Math 241 Midterm Review Problems July 17, 2016

1) Determine the equilibrium temperature distribution for a one-dimensional rod
with constant thermal properties with the following sources and boundary con-
ditions :

(a) < =1,u(0) =T, u(l) =T,

Ko
(b) & =" u(0) =T, 34(L) =0

Ans:

The heat equation for a one-dimensional rod with constant thermal properties
is given by,

ou 0*u
= K,
Lo 05,2 +Q,

where u — temperature distribution,

¢ — specific heat,

p — density of material,

() — density of generated energy from heat source.

For the equilibrium temperature distribution, one has that 8“ = 0. Thus we

must have :
(a) % = —70 = —1. Thus u(x) = —%2 + Cyz + Cy after equilibrium temper-
ature distribution is attained. From the boundary conditions, we have
2
w(0) = Cy = T1, and w(L) = =5 + C1L +T1 = Tp. As a result,

Cl = %(TQ — Tl + %2) = —TZZTl + %, and

.1'2 TQ — T1 L

= —— = T;.
u(x) 5 + ( 7+ 2)£C—|— 1
(b) Zu = —KQ = —2 Thus u(z) = —% + Ciz + Oy, and & = —2 4+ ¢
after equlhbrlum temperature dlstrlbutlon is attained. From the boundary
conditions, we have Qu(L) = —? +Cy =0,and u(0) = Cy =T. As a
result, C7 = % ° and Cy, =T, and
L3
=——+—ax+T.
u(z) 5 + 77 +

2) For the following problems, determine an equilibrium temperature distribution
(if one exists). For what values of § are there solutions?

(a) 2 =24 41 u(z,0) = f(x), 24(0,t) =1, 2(L,t) = 5,
(b) 2= & 4o — B u(x,0) = f(x), 22(0,8) = 0, 24(L,t) =

Ans: For the equilibrium temperature distribution (if one exists), one has that

ou __
5% = 0.
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(a) 322 = —1. Thus u(x) = —% 2 4 Cix 4+ Cy and 8“ = —x + C;. From
the boundary conditions, we have that 2“(0,¢) = C’l =1 and %%(L,t) =
—L + C; = B. Thus there is an equlhbrlum temperature distribution if
and only if —L + 1 = . Integrating both sides of the heat equation for

the whole length of the rod, we obtain that for all times ¢/,

L 2 L
Ju o“u u du
— dx = d lde = —(L,t 0,t)+L =p4-1+L =0
o 08m2x+/ o= gy L) =g (0 +0 = p-1+
Thus the integral w( fo (z,t) dx is constant with respect to time,

and w(0) is equal to w(teq) where teq denotes time when equilibrium dis-

tribution is attained. As a result, fOL dx = fOL —Z b o+ Cy)de =
Py Ly CyLand Cy = L—Z——+ fo

Thus there is an equilibrium temperature dlstrlbutlon if and only if g =

1 — L and in that case, the distribution is given by

72
u(z) = -5+ +———+ /f ) dz)
(b) gxgz—x—i-ﬁ Thus u(z) = +5$ 1+ Ciz + Cy and 3u:_%2+ﬁx+

Cy. From the boundary condltlons we have that 2% 520, t) C; =0 and
gZ(L,t) —7+ﬁL+C’1 = 0. Thus —7+5L =0 :> B = 2. Thus there is
an equilibirum temperature distribution if and only if § = % Integrating
both sides of the heat equation for the whole length of the rod, we obtain
that for all times ¢/,

ou ou L?
/ — dr —/ Eye) d:L‘—i—/ (x—p) dx = ax(L t)—a—(O t)—l———ﬂL =0

Thus the integral w(t fo u(x,t) dr is constant with respect to time,
and w(0) is equal to w(teq) where teq denotes time When equlhbrlum dis-

tribution is attained. As a result, fOL d:v = fo - + 2+ Cy) da =
4 4 L 3

L+ L+ CLand Gy = ([ f(z) do) — &

Thus there is an equilibrium temperature distribution if and only if g = %

and in that case, the distribution is given by

u(x):— /f dx——

3) Consider the heat equation,

ou . &u

ot o

subject to the boundary conditions

u(0,t) = 0,u(L,t) = 0.
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If the temperature distribution is initially

1 ifo<az<i
u(x’0>_{2 ifL<z<L

(a) Solve for u(z,1).
(b) What is the total heat energy in the rod as a function of time?
Ans:

(a) Ifu(z,0) =37, Apsin(2E), then u(z,t) = > " A, exp L) sin("7%).
For the given initial distribution, the coefficients A,, are given by

9 L . nrx 2 % . onTx L nmwx
A, = Z/o u(z,0) SlD(T) dx = Z(/o sin(—— I ) d$+/ 2sin(—— I ) dz)

2

2 nm nm 2 nm
=—(1- —)+2 —)—2 =—(1 —)—2
mr( cos( 5 )+ 2 cos( 5 ) —2cos(n)) mT( + cos( 2) cos(nm))
S if nis odd
=< 0 ifdn
=4 4in -2

nm

(b) Total heat energy = fOL cpud dr = cpAS | A, exp RO fo sin(272) dx =
epAYE ) Ay exp I L (1 (—1)m)]

4) Consider the differential equation
d2¢
dz?

Determine the eigenvalues A (and corresponding eigenfunctions) if ¢ satisfies
the following boundary conditions:

(a) ¢(0) =0,¢(1) =
(b) (0) =0,¢(L) =

Ans: Let ¢ be defined on the interval [a,b]. Integrating by parts, we get

b2 dp d d d
[0 bt [[99 4= s 20) - o0

From the kind of boundary conditions described in the problem, we have

d’¢ dp do .
/ad— ¢d +/%%dl’—0

If ¢ is an eigenfunction corresponding to the eigenvalue A, then

s [

Thus A > 0 and equality holds if and only if ¢ is a constant function on |[a, b]
(as fbdqj O dr=0= % =0= ¢ = constant) .

a dz

+ 2o = 0.

3
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(a) If A =0, we must have ¢ = 0 and thus 0 is not an eigenvalue.

A > 0 The characteristic polynomial for the second order linear ODE is

2% 4+ X whose roots are £0v/A. Thus ¢(z) = ¢; exp(tvV/\) + ¢z exp(—1vV/A).

For ¢ = ¢1 4 ¢a,¢4 = t(c; — ¢3), we have that ¢(z) = c5cos(vVz) +

Cy sm(\/_ x). We may assume that c3, ¢4 are not both zero as that would

yield the trivial solution i.e. ¢ = 0.

We check the boundary conditions to determine cs,cs. As ¢(0) = 0, we

must have c5 = 0. From ¢(1) = 0, we get that ¢ysin(v/A) = 0 = VX =

nm,n = 1,2,3--- = XA = (nm)%,n = 1,2,3,---. For A\ = (nm)? the

corresponding eigenfunction is sin(nmx).

(b) If A =0, we must have ¢ = 0 and thus 0 is not an eigenvalue.

A > 0 The characteristic polynomial for the second order linear ODE is

2% 4+ X whose roots are +1v/A. Thus ¢(x) = c¢1 exp(tvV/A) + ¢z exp(—1v/N).

For ¢3 = ¢1 4 ¢o,c4 = t(c; — ¢3), we have that ¢(z) = cscos(vz) +

cysin(v/Az). We may assume that cs, ¢, are not both zero as that would

yield the trivial solution i.e. ¢ = 0.

We check the boundary conditions to determine cg, ¢s. As j—i(O) = —VAessin(0)+

Vg cos(0) = 0, we must have ¢s = 0. From ¢(L) = 0, we get that

C3COS(\/_L)_0:>\/_L—(2n LT n=1,2,3,- j)xz(%){n:
(2n—1)m

1,2,3,---. For A = (M) , the corresponding elgenfunction is cos( 5T

5T ).

5) Show that there are no negative eigenvalues for

d?>¢
P

subject to the boundary conditions

d¢

7,0 =

Ans: Refer to the first part of previous question.

6) Solve Laplace’s equation inside a rectangle 0 < z < L,0 < y < H , with the
following boundary condition : 2%(0,y) = 0, 2%(L,y) = 0,u(z,0) = 0, u(z, H) =
f(z)

Ans: First we look for product solutions which are of the form wu(z,y) =
o(z)g(y). From Laplace’s equation % + g—;; =0= ¢"(2)g(y) + o(x)g"(y) =
0= —2& — W — \ Without loss of generality, we may assume A > 0.

o(x) 9(y)
Thus we have two second order linear ODEs.
d2¢ dQQ
Ap =0, —Ag = 0.
prois ¢ = P

For A > 0, the general solutions are ¢(z) = ¢; cos VAx + ¢z sin v Az and g(y) =
¢s cosh vy + casinh v Ay. As we are looking for non-zero solutions, using the

4
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boundary conditions we get ¢'(0) = 0,¢'(L) = 0,¢(0) = 0. Note that ¢'(x) =
—cVAsin VA + cov/Acos vz and thus ¢'(0) = coVA =0 = ¢, = 0 and
¢(L) = —c;VAsinV/AL = 0 = VAL = nm,n = 1,2,3,-- :>>\—(L)2n—
1,2,3---. As g(0) = 0, we have that cs = 0 and thus g(y) = sinh % is a
solution to the second ODE, corresponding to A = (%%)2.

If A =0, then the solution is of the form (c1x+¢2)(c3y+c4). From the boundary
conditions, u(z,y) = y is a product solution.

Thus the product solutions are of the form y,cos “#* sinh "7, n = 1,2,3,-

An infinite linear combination of the product solutlons Would yield u(:L’ y)
agy+Y ny Gy cos T sinh *F . It must be the case that u(x, H) = f(x) = agH+
> ooy Gy €OS MEE sinh mzH . If f is a continuous function, the Fourier cosine series
of f, converges to f pointwise. Let f(x) = A9+ > ", A, cos 222, Comparing
it with the expression for u(z, H), we conclude that agH = Ao, a, sinh 27+ "”H

Anj@oz%aan:

—_n
i nmwH *
sinh =7+

Thus the solution to the above boundary value problem is Ag#£+> "> | A, cos "%

1 [t 2 [F nmwx
= — A, =— —
L/o f(z) dz, A, L/o f(z) cos 7 dx

7) Compute the Fourier cosine series of f(z) =sinZ2%, 0 < x < L.

where

Ans: The Fourier cosine series of f is ag 4 Y, | a, cos “7* where

1 [F 1 [F 2
_Z/o f(:p)da:zz/ Slnﬂ——;d{E—W

2 [* 2 ("1 1 1—
an:Z/O smﬂ—;cosnl[/xd Z/o é(sinm+sinﬂ)daj

11—1(;;(1 —cos(l+n)m) + %(1 —cos(l —n)m)) = %(1 — (=)™

8) Compute the Fourier sine series of f(z) = 1,0 < x < L and f(0) =

Ans: The Fourier sine series of f is > | by, sin 2% where

nmwx 2 (b nmax 2
in—— dr = in — dr = 1-—
/ f(zx)sin z=7z /0 sin —— dz = nﬂ( cos n)



