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1. INTRODUCTION

In this article, we initiate the study of a class of linear mappings of an
(associative) algebra # into an #-bimodule .#. We call these mappings
local derivations. The defining property of a local derivation « is that for
each 4 in &, there is a derivation § , of # into .# such that a(4)=140 ,(A).
One of our main results (Theorem A) states that each (norm-continuous)
local derivation of a von Neumann algebra £ into a dual #-bimodule (see
[2] or [4, Exercise 10.5.13] for definitions) is a derivation. In particular
each local derivation of £ into itself is a derivation. Employing the Deriva-
tion Theorem [5, 6], one concludes (Theorem B) that a norm-continuous,
linear mapping of R into itself that maps each 4 in £ into a commutator
(4, T ,] for some T, in # has the form ad T,|# for some T, in #. (This
may be unexpected even when % is the algebra of all complex nxn
matrices.) The module formulation is a worthwhile extension. For example,
it permits us to draw a similar conclusion for mappings of # into %#(¢),
the algebra of all bounded linear transformations on the complex Hilbert
space # on which # acts.

The results just noted appear in Section 2; they rely on the analytic
structure of von Neumann algebras. Sections 3 and 4 deal with purely
algebraic situations involving local derivations. In Section 3, we present an
example constructed by C.U. Jensen (in response to a question raised
during a lecture in Copenhagen in 1986) of an algebra over the complex
numbers C with many local derivations that are not derivations. If the con-
clusions of Theorem A or B were valid for all algebras, those results would
have, at best, temporary status. In discussions with Irving Kaplansky (at
MSRI, Berkeley, in January of 1985), Kaplansky produced first an infinite-
dimensional algebra, then an algebra of dimension 24 over a field of
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characteristic 2 for which the conclusions fail. The computations in those
examples are daunting.

C. U. Jensen’s example uses the algebra of rational functions (over C).
This adds further interest to determining the local derivations of the poly-
nomial rings in several variables over C. In Section 4, we show, first, for
C[x]} and then for C[x,, .., x,,] that each local derivation is a derivation
(Theorems C and D and Corollaries 17 and 18).

This investigation grew out of the cohomology program for operator
algebras introduced and studied in [1-3]. That program requires the
analysis of (norm-continuous) linear mappings of one operator algebra
into another. In particular, such a mapping must be decomposed into other
such mappings one term of which is a derivation (a 1-cocycle). These
decompositions are constructed by the use of meaning processes. From a
purely algebraic point of view, it is not difficult to decide which meaning
process to use to produce the derivation component appropriate to a
particular problem. For example, this is the case with the question raised
by J. R. Ringrose and this author twenty years ago of whether or not the
(norm-continuous) cohomology groups of a von Neumann algebra with
coefficients in itself are 0. Our conjecture is that they are 0, but the
question remains open (though some brilliant and decisive work on this
question has been and is currently being done by Erik Christensen and
Allan Sinclair). The difficulties lie precisely in the subtle interplay among
the various topological algebraic structures that can be imposed on the
(norm-continuous) 1-cochains and the resulting convergence questions for
the meaning processes. A criterion that allows us to construct or recognize
derivations in an element-by-element manner could prove useful for this
and related problems. Theorem A provides such a criterion.

Numerous topics remain to be studied. Local higher cohomology (for
example, local 2-cocycles) should be examined. Local derivations of other
classes of algebras should be studied (a further publication will deal with
some other algebras). Some finite-dimensional examples over C should be
constructed with local derivations that are not derivations. (Note that if
such an algebra is semi-simple, it is isomorphic to a von Neumann algebra
and is included under Theorem A.) There are questions of a (possibly,
extended) homological algebraic framework for such mappings and its
application to “appropriate” dense subalgebras of operator algebras.
This entails the study of “unbounded” local derivations and the related
questions of “automatic continuity” for everywhere defined mappings.

We are indebted to J. R. Ringrose for the conversations during our
collaboration on the cohomology of operator algebras that led us to the
results appearing in the next section and to the NSF for partial support.
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2. LocAL DERIVATIONS OF VON NEUMANN ALGEBRAS

Throughout this section, # is a von Neumann algebra acting on a
Hilbert space # with identity operator 7 and .# is a dual #-bimodule. We
shall see (Lemma 3) that the conclusion of Theorem A is valid for a general
Z-bimodule if it is valid for a unital dual #-bimodule so that it suffices to
deal with the case where .# is unital.

We use the notation introduced in [2]. Thus C)(®, #) is the linear
space of norm-continuous linear mappings of # into .#, the 1-cochains on
# with coefficients in .#, and Z!(#, .#) is the linear subspace of
CX(R, M) consisting of those mappings & such that

AS(B)—6(AB)+(A)B=0 (A, Be R).

Such mappings é are the 1-cocycles on # with coefficients in .#, the deriva-
tions of & into A.

THEOREM A. If 6€ CHR, #) and for each A in R there is a 6, in
ZNR, M) such that 5(A) =35 4(A), then e Z (R, #).

We refer to a mapping J that agrees at each A with some derivation
(varying with A) as a local derivation. Theorem A states that each local
derivation is a derivation under the given conditions. Its proof is organized
as five lemmas with the concluding argument following Lemma 16 and
Lemma 4 requiring eleven sublemmas. Lemmas 1 and 2 apply without the
assumption that .# is unital. Lemma 3 uses Lemma 2 to reduce the general
case to the case where .# is unital. The notation J will be used throughout
for our local derivation.

LemMMA 1. With E and F commuting idempotent elements in R, we have
that S(EF)=0(E)F+ ES(F).

Proof. Y 6,€ ZNR, M), then
Oo(E)=04(E?)= Edo(E) + 8o(E)E.

Letting E act on the left and right sides of this equality, we have that
ES3(EYE=ESy(EYE+ Eéo(E)E, whence EO((EYE=0. If §, has been
chosen such that §,(E) = 6(E), then

ES(E)E = ES,(E)E=0=(I— E) 54(E)(I— E)
=({—E)(E)NI-E), (1)
8(E)=O(E)E + ES(E). 2)
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Note that, if EF=0, then 8(E)F+ E6(F)=ES(E)F+ E6(F)F from (2);
while, from (1), ES(F)E and ES(E)E are 0, whence

O=E(E+F)0E+F)YE+F)=ESE)F+ ES(F)F.

Thus 0 =6(EF)=(E)F + E)(F) in this case.
If EF = E, then from (2) and what we have just proved, we have

S(E)YF+ E6(F)=0(E)F+ E6(E)+ E6(F—E)
=0(E)F+ EO(E)—(E)F—E)
=E)E)+E)E
=0(E)
= ({EF).
For an arbitrary commuting pair of idempotents E and F in #, we have
O(E)YF+ ES(F)=6E)F+ (E—EF)(F)+ EFS(F)
=§(E)YF—d(E— EF)F+6(EF)—6(EF)F
=0(EF). |
LemMMa 2. If € is an abelian von Neumann subalgebra of R, then
3|6eZ (€, H).
Proof. 1If A=%7_,a;E;, and B=3%}_, b.F,, where E, and F, are

projections in %, then from Lemma 1,

5(A)B+ AS(B)=Y a,b,[8(E;) F+ E,; 5(F,)]
gk

=6 (Zk ajbkEij>
_ 5(/;’3).

Since the set of elements in ¥ that are finite linear combinations of projec-
tions in % is norm dense in ¥, and 4 — 6(A4)B + A6(B)— 6(AB) is norm
continuous and vanishes on this set when B lies in this set, it vanishes for
all 4 in ¥ when B lies in this set. Again, B— §(A4)B + A6(B)—6(AB) is
norm continuous for each 4 in %; so that (4B)=06(4)B+ A5(B) for all
A and Bin €. Thus §|6eZ)(%, #). |

LEMMA 3. If the statement of Theorem A is valid for each unital dual
R-bimodule, then it is valid for each (general) dual R-bimodule.
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Proof. Suppose J is a (norm-continuous) local derivation of # into a
(general) dual #Z-bimodule .#. Define two idempotents L and R on .# by
L(m)=Im and R(m)=ml. Denote by : the identity transformation on .#.
Since LR= RL, we have that LR is an idempotent. By definition of “dual
#-bimodule,” each of L and R is continuous mapping of .# into itself
provided with its w*-topology. Thus LR is a w*-continuous idempotent on
A, and its range .#,, the null space of i1 — LR, is a w*-closed subspace
of M. Let .4, be the predual of .# and .4, be the subspace of .#, that
M, annihilates. Of course, .#% is norm closed in #,. From [4,
Corollary 1.2.13, and Proposition 1.3.5], .4, is the annihilator of .#%, in .#.
Thus .4, is the (Banach) dual space of 4, /4, (cf. [4, Exercise 1.9.10(i)]).
Since

AImIB=IAmBle M, (me.H)

and [iml = ImIl = Iml, .#, is a unital dual #-bimodule.

It follows from (1) of Lemma 1 that I6(/)I=0. From Lemma 2, we have
that (A7) =38(A4) 1+ A5(]) (first for self-adjoint 4, then, by linearity of §,
for all 4 in #). We show that LRJ is a local derivation of # into the unital
dual #-bimodule .4,. Since J is a local derivation, for a given 4 in &, there
is a derivation &, of # into .# such that 6(A4) = ,(A4). We have that

LRé (AB)=16,A,)B+A,6,B)I
=18 (A,)IB+ A, 15 (B)]
=LRS 4(A,)B+ A, LRS 4 B).
Thus LRo , is a derivation of # into .#, for which LRd ,(A4)=16,(A)I=
16(A)I= LR(A). 1t follows that LRé is a local derivation of # into .4,.

From our hypothesis, LRé is a derivation of # into ..
Let n be (1— L) RS, and note that

n(A)=8(A) T~ I5(4)]
=6(IA) — I8(A)]
=8(1) Al + I6(A) I — IS(A)1
=5(I)A.

Now A8(I)B= A(I6(I)I) B=0, whence

n(AB)=8(I)AB=5(1) AB+ AS(I)B=n(A4)B + An(B).
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Thus 7 is a derivation of # into .#. Similarly, L(1— R) 6(4) = A(I), from
which we have that L(i— R)J is a derivation of # into .#. In addition, we
have

(1—L)a—R)d(4)
=8(IA) — S(IA) I — IS(A) + IS(A) ]
=8IV A+ I8(A)— [8(I) A + I5(A) 1T — I5(A) + IS(A) 1
=0.

Since =LR6+ (1—L)R6+ L(1—R)é+ (1— L)1 — R)J, we have that ¢ is
a sum of derivations of & into .#. 1|

We assume, henceforth, that our dual #-bimodule .# is unital.
LemMa 4. If E and F are projections such that EF=0, and V is an

operator in R such that V*V=E and VV*=F, then 6| Ry Z Ko, M),
where R, is the algebra generated by E, F, V, and V*.

We establish Lemma 4 with the aid of the following sublemmas.

SUBLEMMA 5. If A, B, C, in R, are such that 0=AB=BC, then
Ad(B)C=0.

Proof. With §, a derivation of # into .# such that §,(B)=45(B), we
have

0=04(ABC)=6,(4) BC + A5o(B)C + AB5((C)
= 45,(B)C=A3(B)C. 1}

Applying sublemma 5, we have
Fo(V*)I—F)=F3(V*)E=0, Fo(V*)=F6(V*)F

3
(I—E)8(V*)E=0, (V*)E=ES(V*)E, )

where E, F, and V are as in the statement of Lemma 4.
SUBLEMMA 6. FS(V*)F=Fo(E)V*
Proof. Note that (E+ V*)?=E+ V* From Lemma 1,
SE+V*)=8((E+ V*)?)
=0E+V*E+V*]+[E+V*]NE+ V). 4)
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Thus
FO(E+V¥)F=F[(E)+3(V*)] V*=F3(E)V*+ F5(V*) EV*
=Fo(E)V*,

since FO(V*)E=0 from (3). From Sublemma5, FS(E)F=0. Hence

Fo(V¥)F=F3(E)V* 1|
SUBLEMMA 7. ES(V*)E= —V*6(E)E.
Proof. Multiplying (4) on the right by E, we have that
[E4+V*]E+V*)E=NO.
From (1), ES(E)E=0. Thus
ES(V¥YE=E[S(E)+(V*)]JE+(E+ V*)]ILO(E)+6(V*)]E
=E0E)E+ES(V*)E+ ES(E)E+ E6(V*)E
+ V*$(E)E+ V*6(V*)E.
Thus, from (3),
ES(V*)E= —V*0EYE—V*FO(V¥)E= —V*3(E)E. |
SUBLEMMA 8. S(EV*)=0(V*)=8(EYV* + ES(V'*).
Proof. From (3) and Sublemma 6, we have that
Fo(V*)=F3(V*)F=F3(E)V*=F[0(E)V*+ ES(V*)].
From (1), we have
ES(V*)=ES(E) EV*+ E6(V*)=E[(E)V*+ E&(V*)].
From Sublemma 5,
O0=(I—E—F)(V¥)E=(I—E—-F)(V*) 1*
=({[—E-F)J(E)I—-E).
Thus (recall that .# is a unital #-bimodule),
(I—E—F)dE)=(I—E—F)é(E)E.

From (4), we have that

U—E—-F)JE)+o(V*)]=(I—-E—-F)[(E)+(V*)I(E+ V*).

(6)

(7)
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Combining this equality with (7) and (8), we have
(I—E—-F)YEY+o(V*)]=(I—-E—-F)3E)+(I—E—F)S(E)V*.
Hence
(I—E-F)Yo(V¥*)=(I—E—F)[8EYV*+ E3(V*)]. 9)
Our assertion follows by adding (5), (6), and (9). |
SUBLEMMA 9. 3(V*F)=3§(V*)=V*(F)+6(V*)F.
Proof. From (1), we have that

S(V*)F=8(V*)F+ V*FS(F)F=[8(V*)F+ V*(F)]F.  (10)

From Sublemma 5, V*§(E)(I— E)=0, whence V*§(F)= V*3(E)E. Using
this and Lemma 1, we have

[8(V¥)F+ V*3(F)]E=V*3(F)E= —V*F)(E)= —V*§(E)
= —V*§(E)E.
Thus, from (3) and Sublemma 7,
S(V¥)E=ES(V*)E= —V*EYE=[V*)F+ V*5(F)]E. (11)
Since (F+ V*)?=F+ V* we have, as with (4), that

S(F+ V*)=08(F+ V*)(F+ V*)+ (F+ V*) 8(F + V*).

Using this with Sublemma 5, we have that

[6(F)+8(V*)1I—E—F)=(F+ V*)8(F+ V*)(I— E—F)
=8(F)(I—E—F)+ V*§(F)(I— E—F).

Hence
H(VHYI—E—F)=[0(V*)F+ V*3(F)J(I— E—F). (12)
Our sublemma follows by adding (10), (11), and (12). |}

SUBLEMMA 10. O0=48(FV*)=6(F) V*+ Fo(V*) and O0=46(V*E)=
HV*YE+ V*(E).



502 RICHARD V. KADISON

Proof. From Lemma 1, (3), and Sublemma 6, we have
HNF)V*+ F§(V*)=06(F) EV*+ Fo(V*)F
= —FS(EYV*+ FS(E) V*
=0.
From (3) and Sublemmas 5 and 7 , we have that
HV*)E+ V*S(EYy=ES(V*)E+ V*(E)E=0. |
SUBLEMMA 11.
S(FVY=38(V)=8(F)V + Fo(V),
S(VE)=6(V)=d(V)E+ VI(E), 0=8EV)=4E)V+ ESV),
and
0=8(VF)=06(V)F+ Vi(F).

Proof. Replace V* by V, E by F, and F by E, and apply Sublemmas 8,
9, and 10, respectively. ||

SUBLEMMA 12. FS(V)E= —Vo(V*)V.

Proof. Let 8, be a derivation of # into .# such that 6,(V+ V*)=
S(V + V*). Since (V*+ V)?=E+ F, we have

OAE+F)=0(V+ V¥V +V*]1+ [V+V*]6o(V+ V*),

whence

0=[E+F]oE+F)E+F]

=[E+F]o(V+ V¥ V+V*]I+[V+V*]0o(V+V*)E+F].
Thus
O=F[E+F]o(V+V*)[V+V*IV+F[V+V*]0(V+V*)E+F]V

=F(V+V¥E+Vo(V+V*)V.

From Sublemma 5, 0= Fo{(V*)E=Vé(V)V, whence
FS(ME=—-Vo(V*)V. |}

SUBLEMMA 13. O(V*V)=06(E)=8(V*)V + V*6(V).
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Proof. From Sublemmas 8, 11, and 12, we have
S(V*)V+ V*(V)=(EV*)V + V*S(VE)
=[8(EYV*+ES(V*)]V+ V*[S(V)YE+ VS(E)]
=0(EYE+ ES(V*)V+ V*3(V)YE+ ENE)
=0(EY+ ES(V¥)V+ V*FS(V)E
=0E)+ ES(V*)V -V*Vo(V*)V
=E). 1

SUBLEMMA 14. S(VV*)=46(F)=8(V) V*+ V3(V*).

Proof. Replace E by F, V by V*, and V* by V, in the statement of
Sublemma 13. |

SUBLEMMA 15. (V) =0=3(V)V+ VS(V) and 3(V**)=0=3(V*)V*
+ V*S(V*).

Proof. Let §, be a derivation of & into .# such that 3(V)=8,(V). Then
V2=0 and

0=38(V?)=08o(V*)=08o(V)V+ Vo,(V)=8(V)V + VS(V).

Replacing V' by V'* in the foregoing, we have the second assertion of this
sublemma. ||

Proof of Lemma 4. From Lemma 2 and Sublemmas 8, 9, 10, 11, 13, 14,
and 15, 0 has the multiplicative derivation property for the linear
generators E, F, V, and V* of #,. Thus 6| Rye ZN(R,, #). |}

LeMMA 16. With %, as in Lemma4d and € an abelian von Neumann
subalgebra of R Ry, we have that 6| R, € ZNR,, M), where R, is the
von Neumann algebra generated by R, and €.

Proof. Let E and F be projections, one in ¢ and the other in %,. Since
EF = FE, we have that §(EF)=6(E)F+ E6(F) from Lemma 1. Now each
element of #, and each element of a norm-dense subset of € are finite
linear combinations of projections in %, and %, respectively, and ¢ is norm
continuous on #. Thus J(CA)=06(C)A+ Cé(A)=8(AC)=6(A)C +
Ad(C), where Ce¥ and AeA,. As #, consists of finite linear combina-
tions of elements of the form CA, with C in € and A=171 or 4 in &, it
remains to show that

S(CAC'A')=8(CA) C'A’' + CAS(C'A’). (13)

481/130/2-17
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Now,
O(CAC'A')=38(CC'AA")
=6(C)C’'AA’ + Co(C') AA’
+ CC'6(A)A'+ CC'Ad(A4"),
while
0(CAYC’A"+ CAS(C'A4’)
=0(CYAC'A'+ C(A) C'A" + CAS(C') A"+ CAC'6(A").
Since

CH(C") A4’ + CC'O(A) A' = C[8(C') A + C'5(4)] A’
= C[8(4) C' + A5(C")] A,

(13) follows. 1§

Proof of Theorem A. Since 4 is norm continuous and the set of finite
linear combinations of projections in # is norm dense in # (cf [4,
Theorem 5.2.2(v)]), it will suffice to show that 6(EF)=0(E)F + ES(F) for
each pair of projections E and F in #. The von Neumann algebra %,
generated by E and F is either abelian, of type I, or the direct sum of an
abelian von Neumann algebra and one of type I, (cf. [4, Exercise 12.4.11]).
If &, is not abelian, it is generated by its center and a subalgebra %,
isomorphic to a factor of type I, Lemma 16 applies and 6|#, €
ZNR,, #). Thus 6(EF)=06(E)F+ ES(F). 1

THEOREM B. If 8 is a norm-continuous linear mapping of a von Neumann
algebra R into itself such that, for each A in R, there is a T . in R for which
8(A)=AT,— T, A, then there is a T in R such that {A)= AT — TA for all
Ain R.

Proof. From the Derivation Theorem [5, 6], each derivation of # into
itself has the form 4— AT—TA for some T in % Now apply
Theorem A. ||

3. AN EXAMPLE

We present (a slightly modified version of) C. U. Jensen’s example. He
exhibits an infinite-dimensional, commutative algebra over C, the complex
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numbers, admitting a mapping that is a local derivation but not a deriva-
tion. The algebra is C(x), the rational functions in the variable x over C.
Let C[x] be the subalgebra of polynomials. We note certain facts.

a. The derivations of C(x) into itself are mappings of the form f — gf’
for some g in C(x), where f” is the usual derivative of £ Such a mapping
is a derivation of C(x). Let é be a derivation of C(x) into C(x) and let g
be d(x). If pe C[x], then d(p)= gp’ (applying the multiplicative property
of the derivation). At the same time, if p # 0, then

0=06(1)=8(pp~")=0(p)p~"+pd(p~"),

2

whence 8(p~')= —6(p) p~?= —gp'p~% Thus, with p and ¢ in C[x],

1 2

—grq'q”
=glpg '].

(pg")=0(p) g~ '+ pdlq~")=gp'q”
=glpg—pe'lq?

b. The local derivations of C(x) are the linear mappings that annihilate
the constants. If « is a local derivation, then for each ¢ in C, there is a
derivation & of C(x) such that a(c)=4d(c)=0. Suppose, now, that a is a
linear mapping of C(x) into C(x) that annihilates the constants. Of course
o agrees with every derivation on all constants. If f, in C(x), is not a
constant, then f’#0. Let 6(h) be (a(f)/f')#'. Then 6 is a derivation of
C(x) into C(x), and 6(f)=a(f). Thus « is a local derivation of C(x).

c. We display a local derivation of C(x) into itself that is not a deriva-
tion. With C(x) considered as a vector space over C, the 2-dimensional
subspace X generated by 1 and x has a complement Y. Let « be the projec-
tion of C(x) on Y along X. Then « annihilates the constants, whence « is
a local derivation from b. If « were a derivation, then from a, a(f) would
be a(x)f’, which is a 0 since a(x)=0. As « #0, « is not a derivation.

4. POLYNOMIAL ALGEBRAS

With C. U. Jensen’s example in mind, it is of interest to study the local
derivations of C[x]. In the theorem that follows, we consider local deriva-
tions of C[x] into C[x, y,..,w], the polynomial ring over C in an
arbitrary set of variables {x, .., w}.

THEOREM C. Each local derivation of C[x] into C[x, y,...,w] is a
derivation.
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Proof. Let a be a local derivation of C[x] into C[x, y, .., w]. For each
positive integer j, there is a derivation 6, of C[x] into C[x, y, .., w] such
that

a(x’) = 8;(x") = jx/ "1 §,(x) = jx'"'g,,

where g;(=d;(x)) is some element of C[x, y, ..., w]. Similarly, for a given
pin C[x], there is a g, in C[x, y, .., w] such that «(p)= p'g,, where p’ is
the usual derivative of p. Thus for some 4 in C[x, y, .., w] and each non-
zero a in C,

2(x7 + ax¥)(jix! ' + kax* D h=a([x/ + ax*]?)
=a(x¥ + 2ax’** + g*x%)
=2x¥ gy +2(j+k)ax’ g,

+2ka’x* g, (14)

when j, k > 1. Suppose b in C is such that »* /= —ag~". Then b is a root
of the left side of (14). The right side of (14) can be rewritten as

207 gy + (oK) ax* g, o+ kaPx**~gy,),

which must vanish when x is replaced by b. Thus
Jg2i(b, ¥y s W)+ kgo(b, y, s W)~ (j+k) g k(b y, .., w)=0. (15)
Since a does not appear in (15) and b satisfies only b* /= —a~", if we

choose a to be —b’/~* for an arbitrary non-zero choice of » in C, (15) is
satisfied. Thus

Jg2j+ k8o~ (j+Kk) g4x=0 (16)

holds identically, when j, k > 1.
Considering a([1 + ax*]?) and proceeding as in the computation of (14),

we conclude that ax*~'g, + a’x?* ~'g,, vanishes when x is replaced by b in

C such that b*= —a~'. The same is true of x(ax*~'g, +a*x* " lg,,).
Arguing as at the end of the preceding paragraph, we have that g, = g,, for
each positive integer k. Thus g, = g,.

With £+ 1 in place of j in (16), we have

tk+1) g 2tkgu=02k+1) gy 4. (17)
With 1 for k in (17), we have that 2g,+ g,=3g;. But g,=g,. Thus
g:= g;. Suppose we have established that g, =g,=--- =g,,,,. Then

8y =8u+1 (f k=1) and from (17), it follows that (k+1) gy,,=
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(k+1) gy, . Thus gy =g,=--- =gy,,. NOW g3, 4=gs,,, from the
preceding paragraph, and we have just shown that g, ,=g,.,,. Thus
from (17),

(2k+3) gors=(k+1) gos2+ (k+2) gy a=2k+3) g2

Hence g, =g,= -+ = gy 1= g2k +2= Zax 13- It follows by induction that
g;= g for all non-zero j and &. If p in C[x] is a,x"+ --- +a,x + a,, then

a(p)=na,x""'g,+ - +a,g,=pg,.

Thus « is the derivation p —» p’g, of C[x] into C(x, y, .., w]. |

COROLLARY 17.  Each local derivation of C[x] into itself is a derivation.

In the theorem that follows, we extend Theorem C to local derivations of
Cl[x,, .., x,] into C[x,, .., x,,] when n<m, where C[x,, ..., x,] is viewed
as a subalgebra of C[x,, .., x,,]. Theorem C plays a key role in its proof.

THEOREM D. Each local derivation of C[x,, .., x,] into C[x, .., X, ],
where n<m, is a derivation.

Proof. If n=1, Theorem C applies to show that our local derivation «
restricted to C[x;] is a derivation of C[x;] into C[x,, .., x,,]. Suppose we
have proved that the restriction of « to C[xy, ..., x;,_1,] is a derivation
for each (r —1)-element subset {x,,, .., x;,_1)} of {x,, .., x,} for some r
not greater than n. We show that the same is true for each r-element
subset of {x,,.., x,}. It will suffice to prove that the restriction of a to
C[x,, .., x,] is a derivation.

Let a(x;) be g;(in C[x,, .., x,,,]) for jin {1, .., n} and define &, by

n
k(1 k(n)y _ N k(1 kG — 1) k() — L Lk(j+ 1) k(n)
60(x1()'”xn(n))_zk(])xl()"'xjjl )xjm xj+jl "'xn(ngj,
j=1

where the k(j) are non-negative integers. (If some k(j) is 0, the corre-
sponding term of the sum is interpreted as 0.) With this definition, §, has
a (unique) linear extension to a derivation 6 of C[x,.., x,] into
Clxys s X,] and 8(xf)=kxt~'g;=a(x¥) for all j in {I,..,n} and all
positive integers k. Since J is a derivation, «a — & is a local derivation of
C[x,, ..., x,] into C[x,, .., x,,] that maps x,, .., x, to 0. We shall show
that ¢« — 6 is 0, whence a =6, and « is a derivation.

Changing notation, we may assume that « is a local derivation of
Clxy, .., x,] into C[x,, .., x,,] such that a(x,)=0 for j in {1, .., n}. Since
a is, by assumption, a derivation of C[x,,,, .., x;,_,,] into C[x,, .., x,,]
for each (r— 1)-element subset {x,,), .., x;,_} of {x,,.,x,}, we have
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that a(xf()---xi-}))=0. We shall show that the restriction of o to

Cix,, .. x,] is 0. Choose a non-zero ¢ in C and note that, for some
hy,..,h, pin C[x,, .. x, ], we have that
2[xKD 4 gxk@ .. Xk p
=[xV + axh® .- xE0T?)

_ 2k(1) k(1) k( ) 2 2k(2) Zk( )
= a(x ) 4 2gxk ). N+ a’x X2k

= 2ao(xf) ... xk0)

=2a Y k(j)x{® - xf0 =t X Ohy, (18)
j=1

Choose non-zero complex numbers b, ..., b, such that

bl—k(l)blzc(Z) .. bl:(r) = —q 1

With x,, ..., x, replaced by &,, .., b,, respectively, the left side of (18) is 0.
The right side is

2x -1 [k(l) ax Tk L xkOp,
+ Y k()) axl_"‘“x’z“z’-~x’,“’)x1xj_1hjj|,
j=2
which is 0 when x, .., x, are replaced by b,, ..., b,, respectively. Thus

O=k(1) hy(by, s byy Xy gy s X,

+ Y k() bib; Ry, s by Xy ey X)

j=2

and

0= k() b, hy(brs s byy X,y 1 s Xm). (19)

i=t

Since a does not appear in (19) and g is an arbitrary non-zero complex
number, (19) is valid for all non-zero complex b, ..., b,. It follows that

0= Y k(j)x 'k, (20)

j=1
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That is, 3.7, k(j) x;---x;_1X;, -+~ X, h; vanishes identically. But then

(kD) . xk ) = Z () x40 . k=1L ko,
j=1

r
= OO S k() xxy

1 X1 X, h
j=1

r

and a=0. |

CoroLLARY 18. Each local derivation of C[x, .., x,] into itself is a
derivation.

Note added in proof. {(January 29, 1990). I. Kaplansky has found (letter dated December 1,
1990) local derivations of C[x]/[x*], a 3-dimensional algebra over C, that are not derivations.
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