_k =⇒ ( S_α (t) , W √ L_t ∫ g^2 (u) du ) in D_R2 [0, 1] , (19) where W is standard normal independent of S_α (t) (and L_t ).

Next suppose that α = 2 and assume for convenience that E [ξ_1] = 0 and E [ξ^2_1 ] < ∞ (in which case a_n = √ n.) Then ∑ E_{k−1} [X_{nk}Y_{nk}] = √ β_n n ∑ g (β_nS_{n,k−1}) E [ξ_1ζ_1]^p→ 0

because^{βn}_n ∑ g (β_nS_{n,k−1}) is stochastically bounded (see (18)) and β_n → ∞. Thus, by Remark 8, the statement (19) holds for the case α = 2 also.

Now using the remark made immediately after (18), it follows from (19) (which holds for 1 < α ≤ 2 ) that

(17)^{fdd}=⇒ ( L_t ∫ h (u) du, W √ L_t ∫ g^2 (u) du ) . We note that the^{fdd}=⇒convergence here can be strengthened to =⇒ in D_R2 [0, 1] using the earlier arguments given in the context of obtaining =⇒ in D_R2 [0, 1] in (15) of Example 1 above, because it is known (Borodin and Ibragimov (1995, Ch. 1, Section 4)) that t −→ L_t is continuous in t with probability one.

4 PROOF OF THEOREM 1

4.1 PRELIMINARY APPROXIMATIONS We recall that the conditions (D1) - (D3) for {Y_{nk}; k = 1, ...} are assumed to hold for a dense subset T ⊂ [0, 1] and for a dense subset J ⊂ R− {0}. Because J is dense, it is easy to see using the familiar arguments (see for example Loève, M. (1963, Section 11.3, pages 180)) that (D1) is equivalent to the statement that for every bounded continuous functions h_1, ..., h_q that vanish in some neighborhood of 0 and for every t_1, ..., t_q in T ( S_n (t) , ∫ h_j (y) L^∗_{n,tl} (dy) , 1 ≤ j, l ≤ q )_{fdd} =⇒ ( S (t) , ∫ h_j (y) L^∗_{tl} (dy, S) , 1 ≤ j, l ≤ q )

where the limit L^∗_t (y, S) is as in (D1). In addition, for every bounded continuous func- tions g_1, ..., g_q ( S_n (t) , ∫ g_j (y) I_{{|y|≥a}}L^∗_{n,tl} (dy) , 1 ≤ j, l ≤ q )

fdd =⇒ ( S (t) , ∫ g_j (y) I_{{|y|≥a}}L^∗_{tl} (dy, S) , 1 ≤ j, l ≤ q ) (20)

for any a > 0 such that, with probability one, y −→ L^∗_{tl} (y, S) is continuous at y = ±a for all t_1, ..., t_q. The preceding two convergence statements are equivalent because the set I_{t1,...,tq} = { a > 0 :

L_{t1} (x) , ..., L_{tq} (x) are continuous at x = ±a and P [ L^∗_{t1} (y, S) , ..., L^∗_{tq} (y, S) are continuous at y = ±a ] = 1 } (21) is dense in (0, ∞). (I_{t1,...,tq} is the complement of a countable set, see Remark 2 in Section 2.2.).

Now, below in this subsection, ∑ stands for k_n(λ)∑

k=k_n(μ)+1

for some fixed μ < λ in T.

In this section we shall use the notations

X^{(τ )}_{nk} = X_{nk} − a_{Xnk} (τ) , Y^{(τ )}_{nk} = Y_{nk} − a_{Ynk} (τ) ,

F^X_{k−1} (x) = P_{k−1} [ X^{(τ )}_{nk} ≤ x ] , F^Y_{k−1} (y) = P_{k−1} [ Y^{(τ )}_{nk} ≤ y ] , F^{X,Y}_{k−1} (x, y) = P_{k−1} [ X^{(τ )}_{nk} ≤ x, Y^{(τ )}_{nk} ≤ y ] . (Note that τ in (C3) and τ in (D4) are different but we use the same notation for convenience.) Now, for any reals u and v, we have ∑ E_{k−1} [ e^{iuX(τ )nk +ivY (τ )nk} − 1 ]

= ∑ ∫ ( e^{iux+ivy} − 1 ) dF^{X,Y}_{k−1} (x, y) = iu ∑ a_X(τ )_{nk} (τ) + iv ∑ a_Y (τ )_{nk} (τ) + ∑ ∫ ( e^{iux+ivy} − 1 − iuxI_{{|x|<τ }} − ivyI_{{|y|<τ }} ) dF^{X,Y}_{k−1} (x, y) (22) where the last term itself can be split into the sum of three parts ∑ ∫ ( e^{iux+ivy} − 1 − iuxI_{{|x|<τ }} − ivyI_{{|y|<τ }} ) I_{{|x|<ϵ,|y|<ϵ}}dF^{X,Y}_{k−1} (x, y) , (23) ∑ ∫ ( e^{iux+ivy} − 1 − iuxI_{{|x|<τ }} − ivyI_{{|y|<τ }} ) I_{{|x|≥ϵ}}dF^{X,Y}_{k−1} (x, y) (24) and ∑ ∫ ( e^{iux+ivy} − 1 − iuxI_{{|x|<τ }} − ivyI_{{|y|<τ }} ) I_{{|x|<ϵ,|y|≥ϵ}}dF^{X,Y}_{k−1} (x, y) (25) The first step consists of the following important

Proposition 3. Assume that all the conditions of Theorem 1, except (C3) and (D3), are satisfied. Then the following approximations hold.

(i)._{kn} ∑ k=1 | |a_{X(τ )} nk (τ) | | p→ 0,^{kn}∑ k=1 | |a_{Y (τ )} nk (τ) | | p→ 0.

(ii). The difference between (24) and ∑ ∫ ( e^{iux} − 1 − iuxI_{{|x|<τ }} ) I_{{|x|≥ϵ}}dF^X_{k−1} (x) , (26) as well as the difference between (25) and ∑ ∫ ( e^{ivy} − 1 − ivyI_{{|y|<τ }} ) I_{{|y|≥ϵ}}dF^Y_{k−1} (y) , (27) converge to 0 in probability as n → ∞ first, and then ϵ → 0 along the set I_{μ,λ} in (21).

(iii). The difference between (23) and − u^2 2 ∑ σ^2_{Xnk} (ϵ) − v^2 2 ∑ σ^2_{Ynk} (ϵ) − uv ∑ σ_{Xnk ,Ynk} (ϵ) (28) converges to 0 in probability as n → ∞ first, and then ϵ → 0 along the set I_{μ,λ} in (21).

Proof of the statement (i) of Proposition 3. Recall that X^{(τ )}_{nk} = X_{nk} − a_{Xnk} (τ) and ∑ | |a_X(τ )_{nk} (τ) | | | = ∑ | | |E^{k−1} [ X^{(τ )}_{nk} I^{{|}_X(τ )_{nk}^|_{<τ}^} ]| | | . (29)

Also, ∑ | | |E^{k−1} [ X^{(τ )}_{nk} ( I^{{|}_X(τ )_{nk}^|_{<τ}^} − I_{{|Xnk |<τ }} )]| | | coincides (note that a^Xnk (τ) is A^{n,k−1} measurable) on the event {max_k |a_{Xnk} (τ)| < η}, η < τ, with ∑ I{|_{aXnk (τ )}|_{<η}} | | |E_{k−1} [ X^{(τ )}_{nk} ( I^{{|}_X(τ )_{nk}^|_{<τ}^} − I_{{|Xnk|<τ }} )]| |

≤ 2 (τ + η) k_n∑

k=1 P_{k−1} [τ − η ≤ |X_{nk}| < τ + η]^p→ 0 as n → ∞ first and then η → 0 because ±τ are continuity points of the Lévy measure L. Further, max_k |a_{Xnk} (τ)| ≤ δ + τ max P_{k−1} [δ ≤ |X_{nk}| < τ] for every δ > 0, and hence by (1),

max_k |a_{Xnk} (τ)|^p→ 0. (30)

Thus ∑ | | |E^{k−1} [ X^{(τ )}_{nk} ( I^{{|}_X(τ )_{nk}^|_{<τ}^} − I_{{|Xnk |<τ }} )]| | |^p→ 0.

In addition ∑ | |Ek−1 [ X^{(τ )}_{nk} I_{{|Xnk|<τ }} ]| | = ∑ |a_{Xnk} (τ)| P_{k−1} [|X_{nk}| ≥ τ] ≤ max_k |a_{Xnk} (τ)| k_n∑

k=1 P_{k−1} [|X_{nk}| ≥ τ]^p→ 0 by (30) and (C1).

Thus (29)^p→ 0. Similarly ∑ | |a_Y (τ )_{nk} (τ) | | |^p→ 0, completing the proof of Statement (i). ■

For the proofs of the remaining statements, we need Lemma 4.

ϵ^2 k_n∑

k=1 { P_{k−1} [| |X^{(τ )}_{nk} | | | ≥ ϵ ] + P_{k−1} [| |Y^{(τ )}_{nk} | | | ≥ ϵ ]}_p → 0 as n → ∞ first and then ϵ → 0.

Proof. For each ϵ ∈ I_{μ,λ}, where I_{μ,λ} is as in (21), we have

ϵ^2 k_n∑

k=1 P_{k−1} [| |Y^{(τ )}_{nk} | | ≥ ϵ] d=⇒ ϵ_2 ∫ {|y|≥ϵ} L^∗ (dy) as n → ∞. Now, in view of the fact ∫ (1 ∧ y^2) L^∗ (dy) < ∞ a.s., we have, with 0 < ϵ < 1 and as ϵ → 0, ϵ^2 ∫ {|y|>1} L^∗ (dy)^p→ 0,

ϵ^2 ∫ {1≥|y|>^√ϵ} L^∗ (dy) ≤ ϵ ∫ {1≥|y|>0} y^2L^∗ (dy)^p→ 0 and ϵ^2 ∫ {^√ϵ≥|y|>ϵ} L^∗ (dy) ≤ ∫ {^√ϵ≥|y|>ϵ} y^2L^∗ (dy)^p→ 0.

Hence ϵ^2 ∫ {|y|≥ϵ} L ∗ (dy)^p→ 0. Similarly ϵ^2 ∫ {|y|≥ϵ} L (dy) p → 0. The proof follows. ■ Proof of the statement (ii) of Proposition 3. The proof will depend on the use the condition (E1), in addition to the preceding Lemma 4. For notational convenience, we restrict to u = 1 = v. Then note that ( e^{ix+iy} − 1 − ixI_{{|x|<τ }} − iyI_{{|y|<τ }} ) − ( e^{ix} − 1 − ixI_{{|x|<τ }} ) = e^{ix} ( e^{iy} − 1 − iyI_{{|y|<τ }} ) + i ( e^{ix} − 1 ) yI_{{|y|<τ }} where | |(eix − 1) yI_{{|y|<τ }} | | ≤ |x| |y| ∧ 2τ and | |e^{iy} − 1 − iyI_{{|y|<τ }} | | ≤ { y^2 = y^2 ∧ τ^2 if |y| < τ 2 =^2_{τ 2} (y^2 ∧ τ^2) if |y| ≥ τ.

Thus the difference between the summand in (24) and that in (26) is bounded in absolute value by C ∫ ( |y|^2 ∧ τ^2 + |x| |y| ∧ 2τ ) I_{{|x|≥ϵ}}dF^{X,Y}_{k−1} (x, y) (31) for some C > 0 (C depends on τ). Now note that ∫ ( |y|^2 ∧ τ^2 + |x| |y| ∧ 2τ ) ( I_{{|x|≥ϵ}} − I_{{M≥|x|≥ϵ,|y|≤ϵ}2_} ) dF^{X,Y}_{k−1} (x, y) ≤ ( τ^2 + 2τ ) ∫ ( I_{{|x|≥M}} + I_{{|y|≥M}} + I_{{M≥|x|≥ϵ,M≥|y|≥ϵ}2_} ) dF^{X,Y}_{k−1} (x, y) = I_{1n} (M) + I_{2n} (M) + I_{3n} (M, ϵ) , say.

In addition, if ϵ ≤ τ, ∫ ( |y|^2 ∧ τ^2 ) I_{{M≥|x|≥ϵ,|y|≤ϵ}2_}dF^{X,Y}_{k−1} (x, y) ≤ ϵ^4 ∫ I_{{|x|≥ϵ}}dF^X_{k−1} (x) = I_{4n} (ϵ) , say, and in the same way, ∫ (|x| |y| ∧ 2τ) I_{{M≥|x|≥ϵ,|y|≤ϵ}2_}dF^{X,Y}_{k−1} (x, y) ≤ Mϵ^2 ∫ I_{{M≥|x|≥ϵ}}dF^X_{k−1} (x) = I_{5n} (M, ϵ) , say. Now, for each ϵ > 0 and M > 0, ∑ I_{3n} (M, ϵ)^p→ 0 as n → ∞ by the condition (E1).

In addition, for each M > 0, ∑ (I_{4n} (ϵ) + I_{5n} (M, ϵ))^p→ 0 as n → ∞ and then ϵ → 0, by Lemma 4.

Furthermore, ∑ (I_{1n} (M) + I_{2n} (M))^p→ 0 as n → ∞ and then M → ∞.

We have thus shown that the sum ∑ of (31) converges to 0 in probability as n → ∞ and then ϵ → 0, completing the proof of the first part of the statement (ii). In the same way the second part also follows. ■

Proof of the statement (iii) of Proposition 3. Note that, for some constant C > 0 (depending on u and v), | | |e^{iux+ivy} − 1 − iux − ivy + 1 2 (ux + vy)^2 | | | ≤ 1 6 |ux + vy|^3 ≤ Cϵ ( (ux)^2 + (vy)^2 ) if |x| < ϵ, |y| < ϵ. Hence the difference between (23) and − 1 2 ∑ ∫ (ux + vy)^2 I_{{|x|<ϵ,|y|<ϵ}}dF^{X,Y}_{k−1} (x, y) = − 1 2 ∑ E_{k−1} [( uX^{(τ )}_{nk} + vY^{(τ )}_{nk}

)_2 I^{{|}_X(τ )_{nk}^|_{<ϵ,}^|_Y (τ )_{nk}^|_{<ϵ}^} ] (32)

is bounded in absolute value by Cϵ ∑ ∫ ( (ux)^2 + (vy)^2 ) I_{{|x|<ϵ,|y|<ϵ}}dF^{X,Y}_{k−1} (x, y). There- fore it is enough to show that the difference between (28) and (32) converges to 0 in probability, as n → ∞ first and then ϵ → 0.

We have, | | | |E^{k−1} [| | |X^{(τ )}_{nk} | | |^2 ( I^{{|}_X(τ )_{nk}^|_{<ϵ,}^|_Y (τ )_{nk}^|_{<ϵ}^} − I^{{|}_X(τ )_{nk}^|_{<ϵ}^} )]| | | ≤ ϵ^2P^{k−1} [| |Y^{(τ )}_{nk} | | | ≥ ϵ ] . (33)

Further, noting X^{(τ )}_{nk} = X_{nk} − a_{Xnk} (τ), | | |E^{k−1} [| | |X^{(τ )}_{nk} | | |^2 | | |I^{{|}X^{(τ )}_{nk}^|<ϵ^} − I^{{|X}nk^{|<ϵ}} | | | ]| | | ≤ E_{k−1} [| |X (τ )_{nk} | |^2 ( I^{{|}_X(τ )_{nk}^|_{<ϵ,|Xnk |≥ϵ}^} + I^{{|}_X(τ )_{nk}^|_{≥ϵ,|Xnk|<ϵ}^} )]

≤ ϵ^2P_{k−1} [|X_{nk}| ≥ ϵ] + 2 ( ϵ^2 + max_k |a_{Xnk} (τ)|^2 ) P_{k−1} [| |X^{(τ )}_{nk} | | | ≥ ϵ ] . (34)

In addition, E_{k−1} [{ X^{(τ )}_{nk} I_{{|Xnk|<ϵ}} − ( X_{nk}I_{{|Xnk |<ϵ}} − a_{Xnk} (ϵ) )}2 ]

= E_{k−1} [{ a_{Xnk} (τ) I_{{|Xnk|<ϵ}} − a_{Xnk} (ϵ) }_2] ≤ 2 ( E_{k−1} [ X_{nk}I_{{ϵ≤|Xnk |<τ }} ])_2 + 2 (a_{Xnk} (τ))^2 P_{k−1} [|X_{nk}| ≥ ϵ] ≤ { τ^2 max_k P_{k−1} [|X_{nk}| ≥ ϵ] + 2 max_k |a_{Xnk} (τ)|^2 } P_{k−1} [|X_{nk}| ≥ ϵ] . (35)

In view of (1), (30) and Lemma 4, it follows from the above bounds (33) - (35) that, as

n → ∞ first and then ϵ → 0, ∑ E_{k−1} [{ X^{(τ )}_{nk} I^{{|}_X(τ )_{nk}^|_{<ϵ,}^|_Y (τ )_{nk}^|_{<ϵ}^} − ( X_{nk}I_{{|Xnk |<ϵ}} − a_{Xnk} (ε) ) }_2]_p

→ 0. (36)

Using the inequality, 2 |c^2 − d^2| = 2 |c − d| |c + d| ≤ M |c − d|^2 + M^{−1} |c + d|^2, we

have | |c^2 − d^2 | | ≤ (M + 1) |c − d|^2 + 4M^{−1} |d|^2 for all M > 0. (37)

Using this inequality, and in view of (36) and because E_{k−1} [(( X_{nk}I_{{|Xnk|<ϵ}} − a_{Xnk} (ε) ))_2] = σ^2_{Xnk} (ϵ), we see that ∑ | | | |E^{k−1} [| | |X^{(τ )}_{nk} | | |^2 I^{{|}_X(τ )_{nk}^|_{<ϵ,}^|_Y (τ )_{nk}^|_{<ϵ}^} ] − σ^2_{Xnk} (ϵ) | | | | is bounded by a

quantity that^p→ 0 as n → ∞ first, then ϵ → 0 and then M → ∞. ( ∑ σ^2_{Xnk} (ϵ) is

stochastically bounded.) Thus ∑ E_{k−1} [| | |X^{(τ )}_{nk} | | |^2 I^{{|}_X(τ )_{nk}^|_{<ϵ,}^|_Y (τ )_{nk}^|_{<ϵ}^} ] − ∑ σ^2_{Xnk} (ϵ)^p→ 0 (38)

as n → ∞ first and then ϵ → 0.

In exactly the same way, ∑ E_{k−1} [| | |Y^{(τ )}_{nk} | | |^2 I^{{|}_X(τ )_{nk}^|_{<ϵ,}^|_Y (τ )_{nk}^|_{<ϵ}^} ] − ∑ σ^2_{Ynk} (ϵ)^p→ 0. (39)

Next consider ∑ E_{k−1} [ X^{(τ )}_{nk} Y^{(τ )}_{nk} I^{{|}_X(τ )_{nk}^|_{<ϵ,}^|_Y (τ )_{nk}^|_{<ϵ}^} ] = E_{k−1} [φ_kϕ_k], where we let φ_k = X^{(τ )}_{nk} I^{{|}_X(τ )_{nk}^|_{<ϵ,}^|_Y (τ )_{nk}^|_{<ϵ}^}, ϕ_k = Y^{(τ )}_{nk} I^{{|}_X(τ )_{nk}^|_{<ϵ,}^|_Y (τ )_{nk}^|_{<ϵ}^}. Then, with U_k = X_{nk}I_{{|Xnk |<ϵ}} − a_{Xnk} (ϵ) and V_k = Y_{nk}I_{{|Ynk |<ϵ}} − a_{Ynk} (ϵ), E_{k−1} [|φ_kϕ_k − U_kV_k|] ≤ E_{k−1} [|φ_k| |ϕ_k − V_k|] + E_{k−1} [|V_k| |φ_k − U_k|] , where ∑ E_{k−1} [|V_k| |φ_k − U_k|] ≤ ∑ √ E_{k−1} [ |V_k|^2 ] E_{k−1} [ |φ_k − U_k|^2 ] ≤ (∑ E_{k−1} [ |V_k|^2 ]) ∑ E_{k−1} [ |φ_k − U_k|^2 ]_p → 0 by (36) and because E_{k−1} [ |V_k|^2 ] = σ^2_{Ynk} (ϵ). In the same way ∑ E_{k−1} [|φ_k| |ϕ_k − V_k|]^p→ 0. Hence, noting that σ_{Xnk ,Ynk} (ϵ) = E_{k−1} [U_kV_k], we have ∑ E_{k−1} [ X^{(τ )}_{nk} Y^{(τ )}_{nk} I^{{|}_X(τ )_{nk}^|_{<ϵ,}^|_Y (τ )_{nk}^|_{<ϵ}^} ] − ∑ σ_{Xnk ,Ynk} (ϵ)^p→ 0. This together with (38) and (39) implies that the difference between (28) and (32) converges to 0 in probability, as n → ∞ first and then ϵ → 0, completing the proof of the statement (iii) of the proposition 3. ■

We shall also need the following bound for (22), already implicit in the proof of Proposition 3.

Lemma 5. | | | | ∫ ( e^{iux+ivy} − 1 − iuxI_{{|x|<τ }} − ivyI_{{|y|<τ }} ) dF^{X,Y}_{k−1} (x, y) | | | | ≤ C (∫ ( x^2∧τ^2 ) dF^X_{k−1} (x) + ∫ ( y^2∧τ^2 ) dF^Y_{k−1} (y) )

for some constant C > 0 depending on τ, u and v.

Proof. First, the summand in (23) with ϵ = τ is bounded in absolute value by C ∫ ( x^2 + y^2 ) I_{{|x|<τ,|y|<τ }}dF^{X,Y}_{k−1} (x, y) (40) for some C > 0 depending on u and v. Also | | | ∫ x^2 ( I_{{|x|<τ,|y|<τ }} − I_{{|x|<τ }} ) dF^{X,Y}_{k−1} (x, y) | | | = | | | ∫ x^2I_{{|x|<τ,|y|≥τ }}dF^{X,Y}_{k−1} (x, y) | | | ≤ τ^2 ∫ I_{{|y|≥τ }}dF^Y_{k−1} (y) .

In the same way | | | ∫ y^2 ( I_{{|x|<τ,|y|<τ }} − I_{{|y|<τ }} ) dF^{X,Y}_{k−1} (x, y) | | | ≤ τ^2 ∫ I_{{|x|≥τ }}dF^X_{k−1} (x). Thus, (40) is bounded by C ∫ ( x^2I_{{|x|<τ }} + I_{{|x|≥τ }} ) dF^X_{k−1} (x) + C ∫ ( y^2I_{{|y|<τ }} + I_{{|y|≥τ }} ) dF^Y_{k−1} (y) = C ∫ ( x^2∧τ^2 ) dF^X_{k−1} (x) + C ∫ ( y^2∧τ^2 ) dF^Y_{k−1} (y) for some C > 0. (41)

Next, the difference between the summands in (24) and (26), both with ϵ = τ, is bounded in absolute value by (31), which in turn is bounded by (τ^2 + 2τ) ∫ I_{{|x|≥τ }}dF^X_{k−1} (x). In addition, the summand in (26) itself, with ϵ = τ is bounded in absolute value by 2 ∫ I_{{|x|≥τ }}dF^X_{k−1} (x). Thus the summand in (24) is bounded in absolute value by C ∫ I_{{|x|≥τ }}dF^X_{k−1} (x) for some C > 0 depending on τ, u and v. In the same way, the summand in (25), with ϵ = τ, is bounded in absolute value by C ∫ I_{{|y|≥τ }}dF^Y_{k−1} (y). This gives the required bound (because the preceding two bounds are already factored into (41)). ■ 4.2 PROOF OF THEOREM 1 UNDER THE RESTRICTION (46) We need to show that (S_n (t) , R_n (t)) is tight in D_R2 [0, 1], and that the finite dimensional distributions converge in distribution to those of the limit. The tightness is essentially known (for instance Jacod and Shiryayev (1987, Ch VI, Sections 4 and 5)), but for convenience we shall consider it separately in Section 4.4 below. Then, assuming tightness, we next consider the convergence of finite dimensional distributions. For this purpose it will be enough to restrict the index set to T ⊂ [0, 1] with T as in (D1), because T is dense in [0, 1].

Thus we consider the convergence of the sum r∑ l=1 u_l (S_n (λ_l) − S_n (λ_{l−1})) + q∑ j=1 v_j (R_n (t_j ) − R_n (t_{j−1}))

for finite values 0 = λ_0 < λ_1 < ... < λ_r ≤ 1 and 0 = t_0 < t_1 < ... < t_q ≤ 1 (contained in T ) and for reals u_1, ..., u_r and v_1, ..., v_q.

We remark that without loss of generality we can take q = r and (λ_1, ..., λ_r) = (t_1, ....t_q). Define (recall X^{(τ )}_{nk} = X_{nk} − a_{Xnk} (τ), Y^{(τ )}_{nk} = Y_{nk} − a_{Ynk} (τ) )

U_{nk} = u_lX^{(τ )}_{nk} , V_{nk} = v_lY^{(τ )}_{nk} , for k_n (t_{l−1}) < k ≤ k_n (t_l) , l = 1, ..., q.

(For notational convenience, we suppress the dependence of U_{nk} on u_i’s and of V_{nk} on v_i’s ). Then we need to consider, for each finite 0 = t_0 < t_1 < ... < t_q = 1, the sum q∑ l=1 (u_l (S_n (t_l) − S_n (t_{l−1})) + v_l (R_n (t_l) − R_n (t_{l−1})))

= k_n(t_q )∑

k=1 (U_{nk} + V_{nk}) + q∑ l=1 k_n(t_i)∑

k=k_n(t_{i−1})+1

(u_la_{Xnk} (τ) + v_la_{Ynk} (τ)) .

Now it is clear that the conditions (C1) - (C4) hold with appropriate limits when the array {U_{nk}, k_n (t_{l−1}) < k ≤ k_n (t_l) , l = 1, ..., q} is involved in place of the array {X_{nk}, k = 1, ...}. Similarly, (D1) - (D5) hold for the array{V_{nk}, k_n (t_{l−1}) < k ≤ k_n (t_l) , l = 1, ..., q}. (These arrays are now adapted to the array { A_{n,kn(tl−1)}, ..., A_{n,kn(tl)}, l = 1, ..., q } .) Thus the Proposition 3 also holds for these arrays.

Further note that these arrays depend on a_{Xnk} (τ) and a_{Ynk} (τ), but because of the statement (i) of Proposition 3 for these arrays, the corresponding L^∗_{n,t} (y) of (C1) and (D1) will be approximately the same as the ones obtained with the same arrays but with a_{Xnk} (τ) = 0 = a_{Ynk} (τ).

For convenience we next state this fact and some of its consequences in the form we shall need.

Corollary 6. Under the assumptions of Proposition 3, the difference between

k_n(t_q )∑

k=1 E_{k−1} [ e^{iUnk+iVnk} − 1 ]

and the sum q∑ l=1 {∫ ( e^{iulx} − 1 − iu_lxI_{{|x|<τ }} ) I_{{|x|≥ϵ}}d ( L_{n,ti} (x) − L_{n,ti−1} (x) )

+ ∫ ( e^{ivly} − 1 − iv_lyI_{{|y|<τ }} ) I_{{|y|≥ϵ}}d ( L^∗_{n,ti} (y) − L^∗_{n,ti−1} (y) )

+ k_n(t_i)∑

k=k_n(t_{i−1})+1 ( − u^2_l 2 σ^2_{Xnk} (ϵ) − v^2_l 2 σ^2_{Ynk} (ϵ) )

converges in probability to 0 as n → ∞ first, and then ϵ → 0 along the set I_{t0,t1,...,tq} defined in (21). In particular S_n (t) , A_{n,t}, A^∗_{n,t}, k_n(t_q )∑

k=1 E_{k−1} [ e^{iUnk +ivVnk} − 1 ] f^{dd}=⇒ ( S (t) , A_t, A^∗_t , q∑ l=1 ( ψ_{tl} (u_l) − ψ_{tl−1} (u_l) + ψ^∗_{tl} (u_l) − ψ^∗_{tl−1} (u_l) ) ) , (42) where ψ_t (u) = − 1 2 u^2B_t + ∫ ( e^{iux} − 1 − iuxI_{{|x|<τ }} ) dL_t (x) ,

ψ^∗_t (v) = − 1 2 u^2B^∗_t + ∫ ( e^{ivy} − 1 − ivyI_{{|y|<τ }} ) dL^∗_t (y) . ■ In the same way, in view of (22) and Lemma 5, we also in particular have the bound | | | | | l_2∧k_n(t_q ) ∑ k=l_1∧k_n(t_q )+1 E_{k−1} [ e^{iUnk+iVnk} − 1 ] | | | | | ≤ Γ_{nl2} − Γ_{nl1} + Γ^∗_{nl2} − Γ^∗_{nl1} (43)

(in particular | | | ∑_{l∧kn(tq )} k=1 E_{k−1} [ e^{iUnk +iVnk} − 1 ]| | ≤ Γnl + Γ^∗_{nl} ), where we let, for a suitable constant C > 0,

Γ_{nl} = C l∧k_n(t_q ) ∑ k=1 | |a_{X(τ )} nk (τ) | | + C^{l∧kn(tq )}∑ k=1 ∫ ( x^2∧τ^2 ) dF^X_{k−1} (x) ,

Γ^∗_{nl} = C l∧k_n(t_q ) ∑ k=1 | | |a_Y (τ )_{nk} (τ) | | | + C l∧k_n(t_q ) ∑ k=1 ∫ ( y^2∧τ^2 ) dF^Y_{k−1} (y) (44)

Note further that, in view of (1), we always have sup 1≤k≤k_n | E_{k−1} [ e^{iUnk+iVnk} − 1 ]|_p → 0. (45)

As a first step we complete the proof of Theorem 1 under the restriction

Γ_{n,kn} + Γ^∗_{n,kn} ≤ K a.s (46)

for some constant K > 0, which restriction will then be removed in the next step (Section 4.3 below). We then have the following approximation result.

Proposition 7. E [ e^{∑kn(tq )k=1 (Unk+Vnk )−∑kn(tq )k=1 Ek−1}[^{eiUnk +iVnk −1}] ] − 1 → 0.

Proof. In view of (43), (45) and (46), the proof is identical with Lemma 6 in Jeganathan (1982) (which proof itself is based on Brown and Eagleson (1971)). ■ Now to complete the proof of the^{fdd}=⇒, we shall use the preceding Proposition 7 together with the convergence (42) of Corollary 6. Note that the tightness in D_R [0, 1] of each of the first three components follows from the assumptions. Recall also that we have assumed that (S_n (t) , R_n (t)) is tight in D_R2 [0, 1] (see Section 4.4 below), and hence is tight in (D_R [0, 1])^2 also.

Thus the process ( S_n (t) , R_n (t) , A_{n,t}, A^∗_{n,t}, ∑_{kn(tq )} k=1 E_{k−1} [ e^{iUnk +ivVnk} − 1 ]) is relatively

compact in the product space (D_R [0, 1])^4 × R. Assume for convenience that it converges in (D_R [0, 1])^4 × R for the sequence {n} itself to the limit ( S (t) , R^# (t) , A_t, A^∗_t , q∑ l=1 ( ψ_{tl} (u_l) − ψ_{tl−1} (u_l) + ψ^∗_{tl} (u_l) − ψ^∗_{tl−1} (u_l) ) ) , say,

for some limiting process R^# (t). Note that this convergence in particular entails the fdd =⇒. Then, in view of Proposition 7 and because of (43), E [ e^{∑(Unk+Vnk)−∑ Ek−1}[^{eiUnk+iVnk −1}] ]

→ E [ e ∑_q l=1 { u_l(S(t_l)−S(t_{l−1}))+v_l ( R^#(t_l)−R^#(t_{l−1})− ( A^∗_{tl} −A^∗_{tl−1} )) − ( ψ^∗_{tl} (v_l)−ψ^∗_{tl−1} (v_l) )}]

×e^{− ∑ql=1}{^{ul}(^{Atl −Atl−1} )^+(^{ψtl (ul)−ψtl−1 (ul)})} ≡ 1. (47)

(Recall that A_t and ψ_t (u) are nonrandom and A^∗_t and ψ^∗_t (v) are functionals of S = (S (u) , 0 ≤ u ≤ 1).) Taking v_l = 0, this in particular gives E [ e^{∑ql=1 ul(S(tl)−S(tl−1))} ] = e^{∑ql=1}{^{ul}(^{Atl −Atl−1} )^+(^{ψtl (ul)−ψtl−1 (ul)})}. Substituting this in the identity (47), and taking into account the remark made at the beginning of this subsection, the identity (47) gives E [ e ∑_r j=1 u_j S(λ_j )+ ∑_q l=1 { v_l ( R^#(t_l)−R^#(t_{l−1})− ( A^∗_{tl} −A^∗_{tl−1} )) − ( ψ^∗_{tl} (v_l)−ψ^∗_{tl−1} (v_l) )}] = E [ e^{∑rj=1 uj S(λj )} ]

for every 0 = λ_0 < λ_1 < ... < λ_r ≤ 1 and 0 = t_0 < t_1 < ... < t_q ≤ 1 and for reals u_1, ..., u_r and v_1, ..., v_q. Because the preceding identity holds for every 0 < λ_1 < ... < λ_r ≤ 1, we have E [ e ∑_q l=1 { v_l ( R^#(t_l)−R^#(t_{l−1})− ( A^∗_{tl} −A^∗_{tl−1} )) − ( ψ^∗_{tl} (v_l)−ψ^∗_{tl−1} (v_l) )}| | | | S ] ≡ 1. Because A^∗_{tl} and ψ^∗_{tl} (v_l) are functionals of S, this is equivalent to E [ e^{∑ql=1 vl}(^{R#(tl)−R#(tl−1)}) | | | S ] = e ∑_q l=1 { v_l ( A^∗_{tl} −A^∗_{tl−1} ) + ( ψ^∗_{tl} (v_l)−ψ^∗_{tl−1} (v_l) )}

= E [ e^{∑ql=1 vl(R(tl)−R(tl−1))} | | S ] . (Note that the process R (t) as defined in the statement of Theorem 1 is well defined.) This gives the required finite dimensional convergence (under the restriction (46)). ■

4.3 RELAXATION OF THE RESTRICTION (46).

We have ( Γ_{n,kn(t)}, Γ^∗_{n,kn(t)} )_{fdd} =⇒ (Γ_t, Γ^∗_t ) (48)

where (with C as in the definitions of Γ_{n,kn(t)} and Γ^∗_{n,kn(t)} in (44))

Γ_t = CB_t + C ∫ x^2∧τ^2dL_t (x) , Γ^∗_t = CB^∗_t + C ∫ y^2∧τ^2dL^∗_t (y) .

We note that Γ_{nk} and Γ^∗_{nk} are A_{n,k−1} measurable. Now let, for some η > 0,

κ = Γ_1 + η. (49)

(Recall that Γ_t are nonrandom and Γ_t ≤ Γ_1. ) Define X^∗_{nk} = I_{{Γnk≤κ}}X_{nk}, Y^∗_{nk} = I{_Γ∗_{nk ≤α}}Y_{nk} for a given α > 0. We then have a_X∗_{nk} (τ) = I_{{Γnk≤κ}}a_{Xnk} (τ) , (50)

δ^2_X∗_{nk} (ϵ) = E_{k−1} [ X^{∗2}_{nk}I_{{|Xnk |<ϵ}} ] − ( E_{k−1} [ X^∗_{nk}I_{{|Xnk |<ϵ}} ])_2 = I_{{Γnk ≤κ}}σ^2_{Xnk} (ϵ) (51) and E [( e^{iuX∗nk} − 1 − iuX^∗_{nk}I_{{|Xnk |<τ }} ) I_{{|Xnk|≥ϵ}} ] = I_{{Γnk≤κ}}E [( e^{iuXnk} − 1 − iuX_{nk}I_{{|Xnk|<τ }} ) I_{{|Xnk |≥ϵ}} ] . (52)

The same relations (50) - (52) hold with the X^∗_{nk}, X_{nk}, Γ_{nk} and κ replaced respectively by Y^∗_{nk}, Y_{nk}, Γ^∗_{nk} and α.

Lemma 8.(i).

P E [( e^{iuX∗nk} − 1 − iuX^∗_{nk}I_{{|Xnk |<τ }} ) I_{{|Xnk |≥ϵ}} ] = E [( e^{iuXnk} − 1 − iuX_{nk}I_{{|Xnk|<τ }} ) I_{{|Xnk |≥ϵ}} ] , a_X∗_{nk} (τ) = a_{Xnk} (τ) , δ^2_X∗_{nk} (ϵ) = σ^2_{Xnk} (ϵ) for all 1 ≤ k ≤ k_n and ϵ > 0 → 1.

(ii). k_n(t)∑

k=1 δ^2_Y ∗_{nk} (ϵ) = k_n(t)∑

k=1 I{_Γ∗_{nk ≤α}}σ^2_{Ynk} (ϵ)^{fdd}=⇒ ∫_t 0 I{_Γ∗_{λ≤α}}dB^∗_λ = B^∗_{t,α}, say, (53) and, when y −→ L^∗_{tl} (y, S) is continuous at y = ±ϵ, k_n(t)∑

k=1 E [( e^{ivY ∗nk} − 1 − ivY^∗_{nk}I_{{|Ynk|<τ }} ) I_{{|Ynk|≥ϵ}} ] fdd =⇒ ∫ ( e^{ivy} − 1 − ivyI_{{|y|<τ }} ) I_{{|y|≥ϵ}}dL^∗_{t,α} (y) (54) where (with L^∗ (y, t) = L^∗_t (y) ) L^∗_{t,α} (y) = ∫_t 0 I{_Γ∗_{λ≤α}}dL^∗ (y, dλ) . (55) Proof. The proof of the statement (i) is clear because the event {Γ_{n,kn} ≤ κ} implies the event in question by (50) - (52), and because P [Γ_{n,kn} > κ] → 0 in view of (49).

For the statement (ii), we establish (53), and the proof of (54) is similar in view of the fact that (52) holds for Y_{nk} also (with I{_Γ∗_{nk ≤α}} in place of I_{{Γnk≤κ}} ). First, for a given η > 0, one can find continuous, nonnegative, nonincreasing functions h_1 (y) and h_2 (y) such that

0 ≤ h_1 (y) ≤ I_{{y≤α}} ≤ h_2 (y) with h_2 (y) − h_1 (y) ≤ I_{{α−η<y≤α+η}} for all y.

Also, because Γ^∗_{n,kn(t)} is nondecreasing in t, with its limit Γ^∗_t continuous in t, and because −h_1 (y) is nondecreasing and continuous in y, we have sup |λ−μ|≤1/q | |h_1 (Γ^∗_{n,kn(λ)}) − h_1 (Γ^∗_{n,kn(μ)}) | |^p→ 0 (56)

as n → ∞ first and then q → ∞. The same holds for h_2 (y).

We have ∑_{kn(t)} k=1 h_1 (Γ^∗_{nk}) σ^2_{Ynk} (ϵ) = ∑_q l=1 ∑k_n(t∧^l_q ) k=k_n(t∧^{l−1}_q )+1 h1 (Γ ∗ nk) σ^2_{Ynk} (ϵ). The difference between this and q∑ l=1 h_1 ( Γ^∗_{n,kn}(_{t∧ l−1q} ) ) kn(t∧^l_q )∑ k=k_n(t∧^{l−1}_q )+1

σ^2_{Ynk} (ϵ) (57)

is bounded in absolute value by sup |λ−μ|≤1/q | |h_1 (Γ^∗_{n,kn(λ)}) − h_1 (Γ^∗_{n,kn(μ)}) | | k_n∑

k=1 σ^2_{Ynk} (ϵ)^p→ 0

as n → ∞ and then q → ∞, in view of (56). Further,

(57)^{fdd}=⇒ q∑ l=1 h_1 ( Γ^∗_{t∧} l−1_q ) ( B^∗_{t∧} l_q − B^∗_{t∧} l−1_q ) which in turn converges in probability to ∫_t 0 h_1 (Γ^∗_λ) dB^∗_λ. Thus we have shown that k_n(t)∑

k=1 h_1 (Γ^∗_{nk}) σ^2_{Ynk} (ϵ)^{fdd}=⇒ ∫_t 0 h_1 (Γ^∗_λ) dB^∗_λ.

In the same way ∑_{kn(t)} k=1 h_2 (Γ^∗_{nk}) σ^2_{Ynk} (ϵ)^{fdd}=⇒ ∫_t 0 h_2 (Γ^∗_λ) dB^∗_λ. Now ∑_{kn(t)} k=1 (h_2 (Γ^∗_{nk}) − h_1 (Γ^∗_{nk})) σ^2_{Ynk} (ϵ)^{fdd}=⇒ ∫_t 0 (h_2 (Γ^∗_λ) − h_1 (Γ^∗_λ)) dB^∗_λ, which limit is bounded by

∫_1 0 I{_{α−η<Γ}∗_{λ≤α+η}}dB^∗_λ ≤ ∫_1 0 I{_{α−η<Γ}∗_{λ≤α+η}}dΓ^∗_λ = Γ^∗_{ρ1} − Γ^∗_{ρ2} ≤ 2η where ρ_1 is such that Γ^∗_{ρ1} = α + η if α + η < Γ^∗_1 and ρ_1 = 1 if α + η ≥ Γ^∗_1. Here we have used the continuity of Γ^∗_t in t. Similarly ρ_2 is defined with α − η. Hence (53) follows. ■ Now define U^∗_{nk} and V^∗_{nk} in terms of X^∗_{nk} and Y^∗_{nk} in exactly the same way as U_{nk} and V_{nk} were defined in terms of X_{nk} and Y_{nk} in the preceding Section 4.2. Then Proposition 3 and Corollary 6 hold for the variables U^∗_{nk} and V^∗_{nk} also, with the following modifications. The bound (43) will now take the form (with the constant C as in (44))

C l_2∧k_n(t_q ) ∑ k=l_1∧k_n(t_q )+1 { I_{{Γnk≤κ}} (| |a_{X(τ )} nk (τ) | | + ∫ x^2∧τ^2dF^X_{k−1} (x) )

+ I{_Γ∗_{nk ≤α}} (| |a_Y (τ )_{nk} (τ) | | + ∫ y_2∧τ_2dF Y_{k−1} (y))} ≤ α + κ where the bound α + κ is obtained in view of the definitions of Γ_{nk} and Γ^∗_{nk} in (44).

Hence, Proposition 7 holds when U^∗_{nk} + V^∗_{nk} are involved in place of U_{nk} + V_{nk}. Therefore, if now Q_α (t) is the limit of ∑_{kn(t)} j=1 ( Y^∗_{nj} − a_Y ∗_{nj} (τ) ) , then in view of Lemma 8, E [ e^{∑ql=1 vl(Qα(tl)−Qα(tl−1))} | | S] = e^{∑q}_{l=1}^(ψ^∗_{tl,α}(vl)−ψ^∗_{tl−1,α} (vl)^) (58) where ψ^∗_{t,α} (v) = − 1 2 v^2B^∗_{t,α} + ∫ ( e^{ivy} − 1 − ivyI_{{|y|<τ }} ) dL^∗_{t,α} (y) with B^∗_{t,α} and L^∗_{t,α} (y) as defined in (53) and (55). Note that P [ sup_t | ψ^∗_{t,α} (v) − ψ^∗_t (v) | ≠ 0 ] ≤ P [Γ^∗_1 > α] → 0 as α → ∞

and in the same way

P k_n(t)∑

j=1 ( Y^∗_{nj} − a_Y ∗_{nj} (τ) ) ≠ k_n(t)∑

j=1 ( Y_{nj} − a_{Ynj} (τ) ) for some t ∈ [0, 1] ≤ P [Γ^∗_{nk} > α] where lim_{α→∞} limsup_{n→∞} P [Γ^∗_{nk} > α] = 0. Thus taking the limit as α → ∞ on both sides of (58) E [ e ∑_q l=1 v_l ( R(t_l)−R(t_{l−1})− ( A^∗_{tl} −A^∗_{tl−1} ))| | | | S ] = e ∑_q l=1 ( ψ^∗_{tl} (v_l)−ψ^∗_{tl−1} (v_l) ) . Noting that A^∗_t are functionals of S, this proves the convergence of finite dimensional distributions. ■

4.4 TIGHTNESS OF (S_n (t) , R_n (t)) The tightness of (S_n (t) , R_n (t)) in D_R2 [0, 1] is essentially contained in Jacod and Shiryayev (1987, Ch VI, Section 4b, page 322), based on a certain criterion due to Aldous (1978). Because we shall need this criterion in Section 5 below, we shall present it. Actually, in view of the specific nature of our centering (see the earlier Remark 6 in Section 2.4), this criterion will be satisfied for (S_n (t) , R_n (t)) whenever it is satisfied for each of S_n (t) and R_n (t) separately.

To state the criteria, it is convenient to extend (S_n (t) , R_n (t)) to t ∈ [0, ∞), by taking X_{nj} and Y_{nj} as before for 1 ≤ j ≤ k_n and letting X_{nj} = 0 = Y_{nj} if j > k_n. (Recall that k_n = k_n (1) is a stopping time). Similarly, take A_{n,j} = A_{n,kn} if j > k_n. Then note that (S_n (t) , R_n (t)) = (S_n (1) , R_n (1)) if 1 < t < ∞ (as well as a_{Ynj} (τ) = 0 = a_{Xnj} (τ) if j > k_n ).

As in Aldous (1978), the preceding extension is just to avoid the inconvenience of dealing with the stopping times T that will take their values in [0, 1] but T + δ may lie outside [0, 1]. Then, the criteria of Aldous (1978) (as modified in Jacod and Shiryayev (1987, Ch VI, Section 4a) states that (S_n (t) , R_n (t)) will be tight in D_R2 [0, 1] if

lim_{α→∞} limsup_{n→∞} P [ sup_{0≤t≤1} {|S_n (t)| + |R_n (t)|} > α ] = 0 (59)

and for every η > 0,

lim_{δ→0} limsup_{n→∞} sup_{T ∗≤T ≤T ∗+δ} P [|S_n (T ) − S_n (T^∗)| + |R_n (T ) − R_n (T^∗)| > η] → 0 (60)

where the supremum is with respect to all stopping times T and T^∗ satisfying T^∗ ≤ T ≤ T^∗ + δ and adapted to { A_{nkn(t)}; t ∈ [0, 1] } . Now when (59) and (60) involves either S_n (t) only or R_n (t) only, the verification of them based on the present assumptions (C1) - (C4) or (D1) - (D4) follow from Jacod and Shiryayev (1987, Ch VI, Theorem 4.18, page 323), where note that the “Ctightness” in part (iii) of Theorem 4.18 follows because of the assumptions (C4) and (D4). (Note however that the stopping times are with respect to the common filtration { A_{nkn(t)}; t ∈ [0, ∞) } ) Hence (59) and (60) follow. ■

Remark 11. We now indicate the modifications required for the validity of Theorem 1 for the situation of Remark 5. We consider the case (S_n (t) , R_n (t)) = (∑_{[nt]} k=1 X_{nk}, ∑_{kn(t)} k=1 Y_{nk} ) . Regarding the modifications for Section 4.2, define now (with X^{(τ )}_{nk} and Y^{(τ )}_{nk} defined in Section 4.2), letting k^∗_n (t_q) = [nt_q] ∨ k_n (t_q),

U_{nk} = u_lX^{(τ )}_{nk} , [nt_{l−1}] < k ≤ [nt_l] , l = 1, ..., q, U^′_{nk} = 0, [nt_q] < k ≤ k^∗_n (t_q) ,

U^′_{nk} = U_{nk}, k_n (t_{l−1}) < k ≤ k_n (t_l) , l = 1, ..., q, k_n (t_q) < k ≤ k^∗_n (t_q) , and V_{nk} = v_lY^{(τ )}_{nk} , k_n (t_{l−1}) < k ≤ k_n (t_l) , l = 1, ..., q, V_{nk} = 0, k_n (t_q) < k ≤ k^∗_n (t_q) .

This gives the arrays {U^′_{nk}; k = 1, ..., k^∗_n (t_q)} and {V_{nk}; k = 1, ..., k^∗_n (t_q)}, both adapted to the same array { A_{n,kn(tl−1)}, ..., A_{n,kn(tl)}, l = 1, ..., q, A_{n,kn(tq )}, ..., A_{n,k}∗_{n(tq )} } . (We note that this statement breaks down in general if S_n (t) = ∑_k′_{n(t)} k=1 X_{nk} where the stopping time k^′_n (t) is different from k_n (t) or from [nt]. )

Now Proposition 3 holds for these arrays when the sums involved in its statements are taken to be ∑_{kn(tq )} k=1 + ∑_k∗_{n(tq )} k=k_n(t_q )+1. This is because all the bounds involved in the proof

of Proposition 3 will be in terms of either the sum ∑_n k=1 of the quantities associated with the array {X_{nk}; k = 1, ..., n} or the sum ∑_{kn} k=1 of those associated with the array {Y_{nk}; k = 1, ..., k_n}. In addition note that the sum (26) in terms of U^′_{nk} can be rewritten in terms of U_{nk}, in which case the sum takes the form ∑_q l=1 ∑_{[nti]} k=[nt_{i−1}]+1.

The remaining modifications in Sections 4.2 and 4.3 are clear, obtaining the^{fdd}=⇒. The tightness also follows because as noted above (59) and (60) involve S_n (t) and R_n (t) only separately. ■

5 PROOF OF THEOREM 2

5.1 PROOF FOR THE SPECIAL CASE g (u, v) = h (v) We first consider the particular case g (u, v) = h (v), because much of the arguments of this case essentially become applicable to the more delicate general situation of Theorem 2. The arguments below are based on LeCam (1986, Proposition 5, page 443). We shall verify the conditions of Theorem 1 (which dealt with the array {X_{nk}, Y_{nk}, k = 1, ...}) for the array {X_{nk}, h (Y_{nk}) , k = 1, ...}. First consider (D1). Note that if g_j (y) vanishes in some neighborhood of 0, then y −→ g_j (h (y)) also vanishes in some neighborhood of 0 in view of the continuity of h (y). Also if L^{∗∗}_{n,t} (dy) is as defined in (6) with Y_{nk} replaced by h (Y_{nk}), then ∫ g_j (y) L^{∗∗}_{n,t} (dy) =

∫ g_j (h (y)) L^∗_{n,t} (dy). Hence it follows from (20) that (D1) holds for the array {h (Y_{nk}) , k = 1, ...},

with the limit L^{∗∗}_t (y, S) defined by ∫ g (y) L^∗_t (dy, S) = ∫ g (h (y)) L^∗_t (dy, S) for every g (y) vanishing outside a neighborhood of 0.

Next, note that (E1) holds because h (v) is continuous. Regarding the conditions

(D2) and (E2), they follow from the following Lemma 9, where we define

δ^2_{h(Ynk )} (ϵ) = E_{k−1} [ h^2 (Y_{nk}) I_{{|Ynk|<ϵ}} ] − ( E_{k−1} [ h (Y_{nk}) I_{{|Ynk|<ϵ}} ])_2 . Recall that the conditions on g (u, v) reduce to (see Remark 9): (i) v −→ h (v) is continu-

ous, (ii) h (0) = 0 and (iii) there are constants h^′ and h^{′′} such that^1_{v2} | |h (v) − vh_′ −_v2_2 h_{′′} | | → 0 as v → 0.

Lemma 9 As n → ∞ first and then ϵ → 0, we have ∑ ( σ^2_{h(Ynk )} (ϵ) − δ^2_{h(Ynk)} (ϵ) )_p → 0, (61)

∑ σ_{Xnk,h(Ynk )} (ϵ) − h^′ ∑ σ_{Xnk ,Ynk} (ϵ)^p→ 0 (62) and ∑ δ^2_{h(Ynk )} (ϵ) − h^{′2} ∑ E_{k−1} [ Y^2_{nk}I_{{|Ynk |<ϵ}} ]_p → 0. (63)

Proof. We first verify (63). Note that by (1) and (D1), for each ϵ > 0, ∑ | |E_{k−1} [Y_{nk}I_{{ϵ≤|Ynk |<τ }}] | |^2 ≤ τ^2 sup j P_{j−1} [|Y_{nj}| ≥ ϵ] ∑ P_{k−1} [|Y_{nk}| ≥ ϵ]^p→ 0 for any 0 < ϵ < τ. Hence, in view of the assumption (9), ∑ | |E_{k−1} [Y_{nk}I_{{|Ynk|<ϵ}}] | |^{2 p}→ 0. (64)

In particular ∑ σ^2_{Ynk} (ϵ) − ∑ E_{k−1} [ Y^2_{nk}I_{{|Ynk|<ϵ}} ]_p → 0 (65) Now, by assumption, (|h (Y_{nk})| + |Y_{nk}|) I_{{|Ynk|<ϵ}} ≤ Kϵ and |h (Y_{nk}) − h^′Y_{nk}| I_{{|Ynk|<ϵ}} ≤ KY^2_{nk}I_{{|Ynk|<ϵ}} (66) for some constant K, so that (using |a^2 − b^2| ≤ |a − b| (|a| + |b|) ), | | | | |E_{k−1} [h (Y_{nk}) I_{{|Ynk |<ϵ}}] | |^2 − | |h^′E_{k−1} [Y_{nk}I_{{|Ynk |<ϵ}}] | |^2 | | | ≤ K^2ϵEk−1 [ Y^2_{nk}I_{{|Ynk |<ϵ}} ] .

Hence, by (64) and (65), ∑ | |E_{k−1} [h (Y_{nk}) I_{{|Ynk|<ϵ}}] | |^{2 p}→ 0 (67)

as n → ∞ first and then ϵ → 0. Similarly, by (66), ∑ | |Ek−1 [ |h (Y_{nk}) − h^′Y_{nk}|^2 I_{{|Ynk|<ϵ}} ]| | ≤ Kϵ^2 ∑ E_{k−1} [ Y^2_{nk}I_{{|Ynk|<ϵ}} ] , (68)

and hence using (65) and the inequality (37) ∑ E_{k−1} [ h^2 (Y_{nk}) I_{{|Ynk|<ϵ}} ] − h^{′2} ∑ E_{k−1} [ Y^2_{nk}I_{{|Ynk |<ϵ}} ]_p → 0 as n → ∞ first and then ϵ → 0. Hence (63) follows from (67).

We next show (61). We have, for some positive constants K_1 and K_2, ∑ E_{k−1} [ h^2 (Y_{nk}) | |I_{{|Ynk|<ϵ}} − I_{{|h(Ynk)|<ϵ}} | |] ≤ E_{k−1} [ h^2 (Y_{nk}) ( I_{{|Ynk|<ϵ,|h(Ynk )|≥ϵ}} + I_{{|h(Ynk )|<ϵ,|Ynk |≥ϵ}} )] ≤ K_1ϵ^2P_{k−1} [|Y_{nk}| ≥ ϵK_2]^p→ 0 (69)

as n → ∞ first and then ϵ → 0. Here^p→ 0 is obtained by Lemma 4, and the last

inequality is obtained because the assumption on h (v) entails that there is a η such that

|h (v) − h^′v| ≤ Kv^2 for all 0 < |v| ≤ η for some K > 0, so that for all sufficiently small ϵ > 0, I_{{|Ynk|<ϵ,|h(Ynk )|≥ϵ}} ≤ I_{{|Ynk|<ϵ,|Ynk|≥cϵ}} for some c > 0. The same arguments also give ∑ E_{k−1} [ h^2 (Y_{nk}) | |I_{{|Ynk |<ϵ}} − I_{{|h(Ynk)|<ϵ}} | |^2 ]_p → 0 (70)

as n → ∞ first and then ϵ → 0, from which, using (67) and the inequality (37), we get | | | ∑ | |E_{k−1} [h (Y_{nk}) I_{{|h(Ynk)|<ϵ}}] | |^2 − ∑ | |E_{k−1} [h (Y_{nk}) I_{{|Ynk|<ϵ}}] | |^2 | | |^p→ 0. (71)

This together with (67) and (68) gives (61).

To prove (62), recall that σ_{Xnk ,Ynk} (ϵ) = ∑ E_{k−1} [( X_{nk}I_{{|Xnk |<ϵ}} − a_{Xnk} (ϵ) ) ( Y_{nk}I_{{|Ynk |<ϵ}} − a_{Ynk} (ϵ) )] . Hence | | | ∑ σ_{Xnk ,Ynk} (ϵ) − ∑ E_{k−1} [( X_{nk}I_{{|Xnk|<ϵ}} − a_{Xnk} (ϵ) ) Y_{nk}I_{{|Ynk |<ϵ}} ]| | ≤ ∑ | |E_{k−1} [(X_{nk}I_{{|Xnk|<ϵ}} − a_{Xnk} (ϵ)) a_{Ynk} (ϵ)] | | ≤ ∑ √ σ^2_{Xnk} (ϵ) (a_{Ynk} (ϵ))^2 ≤ ∑ σ^2_{Xnk} (ϵ) ∑ (a_{Ynk} (ϵ))^{2 p}→ 0 as n → ∞ first and then ϵ → 0, in view of (9) and (C3). In the same way, because of (67) and (71), ∑ σ_{Xnk ,h(Ynk )} (ϵ) − ∑ E_{k−1} [( X_{nk}I_{{|Xnk |<ϵ}} − a_{Xnk} (ϵ) ) h (Y_{nk}) I_{{|h(Ynk)|<ϵ}} ]_p → 0.

Further, ∑ | |E_{k−1} [(X_{nk}I_{{|Xnk|<ϵ}} − a_{Xnk} (ϵ)) (h (Y_{nk}) I_{{|h(Ynk )|<ϵ}} − h^′Y_{nk}I_{{|Ynk |<ϵ}})] | | ≤ ∑ σ^2_{Xnk} (ϵ) ∑ E_{k−1} [( h (Y_{nk}) I_{{|h(Ynk )|<ϵ}} − h^′Y_{nk}I_{{|Ynk |<ϵ}} )_2]_p → 0 because of (68) and (69). Thus (62) follows from the three displayed convergencies, completing the proof of the Lemma. ■

Thus, Proposition 3 together with Lemma 5 and Corollary 6 hold for the array {X_{nk}, h (Y_{nk}) , k = 1, ...}. In particular, the difference between ∑ E_{k−1} [ e^{iu}(^{Xnk−aXnk (τ )})^{+iv} ( h(Y_{nk})−a_h(_{Ynk})(τ ) ) − 1 ]

and ∑ ∫ ( e^{iux} − 1 − iuxI_{{|x|<τ }} ) dF^X_{k−1} (x)+ ∑ ∫ ( e^{ivh(y)} − 1 − ivh (y) I_{{|h(y)|<τ }} ) dF^Y_{k−1} (y) converges to 0 in probability. In view of (61), the second term of the last sum is approximated by − v^2 2 ∑ δ^2_{h(Ynk )} (ϵ) + ∫ ( e^{ivh(y)} − 1 − ivh (y) I_{{|h(y)|<τ }} ) I_{{|y|≥ϵ}}dL^∗_{n,t} (dx) as n → ∞ first and then ϵ → 0. Further iv ∑ a_{h(Ynk)} (τ) + ∫ ( e^{ivh(y)} − 1 − ivh (y) I_{{|h(y)|<τ }} ) I_{{|y|≥ϵ}}dL^∗_{n,t} (y) can be rewritten in the form iv ∑ { E_{k−1} [ h (Y_{nk}) I_{{|h(Ynk)|<τ,|Ynk |<ϵ}} ] + h^′E_{k−1} [ Y_{nk}I_{{ϵ≤Ynk<τ }} ]} (72) + ∫ ( e^{ivh(y)} − 1 − ivh^′yI_{{|y|<τ }} ) I_{{|y|≥ϵ}}L^∗_{n,t} (dy) . In view of I_{{|h(Ynk)|<τ,|Ynk |<ϵ}} = I_{{|Ynk|<ϵ}} and ∑ E_{k−1} [( h (Y_{nk}) − h^′Y_{nk} − h^{′′} 2 Y^2_{nk} ) I_{{|Ynk|<ϵ}} ]_p → 0 as n → ∞ first and then ϵ → 0, the sum in (72) is approximated by h^′ ∑ E_{k−1} [ Y_{nk}I_{{||Ynk||<τ }} ] + h^{′′} 2 ∑ E_{k−1} [ Y^2_{nk}I_{{|Ynk|<ϵ}} ] as n → ∞ first and then ϵ → 0. In view of (65), this gives the required forms for the limit of ∑_{kn(t)} k=1 h (Y_{nk}).

Also note that it is implicit in the above arguments that ∑_{kn(t)} k=1 a_{h(Ynk)} (τ) is approximated by a quantity that converges in D_R [0, 1] with limit in C_R [0, 1]. This completes the arguments for the particular case.

5.2 PROOF OF THE GENERAL CASE As in the particular case above, we shall verify the conditions of Theorem 1 for the array {X_{nk}, W_{nk}, k = 1, ...}, where W_{nk} = g (_{k−1} ∑ j=1 X_{nj}, Y_{nk} ) . (73)

As in Section 4.4, we assume for convenience that the process (S_n (t) , R_n (t)) is extended to [0, ∞).

We first obtain a certain discrete approximation, in the form of a step function, to S_n (t) in the space D_R [0, ∞). It is taken directly from Kurtz and Protter (1991, page 1067). In this approximation the locations of the jumps of the approximating step function are stopping times.

To describe the approximation, let θ_l, l ≥ 1, be a sequence of i.i.d. uniform random variables on

[_1 2 , 1 ] , independent of σ (∪_n ∪_k A_{nk}). Fix ε > 0. For each z ∈ D_R2 [0, ∞), define recursively T^ε_l = T^ε_l (z) , l ≥ 0, such that

T^ε_0 = 0, T^ε_{l+1} = inf { t > T^ε_l : | |z_t − z_{T εl} | | ∨ | |z_{t−} − z_{T εl} | | ≥ εθ_l} . Letting y^ε_l (z) = z_T ε_l , define I^ε (z) ∈ D_R2 [0, ∞) such that

I^ε (z)_t = y^ε_l (z) if T^ε_l (z) ≤ t < T^ε_{l+1} (z) .

Then note that

|z_t − I^ε (z)_t| ≤ ε for all t ∈ [0, ∞) . (74)

In addition, it is shown in Kurtz and Protter (1991, Lemma 6.1, page 1067) that if z_n → z in D_R2 [0, ∞), then, for every integer q > 0,

(z_n, I^ε (z_n) , y^ε_l (z_n) , T^ε_l (z_n) , l = 1, ..., q) → (z, I^ε (z) , y^ε_l (z) , T^ε_l (z) , l = 1, ..., q) in D_R4 [0, ∞) × R^{3q} a.s. (75)

(Note that I^ε depends on the random variables θ_l.) This leads to the next lemma, where we define S^ε_n (t) = I^ε (S_n) (t) , S^ε (t) = I^ε (S^ε) (t) ,

T^ε_{n,l} = T^ε_l (z) when z = (S_n, R_n) , T^ε_l = T^ε_l (z) when z = (S, R) .

Note that S^ε_n (t) , S_n (t) and R_n (t) are all adapted to { A^∗_{nkn(t)}; t ∈ [0, ∞) } , where A^∗_{nkn(t)} = A_{nkn(t)} ∨ σ (θ_l, l ≥ 1). (The σ-field σ (θ_l, l ≥ 1) is independent of σ (∪_n ∪_k A_{nk}). ) Lemma 10 For each q > 0, ( S^ε_n (t) , S_n (t) , R_n (t) , S^ε_n ( T^ε_{n,l} ) , T^ε_{n,l}, l = 1, ..., q ) =⇒ (S^ε (t) , S (t) , R (t) , S^ε (T^ε_l ) , T^ε_l , l = 1, ..., q) in D_R3 [0, ∞) × R^{2q} .

In addition, for every ρ > 0 and η > 0, there are integers q > 0 and n_0 > 0 such that P [ 1 − ρ ≤ T^ε_{n,q} ≤ 1 ] ≥ 1 − η for all n ≥ n_0.

Proof. The first statement is a consequence of (75) and Theorem 1 (already established). According to the arguments in Aldous (1978, pages 339 and 340), the second statement is a consequence of (60) and the fact that X_{nj} = 0 = Y_{nj} for j > k_n = k_n (1). ■ With the help of the preceding approximations we next verify the condition (D1) for the array {W_{nk}, k = 1, ...} defined in (73). For this purpose let S_{n,k−1} = k−1∑ j=1 X_{nj}, so that W_{nk} = g (S_{n,k−1}, Y_{nk}). Also, below we let

F^Y_{k−1} (y) = P_{k−1} [Y_{nk} ≤ y] , F^W_{k−1} (y) = P_{k−1} [W_{nk} ≤ y] .

Lemma 11. For every continuous function h (y) that vanishes in a neighborhood of 0, k_n(t)∑

k=1 ∫ h (y) dF^W_{k−1} (y) − ∞∑ l=1 k_n(t∧T^ε_{n,l}) ∑ k=k_n(t∧T^ε_{n,l−1})+1 ∫ h ( g ( S^ε_n ( t ∧ T^ε_{n,l−1} ) , y )) dF^Y_{k−1} (y) (76)

converges to 0 in probability, uniformly over t ∈ [0, 1], as n → ∞ first and then ε → 0.

Proof. Suppose that h vanishes outside the neighborhood [−η, η], η > 0. Also note that continuity of (u, y) −→ g (u, y) entails that y −→ sup_{|u|≤α} |g (u, y)| is continuous (at y = 0 in particular) for every α > 0, and hence sup_{|u|≤α} |g (u, y)| ≥ η entails |y| ≥ γ for some γ > 0.

Hence if

sup_{0≤t≤1} |S_n (t)| ≤ α and sup_{0≤t≤1} |S^ε_n (t)| ≤ α (77) are true, then the left hand side of (76) takes the form ∑ ∫ h (y) dF^W_{k−1} (y) = ∑ ∫ |y|>γ h (g (S_{n,k−1}, y)) dF^Y_{k−1} (y)

= ∞∑ l=1 k_n(t∧T^ε_{n,l}) ∑ k=k_n(t∧T^ε_{n,l−1} )+1 ∫ |y|>γ h (g (S_{n,k−1}, y)) dF^Y_{k−1} (y) .

Similarly, the integral on the right hand side of (76) can be restricted to |y| > γ. Hence, when (77) is true and in view of (74), (76) is bounded in absolute value by k_n∑

k=1 ∫ |y|≥γ ( sup |u−v|≤ε,0≤|u|,|v|≤α |h (g (u, y)) − h (g (v, y))| ) dF^Y_{k−1} (y)

= ∫ |y|≥γ ( sup |u−v|≤ε,0≤|u|,|v|≤α |h (g (u, y)) − h (g (v, y))| ) dL^∗_{n,1} (y) ≤ K_1 (γ, λ) ∫ |y|≥γ dL^∗_{n,1} (y) + K_2 ∫ |y|>λ dL^∗_{n,1} (y) for every λ > 0, where K_1 (γ, λ) = sup_{|u−v|≤ε,0≤|u|,|v|≤α,γ≤|y|≤λ} |h (g (u, y)) − h (g (v, y))| and K_2 = 2 sup_y |h (y)|. We have K_1 (γ, λ) → 0 as ε → 0 for every λ > 0. Also ∫ |y|≥γ dL ∗ n,1 (y) is stochastically

bounded for each γ > 0. Further,

lim_{λ→∞} limsup_{n→∞}P [∫ |y|>λ dL^∗_{n,1} (y) > δ ] = 0 for all δ > 0.

In addition, lim_{α→∞} limsup_{n→∞}P [ sup_{0≤t≤1} |S_n (t)| > α ] = 0 and the same holds true

for S^ε_n (t). Hence the proof of the lemma follows. ■

To complete the verification of (D1), note that we can write k_n(t∧T^ε_{n,l}) ∑ k=k_n(t∧T^ε_{n,l−1} )+1 ∫ h ( g ( S^ε_n ( t ∧ T^ε_{n,l−1} ) , y )) dF^Y_{k−1} (y)

= ∫ h ( g ( S^ε_n ( t ∧ T^ε_{n,l−1} ) , y )) d ( L^∗_{n,t∧T} ε_{n,l} − L^∗_{n,t∧T} ε_{n,l−1} ) (y) .

Also, in view of the second statement of Lemma 10, together with

∫_1 1−ρ ∫ |y|≥γ dL^∗_{n,t} (y) ≤ L^∗_{n,1} (γ) − L^∗_{n,1−ρ} (γ) + L^∗_{n,1} (−γ) − L^∗_{n,1−ρ} (−γ)^p→ 0 as n → ∞ first and then ρ → 0, and the fact (S_n (t) , R_n (t)) = (S_n (1) , R_n (1)) if 1 < t < ∞, we have, for each ε > 0,

sup_{0≤t≤1} | | | | | ∞∑ l=q+1 ∫ |y|≥γ h ( g ( S^ε_n ( t ∧ T^ε_{n,l−1} ) , y )) d ( L^∗_{n,t∧T} ε_{n,l} − L^∗_{n,t∧T} ε_{n,l−1} ) (y) | | | | | p → 0 (78) as n → ∞ first and then q → ∞.

Now suppose that h_1, ..., h_l are functions that vanish in some neighborhood of the origin. Using the arguments similar to those employed in the above proof of Lemma 11, one can assume without loss of generality that the functions y −→ h_j (g (z, y)) also vanish in some neighborhood (independent of z) of the origin. Therefore, ( S_n (t) , q∑ l=1 ∫ h_j ( g ( S^ε_n ( t ∧ T^ε_{n,l−1} ) , y )) d ( L^∗_{n,t∧T} ε_{n,l} − L^∗_{n,t∧t∧T} ε_{n,l−1} ) (y) , 1 ≤ j ≤ l )

fdd =⇒ ( S (t) , q∑ l=1 ∫ h_j ( g ( S^ε ( t ∧ T^ε_{l−1} ) , y )) d ( L^∗_{t∧T} ε_l − L^∗_{t∧t∧T} ε_{l−1} ) (y) , 1 ≤ j ≤ l )

As in (78), we can approximate the preceding limit, as n → ∞ first and then q → ∞, by ( S (t) , ∞∑ l=1 ∫ h_j ( g ( S^ε ( t ∧ T^ε_{l−1} ) , y )) d ( L^∗_{t∧T} ε_l − L^∗_{t∧t∧T} ε_{l−1} ) (y) ) , which in turn is approximated, as in Lemma 11, by ∫ h_j (g (S (t) , y)) dL^∗_t (y) as n → ∞ first and then ε → 0.

We have thus established (D1) for the array {W_{nk}, k = 1, ...}, as required. We now complete the proof of Theorem 2 by proceeding analogous to the arguments of the particular case of Section 5.1. Recall the condition sup_{|u|≤α} ρ_η (u) → 0 as η → 0

for each α > 0 where ρ_η (u) = sup_{0<|v|≤η}^1_{v2} | | |g (u, v) − vg^′_u −^{v2}_2 g^{′′}_u | | |. This, together with

the fact that sup_{0≤t≤1} |S_n (t)| is stochastically bounded, entails that sup_k ρ_η (S_{n,k−1})^p→ 0

as n → ∞ first and then η → 0. In addition, both sup_k | |g_{′Sn,k−1} | | and sup_k | |g_{′′Sn,k−1} | | are stochastically bounded. Therefore all the arguments that lead to Lemma 9 in connection with the particular case of Section 5.1 become applicable here, so that we have the following lemma, where (recall W_{nk} = g (S_{n,k−1}, Y_{nk}) ) δ^2_{Wnk} (ϵ) = E_{k−1} [ W^2_{nk}I_{{|Ynk |<ϵ}} ] − ( E_{k−1} [ W_{nk}I_{{|Ynk |<ϵ}} ])_2 , which replaces the δ^2_{h(Ynk )} (ϵ) of Lemma 9.

Lemma 12. As n → ∞ first and then ϵ → 0, we have ∑ ( σ^2_{Wnk} (ϵ) − δ^2_{Wnk} (ϵ) )_p → 0, ∑ σ_{Xnk ,Wnk} (ϵ) − ∑ g^′_{Sn,k−1} σ_{Xnk ,Ynk} (ϵ)^p→ 0 and ∑ δ^2_{Wnk} (ϵ) − ∑ g^{′2}_{Sn,k−1} E_{k−1} [ Y^2_{nk}I_{{|Ynk|<ϵ}} ]_p → 0.

Now, using (65) and the approximation arguments that lead to (53), we have k_n(t)∑

k=1 g^{′2}_{Sn,k−1} E_{k−1} [ Y^2_{nk}I_{{|Ynk|<ϵ}} ]_{fdd} =⇒ ∫_t 0 g^{′2}_{S(z)}dB^∗ (z) .

Similarly, the remaining steps to complete the proof of Theorem 2 are essentially the same as those for the particular case of Section 5.1.

7 REFERENCES

1. Aldous, D. (1978). Stopping times and tightness. Annals of Probab., 6, 335 - 340.

2. Billingsley, P. (1968). Convergence of probability measures. Wiley, New York.

3. Borodin, A.N. and Ibragimov, I.A. (1995). Limit theorems for functionals of random walks. Proceedings of the Steklov Institute of Mathematics. 195(2).

4. Brown, B.M. and Eagleson, G.K. (1971). Martingale convergence to infinitely divisible laws with finite variances. Trans. Amer. Math. Soc. 162, 449 - 453.

5. Durrett, R. and Resnick, S.I. Functional limit theorems for dependent variables.

Annals of Probab., 6, No. 5, 829 - 846.

6. Feller, W. (1971). An introduction to probability theory and its applications. Vol.

II. Second Edition. Wiley, New York.

7. Gikhman, I.I and Skorokhod, A.V. (1969). Intoduction to the theory of random processes. W.B.Saunders Company, Philadelphia.

8. Jacod, J. and Shiryayev, A.N. (1987)). Limit theorems for stochastic processes.

Springer-Verlag, Berlin.

9. Jeganathan, P. (1982). A solution of the martingale central limit problem. II.

Sankhya, 44, Series A, 319–340.

10. Jeganathan, P. (1983). A solution to the martingale central limit problem, Part III:

Invariance principles with mixtures of Lévy processes limits. Sankhya, 45, Series A, 125 - 140.

11. Jeganathan, P. (1997). On asymptotic inference in AR and cointegrated models with unit roots and heavy tailed errors. In Festschrift for Lucien Le Cam, Eds: Pollard, D., Torgersen, E. and Yang, G.L., 275 - 296. Springer.

12. Jeganathan, P. (2004). Convergence of functionals of sums of r.v.’s to local times of fractional stable motions. Annals of Probab., 32, no. 3A, 1771–1795.

13. Jeganathan, P. (2006a). Limit theorems for functionals of sums that converge to fractional stable motions. Preprint. (Available at http://www.isibang.ac.in/~statmath/eprints/ ) 14. Jeganathan, P. (2006b). Limit theorems in network traffic models with very heavy tails. Preprint. (Available at http://www.isibang.ac.in/~statmath/eprints/ )

15. Kasahara, Y. and Watanabe, S. (1986). Limit theorems for point processes and their functionals. J. Math. Soc. Japan, 38, 544 - 574.

16. Kurtz, T.G. and Protter, P. (1991). Weak limit theorems for stochastic integrals and stochastic differential equations. Annals of Probab., 19, 1035 - 1070.

17. LeCam, L. (1986). Asymptotic methods in statistical decision theory. Springer.

18. Liptser, R.S. and Shiryayev, A.N. (1989) Theory of martingales. Kluwer Academic Publishers, Boston. (Translation of the Russian edition (1986), Nauka Publishers, Moskow.)

19. Loève, M. (1963). Probability theory. Third Edition. Van Nostrand.

20. Park, J.Y. and Phillips, P.C.B. (2001). Nonlinear regressions with integrated time series. Econometrica. 69, 117-161.