Analysis 2 - JRF
Assignment 3 — Even Semester 2020-2021

Due date: August 16, 2021 (by 11:59 pm)
Note: Each question is worth 10 points.

For n € N, we denote the space of Schwartz functions on R™ by .#(R"™), and the space
of smooth functions on R"™ with compact support by C2°(R"). For a measurable function
f on (R™; u) (where p is the Lebesgue measure), we denote the centred Hardy-Littlewood
maximal function by M.(f).

1. If f € Z(R") and f(0) = 0, show that there are functions g1, ¢gs, ..., g, € - (R™) such
that

fl@) =Y wrgi().

2. Let (a;)jen be a given sequence of complex numbers.

(a) Let ¢ € C*(R) be supported in (—2,2) and identically equal to 1 on [—1,1]. Prove

that we can find a sequence of real numbers, (Ag)ken, such that if we set

fi(z) == gkaO()\kl"),
then 4 )
— < — < < k —
ilelg (d:c) fk(x))_Qk,forl_m_k 1

(b) Prove that the series >, fx(x) defines a function f which is smooth and

(if)(o) —a;,j=0,1,2,...

dxd

3. (Sharpness of the Hardy-Littlewood maximal inequality) Let f € L*(R™; u1) be non-zero.
Show that there is a constant ay > 0 (depending on f) such that

M.(f)(x) =

- |$|n7

for sufficiently large values of |x|. Conclude that M.(f) ¢ L'(R"; u).
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4. (Local non-integrability of M.(f))
(a) Consider the function f: R — R given by

1 . .
fa) = | EmEE Al <o
0 otherwise.

Prove that f € L'(R"; ).
(b) Show that there is a constant a > 0 such that

M.(f)(z) > m,

for all |#] < i. Conclude that f is not integrable on any neighbourhood of the

origin.

5. (Lebesgue density) The Lebesgue density Dg of a measurable subset £ C R™ at a point
x € R™ is defined as
Dg(z) = lim M,
wB)—0zeB  (B)
whenever the limit exists. The set of points x € R™ for which Dg(x) = 1 is called the

set of density points of F.

(a) Show that Dg(z) = 1 for almost every € E, and Dg(z) = 0 for almost every
r € R"\E.

(b) If E C [0, 1] is Lebesgue-measurable and there exists a > 0 such that u(EN1I) >
au(l) for all subintervals I of [0, 1], then p(E) = 1.
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