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1. INTRODUCTION

In [7] the automorphism group of a C*-algebra, along with several
of its naturally occurring subgroups, is studied. Principally, the con-
nected component of the identity is identified there and shown to be
open as well as closed; so that the same is true for several of the other
subgroups studied. The group of inner automorphisms is touched
on only glancingly. In particular it is not noted there whether this
group is necessarily closed or necessarily open.

The present paper is primarily concerned with this subject as well
as the associated question of whether or not the space of inner deriva-
tions of the algebra is closed. We establish (Theorem 5.3) a neces-
sary and sufficient condition for both the inner derivations and inner
automorphisms to be closed sets which, in its simplest application
(Corollary 5.5) shows that they are closed if the C*-algebra possesses a
faithful representation such that the image contains the center of its
weak-operator closure. This is the case if the C*-algebra has a faithful
factor (primary) representation (or, more specially, if it is primitive).

A related aspect of this study is the question of the extent to which
the presence of inner automorphisms on the one-parameter group
generated by a derivation of a C*-algebra forces the derivation to be
inner. We show (Theorem 4.3) that, if a C*-algebra is norm-separable

* With partial support of ONR and NSF.
204



DERIVATIONS AND AUTOMORPHISMS OF OPERATOR ALGEBRAS. II 205

(equivalently, countably generated) and an uncountable number of the
automorphisms are inner, then the derivation is inner. On the other
hand (Example 6.2), we produce a C*-algebra (nonseparable, of course)
acting on a separable Hilbert space for which each of the automor-
phisms on the one-parameter group is inner while the derivation is
outer. A simple example (Example 6.1) shows that a separable C*-
algebra can have an outer derivation whose exponential is an inner
automorphism. Example 6.3 describes a derivation of a separable
C*-algebra which is outer even though all the automorphisms
corresponding to rational parameterson the one-parameter subgroup it
generates are inner. This same C*-algebra has its center consisting of
scalars and nonclosed sets of inner automorphisms and inner derivations
(so that the algebra does not admit a faithful factor representation).

Section 2 introduces our notation and basic definitions. In Section 3
we locate a canonical operator in the weak-operator closure of a
(concrete) C*-algebra inducing a given derivation (Theorem 3.1).
Theorem 3.2 identifies the w-inner automorphisms of a C*-algebra
as the weakly-inner automorphisms of the universal representation
and establishes that each such automorphism maps every closed
two-sided ideal of the algebra onto itself.

2. NOTATION AND DEFINITIONS

By a C*-algebra we mean a complex Banach *-algebra A with
identity, satisfying || A*A4 || = || A* || || 4 || for each 4 in %. The
unit ball of % is denoted by %, and its unitary group by #(%). A
representation of % on a (complex) Hilbert space 5 is a *-homomor-
phism ¢ from % into the algebra () of all bounded linear operators
on ## which carries the identity of % onto the identity operator on 5.
Each representation of % is norm-decreasing and has norm-closed
range @A), while faithful (i.e., one-to-one) representations are
isometric. We write (%)~ for the weak-(equivalently, strong-,
ultraweak-, ultrastrong-) operator closure of ¢(2). An extension of
the Gelfand-Naimark Theorem [3] asserts the existence of a faithful
representation of every C*-algebra.

Two representations ¢ and ¢ of %, on 5, and #,, respectively,
are said to be equivalent if there is an isometry U from J#, onto
such that y(A4) = Ugp(A) U* for each 4 in U. If there is a vector x in
#, such that the set {p(4) x : A €U} is everywhere dense in #°,,
then ¢ is called a cyclic representation and x a cyclic vector for ¢. A state
of % is a linear functional f on % such that f(A*4) >> 0 for each Ain A
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and f(I) = 1, where I is the identity of %. With each state f is
associated a cyclic representation ¢, (unique to within equivalence),
and a cyclic vector x; for ¢;, such that f(4) = {p(4) x;, %;> for
each 4 in %. By selecting such a representation for each state of %,
and taking the direct sum of the resulting family of representations,
we obtain the wuniversal representation W of U (the universal re-
presentation, because it is determined to within equivalence). It is
faithful, and if ¢ is any other representation of A then ¢¥—!
extends to a *-homomorphism from ¥(%)~ onto ¢(A)~ ([4], Lemmas
2.3, 2.4).

A derivation of a C*-algebra % is a linear mapping 8 from % into A
such that (AB) = Ad(B) + 6(A) B for all 4 and B in U. Each such é
has an adjoint derivation 8* defined by 8*(4) = 8(4*)*; and we call
8 a *-derivation if 8 = &*. If % is a C*-algebra given concretely as
operators on a Hilbert space 5, Be #(#) and BA — ABe¥%
whenever A4 €%, then the derivation ad ¢B: T — (BT — TB) of
HB(H) restricts to a derivation ad B | % of A. Each derivation & of %
has this form, and B can be chosen in A~ (with B = B* if § is a *-deri-
vation) [5], [6], [11]. It follows that, if 8 is a derivation of an (abstract)
C*-algebra % and ¢ is a faithful representation of %, then
pdp~! = ad iB | ¢(¥) for some B in ¢(A)~. This shows, in particular,
that derivations of % are bounded linear operators, a fact that had
previously been conjectured by Kaplansky [8] and proved by Sakai [10]
(and which is used in proving the result that derivations of C*-
algebras have the stated form). The set A(%) of all derivations of %
is a norm-closed linear subspace of the Banach space #(%) of all
bounded linear operators on %; so 4(%) is a Banach space under the
induced norm. The inner derivations, those of the form ad iB| %
with B in ¥, form a linear subspace 4,(%) of 4(%).

. By an automorphism of a C*-algebra % we shall mean an automor-
phism for the *-algebra structure (our automorphisms are *-auto-
morphisms, though we do not adopt the corresponding convention for
derivations); each automorphism of U is an isometric linear mapping
from % onto ¥, and the set o(¥) of all automorphisms of A is a complete
metric group with the metric it inherits from Z(%). Its unit will be
denoted by .. The inner automorphisms of %—those of the form
A — UAU* for some fixed U in #(A)—form a subgroup t,(%) of a(¥).

If 8 is a *-derivation of %, then exp & is an automorphism of .
If % is given concretely as a C*-algebra of operators on #, and
8 = adiB | A for some self-adjoint B in %A, then by comparing series
coefficients (cf. the proof of Lemma 2 in [7]) it follows that exp &
is the automorphism 4 — UAU* of %, where U is the unitary operator
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exp 1B. If § is inner we may choose B in U; then U € %(%) and exp 8
is an inner automorphism.

3. DERIVATIONS AND 7-INNER AUTOMORPHISMS

It follows from the results of [5], [6], [//] that each derivation &
of a C*-algebra % acting on a Hilbert space 5 is ultraweakly con-
tinuous and extends (uniquely) to an inner derivation § = ad ¢H |9~
of A~. If O is a projection in the center & of A, then the restriction
§ | A-Q is a derivation of A~Q. We shall show that, if § is a *-derivation
then the operator H in %~ can be chosen, uniquely, to satisfy certain
rather stringent conditions.

With T a self-adjoint element of %~ and Q a projection in Z, we
define

Mo(T)=1inf{a: TQO < aQ},
mo(T) = sup {b : TQ = b0},

THEOREM 3.1. Let 8 be a *-derivation of a C*-algebra U acting
on a Hilbert space ', § its extension to a derivation of %, and Z the
center of U~. Then there is a unique self-adjoint operator H in A~ such
that & = ad {H | A~ and, for each projection Q in Z,
| HQ || = 4 1|6 | A0 || . Furthermore,

Mo(H) = —mo(H) = %8| 40|

Proof. 'The argument is divided into several stages.

(a) We prove that § = ad 7B | %~ for some self-adjoint operator B
in - with | B} <18 (=1%18]) With ; = exp #5 and ¢ small,
Il a, — ¢ || << 2; so that «, is implemented by some unitary operator U,
in %~ with spectrum o(U )in{z : Hez > $ (4 — || oy — ¢ |[*)*/?} (from
[7], Lemma 5). Then U, = exp iB,, with B, a self-adjoint operator
in %~ such that

| B Y <arctan | o, — || (4 — [lay — o« [32.
Now & = ad t~%B,, since 5 and ad iB, are both equal to loga,,

where “log” is the principal value of the logarithm on the plane slit
along the negative axis. As

oy — ¢l e, — )
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it follows that, given € >0, || # 1B, || < 3|6 || 4 € for # small and
positive.
With € = 1/n, it follows that the set

Fu={B:B—B*cu 5 =adiB |9, | BI<}[5]+—

is not empty (n = 1, 2, 3,...). Since &, C ¥, and each & is weak-
operator compact, there is an element B in the intersection of all the
F’s; and B=B*e¥-, §=adiB|%, ||BI<}[5]. (The
foregoing can be proved directly, without appeal to [7], Lemma 5, by a
somewhat longer argument.)

(b) Let & denote the class of all finite orthogonal families
{0, ,..., 0,} of projections in & with sum I. Then & is directed by
refinement ({P, ,..., P,} <{0;,...,Q,} means that each P; is the
sum of a subset of the Q’s). If {Q,,...,0,} € #, the result of (a),
applied to the derivation § | 4-Q,, of A~Q, , shows that there is a self-
adjoint operator Bka in A-Q,, such that § | ¥4-Q, = ad iB,Q, | U0,
and || BQi | <3118|9Qpll. With B,,....0, the self-adjoint
operator Y, B,Q, in %A, we have & = ad zB{O _____ 0,3 % and

1QeBoy....op | <ENSIAQe )l (B =1, m).

The net (B ,..0: {0y 5., O0,} € F) is contained in the weak-
operator-compact ball 16 H‘III, and so there is a cofinal subnet
which is weak—-operator convergent to an element H of that ball.
Clearly H = H*e%~ and § = ad iH | %~. IfQ is a projection in &
then {Q,] — Q)€ # and QB .o, | <} 51970 whenever
{0 .-, 0, = {0, I — O}. For by renumbermg we may suppose that

0= Q1+ - + Q,, for some k < n, and
19Bq,.....0n | = max, [Q.Big,.....0n

<3 max, 8190, | <3IS|AQI.

1<r<k

Since the mapping B — || OB || is upper semicontinuous in the weak-
operator topology, || QH || < } || § | %0 || for each projection Q in Z.
(c) If Cis any self-adjoint element of %~ such that § = ad iC | u~
and Q is a projection in &, then
18(4Q) | =1CQ - AQ — AQ - CQ | <2 CQ Il 140 |

for A in =5 s0 (161U Q| < IICQH If |[CO|l=3%181u0Q |
then My(C) = — my(C) = % || § | 4 Q ||; for otherwise, with
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a = HMyC) + my(C)] and C, = C — aQ, § = adiC,| ¥~ and
1CO I <1CO|=1416|9Q|, a contradiction.

By applying these results when C is the operator H constructed in
(b), it follows that 48| Q| = | HO | = My(H) = — my(H)
for every projection Q in Z. This proves the existence of an operator
H with the required properties.

(d) Suppose that H; = Hf e ¥4, 6 = ad {H; | ¥~ and
Y181 w0 = || H;Q || for every projection Q in & (j = 1, 2). Then
H, — H, € &, and the results of (c) show that

Mo(Hy) = Mo(H,) =4 | 8|20 .

If H, — H, s 0 there is a nonzero projection P in 2 and a positive
scalar a such that either (H; — H,) P > aP or (Hy, — H,) P > aP:
we may suppose the former. Then

318 | WP || = Mp(H,) > Mp(H, + aP) > Mp(H,) = } |8 | AP |,

a contradiction. Hence H, = H,, and the uniqueness of H is proved.

Let ¢ be a faithful representation of a C*-algebra %. Following [7],
we denote by (%) the group of all automorphisms « of % with the
property that the automorphism pag™ of ¢(%) is implemented by a
unitary operator in (%)~; and we describe such an « as “weakly-inner
in the representation ¢”’. With =(%) the intersection of all the groups
(%), the elements of 7(¥) are described as permanently weakly-inner,
or m-inner. The following theorem shows that #-inner automorphisms
carry each closed ideal [ of % onto itself, and induce 7-inner auto-
morphisms on each homomorphic image of . This, together with the
fact that derivations of % are weakly-inner in every faithful representa-
tion and leave each closed ideal invariant ([2] 1.9. 11d, p. 20), shows
that many of the results of [7] can be extended, in an obvious sense,
so as to apply to representations of % other than faithful ones.

THEOREM 3.2. Let U be a C*-algebra, ¥ its universal representation,
J a closed ideal in %. Then

(1) m(A) = 1, (A),
(i) f « € m(A) then o J) = ], and the mapping
cx]-:A + J—>alA)+ ]
is a m-inner automorphism of Aj J.

Proof. We may suppose that % acting on 5 is the universal
representation ¥ of %A. Let ¢ be any other representation of o, and
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denote by @ the extension of ¢ to a *-homomorphism from %~ onto
o)~ ([4], Lemmas 2.3, 2.4). If a € 14(%), there is a unitary operator U
in %~ such that o(A4) = UAU* for each 4 in A. Thus

p(a(4)) = §(«(4)) = GUAU*) = U,p(4) Uy, 31

for each 4 in %, where U, is the unitary operator @(U) in ¢(A)~.

If ¢ is a faithful representation then (3.1) asserts that
(pag™) (B) = U,BU for each B in (). Hence a € (A) for each
faithful representation ¢; that is o en(¥). This shows that
1p(A) C (A); and since the reverse inclusion is obvious, tx(¥) = =(A).

Next, let ¢ be a representation for which ¢~2(0) is J. By (3.1),
¢(a(A)) = 0 if and only if p(A4) = 0; that is, «(A) € ] if and only if
A € J. Hence o(J) = ], and the mapping o, is an automorphism of
A/ J. Each faithful representation 8 of %/ | has the form 4 4 | — ¢(4),
where ¢ is a representation of % such that ¢=1(0) = J. Then a0
is the automorphism ¢(4) — ¢p((A)) = U,p(A4) U} of 6%/ ]) (= ¢(%)).
Since U, € 6(%/ J)~, it follows that «; € ,(%/]) for each such 6; hence
oy € (U ).

Remark 3.3. Let % be the factor of type II, generated by the
left regular representation of the free group on two generators, « the
outer automorphism of U corresponding to the automorphism of the
group which exchanges these generators ([1], Exercise 15, p. 308). The
only ideals in % are (0) and U; so « carries each ideal onto itself, but is
not s-inner.

It is shown in [9] that, if % is a separable GCR C*-algebra, and «
is an automorphism of A which maps each closed ideal into itself,
then « is #-inner.

4, DEeRIVATIONS WHICH GENERATE INNER AUTOMORPHISMS

Suppose that % is a C*-algebra, H is a self-adjoint operator in %
and 8 is the inner derivation ad iH of %. Then, for each real ¢, exp 18
is the inner automorphism implemented by the unitary operator exp
itH. Our purpose in this section is to study the following question,
together with some of its refinements: if § is a *-derivation of a
C*-algebra and the automorphism exp #3 is inner for all real ¢, does
it follow that 8 is an inner derivation?

LemmMa 4.1. If the automorphism o of the C*-algebra U acting on
the Hilbert space S is implemented by a unitary operator V in U with
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spectrum inC+, the open right half-plane, then there is an inner derivation
of W with spectrum in {it : — m <t << m} such that exp § = «. If §,
ts another derivation of U such that o = exp 6, and 8, has spectrum in
the strip S == {z: |Im z | << 7}, then 8, = 6.

Proof. With “log” defined as the principal value of logarithm on
the plane slit along the negative axis, log V' == ¢H for some self-
adjoint H in A whose spectrum lies in (— }#, 4 7). Moreover,
exp ad iH = «; and ad iH (= 8) has spectrum in {it: — 7 -< £ < 7}
(cf. [7] proofs of Lemma 6, p. 46 and Lemma 2, p. 40). If §, is another
derivation of U such that a = exp 8, and o(3,) lies in S, then, since
z = log exp 2 on S and both § and §, have their spectra in S,

= ad zH = log (exp ad 7H) = log a = log (exp 8,) = 3, .

CoroLLARY 4.2. If 8 is a *-derivation of the C*-algebra U such that,
for some t 7= Q with || 18 || < m, oy = exp 15 is implemented by a unitary
operator V in W with o(V) in C*, then & is inner.

Proof. From Lemma 4.1, «; = exp §, for some inner §,. Since
128 || << m, o(t8) lies in S; so that #5 = §,, from the uniqueness
assertion in Lemma 4.1. Thus 6 = t71§;, and 6 is inner.

THEOREM 4.3. If 8 is a *-derivation of the separable C*-algebra U,
and o, = exp 13 is inner for an uncountable set of real t, then § is inner.

Proof. With «, inner, let U, in % be a unitary operator which
implements «,; and let S, be the open ball of radius § 1/2 and center
U, . Since there are an uncountable number of .S, and % is (norm-)
separable, there are distinct s and ¢ as close as we please such that
S, and S, have nonvoid intersection. With 0 <{s << tand r = — s,
we may assume that 7 || § || < 7. Letting

V=00 | V—-Ii=|U-—-U/|<V2

so that o( V) lies in C*. In addition, V implements «, = exp r5. From
Corollary 4.2, 8 is inner.

Remark. 4.4. In Example 6.2 we exhibit a C*-algebra % acting on
a separable Hilbert space, and an outer derivation & of % such that
exp t3 is an inner automorphism of U for all real ¢. This shows that
some condition such as the restriction to separable C*-algebras must
be included in Theorem 4.3. In Example 6.3 we construct a separable
C*-algebra % and an outer derivation 8 of %A such that exp #8 is an
inner automorphism of A for all rational 2.



212 KADISON, LANCE, AND RINGROSE

Remark. 4.5. The first few lines of the proof of Lemma 4.1 estab-
lish that an automorphism of a C*-algebra implemented by a
unitary operator in the algebra whose spectrum is not the entire unit
circle is the exponential of an inner derivation of the algebra.

THeoREM 4.6. Let U be a C*-algebra which has a faithful representa-
tion ¢ in which ¢(N) contains the center of o(A)~. Suppose that & is a
*-derivation of U, || 8 || < 2m, and exp 6 is an inner automorphism of .
Then & is an inner derivation.

Proof. We may suppose that %, acting on a Hilbert space 5#, is the
given representation ¢. By Theorem 3.1 there exists H in 94~ such that

H=H* |H|=3}|8]<m 6=adiH|%

The automorphism exp 8 is implemented both by exp iH and by
some U in %(%). Thus

U* exp iH € %~ O A') C %),

and so exp ¢tH € %. Since || H | < =, the principal value log 2 is well-
defined and continuous on ofexpiH) = {expit:tco(H)}, and
log (exp i) = it for each ¢ in ¢(H). By means of the (continuous)
functional calculus for normal operators we have iH = log (exp ¢H),
and since exp iH €% it follows that H e . Thus 8 (= ad iH | %) is
an inner derivation of .

Remark. 4.7. The class of C*-algebras considered in Theorem 4.6
includes primitive C*-algebras and, more generally, any C*-algebra
which has a faithful factor representation. We shall see in Example 6.1.
that Theorem 4.6 fails for *-derivations 8 such that || 8 || = 2.

5. CONDITIONS UNDER WHICH ¢y(%) AND 4,(%) ARE NORM-CLOSED

If % is a C*-algebra then various natural subgroups of «(%)—in
particular #(%) nad the connected component y(¥) of «—are open,
hence closed, in «(%) ([7], Theorem 7 and Remark G). For the class of
C*-algebras studied in [7], Example d, y(%) C (,(A) and so () is
open. In Example 6.1. we exhibit a C*-algebra % for which (%) is
closed, but not open, in «(%); and in Example 6.3 we produce a
C*-algebra for which (%) is not closed in «(%). In the present section
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we investigate the conditions under which (%) is closed in «(¥), and
relate this problem to the corresponding question for derivations.

With 4 in % and & a subset of % we write d(A, #) for the distance
from A4 to 4.

LevMa 5.1. Suppose that A is a C*-algebra with center %, and
Ue¥N). Then

AU, 6) < d(U, U(B)) < 24(U, %).

Proof. 'The first inequality is obvious since %(%) C €; in proving
the second we shall assume that d(U, €) < 1, since each U in %(%)
satisfies d(U, (%)) <|U—1|<2. With Z in € such that
WU~ Z||(=||I—U?Z|) <1, U'Z and hence Z are invertible.
Letting V" be Z | Z |~* and passing to the function algebra representing
the commutative C*-algebra generated by U and Z, we see that
dU, %) <|U—-— V| <2l U~— Z|j; since, for complex a and b
with | a | = 1 and b # 0,

la—b1b| <la—bl+]b—blbi"|<2]a—b].
Thus

AU, ) <2inf{| U — Z || : Z € €} = 2d(U, 6).
LeMMA 5.2. Let % be a C*-algebra acting on a Hilbert space ',
C =ANA, ZF = U NW. Then the following conditions are equivalent.

(i) There is a positive constant k such that d(4, €) < k d(4, Z)
for each A in A.

(i1) There is a positive constant m such that
AU, %(¥)) < md(U, %4(Z))
for each U in %(%).

Proof. Suppose that (i) is satisfied, and let U be in #(%). Since
(%) C Z it follows from Lemma 5.1 that

U, (%)) < 24(U, €) < 2kd(U, &) < 2kd(U, %(Z));

so (ii) is satisfied, with m = 2k.
Suppose, conversely, that (ii) is satisfied. If T'= T* € % then, for
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each positive ¢, U; = exp (itT) is a unitary operator in %. By Lemma
5.1, with %~ in place of ¥,

d(Utit_I, ): +1d(U, , %)

< (U, , U(F))
< md(U,, U(Z))
< 2md(U, , X))

= 2m d(Utt I’ )

By taking limits as £ — 0 + we obtain d(T, €) < 2md(T, Z), for
each self-adjoint T in %. For general T in %, d(T*, &) = d(T, &),
thus

A3} (T + T%), ) < d(T, Z)
and
A3 (T + T*), €) < 2md(3 (T + T¥), Z) < 2md(T, %).

With T in place of T, this gives d(} (T — T*), €) < 2md(T, %), so
d(T, ) <d} (T + T%), ) +d3 (T — T*), €) < 4md(T, Z).
Thus (i) is satisfied, with & = 4m.

THEOREM. 5.3. Let U be a C*-algebra acting on a Hilbert space S,
C=UANW, =% NA. Then the following three conditions are
equivalent.

(1) 4dy(¥) s a norm-closed subspace of A(X).
(ii) There is a positive constant k such that
d(4, ) < kd(A, &) foreach A in U
(iil) There is a positive constant m such that
d(U, %(€)) < md(U, U(Z)) foreach U in UMW)
Each of these conditions implies
(iv) (%) s a norm-closed subgroup of «(¥).

If W is a separable C*-algebra then conditions (i),..., (iv) are all equiv-
alent.

Proof. Let & = {D e¥% :DA — AD % whenever 4 €%}, and
for each D in & define 8, in 4(%) by 8, = ad D |%. Then 2 is a
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norm-closed linear subspace of A, A + Z C & and, by [1]], Theo-
rem 2, the linear mapping D — 8, carries & onto 4(%). This mapping
has kernel 2 and so induces a one-to-one linear mapping
p: D+ & - 8, of the quotient space Z/Z onto A(A). We have
0,1 <21 D1, hence || 8, || < 2d(D, Z), for each D in 7; so ¢
is continuous. By the closed-graph theorem, ¢! is also continuous.
Hence there is a constant K such that

op | <dD, Z)<K|8p| (Deg). (5.1)

(t follows easily from Theorem 3.1 that || 6, || = 2d(D, Z) when
D = D* e %, and hence that (5.1) is satisfied, with K = 1, for all
D in &. However, the particular value of K has no bearing on the
proof of the present theorem.

The linear mapping 4 — 8, from % into 4(%) has range 4 (¥) and
kernel €, and so induces a one-to-one linear mapping ¢ : A + € — 3,
from the quotient space %/% into 4(), with range 4,(%). Since € C &,
it follows from (5.1) that || 3, || < 2d(4, €), so ¢ is continuous. If
44(%) is a norm-closed subspace of 4(A) (and hence complete) the
:losed-graph theorem asserts that ' is continuous, so there is a
constant M such that d(4, ¥) < M | 8, | for each 4 in %. By (5.1),
1A, €) < 2M d(4, Z), so condition (ii) is satisfied with &k = 2M.

Suppose conversely that d(A4, €) < kd(4, Z) for each 4 in A
By (5.1),

LIg(A = 9) =310, <d(4, ) < d(A, 6) < kd(d, ) < KK |3,
= kK ([ YA + %) |

for each A in U. It follows that the norm inherited by 4y(%) from 4(A)
s equivalent to the (complete) norm it acquires, through ¢, from the
Banach space, %/%. Thus 44(¥) is complete in both these norms, and
s therefore a norm-closed subspace of A(%).

We have now proved the equivalence of (i) and (i), and Lemma 5.2
isserts that (ii) is equivalent to (iii). We now assume that (iii) is
satisfled, and show that this implies (iv). Suppose that « & «(%),
v, € () {(n=1,2,...) and lim,,, ||« — «, || = 0. By passing to a
subsequence we may suppose that, if

=l =l = (2 (4= 2P,

‘hen

@w<2 (n=12.) Y <o (5.2)
n=1



216 KADISON, LANCE, AND RINGROSE

Let U, be an element of %(%) which implements the inner automor-
phism «, 071 Since

I "‘n+l°‘;1 —t =gy — |l =€ <2,

it follows, from [7], Remark E, p. 48, that «,,,,a;," is also implemented
by an element V,, of (%) with spectrum o(V,,) contained in the arc of
the unit circle which lies in the half-plane {z : Z¢ 2 > § (4 — €,2)'/%}.
Since this arc is contained in the disc {z: |2 — 1| < 7,}, while the
norm of V, — I is its spectral radius, it follows that | V,, — I || < r,, .
Since U, , V, € %(¥~) and both implement a, 051, U,V € %(Z).
Thus

AUy, %(€)) < md(U,, U Z) <m | U, — U,V |
=m|I—Vi=m|I-V,| <mr,.

Hence there exists Z, in %(%) such that | U, — Z, || <2mr,.
With W, = U,Z} we have W, e %®), | W, — I || < 2mr, and W,
implements «, a7}, Thus

Xy =W W,y Wy e U, | Xp — Xt | = | Wp = T'|| < 2mr,,,
and
X AXY = a0 i(4) (A ). (5.3)

Since ¥ || X,, — Xph || < X 2mr,, < o0, (X,,) converges in norm to
some element X of %(%). By (5.3),

o(A) = lim ay,07 ()
= lim X,0q(4) X*
= Xoy(A) X* (4 e%);

and since o, is an inner automorphism of %, so is a. This completes
the proof that :y(%) is closed when U satisfies (iii). -

Finally, we suppose that % is a separable C*-algebra that satisfies
(iv), and deduce that 44(%) is a norm-closed subspace of 4(¥). Suppose
8ed), 6,edyW) (n=1,2,.) and lim, ., ||6 — 8, || =0. We
shall prove that & € 4,(%).
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Since

_ 1 W 45 s
— lim - (8, + %) + i lim A (5, — 85)
boneely) n n oo 1 n n Iy

while % (8, + 8%), (1/20) (8, — &}) € 4y(%), it is sufficient to consider
the case in which each §, is a *-derivation in 4y (%). In this case,
exp 8, € (%) for all real #; and since (((¥) is norm-closed,

exp 18 = Ii_r)g exp 18, € 1o(N).
By Theorem 4.3, & € 4,(%).

Remark. 5.4. While conditions (ii) and (iii) in Theorem 5.3 involve
spatial concepts, condition (i) is concerned with just the algebraic
structure of %. It follows that (ii) and (iii) are in fact independent of
the faithful representation in which % is considered.

In Example 6.2 we construct a C*-algebra ¥, acting on a separable
Hilbert space, with the property that ,(%) is closed while 44(%) is not.
This shows that some condition such as the restriction to separable
C*-algebras must be included in the final sentence of Theorem 5.3.
The proof given is not applicable when % is not separable since
Theorem 4.3 fails for general C*-algebras.

CoOROLLARY 5.5. Suppose that U is a C*-algebra with a faithful
representation ¢ in which (W) contains the center of o(N)~. Then Ay (%)
is a norm-closed subspace of A(¥) and 1(N) is a norm-closed subgroup of

Proof. We may apply Theorem 5.3, with ¢(%) in place of %;
since ¥ = %, condition (ii) of that theorem is satisfied, with & = 1.

Remark. 5.6. Corollary 5.5 shows that (%) and 4,(%) are closed
if % is a primitive C*-algebra or, more generally, a C*-algebra with a
faithful factor representation.

6. ExXAMPLES

In this section we exploit the properties of the ideal €(#°) of all
compact linear operators on a separable Hilbert space 5 to construct
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C*-algebras which exhibit various automorphism and derivation
phenomena related to, but not included in, the results of Sections
4 and 5. We shall need the fact that, if C € €(#), a and b are scalars
and E, F are projections with infinite-dimensional ranges such that
E+F=1I, then |[[aE+bF + C| = |aE + bF|. For this, if
(x,) 1s an orthonormal sequence in the range of E then Ex, = %, ,

Fx, =0, lim || Cx, || = 0 and thus
la]=1lim| (@€ + bF + C)x, || < ||aE +bF + C||.
This, and the analogous inequality for b, give
|aE +bF + Cl >z max(la|,|bl)=]|aE +bF].

6.1. Let 5 be a separable Hilbert space, % the C*-algebra
{al + C : ascalar, C € ¥(5)}. Each T in #(#) gives rise to a
derivation 8 = ad T | U of %; since A" = {al} C U, & is inner if and
only if T € %. Similarly each unitary operator U on 5 implements an
automorphism o of %, and « is inner if and only if U € %. Let E and
F be projections with infinite-dimensional ranges and with sum I,
and define 6 = ad iw(E — F) | %. Then & is an outer derivation of U
and |8 || <27 |E —F| =2= If V is a partial isometry with
V*V and VV* 1-dimensional subprojections of E and F, respectively,
then V e¥ and &V) = — 2mV, so || & | = 2= Since
exptm(E —F) = — I, exp8 =« (an inner automorphism!). This
shows that the results of Theorem 4.6 can fail for derivations of norm
2w, since A is clearly a C*-algebra of the type considered in that
theorem.

By Corollary 5.5, 4,(%) is a norm-closed subspace of A(A) and (%)
is a norm-closed subgroup of «(%). However, (%) is not an open
subgroup of «(¥): for with ¢ real and U, = E + exp (it) F, U, imple-
ments an automorphism «, of ¥ and ||o;, —¢ | <2\ U, — 1] -0
as £t — 0 -, although «, is an outer automorphism when 0 < ¢ <.

6.2. We construct a C*-algebra %, acting on a separable Hilbert
space, with the property that (%) is a norm-closed subgroup of «(2)
although 4,(%) is not a norm-closed subspace of A(%). Furthermore,
% has an outer *-derivation § such that, for all real ¢, exp #3 is an
inner automorphism of A.

For each integer n (> 0) let #, be a separable Hilbert space, and
E, , F, be projections on J#, with infinite-dimensional ranges and
sum I. With ¥ = @, #, , &/ the Abelian C*-algebra consisting
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of all bounded operators 4 on # of the form @, (a,E, + a,..F,),
%, the algebra ®, €(£,), and C = P, C,, in %,

14 -+ C | =sup || @By + aniaFn + G, |

> sup || @By + apaFo | = 1A .

Since the “angle” between the closed subspaces &/ and €, of %(¢)
is not O, their linear span &/ + €, is closed and, hence, a C*-algebra
A. Moreover, U~ = @, #(,), and A’ (which is also the center &
of %) consists of all bounded operators of the form @, ¢, I, where ¢,
is a scalar.

We show that the center € of % consists of scalars. For this, sup-
pose that Ze€ =UNA. Then Z=A4-+C=P,c,d, with
A= ®,a,E, + a,,F,) in & and C= P, C, in %,. Since C,
is compact and a,E, + a,.F, + C, = ¢,1, it follows that C, =0
and a, = a,,, = ¢,. Thus ¢, = a, = a, for all »n and
Z = @, c, ] = a,l.

For k = 1, 2,... let A4, be the unitary operator

im(n + 1)

tmrn
P lexp - E, + exp 7

n

|
F,!

in ¥. Since both 1 and — 1 lie in the spectrum of 4, , d(4, , ¢) = 1.
With Z, = @, exp (¢mn/k) I in %, it follows easily that
dA,,Z) < |4, — Z,||—0 as k— oo. Hence % does not satisfy
(ii) of Theorem 5.3; and, from that theorem, 4,(%) is not a norm-
closed subspace of 4(%).

Next, we show that (%) is a norm-closed subgroup of «(%). The
restriction of % to the subspace 5, of # is the C*-algebra %, consisting
of all operators of the form aE, + bF, + C, with a, b scalars and C
compact. By Corollary 5.5, ((%,) is a norm-closed subgroup of
«(%,). Each inner automorphism of % has the form @, «,, with
a, in %,). Suppose conversely that «, € ¢((%,) (n = 0, 1, 2,...) and
let V,, be a unitary operator in %, which implements «, . Then V,
has the form «,F, + b,F, + C, with C, compact and 4, b, scalars
of modulus 1. With ¢, = 1 and ¢, = [Ij, b, ,a;* when n > 0, we
have ¢, 1,1 = ¢,b, (n = 0), and P, ¢,V, is a unitary operator in A,
The corresponding inner automorphism of % is P, «, . We have
now shown that (%) consists of all mappings &P, «,, with «, an
arbitrary element of ,(%,). Since each y(%,) is norm-closed, so is
().

580/1/2-7
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We show, finally, that % has an outer *-derivation which gives rise
to a one-parameter group of inner automorphisms. The operator
H = @, F, commutes with each 4 in &, so that, with C = @, C,
in4,, HA+C)—(A4+C)H =, (F,C, — C,F,)e€,. Thus
8 =adiH |¥ is a *-derivation of UA. The automorphism exp 8
is implemented by the unitary operator

W, = expitH = (P (E, + exp (it) F,,).

Since W, =V ,Z,, where

Vi= @ (exp (int) E, + exp (i(n + 1) 1) F,))

n

is in % and
Z,=Pexp(—int)]

is in Z, exp 3 is the inner automorphism implemented by V, .

We claim that 8 is an outer derivation of A. Suppose the contrary.
Then there exist operators 4 = @, (a,E, + a,.,F,) in o,
C=@,C,in€yand Z = P, c,lin &, suchthat H = A4 + C +Z.
Since C, is compactand C,, + (a, + ¢,) E, + (a1 + ¢, — )F, =0
it follows that C, =0, a, + ¢, =a,,1 +¢, — 1 =0. Thus
Gpi = a, + 1, a, = a, + n, a contradiction since the sequence (a,)
is bounded. Thus & is outer.

6.3. By making slight modifications in the preceding example,
we exhibit a separable C*-algebra %, with center the scalars (acting
on a separable Hilbert space), and an outer *-derivation 3, of %, with
the property that exp 23, is an inner automorphism for each rational ¢.
The group % = {t : exp 15, is inner} therefore contains the rationals
and, by Theorem 4.3, is countable; so both & and its complement are
everywhere dense in R. It follows that (%) is not a norm-closed
subgroup of «(%;), and Theorem 5.3 implies that 4,(%,) is not a
closed subspace of 4(%,). By Remark 5.6, ¥, has no faithful factor
representation and so, in particular, is not primitive.

With &, o/, %, H, and V, constructed as in Example 6.2,
let 27, be the C*-subalgebra of % which is generated by {V, : ¢ rational};
and let %, be &, + ¥°, where ¥° ={D,C,: C, e €(#),| C,| — 0}.
Just as in the previous case, U, is a C*-algebra with center the
scalars; and %5 = A, A, =U". Since &, and ¥° are separable, so
is %, . Since HA — AH € %° for each 4 in %, 8, = adiH |A,is a
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*-derivation of %, . If §, is inner, then H € 9, 4 Ay CU -+ Ag = A - A,
and & = ad ¢H | A is inner, which we have shown to be false. Hence §,
is an outer* -derivation of %: the automorphism exp #8, is implemented
by V', and is therefore inner for each rational ¢.
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