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CONVOLUTION OPERATOR AND MAXIMAL FUNCTION FOR DUNKL
TRANSFORM

SUNDARAM THANGAVELU AND YUAN XU

ABSTRACT. For a family of weight functions, h,, invariant under a finite reflection group on R?,
analysis related to the Dunkl transform is carried out for the weighted L? spaces. Making use of the
generalized translation operator and the weighted convolution, we study the summability of the inverse
Dunkl transform, including as examples the Poisson integrals and the Bochner-Riesz means. We also

define a maximal function and use it to prove the almost everywhere convergence.

1. INTRODUCTION

The classical Fourier transform, initially defined on L'(R?), extends to an isometry of L?(R?) and
it commutes with the rotation group. For a family of weight functions h, invariant under a reflection
group G, there is a similar isometry of L2(R?, h2), called Dunkl transform ([3]), which enjoys properties
similar to those of the classical Fourier transform. We denote this transform by fin the following. It is
defined by
@)= [ B, —iy) f (y)hi(y)dy
where the usual character e~ #*%) is replaced by E(x, —iy) = V. (e~¥¥)(x), in which V, is a positive
linear operator (see the next section). If the parameter k = 0 then h,(z) = 1 and V,, = id, so that f
becomes the classical Fourier transform.

The basic properties of the Dunkl transform have been studied in [3, 7, 12, 14] and also in [11, 18]
(see also the references therein). These studies are mostly for L2(R?) or for Schwartz class functions.

The purpose of this paper is to develop an LP theory for the summability of the inverse Dunkl
transform and prove a maximal inequality that implies almost everywhere convergence.

The classical Fourier transform behaves well with the translation operator f — f(- —y), which leaves
the Lebesgue measure on R? invariant. However, the measure h2 (z)dz is no longer invariant under the
usual translation. One ends up with a generalized translation operator, defined on the Dunkl transform
side by

7,/ (@) = E(y,—iz)f(z), xR
An explicit formula for 7, is unknown in general. In fact 7, may not even be a positive operator.
Consequently even the boundedness of 7, in LP(R¢; h2) becomes a challenging problem. At the moment
an explicit formula for 7, f is known only in two cases: when f is a radial function and when G' = VAL
Properties of 7, are studied in Section 3. In particular, the boundedness of the 7, for radial functions
is established.
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For f,g in L2(R?%; h2) their convolution can be defined in terms of the translation operator as
(2 0)@) = [ Fw)res” )2 W)

Based on a sharp Paley-Wiener theorem we are able to prove that ¢. . f converges to f in LP(R?; h2)
for certain radial ¢ , where ¢. is a proper dilation of ¢. This and other results are given in Section 4.

The convolution *, can be used to study the summability of the inverse Dunkl transform. We prove
the LP convergence of the summability under mild conditions, including as examples Gaussian means
(heat kernel transform), Abel means and the Bochner-Riesz means for the Dunkl transform in Section
5.

In the Section 6 we define a maximal function and prove that it is strong type (p,p) for 1 < p < c©
and weak type (1,1). As usual, the maximal inequality implies almost everywhere convergence for the
summability.

In the case G = Z4, the generalized translation operator is bounded in LP(R?;h2). Many of the
results proved in the previous sections hold under conditions that are more relaxed in this case and the
proof is more conventional. This case will be discussed in Section 7.

The following section is devoted to the preliminaries and background. The basic properties of the
Dunkl transform will also be given.

2. PRELIMINARIES

Let G be a finite reflection group on R? with a fixed positive root system R., normalized so that
(v,v) = 2 for all v € R4, where (z,y) denotes the usual Euclidean inner product. For a nonzero
vector v € R?, let o, denote the reflection with respect to the hyperplane perpendicular to v, zo, =
z —2((z,v)/||v||*)v, = € R. Then G is a subgroup of the orthogonal group generated by the reflections
{oy:v € R4},

In [1], Dunkl defined a family of first order differential-difference operators, D;, that play the role of
the usual partial differentiation for the reflection group structure. Let x be a nonnegative multiplicity
function v — k, defined on Ry with the property that k, = k, whenever o, is conjugate to o, in Gj
then v — K, is a G-invariant function. Dunkl’s operators are defined by

z) — f(zo :
Dif(@) = 0:f(@) + 3 kv%w,ei), 1<i<d,
vER4
where €1, ...,&4 are the standard unit vectors of R?. These operators map P¢ to P2?_,, where PZ is

the space of homogeneous polynomials of degree n in d variables. More importantly, these operators
mutually commute; that is, D;D; = D;D;.
Associated with the reflection group and the function & is the weight function h, defined by

(2.1) ho(@) = [ Kz,v)*™, zeR:

vER4

This is a positive homogeneous function of degree v, := Ry Fvs and it is invariant under the reflection
group G. The simplest example is given by the case G = Z¢ for which h, is just the product weight

function
d
hn(.’l,') = H |Qf,’|n", Kj Z 0
i=1

The Dunkl transform is taken with respect to the measure h2(z)dz.
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There is a linear isomorphism that intertwines the algebra generated by Dunkl’s operators with the
algebra of partial differential operators. The intertwining operator Vj is a linear operator determined
uniquely by

ViPn CP,, Vil=1, D;V,=V.0;, 1<i<d.
The explicit formula of Vj, is not known in general. For the group G' = Z4, it is an integral transform

d
(2.2) Vif(@) = by flxate, ..., zqtq) H(l +t)(1 - t?)"“*ldt,

[~1,1]¢ i=1

If some x; = 0, then the formula holds under the limit relation

1
m by / FO0 =0t = [F(0) + F(-1)/2

li
A—=0
It is known that V, is a positive operator ([12]); that is, p > 0 implies V,.;p > 0.
The function E(z, y) := V") [e(@¥)], where the superscript means that V is applied to the z variable,

plays an important role in the development of the Dunkl transform. Some of its properties are listed
below ([2]).

Proposition 2.1. For z,y € R,
(1) E(z,y) = E(y,z);
(2) |E(z,y)| < ellzl-livl z,y € C";
(3) Letv(z) =2} +...4 22, 2 € C. For z,w € C¢,

en | E(z,2)E(w,z)h2 (z)e 1172y = @Hv@)/2 By ),
Rd

where cy, is the constant defined by ¢;;' = [;. B2 (z)e~lI=I*/2dg

In particular, the function
E(z,iy) = V® [ei(z’y>] , z,y € R,

plays the role of e¥®¥) in the ordinary Fourier analysis. The Dunkl transform is defined in terms of it
by

(23) fo) =a | 1@BG@-ihe)ds.

If k = 0 then V,; = id and the Dunkl transform coincides with the usual Fourier transform. If d = 1 and
G = Z», then the Dunkl transform is related closely to the Hankel transform on the real line. In fact,
in this case,

E(z,—iy) = T(k + 1/2)(lzy|/2) 72 [Jo_1p2(Jzy|) — i sign(zy) Jer1/2(j2yl)] |
where J, denotes the usual Bessel function
¢ a 00 (—1)” ¢ 2n
24 Jot) ={ = S St S .
24) ®) (2) ;n!F(n+a+1) (2)

We list some of the known properties of the Dunkl transform below ([3, 7]).

Proposition 2.2. (1) For f € LY(R¢; h2), f is in Co(R%).
(2) When both f and f are in L'(R?; h2) we have the inversion formula

~

f()= [ E(iz,y)f(y)hi(y)dy.

R4
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(3) The Dunkl transform extends to an isometry of L?(R?; h2).
(4) For Schwartz class functions f, D;f(y) = zy]f(y)

There are two more results that we will need. They require a little more preparation. First we need
the definition of h-harmonics. The h-Laplacian is defined by A, = D% + ... 4+ D2 and it plays the role
similar to that of the ordinary Laplacian. Let P¢ denote the subspace of homogeneous polynomials of
degree n in d variables. An h-harmonic polynomial P of degree n is a homogeneous polynomial P € P4
such that A, P = 0. Furthermore, let 2 (h2) denote the space of h-harmonic polynomials of degree n
in d variables and define

(Fade = [ F@)gfe)hi (@)dato),

where ag;! = [gio1 hZ(2)dw. Then (P,Q), = 0 for P € H%(h2) and Q € I%_,. The spherical h-
harmonics are the restriction of h-harmonics to the unit sphere. The standard Hilbert space theory

shows that
L*(h)) = > EPHi(BL).
n=0

Throughout this paper, we fix the value of A := A, as

-2
(2.5) A=+ dT with Y = 2 Ky-
vER,

Using the spherical-polar coordinates x = rz', where z' € S?~!, we have
(2.6) F@)h(2)dz = / / Fra' YR (@) dwo (e )r2+dr
Rd 0o Jga-1
from which it follows that
it = /Rd hi(x)e‘”xllzﬂd:c = 22D (\, + 1a; "
The following formula is useful for computing the Dunkl transform of certain functions ([3]).

Proposition 2.3. Let f € He(h2), y € R and p > 0. Then the function

o) = an /S HO B, R (E)du(e)

satisfies Apg = —pu2g and
—Ax
o) = (00 (72) (“20) ™ s Gl

We will also use the Hankel transform H, defined on the positive reals Ry . For a > —1/2,

1 o0 Iy N
(2.7) H,f(s) == m/o f(?‘)—(rgz) r2etlgp,
The inverse Hankel transform is given by
1 > J,, N

which holds under mild conditions on f; for example, it holds if f is piecewise continuous and of bounded
variation in every finite subinterval of (0,00), and /rf € L*(Ry) ([19, p. 456]).

~

Proposition 2.4. If f(x) = fo(llall), then F(x) = Hy. fo(llz).

Proof. This follows immediately from (2.6) and Proposition 2.3. O
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3. GENERALIZED TRANSLATION

One of the important tools in the classical Fourier analysis is the convolution
(f = 9)( / fW)g(z —y)dy,

which depends on the translation 7, : f(z) = f(x —y). There is a generalized translation for the
reflection invariant weight function, which we study in this section.

3.1. Basic properties and explicit formulas. Taking the Fourier transform, we see that the trans-
lation 7, f = f(- — y) of R? satisfies 7, f(z) = e‘“w’y)f(w). Looking at the Fourier transform side, an
analogue of the translation operator for the Dunkl transform can be defined as follows:

Definition 3.1. Let y € R? be given. The generalized translation operator f — Tyf is defined on
L2(R?; h2) by the equation
(3.1) 7,f(@) = E(y,—iz)f(z), = e€R.

Note that the definition makes sense as the Dunkl transform is an isometry of L?(R?; h2) onto itself
and the function E(y, —iz) is bounded. When the function f is in the Schwartz class the above equation
holds pointwise. Otherwise it is to be interpreted as an equation for L? functions. As an operator on
L*(R%; h2), 7, is bounded. A priori it is not at all clear whether the translation operator can be defined
for LP functions for p different from 2. One of the important issues is to prove the LP boundedness of
the translation operator on the dense subspace of Schwartz class functions. If it can be done then we
can extend the definition to all LP functions.

The above definition gives 7, f as an L? function. It is useful to have a class of functions on which
(3.1) holds pointwise. One such class is given by the subspace

AuR?Y) = {f € L"R%R2) : f € L' (R h2)}.
Note that A,(R?) is contained in the intersection of L'(R%;h2) and L* and hence is a subspace of

L2(R?; h2). For f € A.(R?) we have

(3.2) i /Em& (—iy, ) F(E)h2 (€)de.

Before stating some properties of the generalized translation operator let us mention that there is an
abstract formula for 7, given in terms of the intertwining operator V;; and its inverse. It takes the form
of ([18])

(3.3) T f(@) =V VW (VI )@ —y)]

for f being Schwartz class functions. We note that V! satisfies the formula V7! f(z) = e~ %P f () |y=o-
The above formula, however, does not provide much information on 7, f. The generalized translation
operator has been studied in [12, 14, 18]. In [18] the equation (3.3) is taken as the starting point.

The following proposition collects some of the elementary properties of this operator which are easy
to prove when both f and g are from A, (R?).

Proposition 3.2. Assume that f € A.(R?) and g € L*(R%; h2) is bounded. Then
W) [ nr©s©r©d= [ 1ero©ned
R4 R4
(2) 7y f(z) =72 f(-y).
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Proof. The property (2) follows from the definition since E(\z, §) = E(x, \) for any A € C. To prove
(1) assume first that both f and g are from A,(R?). Then both integrals in (1) are well defined. From
the definition

R GGG ( Blis, © B, O FOBAOE) ool ()

/f (—iy, )12 (£)dt.
We also have
|RCIRGL _/( iz, ) Blin, OIS ) F(a)h (o
/ B(iy, €)h2 (€)d
/ (—iy, €)h2 (€)de.

This proves (1) when both f and g are from A,(R?).

Suppose now f € A,(R?) but g is in the intersection of L' (R?; h2) and L*. Note that g € L?(R?; h2)
and so 7, is defined as an L? function. Since f is in L?(R?%; h2) and bounded, both integrals are finite.
The equation

/ feaOm©d = [ Foaen

which is true for Schwartz class functions remains true for f,g € L2(R?; h2) as well. Using this we get

/ 7y 1 (@)g()h? (2)dz = / 7y f(~2)g(~2)h2 (z)de
Rd R4

= | E(y,—i€) f()g(—€)h2()de.

Rd

By the same argument the integral on the right hand side is also given by the same expression. Hence
(1) is proved. O

We need to prove further properties of 7,. In the classical case the ordinary translation satisfies

| pe=vio= | f@y

Such a property is true for 7, if f is a Schwartz class function. Indeed

— ~

| ot @ a)s = mD0) = fo)

Here we have used the fact that 7, takes S into itself. For f € A.(R?) though 7, f is defined we do not
know if it is integrable. We now address the question whether the above property holds at least for a
subclass of functions.

For this purpose we make use of the following result which gives an explicit formula for 7, f when f
is radial, see [14].

Proposition 3.3. Let f € A.(R?) be radial and let f(z) = fo(||z||). Then

7y f(@) = Ve [ fo (V2P + TP = 20l Tyl ) | )-
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A special case of the above theorem is the following formula
(3.4) Tyqi(z) = e*t(llm||2+||y||2)E(2t$,y)
where

a(z) = (2t) " F D e tll=ll?

is the so called heat kernel. This formula has already appeared in [11]. The other known formula for
7 f is the case when G = Z4.

Theorem 3.4. Let f € A.(R?) be radial and nonnegative. Then 7, f > 0,7,f € L*(R%; h2) and

[ i@ = [ aned.
R4 R4

Proof. As f is radial, the explicit formula in Proposition ?? shows that 7, f > 0 since V; is a positive
operator. Taking g(x) = e~tIel* and making use of (3.4) we get

/ Tyf(w)e*t”z”th(w)dx = f(a:)e*t(”z”zﬂlyllz’)E(\/Q_tw, V2ty)h? (z)dz.
R4 R4
As |E(z,y)| < el#llvll we can take limit as t — 0 to get

lim [ 7,f(@)e M2 (2)de = [ f(z)h?(z)da.
t—0 R4 R4

Since 7, f > 0, monotone convergence theorem applied to the integral on the left completes the proof. O

We would like to relax the condition on f in the above proposition. In order to do that we introduce
the notion of generalized (Dunkl) convolution.

Definition 3.5. for f,g € L2(R%;h2) we define
frea@) = [ 1@)ms” )y

where g¥ (y) = g(-).

Note that as 7,9V € L2(R?; h2) the above convolution is well defined. We can also write the definition
as

frooa) = [ FQaO R OOk

If we assume that g is also in L'(R?; h2) so that g is bounded, then by Plancherel theorem we obtain

IS *x glls,2 < llgllw,1llf]]x2-

We are interested in knowing under what conditions on g the operator f — fx, g defined on the Schwartz
class can be extended to LP(R%; h2) as a bounded operator. But now we use the L? boundedness of the
convolution to prove the following.

Theorem 3.6. Let g € L'(R?; h2) be radial, bounded and nonnegative. Then 1,9 > 0,7,9 € L*(R?; h2)
and

/RdTyg(w)hi(@dx:/ 9(2)h2 (2)dz.

R4



8 SUNDARAM THANGAVELU AND YUAN XU

Proof. Let g; be the heat kernel defined earlier so that G (¢) = e~tI¢II". By Plancherel theorem
—~ _ 2
Iy twae=alizs = [ BOPQ = II2R2 €t

which shows that g x, ¢; — ¢ in L?*(R?;h2) as t — 0. Since 7, is bounded on L?(R?;h2%) we have
Ty (9 %k @) = Tyg in L?(R?; h2) as t — 0. By passing to a subsequence if necessary we can assume that
the convergence is also almost everywhere.

Now as g is radial and nonnegative, the convolution
9%x qi(x) = /R 9T (y)hi (y)dy

is also radial and nonnegative. We also note that g . q; € A.(R?) as g is both in L'(R?;h2) and
L2(R?%; h2); in fact g*,q; € L'(RY, h2) as ¢ € Ax(R?)and, by Plancherel theorem and Hélder’s inequality,
10%x @tll1 = 119 @lle,1 < llgllk,2]lgells,2- Thus by Theorem 3.6 we know that 7, (g %, g¢)(x) > 0. This

gives us
. _ >
}g% 7y(9 *x @t)(x) = 7y9(2) > 0
for almost every x. Once the nonnegativity of 7,g(x) is proved it is easy to show that it is integrable.
As before
/ r,9(@)e 1= B2 (z)da = / g(z)e =P H181®) B(v/2tz, V/2ty) h2 (z)da.

R4 Rd
Taking limit as ¢ goes to 0 and using monotone convergence theorem we get
/ 7,9(x)h2 (z)dx = / g(x)h2 (z)dz.
R R

This completes the proof. a

We are now in a position to prove the following result. Let Lfad(Rd ;h2) denote the space of all radial
functions in LP(R?; h2).

Theorem 3.7. The generalized translation operator 7, initially defined on the intersection of L*(R?%; h2)
and L*, can be extended to all radial functions in LP(R%; k%), 1 < p < 2, and 7, : L? (R?, hZ) —
LP(R%; h2) is a bounded operator.

Proof. Let R: L'(R%; h2) — L*(R?; h2) be the radialisation defined by
Rf(z) = / f(ox)do.
SO(n)

Then for real valued f € L*(R?; h2)NL>®, Rf is radial and belongs to the intersection of L*(R?; h2) and
L>. Since —|Rf| < Rf < |Rf| the nonnegativity of 7, on radial functions in L*(R%;h2) N L shows
that |r,Rf(x)| < 7y|Rf|(z). Hence

/ ITny(w)Ihi(w)de/ |Rf|(@)hi (@)da < [|£]lx.1-
R4 R4

We also have ||7yRf||x2 < ||fllx,2- By interpolation we get ||7yRfllkp < [|flls,p for all 1 < p < 2.

Thus the composition 7, o R can be extended as a bounded operator on LP(R?;h2). This proves the
theorem. 0

Theorem 3.8. For every f € L. (R%; h2),

rad

| rt@hies = [ fapn@ds.
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Proof. Choose radial functions f, € A.(R?) so that f, — f and 7, f, — 7, f in L'(R?; h2). Since

| @@ @ = [ f@r 0@ @ds
for every g € A.(R?) we get, taking limit as n tends to infinity,

| t@sani@as = [ @@ e,

Now take g(z) = e *III" and take limit as ¢ goes to 0.. Since 7, f € L' (R?; h2) by dominated convergence
theorem we obtain

[ nf@m@a= [ seniea

R4 R4

for f € L*(R?; h2). O
We remark that it is still an open problem whether 7, f can be defined for all f € L'(R?;h2).

3.2. Positivity of 7,. As an immediate consequence of the explicit formula for the generalized trans-
lation of radial functions, if f(z) € A(R?) is nonnegative, then 7, f(x) > 0 for all y € R? ([14]).

One would naturally expect that the generalized translation defines a positive operator; that is,
Ty f(x) > 0 whenever f(z) > 0. This, however, turns out not to be the case. For G = Zs, the explicit
formula given in Section 7 shows that 7, is not positive in general (signed hypergroup, see [10]). Below
we give an example to show that 7, is not positive in a case where the explicit formula is not available.
It depends on a method of computing generalized translation of simple functions. The explicit formula
(3.2) can be used to define 7, f when f is a polynomial.

Lemma 3.9. Lety € R, For1<j <d, t,{z;} =z; —y;; and for 1 < j, k <d,

r{zjz} = (25— y) o —ye) —r Y Vellz,y)) = Vi((zow,y)].

vERL

Proof. We use (3.4) and the fact that D;7, = 7,D;. On the one hand, since the difference part of D;
becomes zero when applied to radial functions,

7Dt = _otr ({.}je—t||-||2) ().
On the other hand it is easy to verify that

. o—tlzl?
Djtye

=D, [e*t(||w||2+||y||2)E(Qm-,y)] = ote U+ B (282, ) (y; — ;).
Together, this leads to the equation
(3.5) vy (2je= 1) = 2o~ 1=+ B 2t y) (2 - y;)-

Taking the limit as ¢ — 0 gives 7, {z;} = z; — y;.
Next we repeat the above argument, taking (3.5) as the starting point. Using the product formula
for Dy, [5, p. 156], a simple computation gives

Dyry (wje1eI") = Dy [( — gy)e = +I)]
— —tUzP+yl?) [ — 24(z; — )@k — yi) E(2ta,y)

VRV;
+ 0 ; E(2tz,y) + 2 E mU”z—”;E(%xav,y) .
vERL
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. _ 2
On the other hand, computing Dy (z;e~t121") leads to

2|2 —tllzl? |2 VEU;
Ty (Dk(mje tlell )) = —2t7,(zjzpe 1217 4 1 e~ tlel [(Sk,j +2 Z va].
vERL

Hence, using (3.4), the equation Dy, (z;e~11%) = 7, Dy (z;e 121" gives

7y (zjme1o1") = el [ — ) oy — ) B2, )

vpv; E(2tz,y) — E(2txo,,y)
2 S i '

vERL

Taking the limit as ¢ — 0 gives the formula of 7, {z;z}. O

Proposition 3.10. The generalized translation T, is not a positive operator for the symmetric group

Sa.

Proof. The formula 7,{z;z1} depends on the values of Vz;. For symmetric group S; of d objects, the
formula of V,,z; is given by ([4])

Vexj = (1 +z; + klz]), |z| =21 + ...+ z4.

1
drk +1
Let z(j, k) denote the transposition of z; and z; variables. It follows that

{23} = (25 —9)° + £ ) Velle,y) = Vi(2(k, 5),9))]

=
= (z; — ;) +'€Z[ i — k) Vi (Y5 — Yi)]
k#J
= (zj —y; 7= 2k) (Y5 — yr)] -
Choosing z = (1,0,0,...,0) and y = (0,2,2,...,2), we see that 7,({-}3)(z) = —((d—2)s+1)/(dk+1) <
0. This proves the proposition. d

Let us point out that, by (3.2), this proposition also shows that V7! is not a positive operator for
the symmetric group. In the case of Z», an explicit formula of V! is known ([21]) which is not positive.

3.3. Paley-Wiener theorem and the support of 7,. In this subsection we prove a sharp Paley-
Wiener theorem and study its consequences. Another type of Paley-Wiener theorem has been proved
in [18]. A geometric form of the Paley-Wiener theorem is conjectured and studied recently in [8].

Let us denote by {Yj, : 1 < j < dimH%(h2)} an orthonormal basis of HZ(h2). First we prove a
Paley-Wiener theorem for the Dunkl transform.

Theorem 3.11. Let f €
SandBbeapositivenumber.Thenfissupportedin{z: ||z|| < B} if and only if for every j and n, the
function

Finlp) = o7 [ Foa)¥, (et (@)duta)
extends to an entire function of p € C satisfying the estimate

|Fjn(p)| < cjneBISPl
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Proof. By the definition of f and Proposition 2.3,

F(p2)Yj n(2)h2 (2)dw(z)

Sd—1

—c / E(y, —ip)Y; ()2 (2)dw(z) f (y) b2 (y)dy
Rd Sd 1

B yDuenlol) o
= [ FOinl) P R )y

J)\ +Tb(rp) n
— C/ f]n krp))‘k T2A v+ +ld,’,,’

where ¢ is a constant and
fin0) =17 [ ),

Thus, F}, is the Hankel transform of order A, + n of the function f;,(r). The theorem then follows
from the Paley-Wiener theorem for the Hankel transform (see, for example, [6]). O

Corollary 3.12. A function f €
Sissupportedin{z:||z|| < B} if and only if f extends to an entire function of ( € C* which satisfies

17(Q)] < cePlel,

Proof. The direct part follows from the fact that E(z,—i() is entire and |E(z, —i¢)| < cell®IIS¢Il. For
the converse we look at

[ feoviaeni@a  pec

This is certainly entire and, from the proof of the previous theorem, has a zero of order n at the origin.
Hence,

- [ Feovaome

is an entire function of exponential type B, from which the converse follows from the theorem. O

Proposition 3.13. Let f €
Sbesupportedin{z: ||z|| < B}. Then 1, f is supported in {z : ||z|| < B + ||y||}.

~

Proof. Let g(z) = 7,f(z). Then g(¢) = E(y,—i€)f(£) extends to C? as an entire function of type
B+ [lyll- O

This property of 7, has appeared in [18]. We note that the explicit formula for 7, shows that the
support set of 7, given in Proposition 3.13 is sharp.
An important corollary in this regard is the following result.

Theorem 3.14. If f € C§°(R?) is supported in ||z|| < B then |7y f — fll, < clly||(B + ||y||)% for

1 <p < 0. Consequently, limy_o ||7yf — fllx,p = 0.

Proof. From the definition we have

~

wf(@) = f@) = [ (Bl,=i€) ~ 1) B, i) FOIROe

Since |E(z,i&)| < ¢||ly|| ||€]| we have the estimate

If = Flle < cllyll [ 111 (10
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As 7, f is supported in ||z|| < (B + ||y||) we obtain

Iy f = fllp < cllyll(B + llyll)

which goes to zero as y goes to zero. O

N
P

4. THE GENERALIZED CONVOLUTION

4.1. Convolution. Recall that in section 3 we have defined the convolution f*,g when f,g € L?(R?; h2)
by
(2 0)@) = [ 10)mg W)y,

This convolution has been considered in [11, 18]. It satisfies the following basic properties:

(1) f*xg=1f"3

(2) frkg=g*x [
We have also noted that the operator f — f %, g is bounded on L2(R?; h2) provided g is bounded. We
are interested in knowing under what conditions on g the operator f — f %, g can be extended to LP as
a bounded operator. If only the generalized translation operator can be extended as a bounded operator

on LP(R?%;h2), then the convolution will satisfy the usual Young’s inequality. At present we can only
say something about convolution with radial functions.

Theorem 4.1. Let g be a bounded radial function in L'(R?; h2). Then
Freg@) = | f@)mg’ @)k w)dy

initially defined on the intersection of L*(R?;h2) and L?(R?; h2) extends to all LP(R%;h2), 1 < p < o0

as a bounded operator. In particular,

(4.1) £ *x gl

Proof. For g € L'(R?; h2) which is bounded and radial we have |7,g| < 7,|g| which shows that

[ sz < [ lg@ea

[ 17 4 s@ PR @)z < 1 healller

We also have ||f #x glloo < [|flloollglls,1- By interpolation we obtain [|f % gllx.p < llgllx1llf[lx.p- O

K,p = P

Therefore,

For ¢ € L*(R?%; h2) and e > 0, we define the dilation ¢. by
(4.2) ¢e(x) = e~ Pt g(a/e).
A change of variables shows that

¢ (2)h2(z)dr = #(z)h2 (z)dx, for all € > 0.
R¢ R4

Theorem 4.2. Let ¢ € L'(R%; h2) be a bounded radial function and assume that ¢y [, ¢(x)h2 (z)dz = 1.
Then for f € LP(R?;h2), 1 < p < oo,

il_r)% ||f * ¢E - f”n,p =0.
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Proof. For a given n > 0 we choose g € C§° such that ||g — f||x,, < n/3. The triangle inequality and
(4.1) lead to

2
||f *k ‘bs - f”n,p S 577 + ”g *p ¢s - g”m,p

where we have used ||g — f||x,, < n/3. Since ¢ is radial we can choose a radial function ¢ € C§° such

that
lo — lley < (12[|glln,p) -

If we let a = ¢, [.%(y)hZ(y)dy then by the triangle inequality, (4.1) and (4.2),

19 % de = gllwp < 9llwplle = Plls1 + 119 *x Y = agllsp +la = 1[[lgllx.p

<n/6 + ||g *x ¥ — agllrp

since [|g]|x,pll¢ — Yllx,1 < 75 and

ja—1] =

on [, (6c(e)  0.(0) Kil@)da| < (12glep)n

Thus
5
|f *x ¢ — f“n,p < 677 + [|g *x e — ag”n,p-

Hence it suffices to show that ||g *, ¥ — ag||x,p < n/6.
But now g € A.(R?) and so

g4 be) = [ )t Ry = [

9 T_29(y) b (—y) 2 (y)dy.

We also know that 7_,9(y) = 7—y9(x) as g € C§°. Therefore,

940 0e(@) = [ mal@)o. )y,
In view of this
9 4x0.(0) —ag(o) = [ (r0(0) = 9() b )R )y
which gives by Minkowski’s integral inequality
Iy %6z = aglhp < [0 = gllstbc ) 12 )3
If g is supported in ||z|| < B then the estimate in Theorem 3.14 gives
Iy #wsc = aglhep < [ ol B+ 1D¥ 5. 0) IR 0Dy
<ee [ Il B+ s [wwlh )y
which can be made smaller that % by choosing € small. This completes the proof of the theorem. O

The explicit formula in the case of G = Z¢ allows us to prove an analogous result without the
assumption that ¢ is radial, see Section 7.
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4.2. Spherical means. As in [9], we define the spherical mean operator on A, (R?)by

5:£@) = as [ 1 f@IE0)ds(o).
The generalized convolution of f with a radial function can be expressed in terms of the spherical
means S, f. In fact, if f € A.(R?) and g(x) = go(||z||) is an integrable radial function then, using the

spherical-polar coordinates,
(F 2w 0)@) = en [ |7 f@atu)h2 )y

o [ ) [ F@Id
0 Sd—1

o [ s 1 @gn(rrt .
Kk JO

Proposition 4.3. Let f € A.(R?). Then for r >0 and £ € R?,

o Il
(4.3) S1© = O e

Proof. Recalling the definition of S, f and changing the order of the integrals
SH© =ax [ on [ 1 f@) B, —i€)h () dsh () dly)
d—1 Rd
S R (GLAOE )
§d—1

= f©)a [ B0 w)st)
so that the result follows from Proposition 2.3. O

If the generalized translation operator is bounded on LP, then we can prove that the same is true
of the spherical mean operator S,.. However, for a certain range of p, the operator S, can be shown to
be bounded on LP. The proof is based on analytic interpolation theorem of Stein. In order to apply
this interpolation theorem, it is necessary that S, f is defined for all integrable simple functions f.
When f = xp where E is a measurable subset of R¢ with finite measure, then Ty f is defined as an
L? function. From the definition of 7, f it is clear that y — 7, f is a continuous function of y taking
values in L2(R?; h2). Hence, S,.f is defined as an L? function for any integrable simple function f. This
also follows from Proposition 4.3 since all such simple functions are in L?(R?,h2) and the multiplier
In. (rlIEN/(rll€ll/2)*= is bounded.

We only know that the inequality |7, fl|lx,p < ¢l|fllx,p holds either if f is a radial function and
1< p<2orif G =274 In both cases, the spherical mean operator S, f is bounded on LP(R?%;h2). In
general we do not know if the inequality ||7, f||x,p < c||f||x,p holds for a generic function f € LP(R%; h2).
Without this assumption, however, we can prove the boundedness of S, on certain range of LP.

Theorem 4.4. The spherical mean operator is bounded on LP(R%; h2) for all p satisfying

d+2vy,+1

el d+ 27, + 1.
i+t 2, <p<a+2y+

Proof. By (4.3), S, f is a multiplier operator with the multiplier given by the function Jix_2)/2 (rllEN(rlI€N/2)~ N =272,

where N = d+ 27,. We also note that convolution with xp,, B, being the ball of radius r centered at 0,

corresponds to the multiplier Jy /o (r(|€]]) (7[|€]|/ 2)~N/2. This suggests us that we consider the analytic

family of operators, T defined as follows.



CONVOLUTION AND MAXIMAL FUNCTION FOR DUNKL TRANSFORM 15

Given p with (N +1)/N < p < N, choose § > 0 such that 1/p= N/(N + 1) — §/2 and consider

B
Trcf & =f(¢ . (<+2+12 1-
O IO ey e

The operator T is defined for all integrable simple functions f since t~*J,(t) is bounded even for

complex values of a as long as ®(«) > ' (which follows from the Poisson integral representation of
Bessel functions). Let ¢ =t + in. Using the well known formula

g1
PTeTT)

Jptvi1(r) = / Ju(rs)s" (1 — s%)"ds

we can write 7S f as

1
T6f(@) = e [ TR @)L o) O s
0

When t = 0, 7" is L?(R?; h2) bounded since it has a bounded multiplier. When ¢ = 1, T2+ is given
by

1
T 1) = [ (Frexn )@MW ) FOHD 1y
0

Hence, T} is bounded on LP(R?; h2) for 1 < p < co. Analytic interpolation ([17, p. 205]) between
these two results gives us that 7? is bounded on LP(R?;h2) when p~! = (1 +¢)/2. Choosing t =
(N—=1)/(N+1)—6 we see that T! f = S, f which is bounded on LP(R%; h2) with p ! = N/(N+1)—§/2
according to our choice of §. This proves the theorem. O

5. SUMMABILITY OF THE INVERSE DUNKIL TRANSFORM
Let ® € L'(R%;h2) and assume ®(0) = 1. For f € S and € > 0 define
T.f(z —Ch/ Fv)E(iz, y)®(=ey)hy (y)dy.

We study the convergence of T, f as ¢ — 0. Note that Ty f = f by the inversion formula for the Dunkl
transform. If 7. f can be extended to all f € LP(R?;h2) and if T, f — f in LP(R%; h2), we say that the

inverse Dunkl transform is ®-summable.
Proposition 5.1. Let & and ¢ = & both belong to L' (R%; h2). If ® is radial then

Tsf(.’lf) = (f *g ¢5)(£IJ)
for all f € L2(R?;h2) and ¢ > 0.

Proof. Under the hypothesis on ® both 7. and the operator taking f into (f *, ¢.) extend to L?(R?; h2)
as bounded operators. So it is enough to verify T f(z) = (f *x ¢<)(z) for all f in the Schwartz class.
By the definition of the Dunkl transform,

T.5@ = o | T Benhi)dy
= on [ raf(©cn | Ben) B~k )y e

= a0 [ fOBe OOk

= (f *x &) ()
where we have changed variable £ — —¢ and used the fact that 7, f(—&) = 7¢ f (). O

If the radial function ¢ satisfies the conditions of Theorem 4.2 we obtain the following result.
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Theorem 5.2. Let ®(z) € L'(R?%: h2) be radial and assume that ® € L'(R%;h2) is bounded and
®(0) = 1. For f € LP(R%; h2), T.f converges to f in LP(R?;h2) ase — 0, for 1 < p < oo.

We consider several examples. In our first example we take ® to be the Gaussian function, ®(z) =
e~lIzI*/2_ By (3) of Proposition (2.1) with z = iy and w = 0, 5(:{:) = e~l=l°/2 We choose & = 1//2t
and define

@(z) = B (z) = (2t) " FDellel’/4t,
Then ¢;(z) satisfies the heat equation for the h-Laplacian,
Apu(z,t) = Ou(z,t),

where Ay, is applied to x variables. For this ®, our summability method is just f *. q;- By (3.4), the
generalized translation of ¢; is given explicitly by

z) = (28) (e +8) gzl +llyl*) /4t g (i,i)
Tyqe(x) = (2t) o

which is the heat kernel for the solution of the heat equation for h-Laplacian. Then a corollary of
Theorem 5.2 gives the following result in [13].
Theorem 5.3. Suppose f € LP(R?;h2), 1 < p < co.

(1) The heat transform

Hif(@) = (f e a)e) = o [ S@ma@mt s, t>0
converges to f in LP(R%;h2) as t — 0.
(2) Define Hof(x) = f(x). Then the function H,f(x) solves the initial value problem
Apu(z,t) = du(z,t),  u(@,0)=f(z), (z,t) € R? x [0,00).

Our second example is the analogue of the Poisson summability, where we take ®(z) = eIl This
case has been studied in [15]. In this case, one can compute the Dunkl transform ® just as in the case
of the ordinary Fourier transform, namely, using

(5.1) — /gy,

1 et
e_t:—/ e—e
VT o Vu

and making use of the fact that the transform of Gaussian is itself (see [17, p. 6]). The result is

— d+1
el = ¢4 1 ) can =203 Tlw+57)
(1+ flaff2y=+ T v
In this case, we define the Poisson kernel as the dilation of </I;,
€
(5.2) P.(x) := cq

(€2 + [Jz)|2) =+

Since ®(0) = 1, it is easy to see that [ P(z,e)h2(z)dz = 1. We have

Theorem 5.4. Suppose f € LP(R%; h2), 1 < p < co. Then the Poisson integral f x. P. converges to f
in LP(R?; h2).

Again the proof is a corollary of Theorem 5.2. For k = 0, it becomes the Poisson summability for the
classical Fourier analysis on R?.
Next we consider the analogue of the Bochner-Riesz means for which
1—z]|?)%, |l=|| <1,
() = (= ll=l)?, =l <

0, otherwise



CONVOLUTION AND MAXIMAL FUNCTION FOR DUNKL TRANSFORM 17

where 6 > 0. As in the case of the ordinary Fourier transform, we take e = 1/R where R > 0. Then the
Bochner-Riesz means is defined by
s

sif@ = [ (1-100) FwBn i wa

llyll<k

Recall that we have defined A\, = (d;2) + v and N =d + 2.

Theorem 5.5. If f € LP(R%;h2), 1 <p < oo and § > (N —1)/2, then
”Sf%f_f”n,p—)o, as R — oo.

Proof. The proof follows as in the case of ordinary Fourier transform [17, p. 171]. From Proposition 2.4
and the properties of the Bessel function, we have

B(z) = 2 lal| M I g ().
Hence, by Jo(r) = O(r—1/2), ® € L'(R¢; h2) under the condition § > A\, +1/2= (N —1)/2. O

We note that A\, = (d — 2)/2 + v, where v, is the sum of all (nonnegative) parameters in the weight
function. If all parameters are zero, then h,(z) = 1 and we are back to the classical Fourier transform,
for which the index (d — 1)/2 is the critical index for the Bochner-Riesz means. We do not know if the
index (N — 1)/2 is the critical index for the Bochner-Riesz means of the Dunkl transforms.

6. MAXIMAL FUNCTION AND ALMOST EVERYWHERE SUMMABILITY

For f € L*(R?%; h2) we define the maximal function M, f by
1
My f(z) = sup Wlf *x XB, (2)],

where x g, is the characteristic function of the ball B, of radius r centered at 0 and d,; = a,/(d + 2v,)-
Using (2.6) we have [, h2(y)dy = (ax/(d + 27,))r?t27=. Therefore, we can also write M, f(z) as

M,if(l') — sup |fRd f(y)TwXBr (y)hi(y)d:ﬂ )
r>0 fBr hi (y)dy
If p € C5°(R?) is a radial function such that xp, () < ¢(z) then from Theorem 3.6 it follows that
TyX B, (z) < Typ(x). But 7,4 is bounded; hence 7, xp, is bounded and compactly supported so that it
belongs to LP(R%; h2). This means that the maximal function M, f is defined for all f € LP(R?;h2).
We also note that as 7,xp, > 0 we have M, f(z) < M| f|(z).

Theorem 6.1. The mazimal function is bounded on LP(R?; h2) for 1 < p < co; moreover it is of weak
type (1,1), that is, for f € L*(R%;h2) and a > 0,

c
[ s < Sl
E(a) a
where E(a) = {z : M, f(z) > a} and c is a constant independent of a and f.

Proof. Without loss of generality we can assume that f > 0. Let 0 = d + 27, + 1 and define for j > 0,
Byj ={z:2777"r <|jzl| < 27/r}. Then
X5, (1) = (2791)° (2791) "X, (1)
4 7 , 27]'7.
<= 9—ip)yo—1 _ .
<(3) € e
<2 Ppean(y),
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where P is the Poisson kernel defined in (5.2) and ¢ = ¢4,,(4/5). Since x g, and P. are both bounded,
integrable radial functions, it follows from Theorem 3.6 that

Tz XB.,.; (y) < C(Q_jT)U_ITwPZ—jr(y)'

This shows that for any positive integer m
m o )
[ 1) 3 rexs, Wy <3N [ F0)n P R0y
j=0 j=0

< erd™ gup f x, Py(x).
>0

As YT xB,;(y) converges to xg,(y) in L'(R?;h%), the boundedness of 7, on L} 4(R*;h7) shows
that Z;"ZO TeXB.,,;(y) converges to 7,xg,(y) in L*(R?; h%). By passing to a subsequence if necessary
we can assume that > 7" 7, xB, ,(y) converges to 7,xp, (y) for almost every y. Thus all the functions
involved are uniformly bounded by 7,xp, (y). This shows that >>7* ; 7z x5, ;(y) converges to 7, xs, (y)
in L” (R%; h2) and hence

im [ 1 zmmJ @—/qumwﬂm

m—0o0

Thus we have proved that

f *x xB, () < er™ sup f x,; Py(x)
t>0

which gives the inequality M, f(z) < cP* f(x), where P* f(x) = sup;sq f*x P:(z) is the maximal function
associated to the Poisson semigroup.

Therefore it is enough to prove the boundedness of P* f. Here we follow a general procedure used in
[16]. By looking at the Dunkl transforms of the Poisson kernel and the heat kernel we infer that

f e Py(z \/_/ (f #r gs) (@)™ /22573 2ds,

which implies, as in [16, p. 49], that
P*f(x) <sup - / Qsf(z
>0

where Qsf(z) = f *, gs(z) is the heat semigroup. Hence using the Hopf- Dunford-Schwartz ergodic
theorem as in [16, p. 48], we get the boundedness of P*f on LP(R?;h2) for 1 < p < oo and the weak
type (1,1). O

The maximal function can be used to study almost everywhere convergence of f x, ¢, as they can
be controlled by the Hardy-Littlewood maximal function M, f under some conditions on ¢. Recall that
N =d+ 2.

Theorem 6.2. Let ¢ € A.(R?) be a real valued radial function which satisfies |p(z)| < c(1+ ||z|))~ N1
Then

sup |f *x ¢ ()| < M f(x).
Consequently, f %, ¢=(x) — f(x) for almost every x as & goes to 0 for all f in LP(R%;h2), 1 < p < oo.

Proof. We can assume that both f and ¢ are nonnegative. Writing

D e (W)xezs <|yy<eri (V)

j=—o0
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we have
m

m
Z B (Y)Ta Xe2i <||yl|<c2i+1 (¥) < € Z (1+e2) Ny xeni< |y <e2i+r (1)

j=—m j=—m

This shows that

Rfﬂw¢dw z::&mgmgdﬁdwhﬂwdyéc 2:(1+6?YW;%dﬂNﬂhf@)

j=—m j=—m

< cMyf(x).

Since ¢(y) < c¢(1 + [lyl)~N ! < cPy(y) it follows that 7,¢(y) < cr,Pi(y) is bounded. Arguing as in the
previous theorem we can show that the left hand side of the above inequality converges to f x, ¢ ().
Thus we obtain

sup |f ¥k ¢s($)| < CMnf(x)
e>0

from which the proof of almost everywhere convergence follows from the standard argument. O

The above two theorems show that the maximal functions M, f and P*f are comparable. As a

corollary we obtain almost everywhere convergence of Bochner-Riesz means.

Corollary 6.3. When § > Y+ the Bochner-Riesz means S f(z) converges to f(z) for almost every x
for all f € LP(R%;h2), 1 < p < oo.

We expect the corollary to be true for all § > (N—;U as in the case of the Fourier transform. This can

be proved if in the above theorem the hypothesis on ¢ can be relaxed to |¢(z)| < (1 + ||z||) =N ¢ for
some € > 0. Since we do not know if 7,((1 + ||z|])~™~!) is bounded or not we cannot repeat the proof
of the above theorem.

7. PRODUCT WEIGHT FUNCTION INVARIANT UNDER Zg

Recall that in the case G = Z4, the weight function h, is a product function

d
(7.1) he(z) = H ||, K; > 0.
=1

In this case the explicit formula of the intertwining operator V,; is known (see (2.2)) and there is an
explicit formula for 7. The following formula is contained in [10], where it is studied under the context
of signed hypergroups.

Theorem 7.1. For G = Z4 and h,, in (7.1),

Tyf(x):Tm"'Tydf(x): y:(yla"'ayd)GRda

where for G = Zs and hg(t) = |t|® on R,

(7.2) /() =% /_11 f (\/t2 . zstu) (1 + \/ﬁ)én(u)du

+ %/_11 f (_‘ /12 + s2 — 2stu) (1 - \/ﬁ)én(u)du,

where @, (u) = b (1+u)(1—u?)*"L. Consequently, for eachy € R?, the generalized translation operator
7y for Zg extends to a bounded operator on LP(R%; h2). More precisely, ||, fllxp < 3| fllsp, 1 < p < 0.
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Since the generalized translation operator 7, extends to a bounded operator on LP(R?; h2), many
results stated in the previous sections can be improved and the proofs can be carried out more conve-
niently as in the classical Fourier analysis. In particular, the properties of 7, given in Proposition 3.2,
Theorem 3.6 and Theorem 3.8 all hold under the more relaxed condition of f € L*(R?; h2).

The standard proof [22] can now be used to show that the generalized convolution satisfies the
following analogous of Young’s inequality.

Proposition 7.2. Let G = Z3. Let p,q,r > 1 and p~! = ¢~ + 77t — 1. Assume f € LI(R? h2) and
g € L"(R%, h2), respectively. Then

IS *x gllsp < cll flln.allgllnr

In the following we give several results that improve the corresponding results in the previous sections
significantly. We start with an improved version of Theorem 4.2. The boundedness of 7, allows us to
remove the assumption that ¢ is radial.

Theorem 7.3. Let ¢ € L'(RY, h2) and assume [oq,¢(x)h%(x)de = 1. Then for f € LP(R%;h2),
1<p< oo, or f€Co(R) if p= oo,

lim”f*nd’E_f”n,p:O, 1<p< .
e—0

Proof. First we assume that f € C§°(R?). By Theorem 3.14, |7, f(z) — f(@)||sp — 0 as y — 0 for
1 < p < oo. In general, for f € LP(R?; h2) we write f = f; + f» where f; is continuous with compact
support and || fa||x,p < d. Then the first term of the inequality

7y f(2) = f(@)llrp < Iy fi(2) = Fr(@)l|np + [Ty f2(2) = fo(2)]]np

goes to zero as € — 0 and the second term is bounded by (1 + ¢)d as |7y f2ll,p < || fl|x,p- This proves
that [|7y f(z) — f(z)||x,p = 0 as y — 0. We have then

on [ |11 40 82(0) = @I (0)da

Rd

<en [ Inf = 1B lo. @) (o)do

on [ (1@ = F@)a- )y | B (o)

=an [ lIref = FIE,lo(e)I @),
which goes to zero as € — 0. O
Our next result is about the boundedness of the spherical means operator.
Theorem 7.4. Let G = Z4. For f € LP(R?, h2),

1S fllwp < cllfllep, — 1<p<oo.
Furthermore, ||S,f — fllxp — 0 as r = 0+.

Proof. Using Holder’s inequality,

SH@P S an [ Ir @) PR ).
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Hence, a simple computation shows that
o [ 1St @PR@ <on [ an [ @ R@ds@R @)
Rd R4 gd—1

=ac [ I 2 0)a0)
<llf

K,p-
Furthermore, we have
1508 = Al <ax [ lirf = M2 W)st0)

which goes to zero as r — 0 since ||y f — fllx,p = 0. O
The boundedness of 7, f in LP(R?; h2) also allows us to relax the condition of Theorem 6.2.

Theorem 7.5. Set G = Z4. Let ¢(x) = ¢o(||z]|) € L*(R%, h2) be a radial function. Assume that ¢q is
differentiable, lim,_, ¢o(r) = 0 and [;° r**=F2|gy(r)|dr < oo, then
I(f *x 9)(2)] < M, f(2).
In particular, if ¢ € L'(R?, h2) and cp [pu d(x)h2(z)de =1, then
(1) For 1 <p< oo, f*. ¢ converges to f ase — 0 in LP(R?; h2);
(2) For f € LY(R, h2), (f *x ¢c)(x) converges to f(x) as € — O for almost all x € R?.

Proof. By definition of the spherical means S; f, we can also write

| [y S f ()t
M.J(@) = >0 Jo t2Axttay

Since | M f(z)| < cM|f|(z), we can assume f(z) > 0. The assumption on ¢ shows that

i do(r) [ Suf (@ di = lim o) [ 7 f@2 Wiy

T—00

= lim o) | F)E )y = 0.

7T—00

Hence, using the spherical-polar coordinates and integrating by parts, we get

(f *x $)(z) = / " o), (@) dr

- / h / 5,1 (@)t ()
0 0

(f #e 9)(@)] < M, f(2) / T M2 1) dr,

the boundedness of the last integral proves the maximal inequality. O

which implies that

As an immediate consequence of the this theorem, the Bochner-Riesz means converge almost every-
where if § > (N —1)/2 for G = Z4, which closes the gap left open in Corollary 6.3.

We can further enhance Theorem 7.5 by removing the assumption that ¢ is radial. For this purpose,
we make the following simple observation about the maximal function: If f is nonnegative then we can
drop the absolute value sign in the definition of the maximal function, even though 7, f may not be
nonnegative.
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Lemma 7.6. If f € L'(R?, h2) is a nonnegative function then

sup fB Tyf ( )dy
T>0 fB h2 dy

In particular, if f and g are two nonnegative functions then

Myf + Meg = M.(f +9)-

Mnf(m) =

Proof. Since 1,xp, () is nonnegative, we have

(f *x xB,)( ./ FW)ryxs, (z)h(y)dy

is nonnegative if f is nonnegative. Hence we can drop the absolute value sign in the definition of
M,.f. O

Theorem 7.7. Set G = 7Z.4. Let ¢ € L*(R%, h2) and let 1(x) = vo(||z||) € L1(R?, h2) be a nonnegative
radial function such that |¢(x)| < ¥(z). Assume that ¢g is differentiable, lim, oo to(r) = 0 and
I 2>"‘+2|¢0 (r)|dr < 0o. Then sup,sq | f *x ¢e(z)| is of weak type (1,1). In particular, if € L*(R?, h?)
and cp, [pa d(@)h2(x)de = 1, then for f € LY(R%, h2), (f *x ¢)(x) converges to f(z) ase — O for almost
all z € R?.

Proof. Since My f(xz) < My|f|(z), we can assume that f(z) > 0. The proof uses the explicit formula
for 7, f. Let us first consider the case of d = 1. Since 9 is an even function, 7, is given by the formula

Ty f(x) = /_11 f (VazQ +y% - 2:Uyt) D, (t)dt

by (7.2). Since (z —y)(1 +t) = (x — yt) — (y — xt), we have
|z —y|

V2 4+ y? —2zyt

Consequently, by the explicit formula of 7, f (7.2), the inequality |¢(z)| < 9(z) implies that ,
ITyd(@)| < Ty2p(z) + 279 (),

(1+1)<2.

where 7,1 is defined by

TyY(x) = by / $2 +y?2 — 2zyt ) (1 —t*)r Lt

Note that 7,9 differs from 7,1 by a factor of (1 +t) in the weight function. Changing variables ¢ — —t
and y — —y in the integrals shows that

/ )7y (@)h (y)dy = / F(y)ry(@)h2 (y)dy
R R

where F(y) = (f(y) + f(—y))/2. Hence, it follows that
(F % 9)(@)] = \ / f(y)TW(m)hi(y)dy‘ < (f %0 0)(@) + 2F 2 0) ).

The same consideration can be extended to the case of Zg for d > 1. Let {ey,...,eq} be the standard
Euclidean basis. For §; = £1 define zd; = x — (1 + §;)z;e; (that is, multiplying the j-th component of
x by d; gives zd;). For 1 < j < d we define

F}l,---jk =27" Z f($5j1 T 6jk)‘

(8315405, JEZ5}
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In particular, Fj(z) = (F(x) + F(x6;))/2, Fj, j,(x) = (F(z) + F(x6;,) + F(x0;,) + F(xd;,0;,))/4, and
the last sum is over Z§, F1,..a(2) = 27?3, 74 f(20). Following the proof in the case of d =1 it is not
hard to see that

d
|(f #n @) (@) < (FHn )(@) + 2D (Fjxu )(@) +4 D (Fjyjo #n 9)(@)
Jj=1 J1#j2
+ ...+ 2d(F1,m,d *,, 0) ().
For G = Z4, the explicit formula of 7, shows that M, f(z) is even in each of its variables. Hence,
applying the result of the previous theorem on each of the above terms, we get

d
|(f %x 8)(2)| < Muf(z) + 2 MoFj(z) +4 > M.Fj, j, ()
j=1 J1#£3j2
+. .+ 2°MF ().

Since all Fj are clearly nonnegative, by Lemma 7.6, the last expression can be written as M, H, where
H is the sum of all functions involved. Consequently, since ||Fj, ... j;llx,1 < || fllx,1, it follows that

H
/ iy < Mt o Ml
{z:(f*x¢)(2) 20} a a

Hence, f *, ¢ is of weak type (1,1), from which the almost everywhere convergence follows as usual. O

We note that we do not know if the inequality |(f %, ¢)(z)| < ¢M, f(z) holds in this case, since we
only know M, (R(6)f)(z) = R(O)Mf(x) = M, f(xd), where R(5)f(z) = f(xd) for § € G, from which
we cannot deduce that M Fj, . ;. (x) < cMgf(x).
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