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Non-commutative independence

Fix product operation for linear functionals on ∗-algebras

⨉
i

Bi
′
∋ (ϕi)i ↦⊙

i

ϕi ∈ (⊔
i

Bi)
′

Def: ⊙-independence of random variables ji ∶Bi → A

Φ ○⊔
i

ji =⊙
i

(Φ ○ ji)

joint distribution = product of marginals
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uau-products

Def: universal product, Ben Ghorbal & Schürmann ’05

B ′
1 ×B ′

2 ∋ (ϕ1, ϕ2)↦ ϕ1 ⊙ ϕ2 ∈ (B1 ⊔B2)
′

product operation (for arbitrary algebras B1,B2) which is

unital in the sense that 0⊙ ϕ = ϕ = ϕ⊙ 0

associative

universal in the sense that (for hom’s ji ∶Bi → Ai )

(ϕ1 ⊙ ϕ2) ○ (j1 ⊔ j2) = (ϕ1 ○ j1)⊙ (ϕ2 ○ j2)

Examples

tensor, free, monotone, anti-monotone, Boolean
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uau-products

Def: universal product, Ben Ghorbal & Schürmann ’05

B ′
1 ×B ′

2 ∋ (ϕ1, ϕ2)↦ ϕ1 ⊙ ϕ2 ∈ (B1 ⊔B2)
′

product operation (for arbitrary algebras B1,B2) which is

unital in the sense that 0⊙ ϕ = ϕ = ϕ⊙ 0

associative

universal in the sense that (for hom’s ji ∶Bi → Ai )

(ϕ1 ⊙ ϕ2) ○ (j1 ⊔ j2) = (ϕ1 ○ j1)⊙ (ϕ2 ○ j2)

Theorem: classification (Muraki 2002, 2013)

positivity or double normalization Ô⇒ no other examples
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Joint representations on H1 ⊗H2

Example: monotone product

Observation

For ϕk = ⟨Ω, πk(⋅)Ω⟩, πk ∶Ak → L(H), Hk = CΩ⊕ Ĥk :

ϕ1 ⊙ ϕ2 = ⟨Ω, (π1 ⊙ π2)(⋅)Ω⟩, where

π1 ⊙ π2(a) =

⎧⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎩

π1(a)⊗ id a ∈ A1,⊙ ∈ {⊗,⊲}

π1(a)⊗ PΩ a ∈ A1,⊙ ∈ {◇,⊳}

id⊗ π2(a) a ∈ A2,⊙ ∈ {⊗,⊳}

PΩ ⊗ π2(a) a ∈ A2,⊙ ∈ {◇,⊲}
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Joint representations on H1 ⋆H2

Def: free product of spaces

H1 ⋆H2 ∶= ⊕
ε1≠...≠εn

Ĥε1 ⊗⋯⊗ Ĥεn

Observation

For ϕk = ⟨Ω, πk(⋅)Ω⟩, πk ∶Ak → L(H), Hk = CΩ⊕ Ĥk :

ϕ1 ⋆ ϕ2 = ⟨Ω, (π1 ⋆` π2)(⋅)Ω⟩ = ⟨Ω, (π1 ⋆r π2)(⋅)Ω⟩

ϕ1 ◇ ϕ2 = ⟨Ω, (π1 ◇ π2)(⋅)Ω⟩

where

π1 ⋆` π2(a) =

⎧⎪⎪
⎨
⎪⎪⎩

π1(a)⊗ id a ∈ A1

π2(a)⊗ id a ∈ A2

, π1 ⋆r π2(a) =

⎧⎪⎪
⎨
⎪⎪⎩

id⊗ π1(a) a ∈ A1

id⊗ π2(a) a ∈ A2

π1 ◇ π2(a) = πk(a)⊗ PΩ a ∈ Ak
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Benefits of a joint representation

Observation

tensor, boolean, monotone and antimonotone product can be
represented on H1 ⊗H2

free and boolean product can be represented on H1 ⋆H2

joint representation helps to prove positivity

joint representation helps to prove associativity

Associativity of monotone product (Franz)
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Independence

Fix product operation for m-faced algebras Bi = B
(1)
i ⊔⋯ ⊔B

(m)
i

⨉
i

Bi
′
∋ (ϕi)i ↦⊙

i

ϕi ∈ (⊔
i

Bi)
′

Def: ⊙-independence of m-faced rv’s ji ∶Bi → A

Φ ○⊔
i

ji =⊙
i

(Φ ○ ji)

joint distribution = product of marginals

M. Gerhold Towards a classification of multi-faced independences 12 / 29



Universal Products Representing UPs Multi-faced independences Products of rep’s and universal lifts Classification

Multi-faced uau-products

Def: m-faced universal product (Manzel & Schürmann 2017)

B ′
1 ×B ′

2 ∋ (ϕ1, ϕ2)↦ ϕ1 ⊙ ϕ2 ∈ (B1 ⊔B2)
′

product operation (for arbitrary m-faced algebras B1,B2) which is

unital in the sense that 0⊙ ϕ = ϕ = ϕ⊙ 0

associative

universal in the sense that (for m-faced hom’s ji ∶Bi → Ai )

(ϕ1 ⊙ ϕ2) ○ (j1 ⊔ j2) = (ϕ1 ○ j1)⊙ (ϕ2 ○ j2)
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Positivity

Def: restricted state

ϕ∶B → C on a ∗-algebra B whose unitalization is a state

Def: positive universal product

universal product ⊙ s.t.

ϕ1, ϕ2 rest. states Ô⇒ ϕ1 ⊙ ϕ2 rest. state
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Examples from joint representations

Observation
1 ∃ positive 4-faced universal product represented on H1 ⊗H2

2 ∃ positive 3-faced universal product represented on H1 ⋆H2

All previous positive examples included

bimonotone II (G; Gu, Skoufranis & Hasebe): restriction of 1

bifreeness (Voiculescu): restriction of case 2

free-boolean, free-free-boolean (Liu): (restriction of) 2

biboolean, bimonotone I (Gu & Skoufranis + Hasebe): ≱
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Universal products of representations

Def: universal product of ∗-rep’s for ⊠ ∈ {⊗,⋆}

*-rep(B1) × *-rep(B2) ∋ (π1, π2)↦ π1 ⊙ π2 ∈ *-rep(B1 ⊔B2)

product operation which is unital, associative, algebraically
universal and spatially universal, i.e.

Hk
πk(⋅)

//

Wk

��

Hk

Wk

��

Gk
σk(⋅)

// Gk

Ô⇒

H1 ⊠H2
(π1⊙π2)(⋅)

//

W1⊠W2

��

H1 ⊠H2

W1⊠W2

��

G1 ⊠G2
(σ1⊙σ2)(⋅)

// G1 ⊠G2

Theorem (G, Hasebe & Ulrich)

m-faced UP of ∗-rep’s ↝ positive m-faced UP of functionals
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Universal lifts I

Def: left universal lift

family of ∗-hom’s λH1,H2 ∶L(H1)→ L(H1 ⊠H2) s.t.

left restriction property: λH1,H2(T ) ↾ H1 = T

left associativity: λH1,H2⊠H3 = λH1⊠H2,H3 ○ λH1,H2

left spatial universality:

H1
T (∗) //

W1

��

H1

W1

��

G1
S(∗)

// G1

Ô⇒

H1 ⊠H2

λH1,H2
(T)

//

W1⊠W2

��

H1 ⊠H2

W1⊠W2

��

G1 ⊠G2
λG1,G2

(S)
// G1 ⊠G2.
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Universal lifts II

Def: right universal lift

family of ∗-hom’s ρH1,H2 ∶L(H2)→ L(H1 ⊠H2) s.t.

right restriction property: ρH1,H2(T ) ↾ H2 = T

right associativity: ρH1⊠H2,H3 = ρH1,H2⊠H3 ○ ρH2,H3

right spatial universality:

H2
T (∗) //

W2

��

H2

W2

��

G2
S(∗)

// G2

Ô⇒

H1 ⊠H2

ρH1,H2
(T)

//

W1⊠W2

��

H1 ⊠H2

W1⊠W2

��

G1 ⊠G2
ρG1,G2

(S)
// G1 ⊠G2.
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Universal lifts III

Def: universal lift

pair (λ, ρ) of left and right universal lift to ⊠ s.t.

middle associativity: ρH1,H2⊠H3 ○ λH2,H3 = λH1⊠H2,H3 ○ ρH1,H2

Theorem (G, Hasebe & Ulrich)

The following objects are in 1-to-1 correspondence:

1 m-faced UP’s of ∗-rep’s for ⊠

2 m-tuples of 1-faced UP’s of ∗-rep’s for ⊠

3 m-tuples of universal lifts to ⊠
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A universal deformation

Definition

For T ∈ L(H), H = CΩ⊕ Ĥ and γ ∈ T ∪ {0}:

decompose T = (
τ (t ′)∗

t T̂
) with τ ∈ C; t, t ′ ∈ Ĥ; T̂ ∈ L(Ĥ)

define Tγ ∶= (
∣γ∣τ γ(t ′)∗

γt ∣γ∣T̂
)

Lemma

T ↦ Tγ is a ∗-homomorphism
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Lifts to the tensor product

Theorem (G, Hasebe & Ulrich)

Every universal lift to ⊗ is of the form (λγ , ρδ) where

λγ(T ) = T ⊗ PΩ +Tγ ⊗ PΩ⊥

ρδ(S) = PΩ ⊗ S + PΩ⊥ ⊗ Sδ

either γ = δ ∈ T, or at least one parameter equals zero.

Corollary

∃ uncountably many 2-faced independences represented on ⊗
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Lifts to the tensor product – example
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2-faced independences represented on H1 ⊗H2

Parameters that determine the 2-faced universal product γ2
γ1⊗⊗

δ2
δ1

face 1

face 2 tensor antimonotone monotone boolean

(γ2 = δ2 ∈ T) (γ2 ∈ T, δ2 = 0) (γ2 = 0, δ2 ∈ T) (γ2 = δ2 = 0)

tensor
γ1γ2 γ1γ2 δ1δ2 ∅

(γ1 = δ1 ∈ T)

antimonotone
γ1γ2 γ1γ2 γ1δ2 ∅

(γ1 ∈ T, δ1 = 0)

monotone
δ1δ2 δ1γ2 δ1δ2 ∅

(γ1 = 0, δ1 ∈ T)

boolean
∅ ∅ ∅ ∅

(γ1 = δ1 = 0)
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Lifts to the free product

Theorem (G, Hasebe & Ulrich)

Every universal lift to ⋆ is one of the following:

1 (
→

λγ ,
→
ρδ) with γ, δ ∈ T

2 (
←

λγ ,
←
ρδ) with γ, δ ∈ T

3 (
→

λ0,
→
ρ0) = (

←

λ0,
←
ρ0)

where

→

λγH1,H2
(T ) = T ⊗ PΩ +Tγ ⊗ PΩ⊥

→
ρδH1,H2

(S) = S ⊗ PΩ + Sδ ⊗ PΩ⊥

and
←

λγH1,H2
,
←
ρδH1,H2

analogously from the right.
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2-faced independences represented on H1 ⋆H2

Parameters that determine the 2-faced UP’s γ2
γ1

→
∗
→
∗
δ2
δ1

and γ2
γ1

→
∗
←
∗
δ2
δ1

face 1

face 2 left free (
→

λ,
→
ρ) right free (

←

λ,
←
ρ) boolean

(γ2, δ2 ∈ T) (γ2, δ2 ∈ T) (γ2 = δ2 = 0)

left free (
→

λ,
→
ρ)

γ1γ2, δ1δ2 γ1δ2, δ1γ2 ∅
(γ1, δ1 ∈ T)

boolean
∅ ∅ ∅

(γ1 = δ1 = 0)
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Open problems

Are there more positive 2-faced independences?

Vařso’s combinatorial approach allows

tensor-free independence

parameters of modulus < 1

positivity unknown!

Positive UP ↝ UP of ∗-rep’s?

other representation spaces besides H1 ⊗H2, H1 ⋆H2?

more general theory without fixing product of spaces?

Understanding the new independences

concise mixed-moment and moment-cumulant formulae

understand limit distributions
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आपको धन्यवाद
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