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o Part 3b: Projective embeddings of Orthogonal, Hermitian,
Symplectic dual polar spaces.
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IM: classical thick polar space of rank n > 2
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IM: classical thick polar space of rank n > 2

A: dual polar space of rank n associated to [l
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IM: classical thick polar space of rank n > 2

A: dual polar space of rank n associated to [l

points of A: maximal singular subspaces of I1
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IM: classical thick polar space of rank n > 2

A: dual polar space of rank n associated to [l
points of A: maximal singular subspaces of I1

lines of A: next-to-maximal singular subspaces of 1
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A = (P, L): dual polar space
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A = (P, L): dual polar space
X, y: points of A
d(x, y): distance between x and y in the collinearity graph of A.
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A = (P, L): dual polar space
X, y: points of A
d(x, y): distance between x and y in the collinearity graph of A.
Ap(x):={zeP:d(x,z) =k} (ke N)
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A = (P, L): dual polar space
X, y: points of A
d(x, y): distance between x and y in the collinearity graph of A.
Ap(x):={zeP:d(x,z) =k} (ke N)
xt:={zeP:d(x,z) =1} U{x}
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A = (P, L): dual polar space
X, y: points of A
d(x, y): distance between x and y in the collinearity graph of A.
Ap(x):={zeP:d(x,z) =k} (ke N)
xt:={zeP:d(x,z) =1} U{x}

X£0#AYCP
d(X,Y) = min{d(x,y): x e X,y € Y}
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A = (P, L): dual polar space
X, y: points of A
d(x, y): distance between x and y in the collinearity graph of A.
Ap(x):={zeP:d(x,z) =k} (ke N)
xt:={zeP:d(x,z) =1} U{x}

X£0#AYCP
d(X,Y) = min{d(x,y): x e X,y € Y}
X is a subspace if for every line | of X s.t. [XN /| >2then /| CX

X subspace is convex if every point on a shortest path between any
two points of X is also contained in X.
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A = (P, L): dual polar space
X, y: points of A
d(x, y): distance between x and y in the collinearity graph of A.
Ap(x):={zeP:d(x,z) =k} (ke N)
xt:={zeP:d(x,z) =1} U{x}

X£0#AYCP
d(X,Y) = min{d(x,y): x e X,y € Y}
X is a subspace if for every line | of X s.t. [XN /| >2then /| CX

X subspace is convex if every point on a shortest path between any
two points of X is also contained in X.

Q(2n,F) — DQ(2n,F)
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A = (P, L): dual polar space
X, y: points of A
d(x, y): distance between x and y in the collinearity graph of A.
Ap(x):={zeP:d(x,z) =k} (ke N)
xt:={zeP:d(x,z) =1} U{x}
X£0AYCP
d(X,Y) = min{d(x,y): x e X,y € Y}
X is a subspace if for every line | of X s.t. [XN /| >2then /| CX
X subspace is convex if every point on a shortest path between any

two points of X is also contained in X.

Q(2n,IF) — DQ(2n,F)
Q (2n—-1,F) < DQ (2n—-1,F)
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A = (P, L): dual polar space
X, y: points of A
d(x, y): distance between x and y in the collinearity graph of A.
Ap(x):={zeP:d(x,z) =k} (ke N)
xt:={zeP:d(x,z) =1} U{x}

X£0#AYCP
d(X,Y) = min{d(x,y): x e X,y € Y}
X is a subspace if for every line | of X s.t. [XN /| >2then /| CX

X subspace is convex if every point on a shortest path between any
two points of X is also contained in X.

Q(2n,F) — DQ(2n,F)

Q@ (2n—1,F) < DQ (2n—1,F)
H(2n—1,F3) « DH(2n—1,F3)
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A = (P, L): dual polar space
X, y: points of A
d(x, y): distance between x and y in the collinearity graph of A.
Ap(x):={zeP:d(x,z) =k} (ke N)
xt:={zeP:d(x,z) =1} U{x}

X£0#AYCP
d(X,Y) = min{d(x,y): x e X,y € Y}
X is a subspace if for every line | of X s.t. [XN /| >2then /| CX

X subspace is convex if every point on a shortest path between any
two points of X is also contained in X.

Q(2n,TF) — DQ(2n,F)
Q@ (2n—1,F) < DQ (2n—1,F)
H(2n—1,F2) « DH(2n—1,TF3)
H(2n,TF3) « DH(2n,F3)
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A = (P, L): dual polar space
X, y: points of A
d(x, y): distance between x and y in the collinearity graph of A.
Ap(x):={zeP:d(x,z) =k} (ke N)
xt:={zeP:d(x,z) =1} U{x}

X£0#AYCP

d(X,Y) = min{d(x,y): x e X,y € Y}
X is a subspace if for every line | of X s.t. [XN /| >2then /| CX

X subspace is convex if every point on a shortest path between any
two points of X is also contained in X.

Q(2n,TF) — DQ(2n,F)
Q@ (2n—1,F) < DQ (2n—1,F)
H(2n—1,F2) « DH(2n—1,TF3)
H(2n,TF3) « DH(2n,F3)
W(@2n—-1,F) < DW(2n-1,F)
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Projective embedding of dual polar spaces

Let A = (P, L) be a dual polar space and ¥ = PG(V) be a
projective space.
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Projective embedding of dual polar spaces

Definition

Let A = (P, L) be a dual polar space and ¥ = PG(V) be a
projective space. An injective mapping €: P — X is a full
projective embedding of A of dimension dim(V) if :
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Projective embedding of dual polar spaces

Definition

Let A = (P, L) be a dual polar space and ¥ = PG(V) be a
projective space. An injective mapping €: P — X is a full
projective embedding of A of dimension dim(V) if :

(PE1) {e(P)) = X,
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Projective embedding of dual polar spaces

Definition
Let A = (P, L) be a dual polar space and ¥ = PG(V) be a
projective space. An injective mapping €: P — X is a full
projective embedding of A of dimension dim(V) if :

(PE1) (e(P)) = X,

(PE2) (1) is a (projective) line VI € L;
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Projective embedding of dual polar spaces

Definition

Let A = (P, L) be a dual polar space and ¥ = PG(V) be a
projective space. An injective mapping €: P — X is a full
projective embedding of A of dimension dim(V) if :

(PE1) {e(P)) = X,
(PE2) (1) is a (projective) line VI € L;
(PE3) (1) # €(m) for any distinct lines |, m € L.
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Projective embedding of dual polar spaces

A = (P, L): dual polar space; x: point of A
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Projective embedding of dual polar spaces

A = (P, L): dual polar space; x: point of A
H,: set of points of A at non-maximal distance from x.
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A = (P, L): dual polar space; x: point of A
H,: set of points of A at non-maximal distance from x.

(%) Hy is a hyperplane of A
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Projective embedding of dual polar spaces

A = (P, L): dual polar space; x: point of A
H,: set of points of A at non-maximal distance from x.
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(%) Hy is a maximal subspace of A
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Projective embedding of dual polar spaces

A = (P, L): dual polar space; x: point of A
H,: set of points of A at non-maximal distance from x.
(%) Hy is a hyperplane of A

(%) Hy is a maximal subspace of A

e: A — X: projective embedding

\
£(Hx) spans either a hyperplane of ¥ or the whole of X.
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Projective embedding of dual polar spaces

A = (P, L): dual polar space; x: point of A
H,: set of points of A at non-maximal distance from x.
(%) Hy is a hyperplane of A

(%) Hy is a maximal subspace of A

e: A — X: projective embedding

\
£(Hx) spans either a hyperplane of ¥ or the whole of X.

Definition

A projective embedding € of a dual polar space A in a projective
space X is a polarized embedding
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Projective embedding of dual polar spaces

A = (P, L): dual polar space; x: point of A
H,: set of points of A at non-maximal distance from x.
(%) Hy is a hyperplane of A

(%) Hy is a maximal subspace of A

e: A — X: projective embedding

\
£(Hx) spans either a hyperplane of ¥ or the whole of X.

Definition

A projective embedding € of a dual polar space A in a projective
space ¥ is a polarized embedding if (¢(Hy)) is a hyperplane of
for every point x of A.

llaria Cardinali An outline of polar spaces: basics and advances Part 3



Projective embedding of dual polar spaces

A = (P, L): dual polar space;
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Projective embedding of dual polar spaces

A = (P, L): dual polar space;e: A — ¥: projective embedding
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Projective embedding of dual polar spaces

A = (P, L): dual polar space;e: A — ¥: projective embedding

Let Q be a subspace of X such that
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Projective embedding of dual polar spaces

A = (P, L): dual polar space;e: A — ¥: projective embedding
Let Q be a subspace of X such that
(Q1) QNne(P) =10
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Projective embedding of dual polar spaces

A = (P, L): dual polar space;e: A — ¥: projective embedding
Let Q be a subspace of X such that
QL) QNne(P)=10
(Q2) (Q,e(x)) # (Q,e(y)) Vx #y € P.

Let eq: A — X/Q, eq(x) = (Q,e(x))
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Projective embedding of dual polar spaces

A = (P, L): dual polar space;e: A — ¥: projective embedding
Let Q be a subspace of X such that
QL) QNne(P)=10
(Q2) (Q,e(x)) # (Q,e(y)) Vx #y € P.

Let eq: A — X/Q, eq(x) = (Q,e(x))
eq is an embedding of A in X /Q called the quotient of £ over Q.
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Projective embedding of dual polar spaces

A = (P, L): dual polar space;e: A — ¥: projective embedding
Let Q be a subspace of X such that
QL) QNne(P)=10
(Q2) (Q,e(x)) # (Q,e(y)) Vx #y € P.

Let eq: A — X/Q, eq(x) = (Q,e(x))
eq is an embedding of A in X /Q called the quotient of £ over Q.

e: full projective embedding = eq: full projective embedding
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Projective embedding of dual polar spaces

A = (P, L): dual polar space;e: A — ¥: projective embedding
Let Q be a subspace of X such that
QL) QNne(P)=10
(Q2) (Q,e(x)) # (Q,e(y)) Vx #y € P.

Let eq: A — X/Q, eq(x) = (Q,e(x))
eq is an embedding of A in X /Q called the quotient of £ over Q.

e: full projective embedding = eq: full projective embedding

€q: polarized embedding = ¢: polarized embedding
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ctive embedding of dual polar spaces

E]_ZA—>Z]_, 822A—>22
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Projective embedding of dual polar spaces
E]_ZA—>Z]_, 822A—>22

€1 2 &2
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Projective embedding of dual polar spaces
E]_ZA—>Z]_, 822A—>22

€1 2 &2

if 3f: ¥1 — ¥, semilinear such that ey ~ f ogq
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Projective embedding of dual polar spaces
E]_ZA—>Z]_, 822A—>22

€1 2 &2

if 3f: ¥1 — ¥, semilinear such that ey ~ f ogq

If f is an isomorphism then €1 22 5
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Projective embedding of dual polar spaces
E]_ZA—>Z]_, 822A—>22

€1 2 &2

if 3f: ¥1 — ¥, semilinear such that ey ~ f ogq

If f is an isomorphism then €1 22 5

Definition

Let A be a dual polar space. The embedding iy : A — Y s
(absolutely) universal if for any full embedding € of A we have
Euniv = €.
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Projective embedding of dual polar spaces
E]_ZA—>Z]_, 822A—>22

€1 2 &2

if 3f: ¥1 — ¥, semilinear such that ey ~ f ogq

If f is an isomorphism then €1 22 5

Definition

Let A be a dual polar space. The embedding iy : A — Y s
(absolutely) universal if for any full embedding € of A we have
Euniv = E.

® cyniv: universal embedding of A = ¢ = ¢,,,/Q for any
embedding £ of A and a suitable subspace Q of ¥.
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E]_ZA—>Z]_, 822A—>22
€1 2 &2

if 3f: ¥1 — ¥, semilinear such that ey ~ f ogq

If f is an isomorphism then €1 22 5

Definition

Let A be a dual polar space. The embedding iy : A — Y s
(absolutely) universal if for any full embedding € of A we have
Euniv = E.

® cyniv: universal embedding of A = ¢ = ¢,,,/Q for any
embedding £ of A and a suitable subspace Q of ¥.

@ If a universal embedding exists then it is uniquely determined
up to isomorphism.
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E]_ZA—>Z]_, 822A—>22
€1 2 &2

if 3f: ¥1 — ¥, semilinear such that ey ~ f ogq

If f is an isomorphism then €1 22 5

Definition

Let A be a dual polar space. The embedding iy : A — Y s
(absolutely) universal if for any full embedding € of A we have
Euniv = E.

@ cypiv: universal embedding of A = ¢ = ¢, /Q f~or any
embedding £ of A and a suitable subspace Q of ¥.

@ If a universal embedding exists then it is uniquely determined
up to isomorphism.

@ Universal embedding of A« hull of all linear embeddings of A.
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Projective embedding of dual polar spaces

e: A — T, Y =PG(V), geAut(A)
@ g lifts to X through ¢ if 3 e(g) € PTL(V) s.t. e(g)e = eg.
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Projective embedding of dual polar spaces

e: A — T, Y =PG(V), geAut(A)
@ g lifts to X through ¢ if 3 e(g) € PTL(V) s.t. e(g)e = eg.

(*) If e(g) exists then it is uniquely determined by g.
e(g):
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Projective embedding of dual polar spaces

e: A — T, Y =PG(V), geAut(A)
@ g lifts to X through ¢ if 3 e(g) € PTL(V) s.t. e(g)e = eg.

(*) If e(g) exists then it is uniquely determined by g.
e(g): lifting of g to ¥.
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Projective embedding of dual polar spaces

e: A — T, Y =PG(V), geAut(A)
@ g lifts to X through ¢ if 3 e(g) € PTL(V) s.t. e(g)e = eg.

(*) If e(g) exists then it is uniquely determined by g.
e(g): lifting of g to ¥.

e G < Aut(A). If all elements of G lift to ¥ through € then we
say that G lifts to X.
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Projective embedding of dual polar spaces
Definition

e: A — T, Y =PG(V), geAut(A)
@ g lifts to X through ¢ if 3 e(g) € PTL(V) s.t. e(g)e = eg.

(*) If e(g) exists then it is uniquely determined by g.
e(g): lifting of g to ¥.

e G < Aut(A). If all elements of G lift to ¥ through € then we
say that G lifts to X.

@ The embedding ¢: A — ¥ is G-homogeneous if G lifts to ¥
through €
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Projective embedding of dual polar spaces

e: A — %, Aut(A)o JAut(A)
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Projective embedding of dual polar spaces

e: A — %, Aut(A)o JAut(A)

If € is Aut(A)o-homogeneous then it is polarized.
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Projective embedding of dual polar spaces

e: A — %, Aut(A)o JAut(A)

If € is Aut(A)o-homogeneous then it is polarized.

If a thick dual polar space A of rank n > 2 admits at least one full
projective embedding then A admits the absolutely universal
embedding.
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Projective embedding of dual polar spaces

A: thick dual polar space of rank n > 2
admitting a full polarized embedding
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Projective embedding of dual polar spaces

A: thick dual polar space of rank n > 2
admitting a full polarized embedding

Up to isomorphisms, there exists a unique full polarized embedding
€min such that every full polarized embedding ¢ of A has a
quotient isomorphic to €pnp.
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Projective embedding of dual polar spaces

A: thick dual polar space of rank n > 2
admitting a full polarized embedding

Up to isomorphisms, there exists a unique full polarized embedding
€min such that every full polarized embedding ¢ of A has a
quotient isomorphic to €pnp.

Emin: the minimal full polarized embedding of A.
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Projective embedding of dual polar spaces

A: thick dual polar space of rank n > 2
admitting a full polarized embedding

Up to isomorphisms, there exists a unique full polarized embedding
€min such that every full polarized embedding ¢ of A has a
quotient isomorphic to €pnp.
Emin: the minimal full polarized embedding of A.

dim(emin) > 2"
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Projective embedding of dual polar spaces

A: thick dual polar space of rank n > 2
admitting a full polarized embedding

Up to isomorphisms, there exists a unique full polarized embedding
€min such that every full polarized embedding ¢ of A has a
quotient isomorphic to €pnp.
Emin: the minimal full polarized embedding of A.

dim(emin) > 2"

For every e: A — ¥ full polarized embedding
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Projective embedding of dual polar spaces

A: thick dual polar space of rank n > 2
admitting a full polarized embedding

Up to isomorphisms, there exists a unique full polarized embedding
€min such that every full polarized embedding ¢ of A has a
quotient isomorphic to €pnp.
Emin: the minimal full polarized embedding of A.

dim(emin) > 2"

For every e: A — ¥ full polarized embedding

Euniv: universal embedding of A
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Projective embedding of dual polar spaces

A: thick dual polar space of rank n > 2
admitting a full polarized embedding

Up to isomorphisms, there exists a unique full polarized embedding
€min such that every full polarized embedding ¢ of A has a
quotient isomorphic to €pnp.
Emin: the minimal full polarized embedding of A.

dim(emin) > 2"

For every e: A — ¥ full polarized embedding

Euniv: universal embedding of A

Emin: Minimal embedding of A
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Projective embedding of dual polar spaces

A: thick dual polar space of rank n > 2
admitting a full polarized embedding

Up to isomorphisms, there exists a unique full polarized embedding
€min such that every full polarized embedding ¢ of A has a
quotient isomorphic to €pnp.
Emin: the minimal full polarized embedding of A.

dim(emin) > 2"

For every e: A — ¥ full polarized embedding

Euniv: universal embedding of A

Emin: Minimal embedding of A

Emin < € < Euniv
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Projective embedding of dual polar spaces

Characterization of the minimal polarized embedding

A = (P, L): dual polar space
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Projective embedding of dual polar spaces

Characterization of the minimal polarized embedding

A = (P, L): dual polar space
| Kasikova-Shult
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Projective embedding of dual polar spaces

Characterization of the minimal polarized embedding

A = (P, L): dual polar space
| Kasikova-Shult

Euniv - D — Y universal embedding of A
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Projective embedding of dual polar spaces

Characterization of the minimal polarized embedding

A = (P, L): dual polar space
| Kasikova-Shult

Euniv - D — Y universal embedding of A

R = NxepEuniv(Hx)) |
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Projective embedding of dual polar spaces

Characterization of the minimal polarized embedding

A = (P, L): dual polar space
| Kasikova-Shult

Euniv - D — Y universal embedding of A

R = (\yepEuniv(Hx)) |: nucleus of eyni

i
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Projective embedding of dual polar spaces

Characterization of the minimal polarized embedding

A = (P, L): dual polar space
| Kasikova-Shult

Euniv - D — Y universal embedding of A

R = (\yepEuniv(Hx)) |: nucleus of eyni

i

Emin = Euniv/ R: minimal polarized embedding of A
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Projective embedding of dual polar spaces

Characterization of the minimal polarized embedding

A = (P, L): dual polar space
| Kasikova-Shult

Euniv - D — Y universal embedding of A

R = (\yepEuniv(Hx)) |: nucleus of eyni

i

Emin = Euniv/ R: minimal polarized embedding of A

If R is trivial then €,,;, is the unique polarized embedding of A.
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Projective embedding of dual polar spaces

Euniv i A — i, Y = PG(\~/), universal embedding of A
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Projective embedding of dual polar spaces

Euniv i A — i, Y = PG(\~/), universal embedding of A
The nucleus R of €,y is a Aut(A)-invariant subspace of PG(\7).
!
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Projective embedding of dual polar spaces

Euniv i A — i, Y = PG(\~/), universal embedding of A
The nucleus R of €,y is a Aut(A)-invariant subspace of PG(\7).

!
R is G-invariant VG < Aut(A)
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Projective embedding of dual polar spaces

Euniv + A — i, Y = PG(\~/), universal embedding of A
The nucleus R of £y, is a Aut(A)-invariant subspace of PG(V).
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Projective embedding of dual polar spaces

Euniv + A — i, Y = PG(\~/), universal embedding of A
The nucleus R of £y, is a Aut(A)-invariant subspace of PG(V).
!
R is G-invariant VG < Aut(A)
!

Emin = Euniv/R is Aut(A)o—homogeneous

All Aut(A)o-invariant proper subspaces of PG(V/) are contained in
the nucleus R of € ,njy -

Regard V as a module for Aut(A)o
|

The nucleus R is the largest proper submodule of %
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Embeddings of Classical thick dual polar spaces

Embedding DQ(2n, F)

M := Q(2n,F): orthogonal polar space of rank n > 2 of parabolic
type arising from a non-singular quadratic form
of Witt index n
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Embeddings of Classical thick dual polar spaces

Embedding DQ(2n, F)

M := Q(2n,F): orthogonal polar space of rank n > 2 of parabolic
type arising from a non-singular quadratic form
of Witt index n

A =DQ(2n,F): dual of N
Aut(A)o = PQ(2n+ 1,F).

Espin - DQ(2n,F) — PG(2" — 1,F): spin embedding of A
Espin: full projective polarized homogeneous embedding.

char(F) # 2| gpin is the universal and minimal projective
embedding of A.
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Embeddings of Classical thick dual polar spaces

|char(F) = 2 and F perfect | - Q(2n,F) = W(2n — 1,F).
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Embeddings of Classical thick dual polar spaces

|char(F) = 2 and F perfect | - Q(2n,F) = W(2n — 1,F).

W(2n — 1,F): symplectic dual polar space of rank n
No: nucleus of the quadratic form defining Q(2n,TF),
V:=V(2n+1,F); V/Ny= V(2n,F)

The projection V. — V /N

1 induces
Q(2n,F) = W(2n — 1,F)
!
DQ(2n,F) = DW(2n — 1,F)
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Embeddings of Classical thick dual polar spaces

W, = A" V(2n,F)

car - DQ(2n,F) — PG(W,): grassmann embedding
(Vi ooy V) = (VI A oo A V)
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Embeddings of Classical thick dual polar spaces

= A" V(2n,F)

car - DQ(2n,F) — PG(W,): grassmann embedding
(Vi ooy V) = (VI A oo A V)

ear: full projective polarized homogeneous embedding

dim(eg) = () = (%)
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Embeddings of Classical thick dual polar spaces

A =DQ(2n,F)
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’F =Fye and F # Iy ‘: * E?; is the universal embedding of A
* €gpin is the minimal embedding of A

F =T, * e is not universal.
* dim(eyniv) = (2" 4+ 1)(2" - 1)/3
* gpin is the minimal embedding of A

’char([ﬁ‘) = 2, I perfect ‘: * egr is universal
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Embeddings of Classical thick dual polar spaces

A =DQ(2n,F)
’F =Fye and F # Iy ‘: * E?; is the universal embedding of A
* €gpin is the minimal embedding of A

F =T, * e is not universal.
* dim(eyniv) = (2" 4+ 1)(2" - 1)/3
* gpin is the minimal embedding of A

’char([ﬁ‘) = 2, I perfect ‘: * egr is universal

* €gpin is the minimal embedding of A

’char(F) = 2, F non perfect ‘: * cuniv =7

* dim(gmin) = 2"
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Embeddings of Classical thick dual polar spaces

Embedding DQ™ (2n + 1, )

M:=Q (2n+ 1,F): orthogonal polar space of rank n > 2 of
elliptic type arising from a non-singular
quadratic form of Witt index n
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Embeddings of Classical thick dual polar spaces

Embedding DQ™ (2n + 1, )

M:=Q (2n+ 1,F): orthogonal polar space of rank n > 2 of
elliptic type arising from a non-singular
quadratic form of Witt index n

A =DQ (2n+ 1,F): dual of .
Aut(A) = PQ~(2n + 2,F).

:DQ™(2n+ 1,F) — PG(2" — 1,F): spin embedding of A

bpm

S;pin: arises from the half-spin embedding of the half-spin
geometry of QT (2n + 1,F);

Egpin’ full projective polarized homogeneous embedding of A.

€gpin is the universal and minimal full polarized embedding of A
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Embeddings of Classical thick dual polar spaces

Embedding DH(2n — 1, F2)

M := H(2n — 1,F3): hermitian polar space of rank n > 2
arising from a non-singular hermitian
form of Witt index n;
Fo is the subfield of F = F2 fixed by an
involutory automorphism of F.
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Embedding DH(2n — 1, F2)

M := H(2n — 1,F3): hermitian polar space of rank n > 2
arising from a non-singular hermitian
form of Witt index n;

Fo is the subfield of F = F2 fixed by an
involutory automorphism of F.
A = DH(2n — 1,F3): dual of .

Aut(A)o = PSU(2n,F3).
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Embedding DH(2n — 1, F2)

M := H(2n — 1,F3): hermitian polar space of rank n > 2
arising from a non-singular hermitian
form of Witt index n;

Fo is the subfield of F = F2 fixed by an
involutory automorphism of F.
A = DH(2n — 1,F3): dual of .

Aut(A)o = PSU(2n,F3).
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Embeddings of Classical thick dual polar spaces

Embedding DH(2n — 1, F2)

M := H(2n — 1,F3): hermitian polar space of rank n > 2
arising from a non-singular hermitian
form of Witt index n;
Fo is the subfield of F = F2 fixed by an
involutory automorphism of F.

A = DH(2n — 1,F3): dual of .

Aut(A)o = PSU(2n,F3).

W, := \" V(2n,Fo), dim(W,) = (*") =: N

EH, : DH(2n — 1,F3) — PG(W,): grassmann embedding

g’r arises from the embedding of the grassmannian of n-subspaces

of V(2n,F) in PG(N — 1,F), via the choice of a suitable Baer
subgeometry PG(W,) of PG(N — 1,F).

llaria Cardinali

An outline of polar spaces: basics and advances Part 3



Embeddings of Classical thick dual polar spaces

Embedding DH(2n — 1, F2)

M := H(2n — 1,F3): hermitian polar space of rank n > 2
arising from a non-singular hermitian
form of Witt index n;

Fo is the subfield of F = F2 fixed by an
involutory automorphism of F.
A = DH(2n — 1,F3): dual of .

Aut(A)o = PSU(2n,F3).

W, := \" V(2n,Fo), dim(W,) = (*") =: N

EH, : DH(2n — 1,F3) — PG(W,): grassmann embedding

g’r arises from the embedding of the grassmannian of n-subspaces

of V(2n,F) in PG(N — 1,F), via the choice of a suitable Baer
subgeometry PG(W,) of PG(N — 1,F).

5gr. full projective polarized homogeneous embedding of A
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Embeddings of Classical thick dual polar spaces

A =DH(2n—1,F), F=F3

|IF arbitrary field | * ¢! is the minimal projective embedding of A.

: * sgr is the universal projective embedding of A.
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Embeddings of Classical thick dual polar spaces

A =DH(2n—1,F), F=F3

|IF arbitrary field | * ¢! is the minimal projective embedding of A.

: * sgr is the universal projective embedding of A.
: * eé’;’, is not the universal projective embedding of A.
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Embeddings of Classical thick dual polar spaces

A =DH(2n—1,F), F=F3

’IF arbitrary field ‘: is the minimal projective embedding of A.

gr

: g, is the universal projective embedding of A.

Fo=TF,[ * g’, is not the universal projective embedding of A.

* dim(ean) = (4" +2)/3
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Embeddings of Classical thick dual polar spaces

The dual polar space DH(2n, F)

’DH(2n,IF) can NOT be PROJECTIVELY embedded
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Embeddings of Classical thick dual polar spaces

The dual polar space DH(2n, F)

’DH(2n,IF) can NOT be PROJECTIVELY embedded

Since DH(4,F) can not be embedded in any projective space

|
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Embeddings of Classical thick dual polar spaces

The dual polar space DH(2n, F)

’DH(2n,IF) can NOT be PROJECTIVELY embedded

Since DH(4,F) can not be embedded in any projective space

|

DH(2n,F) can not be embedded in any projective space
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Embeddings of Classical thick dual polar spaces

Embedding DW(2n — 1, )

M :=W(2n — 1,FF): symplectic polar space of rank n > 2
arising from a non-singular alternating form
of Witt index n
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Embeddings of Classical thick dual polar spaces

Embedding DW(2n — 1, )

M :=W(2n — 1,FF): symplectic polar space of rank n > 2
arising from a non-singular alternating form
of Witt index n

A =DW(2n—1,F): dual of I
Aut(A)o = PSp(2n,F).
W, := A" V(2n,TF)

egr : DW(2n — 1,F) — PG(W,): grassmann embedding
(Vi oy V) = (VI A oA V)

€gr: full projective polarized homogeneous embedding
. 2 2
dim(zgr) = () = (,22)-
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Embeddings of Classical thick dual polar spaces

The universal embedding of DW(2n — 1, F)

A =DW(2n—1,F)

llaria Cardinali An outline of polar spaces: basics and advances Part 3



Embeddings of Classical thick dual polar spaces

The universal embedding of DW(2n — 1, F)

A =DW(2n—1,F)

|char(F) # 2 or Fp # F = Fye,
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Embeddings of Classical thick dual polar spaces

The universal embedding of DW(2n — 1, F)

A =DW(2n—1,F)

|char(F) # 2 or Fp # F = Fye,

: * g4 is the universal embedding.

=T | * €gr is not universal.
* dim(eyni) = (2" 4+ 1)(2" — 1)/3.

’char(F) = 2, Fy # F arbitrary ‘: * egr is universal.
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The minimal embedding of DW(2n — 1, F)

Emin = €gr/ R where R C W, is the nucleus of g.
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Embeddings of Classical thick dual polar spaces

The minimal embedding of DW(2n — 1, F)

Emin = €gr/ R where R C W, is the nucleus of g.

’char(F) =0=R= 0‘: * £gr is the minimal embedding.

’char(IF) # 0 — R # 0 in general ‘

char(F) = 2| * dim(R) = (*") — (,*7,) — 2" = dim(emip) = 2"

n n—2

char(F) = 2, F perfect |: * &min = egpin Spin embedding of DQ(2n, F
sp
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Embeddings of Classical thick dual polar spaces

char(F) > 2|: The dimension dim(R) of R and hence the
dimension dim(emin) = dim(eg/R) of the minimal full polarized
embedding can be computed by a recursive formula which indeed

describes the dimensions of the modules in the composition series
of R as a module for PSp(2n, F).
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char(F) > 2|: The dimension dim(R) of R and hence the
dimension dim(emin) = dim(eg/R) of the minimal full polarized
embedding can be computed by a recursive formula which indeed

describes the dimensions of the modules in the composition series
of R as a module for PSp(2n, F).

A. A. Premet and |. D. Suprunenko. The Weyl modules and the
irreducible representations of the symplectic group with the
fundamental highest weights. Comm. Algebra 11 (1983),
1309-1342
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