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Roview 
We racd Xi N CO14) <iien had jom densit 

(20)2 ep-Ix) 

Fo Me On CR), X MX 4hon X MX (x-K)) Lnorm wtary 
Also m(Ae MnIR )) : des tA) = o}= 0 so A eGL,(R) almat sUrey 
So datfono o map, T: Gln (R) On (R) 
b 

h clavm tnas MTCX) = TM CX), Me O, (IR) 

Ma M (a i> M) 

Ma (M, M M M OT togomal) 
MT) = T(Mx) TX) 

*TOX) gives a let O, CIR) in vadant distribuiom on On (B) 

uw uSRd oR-de composiHon tnen th n&ed not he ot 
On R)- imya4iant. 

Remay s:0) X bs xamd om main o id Stamdau d 6ausiam s4.0 

X = PR ,t OR- decomposition obtaimed uia Grxam-Sch mid 
thon is haa aistubutad on tne ortnogona group 

Note tna x i positive -deftnite, So w hove squan H0ot 

U= X (xx) (x Ux)*) 
90 UU (x*x)*x*) (x (xfxjsh) 

= In 

Now 01k o ned VE On( IB) uw RMOw VXX 

VX((Vxt (vx)s2 

Vx (xx ) 

x (xty-2 

tnd maTIM 

X VX X UX U V0 0 vU ramdem moie 

Distuibutton of U ts let- imvauiant unde On (R) 
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#Polau De eommpositio 
FOu evesuy massu XEM (C) huu is o Uniaut 

posiive semi- eyinite matiz Pamd o pastial isomatry 

V (witn mini mal Hank) UCh tha X= VP 

-/2 Tf Xir im vutible, P-(x*x),v x (x*x 
Note thar 

Tndeed, (x*x)"o=o 0 

X,xu=o 

So w g R ((x*x)) = R (x*). 

D VE Mn C) in catled o pasuial is ometuy i V*V is am 

OT mogoma puoj'echom . (VV) v*V =: E 

E called miHas progechon,. Vis am isometsy rom Aan (E) 

ts Ram (Vy) 

Eis a puogeciom tnen note tna amk (E) = h{E) 

(botn a utay imwowauw, pu: E m aia gonal or 

YW(r") W CE*r)") tron +V'is untay 

XWhomx*X is m rotbe ton pola" dicomposiHo is Uwiqu 

X=UP *x P P:xx mus U x() 

whar abouw nO simgulaw caas? Wi wll ge next Clase 

EXOmple (isometry 
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he Pythagoeam tneorenm 

Comv gese Coed Canbemtey tneoH UMM Tney waw to aw 
OU LUg auglo ow not:0+b- a then Ais ign 

Ie+kai e,=1 i b 

coset sm' e -l |(e,, |(ezyl 
0H siom Vension 2 V 93esio 

Q= longt o PTog: e om Spam (a) t0 = longth o pTo o e om spomCa) 

Thom, a+a= 

VoYsiom Xbe-e A be a complex hilbsu space & je; a or tnonormal 
(ET 

basis inon Pauseval'k tneoAOm says 

WR-chap 
a1 

Vgsion amalogto von 8) 10iier OT tno noT mal basis o fH 

nom summ a squaES Olomgth af 0vth0gonal projotons 
o Lad e; om wuy -Dim subspace is 

Caubevt 's theoe m_o O 05 )icr uwtn te R20 Such tnat 

tnon e = gmae a -Dim subspare o 
iET ieT 

ett On which e; hs a projocHOn o longth ; i.e 1eiy= t 

Vusion 6 (efieT aM ornonormal basir of H nen me sumc squaro 

omgkns a f ornogoma pro� o ach e on amy gi vom m-dim 

Stubspace e H is m. (m e N; 7) 

Prool m-dim supspace Atu- fm be orhono Tmal basis 

W. P be projechon omto h. Thom 

ieT Pe; Pu eufi- Puegfm)fm = (,eof)fi 
m 

m 

-

eT ier g iET S9 um Jwap) 

2 (by Ponsuwad) m 
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Vwsion.0. [Matix vevsion VeC" 4e-enj Stamodaud 
ortnonormal basis o G'. VCC" be am m-dim subspate. 

E, -E" be 0rtnogoma projecion onte V. Suppose as o 

Ey s)tenyen tnen 

di E e,ey (E, e;, Eye;)= [: E projectiom 
Thus Oi = I Eye; u 

Ine 1xae o paoy'echion uu itn m-dimemstonal Mamge (1.e. ramR m) 

is ie. 

tr (E) e, ai E, e = m 

CapontOu'stheoA Om Givem sucu that 

0s Ss) Com 09m a muuia 

(ung ow oat nt uo DS 

as te make matria orhogonal) 

n amd, E 

Such tha matmin becom 

OT mogona projecion? 
Madisom - The p thagoneom theoom I, C2001) 

Fo pMOvimg tws we naad mjousation. 

D= OUag (- . . ,l ,0- O tn0M OVy om m projRoHom 
M-men -mHmes 

is unitailay ayuivalent ts dig D d: My)> n Cd) 
mPluEU UE Un CG) s a COmvex polytop 

Schw- HoTn The0 Om 

H be bi a Hmihan matsu twm specual aUs tTi'buhom 

A An. hem 

i3a Comvex Ce/ 
UHU UEUn CC)} 

polytope gonvareo by (A -- , An) e IR" 
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Mo0Ti3ation (Ray: Bhatia 
p0Lo = (a) -., ) e IR" ( HRp.) be elerreuls 

vectovs m R" obtauned by 0dou'ng Cooruimares im 

decHasing (ImcHRO ging Tesp.) Odo. 
ie. =(a*,..., *) twt *f be pe muted ap ls 

wtn 

) C3imilaYly oM ). (Note 22 = zn-i) 

Wa say thar ae R" i mojou zed by yeR 
R 

l R <n 

,Notaiom: X 

Wealtn dist mte pretaon 
Deln K be tro dosed convex hull of (gI-gtn: CE Sn 

Mis Cauad the pomutaHom polyope qongated by K. 
K 
Thom 

Note trar if a Compa cComV@x Se 

Theorem: e R" X7 --n 7y7--7 
ard yi hon tu (olowing au aqwvaJent 

iy 

ey mayori ) 
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