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Brief Outline of the presentation

1st part
@ We introduce the notion of nice error basis and index group.

@ Characterisation of abelian index group and as a special case error basis coming from
discrete Weyl relation.

@ non-abelian index group from groups of central type.

2nd part
@ We use the nice error basis to characterise CP maps in terms of positive Kernel.
@ we discuss the characterisation of semigroup of CP maps in terms of Kernel

@ Characterisation of semigroup of k-positive maps.

Purbayan Chakraborty, Universite Franche Comte, France Nice Error Basis and Study of Quantum Maps January 19, 2022 2/25



Nice Error Basis
o Let G be a group of order n?. The set & = {n(g) € U(n); g € G} is called nice error
basis if
Q (1) =Id,
Q Tr(7(g)) = ndg.1,
Q 7(g)m(h) =w(g, h)mgh, where w: G x G — C.
G is called index group if such representation exists.

e W.r.t. the Hilbert-Schmidt inner product on M,(C)
1 "
(A, B) = ;Tr(A B)

they form an orthonormal basis of M,(C) upto a scalar multiplication.
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@ Recall G is called symmetric if G = H x H.

Theorem (Klappenecker, Rétteler)

An error basis £ has abelian index group G if G is of symmetric type and conversely any finite
abelian group of symmetric type is an index group of nice error basis.
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NEB from Discrete Weyl relation

@ Let G be a group such that G = Zy X Zy.
@ Define a bicharacter » : Zpy x Zpy — C such that
Q [x(x,y)l =1,
Q x(x,y) = »(y,x),
Q x(x,y)=1 Vyiffx=0,
Q x(x,y + z) = »(x,y).»(x, z).

o Example:
2mikl

%(k,l):exp( ), for k,1€Zy
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o Let {|x); x € Zn} be orthonormal basis of CN. Define

Ualx) = |x + a),
Vp|x) = »(b, x)x.

o Weyl commutation relations:

UsUp = Uayp, VaVp = Varp, UaVp = x(a, b)VUs,.

o Define Weyl Operators
Wb = Us Vb
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@ Properties:

@ Unitary operators
Wi, = W,k = s(a, b)W_, _p,

@ Projective representation
Wa Wiy = 3¢(b, x)Waix bty

N if (a,b) = (0,0
Tr(Wa ) = Z<X|W3,b|x> = { 0 oth(erwi.z:e .0
xeG

@ Nice Error Basis: {N~'/2W, ;:a,b € Zy} forms an orthonormal basis of My(C).
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Non-commutative index group coming from Group of Central type

e A group H is called central type if 3 an irreducible character y s.t. x(1)? = [H : Z(H)].
Theorem

If H is a group of central type with irreducible character x then
(H/Kerx)/(Z(H)/Kerx) = H/Z(H) is an index group. Here Ker, = {h € H; x(h) = x(1)|}.
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Convenient basis of L(M,, M,)

@ For x,y € G a index group and {7,; g € G} be corresponding nice error basis. let
Ty : My(C) — M,(C) be given by

Tey(X) = mX7l ¥X €M,

Proposition
{LT.yix,y € G} forms an ONB of L(M,, M,,) w.r.t. the Hilbert-Schmidt inner product. J
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e It follows Yo € L(M,, Mp,) we can write

a(X) = 32 Daley)Tey(X) = 3 Dalroy)meX;

x,ye€G x,y€G

e Computation of D,: Using {17ms; g € G} ONB of M,(C)

]- 1 k* %k
Dalx,y) = (S Tappa) == gezcmwwxa(wg». (1)
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Characterisation of positive maps
Theorem

A linear map o € L(My, My) is positive if and only if it is block positive i.e. for all u,v € CN
we have

(uv|Toa(u®v)) >0

where & =3, Da(x,y)mx ® 7y and 7(a® b) = b® a is the flip operator.

Proof.

« is positive iff it maps rank one projection to positive operators, therefore

0 < (v, aju)(u|)v) = <v,ZDa(x,y)wx(\u>)<u!)mv>
= <u Qv,To (Z Do (x, y)mx @ ;) (U ® V)>

Purbayan Chakraborty, Universite Franche Comte, France Nice Error Basis and Study of Quantum Maps January 19, 2022 11/25



k-positive and completely positive maps

@ A linear map T € L(Mp, My) is called k-positive if the augmented map
TR = T @ Id, : My @ My — My @ My

is positive, where k € N.

o It is called completely positive if T(¥) is positive for all k € N.
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Positive Kernels and CP maps
Theorem

A linear map o € L(M,, M,,) is completely positive if and only if the corresponding matrix D,
is positive semi-definite.

Sketch of the proof

@ Suppose o is CP. = 3L; € M,(C),1 < j < k such that
k
a(X) = LXL.
j=1

e Expand L; w.r.t the O.N.B. {%ﬂ'x;x € G}-

L= ()7

zeG
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Du(x,y) = = Z Tr | mymgmy Z (Z li(z)m ) Tg (Z /j(Z/)ﬂ'z/)

gEG = zeG z’eG

1 TN * %k *
= pZ 3 @)Y Tr (nymyaimemeny)

j=1z,z’€eG geaG

k
1
= Z Z Ij(z)/j(z’)w(x,X_l)_lw(x_l,z)w(z',z'_l)_lw(z’_l,y)5xz(52/yn2,
j=12zz€G

1
= D HHD)
j=1
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Conversely,

@ Assume D, is positive. = JA1, Ao, ..., Ax € M,2(C) such that D, = Zjlle AjAT

o writing A; = (aj(x,y))x,yec, we have

k
Da=3" 3" a(x.v)ay.v).

j=1veG

* k (v u) *
o = a(X) =2, ccDalx,y)mXmy =327 13" ccaj(x, v)aj(y, v)mXmy.

°
k
alX)= > L XL,
j=1,veG
where >° cc aj(x, V)™ = Ljv, > e aily, v)my = L],
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Coalgebra

o Coalgebra: A coalgebra over C is a vector space C together with linear maps
A:C— C®Cande: C— C such that

Q (idc®A)oA = (AR idc)o A [coassociative]
Q (idc®e€)oA=idc=(e®idc)oA [counit]

@ Subcoalgebra: A linear subspace U of a coalgebra C is called subcoalgebra if
A(U)c Ua U.
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Coalgebra structure of M(C)

o Let A:=span{my; x € G} = M,(C)

@ There is a natural coalgebra structure on C := A* = M,(C), denoted by (C, A, €) where

A:C—CxC e:C—C
A(p) = poma €(®) = ¢(1a).

where my is the multiplication operator on A.

o Let {1,;x € G} be dual basis of {my; x € G}, i.e.

(Lo, my) = 0,y
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@ In terms of the dual basis the coalgebra structure can be written

€(1x) = 01
A(L) =) wp,xp )1, @ L.
peG

@ We denote by C, the conjugate coalgebra of C i.e. if € € C then
\E = Ac

where A € C and ¢c € C.

o C ® C inherits a natural coalgebra structure.
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e We can identify (C ® C)* with sesquilinear forms on C, by
(v,w)p = d(v @ W),

for v,w € C and ® € (C® C)*.

@ Dual C* of the coalgebra (C, A, €) has algebra structure with multiplication given by
convolution product
PV =(dRW)oA.
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o Next, Va € L(M,, M,) identify the coefficient matrix D, as a functional on C ® C via
Da(]-x ®Ty) = Da(va)'
Proposition
D : L(My,M,) > aw D, € (C® C)* is an isomorphism, i.e.

Daog = Da * Dg.
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Characterisation of semigroup of CP maps

@ Therefore for any functional K : C ® C — C we can define one parameter group

o0

exp. (tK) = >

0

t

t2
K'"=e+tK+ —K+«K—+ ..
nl 2

@ A sesquilinear form K on a coalgebra (C, A, ¢) is called conditionally positive if
K(v|v) >0 for all v € C with §(v) =0.

Theorem (Schiirmann’s Schoenberg correspondence for sesqui-linear forms on a
coalgebra)

Let K be a sesqui-linear form on a coalgebra C and denote by exp,(tK), t > 0, the
one-parameter convolution semigroup associated to it. Then exp, (tK) is positive for all t > 0
if and only if K is conditionally positive.
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Theorem

Let (at)e>0 be a semigroup of linear maps on M,(C). Then a. is completely positive for all
t > 0 if and only if the sesqui-linear form with coefficients

Kooy) = S| Dalx,y)

is conditionally positive.
v
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A version of GKLS theorem

Using this result, for the generator A = %|t:0at = xyec K(x,y)mx(.)m} of the semigroup

we get the form
A(X) = kX + VX + XV* 4+ d(X),

where Kk € R, V = erG— 0} = v(x)mx, where v € (CN2*1,
O(X) =3 yec-{0} qS(x,ySWXXﬂ;, ¢ € Mp2_1(C) is positive.

Theorem (Gorini, Kossakowsky, Lindblad, Sudarshan)
Let A € L(Mp, My,). Then the semigroup o := exp tA is completely positive iff X is of this form

AX) = VX + XV* + &(X)

where ® is a completely positive map and V € M,(C).
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Characterisation of semigroup of k-positive maps

@ The cone Py of k-positive maps are proper i.e solid, pointed closed convex cone in
L(M,, M,) and they are also closed under composition.

A linear functional ¢ on a coalgebra V is called conditionally positive on the cone C C V if
¢(v) > 0 for all v € C Nkerd.

Theorem
Let (at)e>0 be a semigroup of linear maps on M,(C). Then . is k-positive if and only if the
sesqui-linear form with coefficient

d

K(X7y): a Dm(x,y)
t=0

is conditionally positive on the cone D(Py)".
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Thank you!
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