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SIMPLE LIE GROUPS
WITHOUT THE APPROXIMATION PROPERTY II

UFFE HAAGERUP AND TIM DE LAAT

ABSTRACT. We prove that the universal covering group gf)(Q,R) of Sp(2,R)
does not have the Approximation Property (AP). Together with the fact that
SL(3,R) does not have the AP, which was proved by Lafforgue and de la Salle,
and the fact that Sp(2,R) does not have the AP, which was proved by the au-
thors of this article, this finishes the description of the AP for connected simple
Lie groups. Indeed, it follows that a connected simple Lie group has the AP if
and only if its real rank is zero or one. By an adaptation of the methods we use
to study the AP, we obtain results on approximation properties for noncom-
mutative LP-spaces associated with lattices in %(Q,R). Combining this with
earlier results of Lafforgue and de la Salle and results of the second-named
author of this article, this gives rise to results on approximation properties of
noncommutative LP-spaces associated with lattices in any connected simple
Lie group.

1. INTRODUCTION

This is the second article of the authors on the Approximation Property (AP) for
Lie groups. In the first article on this topic, the authors proved that Sp(2,R) does
not satisfy the AP [21I]. Together with the earlier established fact that SL(3,R)
does not have the AP, which was proved by Lafforgue and de la Salle in [31], this
implied that if G is a connected simple Lie group with finite center and real rank
greater than or equal to two, then G does not satisfy the AP. In [21], it was pointed
out that in order to extend this result to the class of connected simple Lie groups
with real rank greater than or equal to two, i.e., not necessarily with finite center, it
would be sufficient to prove that the universal covering group Sp(2,R) of Sp(2,R)
does not satisfy the AP. The main goal of this article is to prove this. This finishes
the description of the AP for connected simple Lie groups. Indeed, it follows that
a connected simple Lie group has the AP if and only if its real rank is zero or one.

In this article we are mainly interested in Lie groups, but many definitions are
given in the setting of locally compact groups. We always assume locally compact
groups to be second countable and Hausdorff. Before we state the main results of
this article, we give some background (see Section 1 of [2I] for a more extensive
account of the background).
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Let G be a locally compact group. Denote by A(G) its Fourier algebra and by
MyA(G) the space of completely bounded Fourier multipliers on G. Recall that G
is said to have the Approximation Property for groups (AP) if there is a net (¢, ) in
the Fourier algebra A(G) such that ¢, — 1 in the o(MyA(G), My A(G).)-topology,
where MyA(G). denotes the natural predual of MyA(G), as introduced in [4].

The AP was defined by the first-named author and Kraus in [20] as a version for
groups of the Banach space approximation property (BSAP) of Grothendieck. To
see the connection, recall first that Banach spaces have a natural noncommutative
analogue, namely, operator spaces. Recall that an operator space F is a closed
linear subspace of the bounded operators B(H) on a Hilbert space H. Operator
spaces have a remarkably rich structure (see [II], [35]). For the class of operator
spaces, which contains the class of C*-algebras, a well-known version of the BSAP
is known, namely, the operator space approximation property (OAP). The first-
named author and Kraus proved that a discrete group I' has the AP if and only if
its reduced C*-algebra C%(I") has the OAP.

The AP also relates to other approximation properties for groups (see [3] for an
extensive text on approximation properties for groups and operator algebras). It is
known that weak amenability (which is strictly weaker than amenability) strictly
implies the AP. Amenability and weak amenability have been studied thoroughly
for Lie groups. Indeed, a connected simple Lie group with real rank zero is amenable
and a connected simple Lie group with real rank one is weakly amenable (see [7]
and [23]). Also, it has been known for some time that connected simple Lie groups
with real rank greater than or equal to two are not weakly amenable (see [19] and
[9]). In addition, weak amenability was studied for a larger class of connected Lie
groups in [6]. The AP has been less studied than weak amenability. In particular,
until the work of Lafforgue and de la Salle, no example of an exact group without
the AP was known.

The key theorem of this article is as follows.

Theorem The universal covering group gf)(?,R) of the symplectic group
Sp(2,R) does not have the Approzimation Property.

Combining this with the fact that SL(3,R) does not have the AP, as established
by Lafforgue and de la Salle, and the fact that Sp(2,R) does not have the AP, as
proved by the authors, the following main result follows.

Theorem 5.1l Let G be a connected simple Lie group. Then G has the Approxi-
mation Property if and only if G has real rank zero or one.

There are important differences between the approach of Lafforgue and de la
Salle for the proof of the fact that SL(3,R) does not have the AP in [3T] and the
approach of the authors for proving the failure of the AP for Sp(2,R) in [2I] and
for its universal covering group in this article. Indeed, the method of Lafforgue and
de la Salle gives information about approximation properties for certain noncom-
mutative LP-spaces associated with lattices in SL(3,R), which the method of the
authors does not. However, the latter is more direct, since it suffices to consider
completely bounded Fourier multipliers rather than completely bounded multipliers
on Schatten classes.

Noncommutative LP-spaces are important examples of the earlier mentioned
operator spaces. Let M be a finite von Neumann algebra with normal faithful
trace 7. For 1 < p < oo, the noncommutative LP-space LP(M,7) is defined as the
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completion of M with respect to the norm ||z, = 7'((9;*33)%)%, and for p = oo,
we put L*(M,7) = M (with operator norm). Noncommutative LP-spaces can be
realized by interpolating between M and L'(M,7) (see [28]). This leads to an
operator space structure on them (see [34], [25]).

An operator space F is said to have the completely bounded approximation prop-
erty (CBAP) if there exists a net F, of finite-rank maps on E with sup,, ||Falle < C
for some C' > 0 such that lim, ||Fpz — z|| = 0 for every € E. The infimum of
all possible C’s is denoted by A(FE). If A(E) = 1, then E has the completely con-
tractive approximation property (CCAP). An operator space E is said to have the
operator space approximation property (OAP) if there exists a net F, of finite-rank
maps on E such that lim, ||(idx(e2) ®Fy )z — || = 0 for all 2 € K({?) @min E. Here,
K(¢£%) denotes the space of compact operators on £2. The CBAP goes back to [4],
and the OAP was defined in [I0]. By definition, the CCAP implies the CBAP,
which in turn implies the OAP.

It was shown by Junge and Ruan [25] that if ' is a weakly amenable countable
discrete group (resp. a countable discrete group with the AP), and if p € (1, 00),
then LP(L(T")) has the CBAP (resp. the OAP), where L(I") denotes the group von
Neumann algebra of I". The method of Lafforgue and de la Salle can be used to
prove the failure of the CBAP and OAP for noncommutative LP-spaces. The key
ingredient of their method is the property of completely bounded approximation
by Schur multipliers on SP, denoted APg)Cg;“, which is weaker than the AP for
p € (1,00). Indeed, they prove that if p € (1,00) and T" is a countable discrete
group with the AP, then Agfg‘ﬁr(F) =1 (see [31] Corollary 3.12]). Also, they prove
that if p € (1,00) and IT" is a countable discrete group such that LP(L(I")) has the
OAP, then Aﬁfg‘g”(I‘) =1 (see [31, Corollary 3.13]). Using this, they prove that
for p € [1, %) U (4,00] and a lattice T in SL(3,R), the noncommutative LP-space
LP(L(T")) does not have the OAP or CBAP.

In [29], the second-named author generalized the results of Lafforgue and de la
Salle on approximation properties for noncommutative LP-spaces associated with
lattices in SL(3,R) to noncommutative LP-spaces associated with lattices in con-
nected simple Lie groups with finite center and real rank greater than or equal to
two. In this article, we will in turn generalize these results to connected simple Lie
groups with real rank greater than or equal to two that do not necessarily have
finite center, as is illustrated by our main result on noncommutative LP-spaces.

Theorem 5.3l Let T’ be a lattice in a connected simple Lie group with real rank
greater than or equal to two. Forp € [1, %)U (12, 00|, the noncommutative LP-space

LP(L(T")) does not have the OAP or CBAP.

It may very well be possible that the range of p-values for which the CBAP and
OAP fail is larger than [1, 32) U (12, 00]. We will comment on this in further detail
in Section

This article is organized as | follows. In Section 2] we recall some preliminaries.
In Section Bl we prove that Sp(2,R) does not have the AP. We prove the results
on noncommutative LP-spaces in Section @l The results will be summarized and
combined to our general results in Section Bl Appendix [A] gives a connection be-
tween spherical functions for Gelfand pairs and their analogues for strong Gelfand
pairs that might give a deeper understanding of certain results that are proved in
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Section Bl The material in that appendix follows from discussions of the second-
named author with Thomas Danielsen. This material might be known to experts,
but we could not find an explicit reference.

2. PRELIMINARIES

2.1. Universal covering groups. Let G be a connected Lie group. A covering
group of G is a Lie group G with a surjective Lie group homomorphism o : G— G,
in such a way that (é 0) is a covering space of G (in the topological sense). A simply
connected covering space is called a universal covering space. Every connected Lie
group G has a universal coverlng space G. Let o : G — G be the corresponding
covering map, and let 1 € o=1(1). Then there exists a unique multiplication on
G that makes G into a Lie group in such a way that o is a surjective Lie group
homomorphism. The group G is called a universal covering group of the Lie group
G. Universal covering groups of connected Lie groups are unique up to isomorphism.
They also satisfy the exact sequence 1 — m(G) — G — G — 1, where m(G)
denotes the fundamental group of G. For details on universal covering groups, see
[26, Section I.11].

2.2. Polar decomposition of Lie groups. Every connected semisimple Lie group
G has a polar decomposition G = KAK, where K arises from a Cartan decompo-
sition g = € 4 p (the group K has Lie algebra ¢), and A is an abelian Lie group
such that its Lie algebra a is a maximal abelian subspace of p. If G has finite
center, then K is a maximal compact subgroup. The dimension of the Lie algebra
a of A is called the real rank of G and is denoted by rankg(G). In general, given
a polar decomposition G = KAK, it is not the case that for g € G there exist
unique k1, ks € K and a € A such that g = kjaks. However, after choosing a set of
positive roots and restricting to the closure A+ of the positive Weyl chamber A*,
we still have G = KATK. Moreover, if g = kyaks, where ki, ks € K and a € AT,
then a is unique. Note that we can choose any Weyl chamber to be the positive one
by choosing the set of positive roots correspondingly. We also use the terminology
polar decomposition for such a K AT K decomposition. For details, see [24, Section
IX.1].

2.3. Gelfand pairs and spherical functions. Let G be a locally compact group
(with Haar measure dg) with a compact subgroup K (with normalized Haar measure
dk). A function ¢ : G — C is said to be K-bi-invariant if for all g € G and kq, ks €
K, we have p(ki1gks) = ¢(g). We denote the space of continuous K-bi-invariant
compactly supported functions by C.(K\G/K). If the subalgebra C.(K\G/K)
of the (convolution) algebra C.(G) is commutative, then the pair (G, K) is called
a Gelfand pair. Equivalently, the pair (G, K) is a Gelfand pair if and only if
for every irreducible unitary representation w on a Hilbert space H, the space

e={6 € H|Vk e K: n(k) =&} consisting of K-invariant vectors is at most
one-dimensional. For a Gelfand pair (G, K), a function h € C(K\G/K) is called
spherical if the functional y on C.(K\G/K) given by x(¢) = [, v(g9)h(g~")dg for
¢ € C.(K\G/K) defines a nontrivial character. The theory of Gelfand pairs and
spherical functions is well established and goes back to Gelfand [16]. For more
recent accounts of the theory, we refer the reader to [§], [14], [38].
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Let G be a locally compact group with closed subgroup H. A function ¢ : G — C
is said to be Int(H )-invariant if ¢(hgh™!) = ¢(g) for all ¢ € G and h € H. The
space of continuous Int(H )-invariant functions is denoted by C(G//H).

Now let G be a locally compact group with compact subgroup K. The pair
(G,K) is called a strong Gelfand pair if the subalgebra C.(G//K) of C.(G) is
commutative. In the setting of locally compact groups, the notion of strong Gelfand
pair goes back to Goldrich and Wigner [18]. It is well known that whenever G is a
locally compact group with a compact subgroup K, then (G, K) is a strong Gelfand
pair if and only if (G x K, AK) (where AK is the diagonal subgroup) is a Gelfand
pair.

It turns out that certain results of Section [3] can be understood on a deeper
level in the setting of strong Gelfand pairs, in particular when one considers the
analogue of spherical functions in this setting. This is discussed in Appendix [Al
The analogues of spherical functions already occurred in [17].

2.4. The Fourier algebra. Let G be a locally compact group. The Fourier al-
gebra A(G) is defined as the space consisting of the coefficients of the left-regular
representation A : G — B(L?*(G)). It was introduced by Eymard [12] (see also [13]).
More precisely, ¢ € A(G) if and only if there exist £,7 € L?(G) such that for all
g € G, we have ¢(g) = (A(g9)&,n). The Fourier algebra A(G) is a Banach space with
respect to the norm defined by [l¢|l 4y = min{|[{[|[|n]| | Vg € G ©(g) = (A(9)&,m) }.
We have [[¢lloc < ||¢]lace) for all ¢ € A(G), and A(G) is ||.||c-dense in Co(G).

Eymard showed that A(G) can be identified isometrically with the predual of the
group von Neumann algebra L(G) of G.

2.5. Completely bounded Fourier multipliers on compact Gelfand pairs.
A function ¢ : G — C is said to be a Fourier multiplier if and only if ¢v € A(G) for
ally € A(G). Let M A(G) denote the Banach space of multipliers of A(G) equipped
with the norm given by |¢|[araq) = [|mell, where my, : A(G) — A(G) denotes
the associated multiplication operator. A multiplier ¢ is said to be completely
bounded if the operator M, : L(G) — L(G) induced by m,, is completely bounded.
The space of completely bounded multipliers is denoted by MyA(G), and with the
norm |||l apacc) = [[Myllep, it forms a Banach space. It is known that A(G) C
MyA(G) € MA(G).

It was proved by Bozejko and Fendler in [2] that ¢ € MyA(G) if and only if
there exist bounded continuous maps P,Q : G — H, where H is a Hilbert space,
such that ¢(g; 'g1) = (P(g1), Q(g2)) for all g1, go € G. Here (.,.) denotes the inner
product on H. In this characterization, ||¢[|a7,4(q) = min{||P||so||@l/cc }, where the
minimum is taken over all possible pairs (P, Q) for which ¢ (g5 g1) = (P(g1), Q(g2))
for all ¢1,92 € G.

Suppose now that (G, K) is a compact Gelfand pair, i.e., the group G is compact
and (G, K) is a Gelfand pair. Then for every irreducible representation 7 on H, the
space H, as defined in Section [Z3]is at most one-dimensional. Let Py = [} m(k)dk
denote the projection onto H,, and set Gx = {7 € G | Py # 0}, where G denotes
the unitary dual of G. We proved the following result in [2I, Proposition 2.3].

Proposition 2.1. Let (G,K) be a compact Gelfand pair, and let ¢ be a K-bi-
invariant completely bounded Fourier multiplier. Then ¢ has a unique decompo-

sition ©(9) = Y. e, Caha(g) for all g € G, where hy(g) = (7(9)&x,&x) is the
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positive definite spherical function associated with the representation m with K-
invariant cyclic vector &, and Y o lcx| = @lla,acc)-

2.6. The Approximation Property. We recall the definition and basic proper-
ties of the Approximation Property for groups (AP), as introduced by the first-
named author and Kraus [20].

Definition 2.2. A locally compact group G is said to have the Approximation
Property for groups (AP) if there is a net (p,) in A(G) such that ¢, — 1 in the
0(MoA(G), My A(G).)-topology, where MyA(G). denotes the natural predual of
MyA(G) as introduced in [] (see also [20] and [21]).

It was proved by the first-named author and Kraus that if G is a locally compact
group and I is a lattice in G, then G has the AP if and only if T has the AP [20,
Theorem 2.4]. The AP passes to closed subgroups, as is proved in [20, Proposition
1.14]. Also, if H is a closed normal subgroup of a locally compact group G such that
both H and G/H have the AP, then G has the AP [20, Theorem 1.15]. Moreover,
if G; and G4 are two locally isomorphic connected simple Lie groups with finite
center such that G has the AP, then G5 has the AP |21l Proposition 2.4].

2.7. Preliminaries for the results on noncommutative L”-spaces. These
preliminaries are only relevant for Section @l For a more extensive account, we
refer to [31], [29].

2.7.1. Schur multipliers on Schatten classes. For p € [1,00] and a Hilbert space H,
let SP(H) denote the p'® Schatten class on H. We identify S?(H) with H* ® H,
and for a o-finite measure space (X, 11), we identify L?(X, u)* with L?(X, u) by the
duality bracket (f,g) = [y fgdu. It follows that S*(L*(X,p)) can be identified
with L2(X x X, p® p). Hence, every Schur multiplier on S?(L?(X, i) comes from
a function ¢ € L>(X x X, u® p) acting by multiplication on L?(X x X, u ® p).

Definition 2.3. Let p € [1,00], and let ) € L>®(X x X, u®pu). The Schur multiplier
with symbol v is said to be bounded (resp. completely bounded) on SP(L?(X, u))
if it maps SP(L?(X, u)) N S?(L*(X, p)) into SP(L3(X,u)) by Ty — Tyr (where Ty,
denotes the integral operator with kernel k), and if this map extends (necessarily
uniquely) to a bounded (resp. completely bounded) map My, on SP(L?(X, u)).

The norm of a bounded multiplier ¢ is defined by ||9[|arsr(r2(x,0)) = Myl
and its completely bounded norm by |[[¢|carse(r2(x,u)) = | Mylles. The spaces
of multipliers and completely bounded multipliers are denoted by M SP(L?(X, 1))
and ¢bM SP(L*(X, pu)), respectively. It follows that for every p € [1,00] and v €
L(X x X, p® ), we have [[{]loc < [[9]larsez2xw) < [¥llebrrser2xm)-

2.7.2. Schur multipliers on compact Gelfand pairs. In this section, we recall results
from [29, Section 2] that are analogues in the setting of multipliers on Schatten
classes of the results of Section For proofs, we refer to [29].

For a locally compact group G and a function ¢ € L*°(G), we define the function
¢ € L=(G x G) by ¢(g91,92) = (g1 ' 92)-

In what follows, let G and K be Lie groups such that (G, K) is a compact
Gelfand pair. Let X = G/K denote the homogeneous space corresponding with
the canonical transitive action of G. The group K is the stabilizer subgroup of a

certain element eg € X. It follows that L?(X) = @D,ce, Hr Let hy denote the
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spherical function corresponding to the equivalence class 7 of representations. Then
for every ¢ € L*(K\G/K) we have ¢ = Y ¢ CxdimHyhy, where ¢z = (¢, hr).
It also follows that for any ¢ € C(K\G/K), there exists a continuous function
¥ : X x X — C such that for all g1, g» € G, we have ¢(g; 'g2) = ¥(g1e0, g2¢0)- Let
¢ : G — C be a continuous K-bi-invariant function such that ¢ € cbMSP(L*(Q))
for some p € [1,00]. Then [|¢||coarse(L2(x)) = [|Pllebarse(r2(a)), where ¢ : X x X —
C is as defined above. If K is an infinite group, then these norms are equal to
@l amse(r2(@))-

Let (G,K) be a compact Gelfand pair, let p € [1,00), and let ¢ : G —
C be a continuous K-bi-invariant function such that ¢ € MSP(L*(G)). Then

1

(ZneG‘K |c7r|P(dim7-[,7,)) "< |@llarsw(L2(c)), Where ¢, and H, are as before.

2.7.3. The APE?C}E“. The APE?C}E“ was defined in [31]. Its relevance to us, including

certain important properties, was described in Section [

Definition 2.4 (see [3I, Definition 2.2]). Let G be a locally compact group, and
let 1 < p < oo. The group G is said to have the property of completely bounded
approximation by Schur multipliers on S?, denoted AP??&;”, if there exists a con-
stant C' > 0 and a net ¢, € A(G) such that ¢, — 1 uniformly on compacta and

sup,, [|Pallebrrsy(r2(q)) < C. The infimum of these C’s is denoted by A;fg};‘r(G).

It was proved by Lafforgue and de la Salle that if G is a locally compact group

and I' is a lattice in G, then for 1 < p < oo, we have AE%;“(F) = A;?C}‘glr(G) (see

31, Theorem 2.5]). More properties of the AP are discussed in [31] and [29].
p,cb

3. THE GROUP Sp(2, R) DOES NOT HAVE THE AP

In this section, we prove that the universal covering group %(Q,R) of Sp(2,R)
does not have the AP. Hereto, let us first recall the definition of Sp(2,R) and
describe a realization of Sp(2, R).

Let I5 denote the 2 x 2 identity matrix, and let the matrix J be defined by

_ 0 I
J= ( oo )
Recall that the symplectic group Sp(2,R) is defined as the Lie group
Sp(2,R) := {g € GL(4,R) | ¢"Jg = J}.

Here, g7 denotes the transpose of g. Let K denote the maximal compact subgroup
of Sp(2,R) given by

K—{( g _f > €M4(R)’A+ZBGU(Z)}.

This group is isomorphic to U(2). A polar decomposition of Sp(2,R) is given by
Sp(2,R) = KAt K, where

AT = D(B,7) =
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Different explicit realizations of %(Q,R) can be found in the literature. An in-
complete list is given by [32], [36], [39]. We use the realization in terms of circle
functions, given recently by Rawnsley [36], and in what follows we use some of his
computations. In fact, he describes a method that gives a realization of the uni-
versal covering group of any connected Lie group G with fundamental group 71 (G)
isomorphic to Z admitting a so-called (normalized) circle function. First, we briefly
describe Rawnsley’s general construction.

Let G be a connected Lie group with m(G) = Z. A circle function on G is a
smooth function ¢ : G — T, where T denotes the circle (as a subspace of C), that
induces an isomorphism of the fundamental groups of G and T. Such a function is
said to be normalized if ¢(1) = 1 and ¢(g71) = ¢(g) . If G admits a circle function,
it admits one and only one normalized circle function.

Let G be a connected Lie group with fundamental group isomorphic to Z that
admits a normalized circle function. Then there exists a unique smooth function
1n: G x G — R such that

c(9192) = c(g1)e(gz)e 92

for all g1,92 € G and n(1,1) = 0. Furthermore, it follows that 7n(g,1) = n(1,g) =

1(g,97") = 0 and n(g1, g2) + n(9192, 93) = (91, g293) + (g2, gs) for all g € G and
91,92, 93 € G.
Let G be a connected Lie group with normalized circle function ¢, and let

(1) G ={(g:t) € GxR|c(g) =e"}.
The space G is a smooth manifold of the same dimension as G. A multiplication
on G is given by

(g1,t1) (g2, t2) = (9192, 11 + t2 + 191, 92))-

With this multiplication, G is a Lie group with identity 1 = (1,0), where 1 denotes
the identity element of G, and inverse given by (g,t)~! = (¢~', —t). The map
0:G— G, (g,t) — g (with kernel {(1,27k) € G x R | k € Z}) defines a universal
covering map from G onto G.

In the rest of this section, let G = Sp(2,R) and G = Sp(2, R).

We now give the explicit functions ¢ and 7 for §f)(2,]R). Let My(R)g denote the
subspace of My(R) given by

A -B
M4(R)0:{< B A ) ‘A,BEMQ(R)},
and let ¢ : My(R)g — M2(C) be given by

L:(g _AB)»—>A+iB.

The map ¢ is an algebra homomorphism. For an element g € G, let Cy =
g+ (¢")7") and Dy = (g — (¢7)~"). Note that g = Cy + D,. As described by
Rawnsley, the connected Lie group G admits a normalized circle function; namely,
the function ¢ : G — T given by

det(¢(Cy))
(2) o(g) = AT

| det((Cy))|
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With this circle function, the manifold G is given through (). Let Z, = C;ng.

The function 5 (which is needed to define the multiplication on é) corresponding
to the circle function c is given by

(g1, 92) = Im(Tr(¢(log(1 — Zg1Zg;1)))) = Im(Tr(L(IOg(C;ICmgzCg_zl))))-
The logarithm is well defined, since ||Z91Zg;1 || <1 (see [36] Section 4]). It was also
proved by Rawnsley that |n(g1,g2)| < 7 for all g1,¢92 € G (see [36, Lemma 14]).

Remark 3.1. Everything that we described so far for G can be generalized to
Sp(n,R) for n > 1 (see [36]).

The rest of this section is devoted to proving the following theorem.
Theorem 3.2. The group G= é\f)(Q,R) does not have the AP.

First, we elaborate on the structure of G. Let g denote the Lie algebra of G and
é, and denote by exp : g — G and exp : g — G the corresponding exponential
maps. These exponential maps have as their image a neighbourhood of the identity.
The group G has a polar decomposition (see Section [Z2) G = KA+K that is
strongly related to the polar decomposition G = KAK of G. It is known that the
exponential map of a connected simple Lie group is a bijection from the a-summand
of the K AK-decomposition on the Lie algebra level to A. Therefore, it follows that
A= A. This implies that the “infinite covering” part of G is intrinsic to the K-part
of the polar decomposition. It is known that exp : € — K is surjective, because K
is connected and compact. Also, since € = su(2) R (see [36, Lemma 9)), it follows
that exp : &€ — K is surjective. We summarize these facts (based on [24, Section
IX.1]) in the following proposition.

Proposition 3.3. We have G = KAK and G = IN(/TI?, where K and A are as
above, and
K =exp(t), A= exp(a),

K =exp(t), A= exp(a).

Here, € and a denote the Lie algebras of K and A, respectively. The group A is
isomorphic to A. We can restrict to the positive Weyl chamber, and get

At = ep({diag(e”, 7,7, 7) | B2 2 0}),
which yields the decomposition G = I?EI?

Note that the group SU(2) is a natural subgroup of U(2). Denote by H the
corresponding subgroup of K. We also get a corresponding group H, which is
isomorphic to H, since SU(2) is simply connected.

Definition 3.4. We define C to be the following class of functions:
C:={pe C(é) | ¢ is H-bi-invariant and Int(f()-invariant}.
We refer to Section 23] for the notions of H-bi-invariant and Int(K)-invariant
functions. In the notation used in that section, we have C = C(H\G/H)NC(G//K).

Consider the generator (}?) of the Lie algebra of the center of U(2). Let Z
denote the corresponding element of €. The elements v; = exp(tZ) and v; = exp(tZ)
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for t € R are elements of the centers of K and K , respectively. Also, the family v,
is periodic with period 27. Explicitly, we have

cost 0 —sint 0
o — 0 cost 0 —sint
7 |sint 0 cost 0
0 sint 0 cost

Remark 3.5. Every k € K can be written as the product k = v;h for some t €R
and h € H, and, similarly, every k € K can be written as the product k= vth for
some t € R and h € H. Hence, the class C can also be defined in the following way:

C:={p € C(G) | ¢ is H-bi-invariant and o(7,:g7; ') = ¢(g) Vg € GVt € R}.

For 8 > v > 0, let D(3,v) = diag(e®,e”,e?,e77) € G, which is, as pointed
out before, an element of A*. Since A = A, there is one and only one element
E(B,v) in A+ that surjects onto D(B,7v) € G. We now show that functions in C

are completely determined by their values at elements of the form ﬁtﬁ(ﬁ ,7). First,
let us prove the following lemma.

Lemma 3.6. In the realization of (), we have ﬂtﬁ(ﬁ,'y) = (v D(B,7),2t) for
B>v>0andteR.

Proof. By the description of~C~7Y and the fact that the covering map is a homo-
morphism, it follows that v,D(8,7) = (v.D(B,7),s) for some s € R. Using that
(vl)~! = v; and that ¢ is an algebra homomorphism, it follows that L(Co,D(8,y)) =

U3v(D(B,7) + D(—=B,—7))) = t(vy) diag(cosh(8), cosh()). Hence,
det(e(vy))
| det(e(vr))]”
because det(diag(cosh(/3), cosh(7))) = | det(diag(cosh(/3), cosh(7)))| and the deter-
minant is multiplicative. Using the fact that {v,D(8,v) | o € R} defines a contin-

c(#D(B,7)) =

uous path in é, the value of s is computed by
2sintcost
S = tanfl <72> —+ 2]€7T = 2t —+ 2]971'
cos?t — sin“t
for some k € Z. Since we can connect every element 505(5,7) continuously to

To=1= (1,0) (by varying o, 8 and 7), it follows that k = 0. Hence, s = 2¢. O

Lemma 3.7. A function in C is determined by its values at the elements of the
form v D(8,7).

Proof. Let ¢ € C, and let g € G. By the polar decomposition of G we can write
g—k;l (6 ’y)kgforsome,8>'y>0andk;1,k;2EK For i = 1,2, let t; € R and
h € H be so that k = ’Utlh = ¥ iUt,. Using both invariance properties of functions
in C, we obtain

0(9) = @(haTy, D(B, %), h2) = ¢V, D(B,7)).- O
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Notation 3.8. The value of p € C at g = (go,t) € G does not change if we multiply
g from the left or the right with an element of H or if we conjugate g with an
element of K. This induces an equivalence relation on G. Let Sp,,t denote the
corresponding equivalence class of the element v vy (B ,7) (note that the t-parameter
of the equivalence class corresponds to the t-parameter coming from the equation
c(go) = e'). Also, for ¢ € C, we put ¢(8,7,t) = @(5%ﬁ(6,7)).

Lemma 3.9. The class C is invariant under the action of the one-parameter family
;. More precisely, if o € C and t € R, then ¢, : G — C defined by ¢4(g) = ©(Urg)
is also in C. Clearly, for an element p € MOA(é) NC, it follows that for allt € R,
we have ||80tHM0A(§) = H@HMOA(G)-

Proof. Let ¢ € C. We have ¢;(h1gh2) = ¢(vihighs) = ¢(hitighs) = ¢(Urg) =
@i(g) for all g € G, t € R and hy,hy € H. Moreover, we have p;(Vsgv; ') =
C(Ulsg05 1) = p(Ts0ig07Y) = ©(Trg) = ¢i(g) for all g € G and s,t € R. This
proves the invariance properties of C of Remark for ;. O

Lemma 3.10. If G has the AP, then the approximating net can be chosen in the
set A(G)NC.

Proof. For f € C( or f e L1 , we define

/ //fhlvtgvt he)dhydhodt, g € G,
R/7Z

where dﬁl and dhg both denote the normalized Haar measure on H. The function
f€ clearly satisfies the invariance properties of Remark
The rest of the proof is similar to the proof of [2I, Lemma 2.5]. |

Proposition 3.11. There exist constants C1,Ca > 0 such that for all functions ¢
in MoA(G)NC and t € R, the limit c,(t) = lims_,o (25, 5,t) exists, and for all
B>~ >0, we have

10(8,7, 1) — cu(t)] < Cre~CaVF+?

||80||M0A(é)-

The proof of this proposition will be postponed. Using the following lemma, we
will explain how the proposition implies Theorem

Lemma 3.12. The space consisting of ¢ in MoA(G) N C for which co(t) = 0 is
o(MyA(G), MgA(G).)-closed.

Proof. Let (¢q) be anet in My A(G)NC converging to ¢ € MoA(G). It follows that
for all f € LY(G), we have (p, f) = lima({pa, f) = lima (¢, f) = lima(pa, /) =
(o, fc> (¢, f), i.e., the space MoA(G)NC is o(MyA(G), MyA(G).)-closed, since
LY(G) is dense in MyA(G),.

It was proved in [2I, Lemma 2.6] that whenever (X, u) is a o-finite measure
space and v : X — R is a strictly positive measurable function on X, then the set
S:={f e LX) ||f(z)| <v(x)ae}is o(L®(X), L' (X))-closed. We can apply
this fact to the unit ball of the space {¢ € MyA(G) NC | ¢,(t) = 0}. Indeed, the
conditions are satisfied with v given by Proposition BT (putting HapHMOA(@) <1).

Recall the Krein-Smulian Theorem, asserting that whenever X is a Banach space
and A is a convex subset of the dual space X* such that AN{z* € X* | ||«*|| < r}is
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weak-* closed for every r > 0, then A is weak-* closed [5, Theorem V.12.1]. In the
case where A is a vector space, which is the case here, it suffices to check the case
r =1, i.e., the weak-* closedness of the unit ball. It follows that the space consisting
of ¢ in MyA(G) NC for which co(t) =01is o (MoA(G), MyA(G),)-closed. O
Proof of Theorem using Proposition B11l By Lemma [B.I0, it follows that if
there is no net in A(é) N C that approximates the constant function 1 in the
o(MoA(G), MyA(G), )-topology, then G does not have the AP. However, since the
space {¢ € MyA(G)NC | cy(t) = 0} is o(MoA(G), MyA(G),)-closed by Lemma
BI2 it follows immediately that the constant function 1 cannot be approximated
by such a net. ]

The rest of this section will be devoted to proving Proposition 3. 11l Hereto, we
identify certain pairs of groups in G, as was also done for G in [21]. However, since
K is not compact (unlike K in G), one of the pairs we consider here is slightly
different.

First, note that U(1) is contained as a subgroup in SU(2) by the embedding

o) (% S )= s,

where v € R. We point out that the quotient of SU(2) with respect to the equiva-
lence relation g ~ kgk~* for k € U(1) is homeomorphic to the closed unit disc D in
the complex plane. This homeomorphism is given by

(4) z= (le Zl2> — 211

221 %22

Let Hy denote the corresponding subgroup of H. It can be proved that (H, Hp)
is a strong Gelfand pair (see Section [23]). However, because the theory on strong
Gelfand pairs is not as well developed as the theory of Gelfand pairs, we use a more
explicit approach, and prove the things we need in a more ad hoc manner.

For I, m € Zxo, consider the so-called disc polynomials (see [27]) Af,, : D — C

from the closed unit disc D to C, given by

W (= ATERTTEEE -, iz,
I,m Em—zpl(o’m*l)(2|z|2 —1), l<m,

where P,(f"ﬁ ) denotes the ntt Jacobi polynomial.

Recall that a function f : X — Y from a metric space X to a metric space Y
is Holder continuous with exponent a > 0 if there exists a constant C' > 0 such
that dy (f(x1), f(z2)) < Cdx(x1,22)%, for all 1,22 € X. The following result (see
[21, Corollary 3.5]) gives Holder continuity with exponent + of the functions h?’m on
the circle in D centered at the origin with radius %, with a constant independent
of [ and m. It is a corollary of results of the first-named author and Schlichtkrull
[22].

Lemma 3.13. For alll,m > 0, we have

Ko (i) —h? (i)‘ < Cl0; — 0,3
Im \/5 Im \/5 = 1 2

for all 64,605 € [0,27), where C is a constant independent of | and m.
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We now prove the following decomposition result.

Lemma 3.14. Let ¢ € MyA(SU(2)//U(1)) (recall the embedding [@)). Let
= (2 ) esve.

221 k22

Then ¢(z) = ¢%(211) for a certain function ¢° : D — C, and

0 0
Y = § clﬂnhlﬂn
l

,m>0

such that Y2, <o lctm| = [[0llayasu). Moreover, ©° satisfies

o [ € o [ €l . .
‘@ (\/5) - (ﬁ)’ < Clo — 027 |l llayasu(e))
for all 61,605 € [0, 27).
Proof. Let L = U(1) denote the subgroup of U(2) given by the elements of the form

1 0
19— (0 ew), 0 eR.

Note that (U(2), L) is the Gelfand pair that played an important role in [21]. We
now prove that there is an isometric isomorphism between MyA(SU(2)//U(1)) and
MyA(L\U(2)/L).

Let ® : MgA(L\U(2)/L) — MyA(SU(2)//U(1)) be the map given by ¢ — ¢,
where ¢ = p|sy(z). It is clear that ¢ € MyA(SU(2)//U(1)) and that ® is norm-
decreasing.

Write U(2) = SU(2) x L by the action given by multiplication from the right,
ie,, g = hl, where ¢ € U(2), h € SU(2) and I € L. Consider the map ¥ :

A(SU(2)//U(1)) = MoA(L\U(2)/L) given by ¢ 9, where 9(g) = @(h) if
g = hl according to the unique factorization that follows from U(2) = SU(2) x L.
It follows that ¢ (l1hls) = @(h) for all h € SU(2) and 1,13 € L. Indeed, ¢(l1hl2) =
Y(IhlT ) = e(ihlyh) = @(h), since Ihi~' € SU(2) for all h € SU(2) and
| € L. From this, it follows that 1((halz) " hily) = ¥(ly  hy thaly) = @(hy thy).
Now let P,Q : SU(2) — H be bounded continuous maps such that ¢(hs *hi) =
(P(h1),Q(hg)) for all hi,hy € SU(2) and |¢|lam,aisue)) = [[Pllool|@llcc- This is
possible by the result of Bozejko and Fendler mentioned in Section It follows
from this that also the map ¥ is norm-decreasing, since the maps P(hl) = P(h)
and Q(hl) = Q(h) give maps such that ¢((hala) " hily) = (P(hily), Q(hals)) for all
hi,hy € SU(2) and I1,ls € L. Moreover, it is easy to check that ® and ¥ are each
other’s inverses.

From Proposition 2] we get a decomposition of elements of MyA(L\U(2)/L)
in terms of the functions h;,,, as was also explained in [2I], Section 3]. Indeed
(U(2),L) is a compact Gelfand pair. Applying the map ® to this decomposition,
i.e., restricting to SU(2), and by using the homeomorphism of (@), it follows that for
© € MyA(SU(2)//U(1)) we have p(h) = ¢°(h11) for a certain function @° : D — C,
and ¢0 = 37, Socimhy,, such that 37, ~oleiml = ll¢llaasue). The last
assertion of the lemma follows directly from Lemma [3.13 |

Remark 3.15. This lemma shows that the disc polynomials act like analogues of
spherical functions for the strong Gelfand pair (SU(2), U(1)). The disc polynomials
also occur as the spherical functions of the Gelfand pair (U(2),L), where L is
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as above. It turns out that there is a general connection between the spherical
functions for certain Gelfand pairs and their analogues for certain strong Gelfand
pairs. A brief account on this connection is given in Appendix [Al

Note that we can identify MoA(H//Hy) with MyA(SU(2)//U(1)).

Proposition 3.16. Let ¢ € MOA(é) NC. For a >0, let ¢, : H — C be given
by h — o(D(a,0)hD(cx,0)). This function is an element of MyA(H//Hy), and
||waHMoA(H) < H‘P”MOA(é)-

Proof. Let L be the subgroup of U(2) as in Lemma[3.14] and let Ko (resp. Ko) be
the Correspondlng subgroup of K (resp K ). For ho € HO, we can write ho = kovt
for some k;o c KO and t € R. Since k:o is the exponential of an element in the
Lie algebra (note that this does not hold for every element in é), and since this
element of the Lie algebra commutes with the Lie algebra element corresponding

to IND(a, 0), the elements also commute on the Lie group level. Hence, for all h € H
and hg = kovy € Hp,

Yo lhohhy )

o(D(a, 0)koU:hv; kg ' D(a, 0))
p(koD(a, 0)hD(e, 0)kg ')
(D(a,0)hD(0,0))

Ya(h),

S0 14, is an element of C(H//Hy). The statement on the norms follows in the same
way as in [21, Lemma 3.7]. O

Suppose that 8 >~ > 0, and let D(8,) and 5(6,7) be as before. Let S3 .+ be
as in Notation B.8 In what follows, let ||.||zs denote the Hilbert-Schmidt norm of
an operator, and let h € H be such that

fa+ib —c+id
(5) L(h)<c+id a—z’b)’

with a? + b% + ¢ 4+ d? = 1. The following is an easy adaptation of [2I, Lemma 3.8].

Lemma 3.17. Let g = (go,t) € G. Then g € S3,~,t, where 8,7 € R are uniquely
determined by the condition 8 > v > 0 together with the equations

, , 1 _
sinh? 8 + sinh?® y = gHQO — (g s,
1
sinh? Bsinh? v = 16 det(go — (9¢)™ ).

Lemma 3.18. Leta >0 and 8 > v > 0. Ifﬁ € H is such that the corresponding
h € H satisfies @), and ¢ = V1 —a? — b% = % and d =0, then D(a,0)hD(a,0) €
Sg~.¢ if and only if

1
sinh Asinhy = 3 sinh? (1 — a2 — b?),

(6) sinh 8 — sinh v = sinh(2a)|al,

t=—tan"! ( 2ab ) .
coth? () 4 a2 — b2
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Proof. Let a > 0 and 8 > v > 0. By Lemma B.I7] ﬁ(a, O)fzﬁ(a, 0) € S~ if and
only if

) sinh? 4 sinh? y = %HD(O[, 0)hD(c, 0) — D(c, 0) ' hD(er, 0) 7|3

= sinh?(2a)a? + sinh?

sinh? Bsinh?y = 11_6 det(D(a,0)hD(c, 0) — D(c,0)"*hD(cr,0)71)
(8)

"
1 sinh” a,

and, using the explicit expression of (2]),

o it det (t(Cp(a,0)hD(a,0)))
| det(¢(Cp(a,0)hD(a0)))]

The fact that the first two equations of (@) hold if and only if (7) and (8) hold was
proved in |21, Lemma 3.9]. The rest of the proof consists of computing ¢. From
@, it follows that

(10) t = arg(det(:(Cp(a,0)nD(a,0)))) + 2k
for some k € Z. It is elementary to check that

t(CD(a,0)hD(a,0)) = L(% (D(c,0)hD(cx,0) + D(—c,0)hD(—c, 0)))

. cosh(a)
_ (cosh(2a)a +ib -
- cosh(a) a—ib :

V2

Computing the determinant of this matrix yields
1
det((Cp(a,0)hD(a,0))) = cosh(2a)a® + b* + iab — iabcosh(2a) + 3 cosh?(a).

Determining the argument is done by taking the inverse tangent of the imaginary
part of this determinant divided by its real part, which yields

ab(1 — cosh(2a)) )

20)a? + b2 + 3 cosh?(a)

arg(det(t(Cp(a,0)hD(a,0)))) = tan™" (cosh(

1 2absinh?(«)
= —tan 2 2 . 1 2
a? + 2a? sinh”(a) + b2 cosh”(a) — b% sinh”(a) + 5 cosh”(a)

1 2absinh?(a)
(a2 — b2) sinh?(a) + (3 +a2+b?) cosh?(a)

= —tan~! ( 2ab ) .
coth?(a) + a2 — b2

Since Coth2(a) > 1 for all @ > 0, the argument of the inverse tangent is clearly a
bounded function. Hence, the value of k in (0] is the same for the whole family

= —tan~

of elements of the form D(a,0)hD(a,0). Since there exists a continuous path from
any D(«,0)hD(a,0) to the identity element of G, it follows that k& = 0. O



3792 UFFE HAAGERUP AND TIM DE LAAT

We now consider a different pair of groups in G. The natural embedding of
SO(2) in SU(2) gives rise to a subgroup H; of H and to a subgroup H; of H. The
pair (H, Hy) is a compact Gelfand pair and was used in [21] as well. If h € SU(2)
satisfies (), then the double cosets of SO(2) in SU(2) are labeled by a? —b2 +c? —d?.
Hence, every SO(2)-bi-invariant function x : SU(2) — C is of the form y(h) =
x%(a? — b + ¢ — d?) for a certain function x° : [-1,1] — C, since SO(2)\ SU(2)/
SO(2) = [—1,1]. The spherical functions for this Gelfand pair are indexed by n > 0,
and given by P, (a? — b+ c? — d?), where P, denotes the n'® Legendre polynomial.
For details, we refer to [21].

The following estimate was proved (in this explicit form) in [2I, Lemma 3.11].
Similar estimates were already proved in [30], and, as was remarked in |21, Remark
3.12], they can also be obtained from Szegd’s book [37].

Lemma 3.19. For all nonnegative integers n,
[Pa(@) = Pa(y)] < 4lz —y|*
forxz,y e [—%, %}, i.e., the Legendre polynomials are Holder continuous on [—%, %]
with exponent %
Lemma 3.20. Let ¢ € MyA(SO(2)\ SU(2)/SO(2)). Suppose that h € SU(2) is of

the form
b <a+ib —c+id)
c+id a—1ib )’
where a,b,c,d € R are such that a® + b*> + ¢ +d*> = 1. Then ¢(h) = ©°(r), where
r=a?—b%>+c®—d?, for a certain function ©°: [~1,1] — C, and

goo = Z o =%

n>0
such that ano len] = el asu(z)y)- Moreover, 00 satisfies

°(r1) = @ (ra)| < Alry = 72 2116l p a6
for allri,rs € [—%, %]
The above lemma follows directly from Proposition 2] and Lemma Note
that we can identify MoA(H,\H/H;) with MyA(SO(2)\ SU(2)/SO(2)).
Notation 3.21. In what follows, we use the notation v = vz and v = vz .

The proof of the following proposition is similar to the proof of Proposition [3.16]

Proposition 3.22. Let ¢ € MyA(G) NC. For a > 0, let X, : H — C be
given by h »—~>~<p(D(a,a)5hD(a,oz)), and let xi' : H — C be given by h —
o(D(a, )v*hD(a, ). These functions are elements of MoA(H,\H/H), and
X6l ao Ay < ||<P||M0A(é) and ||xallaoam) < ||90HMOA(€;)-

Suppose that § > v > 0, and let D(3,) and 13(6,7) be as before.

Lemma 3.23. Let a > 0 and § > v > 0. Ifﬁ s such that the corresponding h
satisfies (b)), then D(a, a)vhD (e, ) € Sg¢ if and only if

sinh? 3 + sinh? y = sinh? (2ar),

sinh Bsinh~y = 1 sinh?(2a)|r|,

_ _1 ( sinh®(2a)
t= 2 tan (2005h(2a) 7’) )
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and D(c, )0 'hD(a, o) € Sg ¢ if and only if

sinh? 8 + sinh? v = sinh?(2a),

11 sinh Bsinhy = 1 sinh?(2a)|r|,
2
_ —1 ( sinh®(20)
t= _% + tan™! (QSlcnosh(Q(;) T) )

where r = a® — b + ¢* — d?.
Proof. Let a > 0 and 8 > v > 0. By Lemma [3.17] ﬁ(a,aﬁﬁf)(a,a) € Sg ¢ if
and only if
sinh? 8 4 sinh? y = %HD(@, a)vhD(a, a) — D(a, ) 'ohD(a, ) Y% g
= sinh?(2a),
and

1
sinh? B sinh? y = T det(D(a, a)vhD(a,0) — D(cv, ) " *vhD(a, o)~ h)
(13)
1
=1 sinh?(2a)r2,

and, using the explicit expression of (2]),

(14) it — det([’(CD(a,a)th(a,a)))
‘ det(L(CD((y,a)th(a,a)))|

The first two equations of ([[I]) are now obvious. The last part of the proof consists
of computing ¢. From (4, it follows that

t= arg(det(L(OD(a,a)th(a,a)))) + 2km
for some k € Z. It is elementary to check that
1
L(Cp(a,a)vhD(a,a)) = L(§(D(o¢, a)vhD(a, ) + D(—a, —a)vhD(—a, —a)))

_ 1 <cosh(2a)(a —b)+ila+b) —cosh(2a)(c+d)—i(c— d)>
V2 \cosh(2a)(c —d) +i(c+d) cosh(2a)(a+b)+i(a—10b) )’

Computing the determinant of this matrix yields

det(L(CD(a,a)th(a,a)))

1
= 5(a2 — 0% + % — d®)(cosh?(2a) — 1) +i(a® + b* 4+ ¢ + d*) cosh(20).
Determining the argument is done by taking the inverse tangent of the imaginary

part of this determinant divided by its real part. By arg(z + iy) = tan™'(¥) =

57— tan_l(%) for z # 0 and y > 0, we obtain

T 1 (@ =0 + 2 — d®)(2cosh?(2a) — 1)
arg(det(L(CD(a,a)th(a,a)))) = 5 — tan~ " ( (a2 F 0242+ d2) COSh(?O&)

™ _, { sinh?(20)
= — —tan ——r ).
2 2 cosh(2a)

The second inclusion we have to consider, i.e., D(, a)o  hD(a, o) € Sp~.¢ is very
similar. Tt is easy to check that this holds if and only if (I2) and (I3) hold. As for
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the value of ¢, it is very similar to the first case. Indeed, it is again elementary to
check that

L(OD(a,a)vflhD(oz,aﬂ = L(%(D(O‘a O‘)UilhD(av a) + D(_O‘a _O‘)UilhD(_av —Oé)))
1 (cosh(?a)(a +b) —i(a—b) —cosh(2a)(c—d)+i(c+ d)) .

- 2 \cosh(2a)(c+d) —i(c—d) cosh(2a)(a —b) —i(a+Db)

It follows that

T _, ( sinh?(20)
det(c(C - — D pgan~t [ 222/ A2 )
(et ((C (o)) =~ + tan (St 20 )
By an argument similar to the one in the proof of Lemma[318] it follows that k = 0,
giving the correct values of ¢. O

We will now prove that multipliers in MOA(C~1') NC are almost constant on certain
paths in the groups.

Proposition 3.24. Let ¢ € MgA(G)NC. If a >0 and |11 — 72| < T, then
$(20,0,71) — $(20,0,72)| < 240l o1. a0
In order to prove this result, we need the following lemma.

Lemma 3.25. Let ¢ € MyA(G)NC, let a > 2 and T € -5 %3] Letr =

_ 2cosh(2a) tan

SnhZ(20) (1), and let B > v > 0 be the unique numbers for which

sinh 8 = %sinh(Za)(\/l +Ir| + /1= |r]),

1
sinhy = 3 sinh(2a)(v/1 + |r] — /1 — |7]).
Then
|¢(67’77 T) - ¢(2a7 07 0)| S 126_0‘“@”]\40,4(6)'
Proof. One easily checks that sinh? 8 + sinh?y = sinh?(2a) and 2sinh fsinhy =
sinh?(2a)|r|. Put
g(r) = D(a, a)vh(r)D(o, ) € Sy 77,

, m 1<sinh2(2a)) T

= — — t - = —
oo 2cosh(2a)r 2 T

and E(T) is any element in H satisfying a2 — b? 4+ ¢? — d2 = r. By Proposition [3.22]
we obtain

where

1
le(g(r)) = @(g(0)] < 4Ir|2 (el pp a6
provided that |r| < 3. Since g(0) corresponds to r = 0, it follows that the corre-
sponding 7" = 7. Hence, g(0) € 520,0,% -
Hence, by the invariance property of C of Lemma 3.9

. ) 1
2(8,7,7) = $(20,0,0)| < 4Jr|2 ]l g4

provided that |r| < 4. However, since |7| < %, we have [tan7| < 1. It follows

5-
that |r| < 2cosh(2a) de?*(1+e *%) < 46_20‘< e * ) < 5e 2« for o« > 2. Then

sinh?(2a) et (l—e—4)2 (1—e—8)2

Ir| < 5e~* < 1. This implies that
(8,7,7) — £(20,0,0)] <126l 4.5 o
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Proof of Proposition 324l Put 7 = 257, It is sufficient to prove that

6(20,0,7) — $(20,0,~7)] < 24l 11 1 .
Construct f > v > 0 as in Lemma Observe that this gives the same
for 7 and —7. Replacing ¢(r) = D(a,a)vh(r)D(a, ) in that lemma by g(r) =
D(a, )0~ h(r)D(a, @), we obtain

|(,0(6, s _T) - 35(2047 07 0)| S 126_a||¢||M0A(é)
for @ > 2. Combining the results, we obtain

16(8,7,£7) — $(20,0,0)] < 126~ 11 45
Then the invariance property of C (see Lemma [39) implies that

[$(8.7,0) — (20,0, 7)] < 12¢ ¢l 110 acc)
for « > 2. Since 2¢? < 24, it follows that the desired estimate holds for every
a > 0. O
Lemma 3.26. Let § > v > 0. Then the equations

sinh?(2s;) 4 sinh? s; = sinh? 8 + sinh? 5,
sinh(2s5) sinh s9 = sinh fsinh

have unique solutions s1 = s1(B,7), s2 = s2(8,7) in the interval [0,00). Moreover,

B v
15 > — > —.
(15) 51 Z 4 S2 2 5
For a proof, see [21, Lemma 3.16]. Note that we have changed notation here.
Lemma 3.27. There exists a constant B > 0 such that for a >0,te€ R, 7 €
(=5, 5], 51 = 51(2c,0) chosen as in Lemma B.26, and ¢ € MoA(G) NC, we have

‘¢(2817515t) - ¢(2817515t+ T)| S Be_%H@HMUA(é)

Proof. Let t € R, and let 7 € [~F, §]. Suppose first that o > 4, and let hy € H be

such that
1 (140 0

i.e., in the parametrization of (&), we have a = b = %, ¢ = d = 0, and, hence,

r1 = 0. By Lemma B.23] we have ﬁ(a,a)ﬁﬁlf)(a,a) € S9q,0, for some t” € R.
Let s1 = s1(2c,0) be as in Lemma [32260 Then s; > 0 and sinh2(2sl) +sinh?s; =
sinh?(2c). Put
ry = .2 s;nh(251)31.nh zl € [0,1],
sinh®(2s7) + sinh” s;
and let ho € H be such that

. as + by 0
L(hg) = < 0 ay — ibs > S SU(Q),

1

1
where ay = (H%) 2 and by = (1;&) 2. Since a3 — b3 = ro, it follows again by
Lemma 323 that D(a, o)ohaD(o, o) € Sosy,s,,¢ for some ¢ € R.
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Let ¢ € MoA(G) NC, and let X, (h) = ©(D(e, )ohD(e, ) for h € H as in
Proposition 3221 By the same proposition, given the fact that r; = 0 and provided
that ro < %, it follows that

|9(251, 51, ") — 9(20,0,8")| < |x, (h1) — X (h2)]

(16) = X6 (r1) = x5 ()|
1
< 47'22 HSDHMOA(@y
where x;? is the function on [—1,1] induced by x/,. Note that ry < Z;iirﬂi—l;;l =

L_ < 2¢7°1. By Lemma B26, equation ([H), we obtain that ro < 2e~% <

coshs; —
2e72 < 1. In particular, (I6) holds, and we have ro < 2e~%. The estimate above

is independent on the choice of p € MyA(G) NC, so by the invariance property of
Lemma [3.9] it follows that

|¢7(2817 81, t/) - ‘lb(2317 s1,t + T)l

< @251, 81, ) — (20, 0,¢")| + |¢(20t,0,") — (20,0, " + 7)|
+ ‘@(20{707(‘,// + T) - @(281, Slytl + T)|

< (8V2e™ T + 24e )10 pgo e

By the invariance property of Lemma [3.9] the desired estimate follows with B =
8v2 + 24. O

By the following two lemmas, we can estimate the difference between ¢(3,7,t)
and the value of ¢ at a certain point on the line {(2s,s,t) | s € Ry}. The method
is similar to the one used in [2I, Lemma 3.17 and Lemma 3.18], but because of the
t-dependence, there is an extra parameter. Lemma provides us with the tools
to deal with this extra parameter.

Lemma 3.28. There exists a constant By > 0 such that whenever [ > 12 0,
t € R, and s1 = 51(B,7) is chosen as in Lemma B26, then for all ¢ € My A(G)NC,

. . _B=—
6087, = (251,51, )| < Bre™ T ol aca.

Proof. Let B >~ > 0 and t € R. Assume first that § —~ > 8. Let o € [0,00) be
the unique solution to sinh? 3 + sinh?® v = sinh2(2o<)7 and observe that 2a > 5 > 2,
so in particular a > 0. Define

2 sinh Bsinh
7"1:%6[0,1],
sinh® 8 + sinh”

1 1
and a1 = (H%) 2 and b; = (%) 2. Furthermore, let h; € H be such that

_ al + ’Lb1 0
L(hl) = ( 0 ay — iby ) S SU(Q),
and let ¥ be as before. We now have 2sinh fsinhy = sinh2(2o¢)r1, and a? —b3 = rq,
so by Lemma [3:23] we have D(c, a)vh1D(c, ) € Sp ¢ for some ¢’ € R.
Now let s1 = s1(f,7) be as in Lemma Then s; > 0 and sinh2(231) +
sinh? s; = sinh? B 4 sinh® 4 = sinh?(2a). Similar to the proof of Lemma 327 put
2sinh(2s7) sinh s;

ro = € 0,1
> sinh? (2s1) + sinh? s 0, 1]
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and let ho € H be such that

o(he) = ( il 0 ) € SU(2),

a9 — Zbg

where ay = (H%)% and by = (1_%)% Since a3 — b3 = ry, it follows again by
Lemma 323 that D(a, a)oheD(a, o) € 95,55, for some " € R.

Now, let x,(h) = ¢(D(a,a)ohD(a,a)) for h € H as in Proposition By
the same proposition, it follows that

1
A7) Ixa(h1) = Xa(h2)l = [xa°(r1) = x&2(r2)] < 4lry = 7212 1@l a4 (-

provided that 7,7y < . Note that r; < 2sithBsinhy _ osinhy = g .0 using

2 sinh? 3 sinh B8 °
B>v+8 >, weget rp < 2% < 278 In particular, m < 2e78 < ;
Similarly, ry < 2851;“5125811 = ﬁ < 2¢7%1. By Lemma 326 equation (&), we
obtain that ro < 2e™ % < 2T 7 <2< % In particular, () holds. Moreover,

|r1 — o] < max{ry,r} < 2e =72

Because of the explicit form of ¢’ and ", we have |t' —t"| < 7. It follows that
| (6 7’ ) (282,327 )| < |¢(ﬂa’yat/) - ¢(2813317tn)|
+ “p(Zslv Slat/) - ¢(281a slvtn)|'

The first summand is estimated by 4v/2e~ "5 ||¢|| MoA(G) by (@), and the second
summand is estimated by Be™ % 11l pgy () by LemmaB27 It follows that

98,7, ') — (282, 52, )|<4\/_€ = ||‘P||MOA(G)+B€ ||‘F’||M(,A(é)
< (4\/§+ B)eiTHSO”MOA(é)

under the assumption that 8 > v + 8. By shifting over ¢ — ¢’ (cf. Lemma B.9), we
obtain the estimate of the lemma for 3 > v + 8. In general, the assertion of the
lemma follows with B; = max{4\/_ +B ,2e%) = 42 + B. O

Lemma 3.29. There exists a constant By > 0 such that whenever 8 > 12 0,
t € R, and so = s2(fB,7) is chosen as in Lemma B26, then for all ¢ € My A(G)NC,

|2(B,7,t) — ¢(282, 52, 1)| < 326_%||90||MDA(5/)'

Proof. Let 8>~ >0 and t € R. Assume first that v > 2, and let « € [0,00) be
the unique solution in [0, 00) to the equation sinh 8 sinh~y = % sinh? v, and observe
that @ > 0, because § > v > 2. Put

sinh 8 — sinh ~y

“= sinh(2a)  —

Since sinh(2a) = 2sinh o cosh o > 2sinh? o, we have

sinh < sinh 1

~ sinh(2a) ~ 2sinh’a 4sinhy’




3798 UFFE HAAGERUP AND TIM DE LAAT

In particular, a; < % < %. Now put b, = ,/% — a%. Then 1 — a% — b% = % Hence,
we have sinh 8 — sinhy = sinh(2a)ay. Let hy € H be such that

ay +ib -1
W)= T VR ) esu).
ﬁ ap — Zbl

By Lemma B8, we have D(a, O)Eﬁ(a, 0) € Sg,4,¢7, where t’ is determined by the
equations in that lemma. By Lemma[3.26] we have sinh(2s;) sinh s = sinh S sinhy
= %sinh2 a. Moreover, by (I5), we have so > 3 > 1. By replacing (3,7) in the
above calculation with (2sq, s2), we get that the number

smh(2.52) — sinh s9 >0

sinh(2«) -

ag =

satisfies

1 1 1
a2 < —; < — <-.
4sinh sy — 4sinh1 — 4

Hence, we can put by = ,/% — a2 and let hy € H be such that
as + ib -1
Whoy=| 217 vz,
E ags — ’ng
Then
sinh(2sy) sinh s, = sinh? a(1 — a2 — b2),
sinh(2s3) — sinh s5 = sinh(2a)as,
and 1(hy) € SU(2). Hence, by Lemma 3I8, D(c,0)hyD(a,0) € S2s,s,47, Wwhere t”

is determined by the equations in that lemma. It follows from the explicit formula
for ¢, and from the fact that ¢ and ¢ have the same sign, that [t' —t"| < T. Now

put 0; = arg(a; +ib;) = —sin™! (%) for j =1,2. Since 0 < a; < % for j =1,2,

. d . -1 1 17
and since 4y sin Yy = —M <+V2forye [0, \/5], it follows that
- ay R as
0, — 0] <|sin"' [ == ) —sin —
b1 = 6] < (\/5) (ﬂ)’
< a1 — ag|

< max{aj,as}

1 1
< - =
- max{élsinhw7 4sinht}

1
= 4sinh 7’
because y > 2. Since v > 2, we have sinh 3 = %e%(l —e ) > %e%. Hence,
01 — 03] < e~2. Note that a; = %ewi for j = 1,2, so by Proposition B.16] we
have
|P(252, 52,") = P(B,7, )| < [al(h1) = Pa(h2)]
(18) < Cl01 = 0a]* [l vy a iy

IN

C~167%||‘P||J\40A(C;)-
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Since 5(0[ O)leﬁ(a 0) € Sg,v and 5(0[, O)Egﬁ(a, 0) € Sas, 55,1, it follows that
| (6 ’Y? ) (2525 827 )| < |¢(B’7)t/) - ¢(252a327t”)|
+ “).0(2517 51, t/) - ¢(2525 52, t//)|'
The first summand is estimated by Ce™ % ”‘p”MoA(é) by (I8)), and the second sum-

mand is estimated by Be™ & ||<,0||MDA(§). It now follows that

. . =~ -2 e ]
[6(8,7:t") — (251, 51,')| < CeT 59l pr 4Gy + Be™ 10l ary a6)-

Using the fact that e~% < e~ ¥ and using the invariance property of Lemma [0,
the desired estimate follows with By = max{C + B, 2e7}. O

We state the following lemma. For a proof, see [21, Lemma 3.19].

Lemma 3.30. Let s; > so > 0. Then the equations
sinh? B + sinh? v = sinh?(2s;) + sinh? 51,
sinh B sinh v = sinh(2s5) sinh sa,

have a unique solution (8,7) € R? for which 3 > v > 0. Moreover, if 1 < sy <
51 < %sz, then
6 - 281 S 1)
19) | |
|y + 281 — 3s9] < 1.

Lemma 3.31. There exists a constant Bz > 0 such t}iat whenever sy, sa > 0 satisfy
2<589< 81 < 252 and t € R, then for all p € MgA(G)NC,

‘Qb(ZSl, S1, t) - ¢(2827 52, t)‘ < BBe_l_E13 ||(p||M0A(§)
Proof. Choose 8 > v > 0 as in Lemma Then by Lemma and Lemma
329, we have

_B—

68,7, 1) = (251,51, 1) < Bre™ = ||loll a8

[9(B,7,t) — ¢(282, 52, 1) < Bae™ 8”%0”1\/10,4(@)
Moreover, by (), we have

B—v>(281—1)— (382 —2s1+1) =481 — 389 — 2> 81 — 2,

81—2

5
72352—251—12551—251—1:
Hence, since s1 > 2, we have min{e~7, e_(ﬂ_"’)} < e Thus, the lemma follows

from Lemma 328 and Lemma with Bs = €8 (By + Bs). O

Lemma 3.32. There exists a constant By > 0 such that for all ¢ € MOA(C~¥) ne
and t € R the limit c,(t) = limg, o0 ¢(251, 51,1) exists, and for all s, > 0,

. _ 52
|6(252, 52, 1) — ¢ (t)] < Bae™ T ||l 48

Proof. Let ¢ € MOA((~¥) NC, and let t € R. By Lemma[3.37], we have for v > 5 and
k € [0, 1], that

(20) |6(2u,u, t) — G(2(u + k), u + K, )| < Bse™ 16 [[pll 4
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Let s1 > s9 > 5. Then s1 = so +n + J, where n > 0 is an integer and ¢ € [0,1).
Applying equation 20) to (u,k) = (s2 +4,1), j = 0,1,...,n — 1 and (u,k) =
(s2 +n,d), we obtain

. . - _ 52+ _ 52
(@251, 51,8) = (252,52, 8) < By [ D e 8 | @ll1 a3 < Bhe™ Ellellagy acys
j=0

where By = (1 — e~ 1)~ 'Bs. Hence (¢(251,51,t))s,>5 is a Cauchy net for every
t € R. Therefore, c,(t) = lim,, o0 (251, 51,1) exists, and

. . . . _s2
‘90(2327 52, t) - c@(t)‘ = Slh_rfloo |90(2517 Slvt) - 90(2527 327t)| < Bée 16 ”‘p”MoA(é)
for all s3 > 5. Since ||¢]loo < ”‘PHMDA(G)’ we have for all 0 < sy < 5,
$(252,52,8) — coO) < 2l a3

Hence, the lemma follows with By = max{Bj, 2e16 }. O

Proof of Proposition BIIl. Let ¢ € MogA(G)NC and let t € R. Let § > v > 0.
Suppose first that g > 2. Then § —~ > g, so by Lemma and Lemma [3.28]
there exists an s; > g such that

. . _B
|§0(5777t) - 30(251a317t)| < Ble 16 HQOHMOA(é)

Suppose now that 8 < 2. Then, by Lemma [3.26] and Lemma [3.29, we obtain that
there exists an s > 4 > % such that

. . _B
|<P(67’th) - @(252,82,t)| < B26 16 H<PHM0A(§)

Combining these estimates with Lemma 33321 and using again that s; and so ma-

jorize g, it follows that for all 5 > v > 0, we have

. _ B
2087, ) = ¢o ()] < Cre™ 11l acry

where C; = max{Bj + By, By + By}. This proves the proposition, for y/§2 + 2 <
V2. O

Proposition 3.33. For every ¢ € MoA(G) NC, the limit function c,(t) is a con-
stant function.

Proof. From Proposition B.ITland its proof, we know that for every p € MyA(G) the
limit ¢, (t) = limg24 2,00 (8,7, 1) exists and that ¢ satisfies a certain asymptotic
behaviour. It is clear from this expression that the limit may depend on t, but it
does not depend on how 32 + +2 goes to infinity. In particular, we have co(t) =
limg 00 9(20,0,1). Let 71,72 be such that |7 — 75| < §. By Proposition B.24] we
have
|¢(2O‘7 0, Tl) - ¢(20‘7 0, 7—2)| < 24672&||@||M0A((~;)'

In the limit o — oo, this expression gives ¢, (71) = ¢, (72). i.e., the function c,(t) is
constant on any interval of length smaller than or equal to 5. Hence, the function
¢, is constant. |

Corollary 3.34. The space MyA(G)NCq of completely bounded Fourier multipliers
@ in C for which c, =0 is a subspace of MyA(G)NC of codimension one.
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4. NONCOMMUTATIVE LP-SPACES ASSOCIATED WITH LATTICES IN Sp(2,R)

Let again G = Sp(2,R) and G = §1;(2 R). We use the same realization of G as in
Section [B] and we use the same notation as in that section (e.g., for the subgroups
K, A, A+, H, Hy, H, of G and the corresponding subgroups of G) The main
result of thls section is a statement about the APE?C}E“ for G. This gives rise to the
failure of the OAP for certain noncommutative LP-spaces, which will be explained

in Section

Theorem 4.1. For p € [1,13) U (12, 0], the group G does not have the APECC]%”.

__The proof follows by combining the method of proof of the failure of the AP for
Sp(2,R) in Section Bl with the methods that were used in [31], [29] to prove the
failure of the APIS:CI};” for SL(3,R) and Sp(2,R) for certain values of p € (1, 00),
respectively.

Note that for p = 1 and oo, the APﬁfChg” is equivalent to weak amenability (see

[31, Proposition 2.3]), and the failure of weak amenability for G was proved in [,
so from now on, it suffices to consider p € (1,00). Using an averaging argument
similar to the one in LemmaBI0l (see [29, Lemma 2.8] for more details on averaging

functions in the setting of the APEC(%”), it follows that if G has the APIS;C}E” for

some p € (1,00), then the approximating net can be chosen in A(G) NC.

The following result, which is a direct analogue of Proposition B.I1] gives a
certain asymptotic behaviour of continuous functions ¢ in C for which the induced
function ¢ is a Schur multiplier on SP(L2(G)). From this, it follows that the
constant function 1 cannot be approximated pointwise (and hence not uniformly
on compacta) by a net in A(é)ﬂC in such a way that the net of associated multipliers
is uniformly bounded in the MS?(L2(G))-norm. This implies Theorem .11

Proposition 4.2. Let p > 12. There exist constants C1(p), C2(p) (depending on p
only) such that for all ¢ € C(G)NC for which ¢ € MSP(L2(G)), and for allt € R,
the limit ¢ (t) = lims 0 ¢(25, 5,t) exists, and for all B > v > 0,

[$(8,7,1) = E(t)] < Ci(p)e” =PV

||50||Msp (L2(G))"

To prove this, we again use the strong Gelfand pair (SU(2), U(1)) and the Gelfand
pair (SU(2),S0(2)), which sit inside G. For the disc polynomials h; ,, we need

better estimates than in Lemma B.I3l These were already given in [2I] Corollary
3.5].

Lemma 4.3. For alll,m > 0, and for 01,6, € [0,27), we have

. <i> . (i)‘ <C(l+m+1)1]0; — 05,
V2 A\ V2

0 ei91 0 eiOQ .,
hl,m % — hl,m W S 20(1 +m + 1) 4,

Here C > 0 is a uniform constant.

Combining the above two estimates, we get the estimate of Lemma B.13l Com-
bining Lemma BI4l and [29, Lemma 2.4], we obtain that for ¢ € L*(SU(2)//U(1)),
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there is an induced function ° : D — C, and

o0

00 = Z am(l+m+ 1)h?’m
l,m=0

for certain ¢; ,, € C. Moreover, by [29, Proposition 2.7], we obtain that if p € (1, c0),
1 .
then (Zz,mzo leem[P(E+m+1))7 < (@]l arsez2(u2))-

Lemma 4.4. Let p > 12, and let ¢ : SU(2) — C be a continuous Int(U(1))-
invariant function such that ¢ is an element of MSP(L?(SU(2))). Then ° satisfies

(%) (%)

for 61,02 € [0,27). Here, C’(p) s a constant depending only on p.

4 1_ 3
< C@@llase(L2u)lfr — 2|5 2%

The proof of this lemma is exactly the same as the proof of [29, Lemma 3.5] after
identifying the spaces C'(SU(2)// U(1)) and C(L\ U(2)/L) and proving an isometric
isomorphism in the setting of multipliers on Schatten classes as was done in Lemma
BI4in the setting of completely bounded Fourier multipliers.

Lemma 4.5. Let ¢ € C’(G) NC such that ¢ € MSP(L*(G )) for some p € (1,00),

and for a € R, let 1, : H — C be defined by 1o (h) = o(D (a,O)hD(a,O)). Then
Yo is an element of C(H//Hy) and satisfies

‘|1La||MSP(L2(H)) < HSbHMsp (L2(G))

Proof. The fact that ¢, € C(H//Ho) follows as in Proposition [3 The second
part follows by the fact that D(a,0)HD(av,0) is a subset of G and by applying
[29, Lemma 2.3]. O

We now turn to the second pair of groups (H, H;). We again need the Legendre
polynomials, which act as spherical functions. The following estimate was proved
in [29] Lemma 3.8].

Lemma 4.6. For all nonnegative integers n, and x,y € [—3, ],

1Pa(z) — Pa(®)] < |Pa(@)] + |Pay)] < %
P = Pl < | [ Pé(t)dt‘ < 4v/mle -yl

Combining the two estimates above, yields the estimate of Lemma Let
¢ : SU(2) — C be an SO(2)-bi-invariant continuous function. Then (k) = ¢%(r)
as in Section Bl It follows that ¢° = > ¢,(2n + 1)P, for certain ¢, € C.

Moreover, as above, we obtain that if p € (1,00), then (32,5 enlP(2n + 1))% <
@1l arsv(L2(sU(2))) where @ is defined as above by ¢(g,h) = ¢(g~"h). The following
result can be found in [29, Lemma 3.9].

Lemma 4.7. Let p > 4, and let ¢ € C(SO(2)\SU(2)/SO(2)) be such that ¢ €
MSP(L?*(SU(2))). Then ¢ satisfies

A 1_1
10%(61) — ©°(82) < CD) Il arse(r2(su(yylds — 02|77 >
for 61,62 € [—3,3]. Here C(p) is a constant depending only on p.
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Lemma 4.8. Let p € C(G) NC such that ¢ € MSP(L*(G)) for some p € (1,00).
For a >0, let x!, : H — C be defined by h — @(ﬁ(a,a)ﬂﬁf)(a,a)), and let x' :
H — C be defined by h — o(D(v, )i *hD(cv, @0)). These maps are Hy-bi-invariant
such that Xl Xa € MSP(L?*(H)). Moreover, we obtain that ||X, | ase(r2(my) <
||¢||Msp(L2(€;)) and [|Xqllarse(r2 () < ||¢||MSP(L2(€;))-

The fact that the maps are Hi-bi-invariant is similar to the case of completely
bounded Fourier multipliers. The second part follows by the fact that the sets
D(o, a)0HD(av, o) and D(a, )o~HD(c, ) are subsets of G and by applying [29,
Lemma 2.3].

Proposition 4.9. Let p > 4, and let ¢ € C such that p € MSP(L*(G)). If
|11 — 72| < 5 and a > 0, then

[(20,0,71) = $(20,0,72)] < D(P)e T |1B] 1160 12y
where D(p) > 0 is a constant depending only on p.

The proof of this proposition is similar to the proof of Proposition One
uses the Holder continuity coming from the Legendre polynomials in the p-setting
(see Lemma 7)) rather than the Holder continuity in the setting of completely
bounded Fourier multipliers. In the lemma yielding the above proposition, replace
the Holder continuity accordingly.

Lemma 4.10. There exists a constant B(p) > 0 such that for a > 0, t € R,
T €[5, 5], and 51 = 51(2,0) is chosen as in Lemma B.206], then for all p € C

such that p € MSP(L*(Q)),

e

, , S\ a1y
(281, 51, ) — ¢(2s1, 51, ¢+ 7)| < B(p)e™ # 3 ”)||90HMSP(L2(6))'
The following two lemmas replace Lemmas and

Lemma 4.11. For p > 4, there exists a constant By(p) > 0 (depending only on p)
such that whenever >~y >0 and s1 = s1(5,7) is chosen as in Lemma B20], then
for all o € C for which ¢ € MSP(L*(Q)),
. . Byl 1y,
‘90(67 Y5 t) - 90(281; S1, t)| S Bl(p)e 4 (4 p) ||50||MSP(L2(5))
Lemma 4.12. For p > 12, there exists a constant Ba(p) > 0 (depending only on
p) such that whenever 5 > v > 0 and sy = s2(8,7) is chosen as in Lemma B.26],
then for all ¢ € C for which ¢ € MSP(L?*(G)),
, i _a(1_s
‘@(Bv’ya t) - 90(282; s2vt)| S BQ(p)e 16 P
The following lemma follows in a similar way from the previous two lemmas as
Lemma [3.37] follows from Lemmas and

)HSBHMSP(L?(G))'

Lemma 4.13. For all p > 12, there exists a constant Bs(p) > 0 such that whenever
51,89 > 0 satisfy 2 < s9 < 81 < gSQ, then for all p € C for which ¢ € MSP(L*(G))
and for all t € R,

1

) . sy,
|<)0(281) 51, t) - @(2525 52, t)' < B3(p)€ = (3 p)H@HMSP(L?(é))
The following lemma replaces Lemma [3.32]
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Lemma 4.14. Forp > 12, there exists a constant B4(p) > 0 such that for all p € C
Jor which @ € MSP(L*(G)) and for allt € R, the limit ¢, (t) = limy, 00 $(251, 51, 1)
exists, and for all so >0,

1

. - _s2 3y -
|30(252a327t) - Ci(t)l < By(ple™ = (3 ")”‘P”Msp(m((;))-

Proof of Proposition 2l Let ¢ € C be such that ¢ € MSP(L?*(G)). The proof
of the proposition now follows in the same way as the proof of Proposition .11
Indeed, assume first § > 2. Then § —~v > g, and it follows for all ¢ € R that

, - _B(1_sy
lo(8,7,t) — CZ(t)| < (Bi(p) + Ba(p))e '3 p)H‘PHMsp(p(é)y
Assume now that § < 2. Then
. ~ B 1_3y, .
68, 7%,8) = 2] < (Bap) + Bap))e 54D gl 60 13-
Combining these results, it follows that for all 8 >~ > 0,

l9(B,7,t) — 5Z(t)| < Cl(P)e_C2(p) Y 52+’Y2||¢||MSP(L2(G))7

where C1(p) = max{Bi(p) + Ba(p), B2(p) + Ba(p)} and Ca(p) = 3575 (5 — 5). This

proves the proposition. O
The values p € [1, 32)U(12, 00| give sufficient conditions for G to fail the AP??;‘Q”.

We would like to point out that the set of these values might be larger, as already

mentioned in Section [

5. MAIN RESULTS
In this section, we state and prove the main results of this article.

Theorem 5.1. Let G be a connected simple Lie group. Then G has the Approzi-
mation Property if and only if it has real rank zero or one.

Proof. Since it is well known that if a connected simple Lie group G has real rank
zero or one, then G has the AP (see Section[I]), it suffices to prove that any connected
simple Lie group with real rank greater than or equal to two does not have the AP.

Let G be a connected simple Lie group with real rank greater than or equal to
two. Then G has a closed connected subgroup H locally isomorphic to SL(3,R) or
Sp(2,R) (see, e.g., [1,[9],[33]).

First, suppose that H is locally isomorphic to SL(3,R). Since the universal
covering §f4(3, R) has finite center, it follows that H automatically has finite center.
Using the fact that the AP is preserved under local isomorphism of connected simple
Lie groups with finite center (see Section [Z0]) and the fact that SL(3,R) does not
have the AP, it follows that G does not have the AP, since the AP passes from a
group to closed subgroups.

Second, suppose that H is locally isomorphic to Sp(2,R), i.e., H is isomorphic
to Sp(2,R)/T, where I is a discrete subgroup of the center Z(Sp(2,R)) of Sp(2, R).
If H has finite center, then the result follows in the same way as the case SL(3,R).
If H has infinite center, then H = %(2, R), because all nontrivial subgroups of the
center of §I;(2, R) are infinite subgroups of finite index (which make H have finite
center). This implies that H does not have the AP, which finishes the proof. O
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Note that the proof of this theorem follows from combining the failure of the AP
for SL(3,R), which was proved by Lafforgue and de la Salle and the failure of the

AP for Sp(2,R) and Sp(2,R).

Corollary 5.2. Let G = 51 X ... x S, be a connected semisimple Lie group with
connected simple factors S;, i =1,...,n. Then G has the AP if and only if for all
i1 =1,...,n the real rank of S; is smaller than or equal to 1.

We now state our results on noncommutative LP-spaces. Combining [31], The-
orem E| by Lafforgue and de la Salle, [29, Theorem 3.1] and Theorem F1] of this
article, it follows that whenever G is a connected simple Lie group with real rank
greater than or equal to two and whenever p € [1,12) U (12, 0c], then G does not

have the APZS;C}E“. Combining this with the fact that the AP?%;“ passes from a
group to its lattices and vice versa and the earlier mentioned result of Lafforgue
and de la Salle that whenever I" is a discrete group such that LP(L(T")) has the

OAP for p € (1,00), then I' has the APS?&;”, we obtain the following result.

Theorem 5.3. Let I' be a lattice in a connected simple Lie group with real rank
greater than or equal to two. Forp € [1, %)U (12, 00|, the noncommutative LP-space

LP(L(T")) does not have the OAP or CBAP.

Note that this result only gives sufficient conditions on the value of p for the
failure of the CBAP and OAP for noncommutative LP-spaces associated with lat-
tices in connected higher rank simple Lie groups. The set of such p-values might
be larger than [1,12) U (12,00]. In particular, if we consider LP(L(T')), where I' is
a lattice in a connected simple Lie group that contains a closed subgroup locally
isomorphic to SL(3,R), then we know by the results of Lafforgue and de la Salle

that the CBAP and OAP for L?(L(T)) fail for p € [1, %) U (4, oc].

APPENDIX A. HARMONIC ANALYSIS ON STRONG GELFAND PAIRS

This appendix discusses the analogues of spherical functions in the setting of
strong Gelfand pairs. In particular, we explain their relation to spherical func-
tions for Gelfand pairs and their meaning in representation theory. The material
discussed here is not needed for the rest of this article, but might give a deeper un-
derstanding of certain results proved in Sections Bl and M (see in particular Lemma
BI4)). The main result of this section, Theorem [A-2] might be known to experts,
and special cases of it were considered in [I5], but we could not find a reference for
the general statement. The content of this appendix arose from discussions between
the second-named author and Thomas Danielsen.

The definitions of Gelfand pairs, spherical functions and strong Gelfand pairs
were given in Section 23] It was pointed out there (and it is elementary to prove)
that a pair (G, K) consisting of a locally compact group G and a compact subgroup
K is a strong Gelfand pair if and only if (G x K, AK) (where AK is the diagonal
subgroup) is a Gelfand pair. We refer to [§] and [14] for a thorough account of the
theory of Gelfand pairs.

Suppose that G is a locally compact group with compact subgroup K. An equiv-
alent definition of spherical functions (see [8],[I4] for a proof of the equivalence) is
that for a Gelfand pair (G, K), a function h € C(K\G/K) that is not identical to
zero is spherical if for all g1, g2 € G we have [} h(g1kg2)dk = h(g1)h(g2). We de-
note the set of spherical functions by S(G, K). Spherical functions parametrize the
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nontrivial characters (multiplicative linear functionals) of the algebra C.(K\G/K),
since any such character is of the form x(¢) = xa(¢) = [ ¢(g9)h(g~"')dg. Further-
more, if i is a bounded spherical function, the expression above defines a continuous
multiplicative functional on the Banach algebra L' (K\G/K), and the set BS(G, K)
of bounded spherical functions parametrizes bijectively the set of continuous char-
acters of LY(K\G/K).

We can now define the analogues of spherical functions in the setting of strong
Gelfand pairs. For a strong Gelfand pair (G, K), we say that a function h €
C(G//K) that is not identical to zero is s-spherical if for all g;, g2 € G we have
S h(k~tg1kga)dk = h(g1)h(g2). The set of s-spherical functions is denoted by
SS(G,K). Analogous to the case of spherical functions, the s-spherical func-
tions parametrize the space of nontrivial characters of the convolution algebra
C.(G//K), since an s-spherical function h gives rise to a character by xp(¢) =
Je e(9)h(g~")dg.

It is clear that S(G, K) C SS(G, K). We can now relate the spaces of s-spherical
functions for (G, K) and spherical functions for (G x K,AK). First, we state a
lemma, the proof of which is elementary and left to the reader.

Lemma A.1. The map ® : AK\(Gx K)/AK — G//K given by AK(g,k)AK +—
[k~1g] = [gk™!] is a homeomorphism with inverse ®~1([g]) = AK(g,e)AK. Here,
[g] denotes the K -conjugation class of g.

The map ® of Lemma [A]] induces a bijection ®* : C(G//K) — C(K\G/K)
given by f — fo ®.
Theorem A.2. The map ®* : C(G//K) — C(K\G/K) given by f — fo® defines
a bijection between SS(G, K) and S(G x K, AK).
Proof. For h € SS(G, K), we have (ho ®)((k1,k1)(g, k) (k2, k2)) = h(ky 'k~ gks) =
h(k=tg) = (ho®)((g,k)) for all g € G and k, k1, ko € K, so ho® is AK-bi-invariant

on G x K. Moreover, we check that for h o ® (which is not identical to the zero
function), we have

/ (h o ®)((g1. k1) (k. k) (g2, k) )k = / Bk 1K~k gukgs)dk
K K

- / h(k™ kT gikgaky V) dk = (h o ) (g1, k1) (h o ®)(ga, k2)
K

for all ¢g1,92 € G and k,k1,ke € K. Now let h € S(G,K). It follows that
(ho ® 1) (kgk™') = h(kg,k) = h(g,e) = (ho @ 1)(g) for all g € G and k € K, so
ho ®~1is Int(K)-invariant on G. Moreover, we check that ¢ o ®~! (which is not
identical to the zero function) satisfies

[ o )0 kgt = [ o(gr,e)(k )l )k
K K
= ¢((91,€)p((g2:¢)) = (P 0 @) (g1)(p 0 @ 1)(g2)
for all ¢1,92 € G. ]

Remark A.3. For a compact group G with compact subgroup K such that (G, K) is
a strong Gelfand pair, the map ®* extends to a bijective isometry from L?(G//K)
onto L2(AK\G x K/AK). The fact that ®* is isometric on C(G//K) follows by
elementary computation.
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Let (G,K) be a compact strong Gelfand pair, i.e., the group G is compact
and (G, K) is a strong Gelfand pair. In particular, (G, K) is a Gelfand pair. Let
X = G/K denote the corresponding homogeneous space. For an irreducible unitary
representation 7 of G, let H,, H,, Pr and G be as in Section 23l Then L2 (X)=
D, ca, Hr (see Section LT)). Let hy denote the spherical function corresponding

to the equivalence class 7 of representations. Then for every ¢ € L?(K\G/K) we
have ¢ = Zweéx cn dim H by, where ¢ = (@, hr).

Recall that any unitary irreducible representation of a product of compact Lie
groups arises as the tensor product of unitary irreducible representations of these
groups. Also, it was already known from [I8] that a pair (G, K) consisting of
a locally compact group and a compact subgroup K of G is a strong Gelfand
pair if and only if for every unitary irreducible representation m of G, the space
Hompg (7, 7) is at most one-dimensional for all unitary irreducible representations
7 of K. Combining this with Theorem and Remark [A.3] the following result
follows.

Theorem A.4. Let (G, K) be a compact strong Gelfand pair, and let f € L*(G//K).
Then

f= > crdimMHq(hro® )= cpdimH.h3,
TEGXE Ax red

where hl denotes the s-spherical function associated with .

ACKNOWLEDGEMENTS

Appendix[Al discusses certain observations of Thomas Danielsen and the second-
named author. We thank Thomas Danielsen for permitting us to include them in
this article. We thank Magdalena Musat, Mikael de la Salle and Henrik Schlichtkrull
for numerous valuable suggestions and remarks.

REFERENCES

[1] Armand Borel and Jacques Tits, Groupes réductifs (French), Inst. Hautes Etudes Sci. Publ.
Math. 27 (1965), 55-150. MR0207712 (34 #7527)

[2] Marek Bozejko and Gero Fendler, Herz-Schur multipliers and completely bounded multipliers
of the Fourier algebra of a locally compact group (English, with Italian summary), Boll. Un.
Mat. Ital. A (6) 3 (1984), no. 2, 297-302. MR753889]|(86b:43009)

[3] Nathanial P. Brown and Narutaka Ozawa, C*-algebras and finite-dimensional approzima-
tions, Graduate Studies in Mathematics, vol. 88, American Mathematical Society, Providence,
RI, 2008. MR2391387/|(2009h:46101)

[4] Jean De Canniere and Uffe Haagerup, Multipliers of the Fourier algebras of some simple
Lie groups and their discrete subgroups, Amer. J. Math. 107 (1985), no. 2, 455-500, DOI
10.2307/2374423. MR784292| (86m:43002)

[5] John B. Conway, A course in functional analysis, 2nd ed., Graduate Texts in Mathematics,
vol. 96, Springer-Verlag, New York, 1990. MR1070713|/(91e:46001)

[6] Michael Cowling, Brian Dorofaeff, Andreas Seeger, and James Wright, A family of singular
oscillatory integral operators and failure of weak amenability, Duke Math. J. 127 (2005),
no. 3, 429-486, DOI 10.1215/S0012-7094-04-12732-0. MR 2132866 /(2008a:43006)

[7] Michael Cowling and Uffe Haagerup, Completely bounded multipliers of the Fourier alge-
bra of a simple Lie group of real rank one, Invent. Math. 96 (1989), no. 3, 507-549, DOI
10.1007/BF01393695. MR996553 (90h:22008)

[8] Gerrit van Dijk, Introduction to harmonic analysis and generalized Gelfand pairs, de Gruyter
Studies in Mathematics, vol. 36, Walter de Gruyter & Co., Berlin, 2009. MR2640609
(2011e:43012)


http://www.ams.org/mathscinet-getitem?mr=0207712
http://www.ams.org/mathscinet-getitem?mr=0207712
http://www.ams.org/mathscinet-getitem?mr=753889
http://www.ams.org/mathscinet-getitem?mr=753889
http://www.ams.org/mathscinet-getitem?mr=2391387
http://www.ams.org/mathscinet-getitem?mr=2391387
http://www.ams.org/mathscinet-getitem?mr=784292
http://www.ams.org/mathscinet-getitem?mr=784292
http://www.ams.org/mathscinet-getitem?mr=1070713
http://www.ams.org/mathscinet-getitem?mr=1070713
http://www.ams.org/mathscinet-getitem?mr=2132866
http://www.ams.org/mathscinet-getitem?mr=2132866
http://www.ams.org/mathscinet-getitem?mr=996553
http://www.ams.org/mathscinet-getitem?mr=996553
http://www.ams.org/mathscinet-getitem?mr=2640609
http://www.ams.org/mathscinet-getitem?mr=2640609

3808 UFFE HAAGERUP AND TIM DE LAAT

[9] Brian Dorofaeff, Weak amenability and semidirect products in simple Lie groups, Math. Ann.
306 (1996), no. 4, 737-742, DOI 10.1007/BF01445274. MR1418350)/(98¢:22005)

[10] Edward G. Effros and Zhong-Jin Ruan, On approzimation properties for operator spaces,
Internat. J. Math. 1 (1990), no. 2, 163-187, DOI 10.1142/S0129167X90000113. MR1060634
(92g:46089)

[11] Edward G. Effros and Zhong-Jin Ruan, Operator spaces, London Mathematical Society Mono-
graphs. New Series, vol. 23, The Clarendon Press, Oxford University Press, New York, 2000.
MR1793753|/(2002a:46082)

(12] Pierre Eymard, L’algébre de Fourier d’un groupe localement compact (French), Bull. Soc.
Math. France 92 (1964), 181-236. MR0228628|/(37 #4208)

[13] Pierre Eymard, A survey of Fourier algebras, Applications of hypergroups and related mea-
sure algebras (Seattle, WA, 1993), Contemp. Math., vol. 183, Amer. Math. Soc., Providence,
RI, 1995, pp. 111-128, DOI 10.1090/conm/183/02057. MR1334774//(96¢:43010)

[14] J. Faraut, Analyse harmonique sur les paires de Guelfand et les espaces hyperboliques,
In: Analyse Harmonique, Les Cours du CIMPA, Nice, 1982, pp. 315-446.

[15] Mogens Flensted-Jensen, Spherical functions on a simply connected semisimple Lie group,
Amer. J. Math. 99 (1977), no. 2, 341-361. MR0458063 (56 #16266)

[16] 1. M. Gel'fand, Spherical functions in symmetric Riemann spaces (Russian), Doklady Akad.
Nauk SSSR (N.S.) 70 (1950), 5-8. MR0033832(11,498b)

[17] Roger Godement, A theory of spherical functions. I, Trans. Amer. Math. Soc. 73 (1952),
496-556. MR0052444!/(14,620c)

[18] Fredric E. Goldrich and Eugene P. Wigner, Condition that all irreducible representations of
a compact Lie group, if restricted to a subgroup, contain no representation more than once,
Canad. J. Math. 24 (1972), 432-438. MR0310135|/(46 #9237)

[19] U. Haagerup, Group C*-algebras without the completely bounded approzimation property,
unpublished manuscript (1986).

[20] Uffe Haagerup and Jon Kraus, Approzimation properties for group C*-algebras and group
von Neumann algebras, Trans. Amer. Math. Soc. 344 (1994), no. 2, 667-699, DOI
10.2307/2154501. MR1220905| (94k:22008)

[21] Uffe Haagerup and Tim de Laat, Simple Lie groups without the Approzimation Property,
Duke Math. J. 162 (2013), no. 5, 925-964. MR3047470

[22] Uffe Haagerup and Henrik Schlichtkrull, Inequalities for Jacobi polynomials, Ramanujan J.
33 (2014), no. 2, 227-246, DOI 10.1007/s11139-013-9472-4. MR3165537

[23] Mogens Lemvig Hansen, Weak amenability of the universal covering group of SU(1,n), Math.
Ann. 288 (1990), no. 3, 445-472, DOI 10.1007/BF01444541. MR1079871]/(92a:22012)

[24] Sigurdur Helgason, Differential geometry, Lie groups, and symmetric spaces, Pure and Ap-
plied Mathematics, vol. 80, Academic Press, Inc. [Harcourt Brace Jovanovich, Publishers],
New York-London, 1978. MR514561 (80k:53081)

[25] Marius Junge and Zhong-Jin Ruan, Approzimation properties for noncommutative Ly-
spaces associated with discrete groups, Duke Math. J. 117 (2003), no. 2, 313-341, DOI
10.1215/S0012-7094-03-11724-X. MR1971296 |(2004b:46023)

[26] Anthony W. Knapp, Lie groups beyond an introduction, Progress in Mathematics, vol. 140,
Birkhauser Boston, Inc., Boston, MA, 1996. MR 1399083 (98b:22002)

[27] Tom H. Koornwinder, A note on the multiplicity free reduction of certain orthogonal and
unitary groups, Nederl. Akad. Wetensch. Indag. Math. 44 (1982), no. 2, 215-218. MR662656
(84b:22024)

(28] Hideki Kosaki, Applications of the complex interpolation method to a von Neumann algebra:
noncommutative LP-spaces, J. Funct. Anal. 56 (1984), no. 1, 29-78, DOI 10.1016/0022-
1236(84)90025-9. MR735704//(86a:46085)

[29] Tim de Laat, Approzimation properties for noncommutative LP-spaces associated
with lattices in Lie groups, J. Funct. Anal. 264 (2013), no. 10, 2300-2322, DOI
10.1016/j.jfa.2013.02.014. MR3035056

[30] Vincent Lafforgue, Un renforcement de la propriété (T) (French, with English and French
summaries), Duke Math. J. 143 (2008), no. 3, 559-602, DOI 10.1215/00127094-2008-029.
MR2423763|/(2009f:22004)

[31] Vincent Lafforgue and Mikael de la Salle, Noncommutative LP-spaces without the com-
pletely bounded approzimation property, Duke Math. J. 160 (2011), no. 1, 71-116, DOI
10.1215/00127094-1443478. MR 2838352


http://www.ams.org/mathscinet-getitem?mr=1418350
http://www.ams.org/mathscinet-getitem?mr=1418350
http://www.ams.org/mathscinet-getitem?mr=1060634
http://www.ams.org/mathscinet-getitem?mr=1060634
http://www.ams.org/mathscinet-getitem?mr=1793753
http://www.ams.org/mathscinet-getitem?mr=1793753
http://www.ams.org/mathscinet-getitem?mr=0228628
http://www.ams.org/mathscinet-getitem?mr=0228628
http://www.ams.org/mathscinet-getitem?mr=1334774
http://www.ams.org/mathscinet-getitem?mr=1334774
http://www.ams.org/mathscinet-getitem?mr=0458063
http://www.ams.org/mathscinet-getitem?mr=0458063
http://www.ams.org/mathscinet-getitem?mr=0033832
http://www.ams.org/mathscinet-getitem?mr=0033832
http://www.ams.org/mathscinet-getitem?mr=0052444
http://www.ams.org/mathscinet-getitem?mr=0052444
http://www.ams.org/mathscinet-getitem?mr=0310135
http://www.ams.org/mathscinet-getitem?mr=0310135
http://www.ams.org/mathscinet-getitem?mr=1220905
http://www.ams.org/mathscinet-getitem?mr=1220905
http://www.ams.org/mathscinet-getitem?mr=3047470
http://www.ams.org/mathscinet-getitem?mr=3165537
http://www.ams.org/mathscinet-getitem?mr=1079871
http://www.ams.org/mathscinet-getitem?mr=1079871
http://www.ams.org/mathscinet-getitem?mr=514561
http://www.ams.org/mathscinet-getitem?mr=514561
http://www.ams.org/mathscinet-getitem?mr=1971296
http://www.ams.org/mathscinet-getitem?mr=1971296
http://www.ams.org/mathscinet-getitem?mr=1399083
http://www.ams.org/mathscinet-getitem?mr=1399083
http://www.ams.org/mathscinet-getitem?mr=662656
http://www.ams.org/mathscinet-getitem?mr=662656
http://www.ams.org/mathscinet-getitem?mr=735704
http://www.ams.org/mathscinet-getitem?mr=735704
http://www.ams.org/mathscinet-getitem?mr=3035056
http://www.ams.org/mathscinet-getitem?mr=2423763
http://www.ams.org/mathscinet-getitem?mr=2423763
http://www.ams.org/mathscinet-getitem?mr=2838352

(32]

[33]
[34]
[35]
[36]
[37]

(38]

(39]

SIMPLE LIE GROUPS WITHOUT THE APPROXIMATION PROPERTY II 3809

Gérard Lion and Michele Vergne, The Weil representation, Maslov index and theta series,
Progress in Mathematics, vol. 6, Birkhauser, Boston, Mass., 1980. MR573448|/(81j:58075)
G. A. Margulis, Discrete subgroups of semisimple Lie groups, Ergebnisse der Mathematik
und ihrer Grenzgebiete (3) [Results in Mathematics and Related Areas (3)], vol. 17, Springer-
Verlag, Berlin, 1991. MR1090825 (92h:22021)

Gilles Pisier, The operator Hilbert space OH, complex interpolation and tensor norms, Mem.
Amer. Math. Soc. 122 (1996), no. 585, viii+103, DOI 10.1090/memo/0585. MR1342022
(97a:46024)

Gilles Pisier, Introduction to operator space theory, London Mathematical Society Lec-
ture Note Series, vol. 294, Cambridge University Press, Cambridge, 2003. MR2006539
(2004k:46097)

John Rawnsley, On the universal covering group of the real symplectic group, J. Geom. Phys.
62 (2012), no. 10, 2044-2058, DOI 10.1016/j.geomphys.2012.05.009. MR 2944792

G. Szegd, Orthogonal Polynomials, American Mathematical Society, Providence, 1939.
Joseph A. Wolf, Harmonic analysis on commutative spaces, Mathematical Surveys and
Monographs, vol. 142, American Mathematical Society, Providence, RI, 2007. MR2328043
(2008£:22008)

K. B. Wolf, The symplectic groups, their parametrization and cover, Lie methods in optics
(Ledn, 1985), Lecture Notes in Phys., vol. 250, Springer, Berlin, 1986, pp. 227-238. MR855671

DEPARTMENT OF MATHEMATICAL SCIENCES, UNIVERSITY OF COPENHAGEN UNIVERSITETSPARKEN

5, DK-2100 COPENHAGEN O, DENMARK

KU LEUVEN, DEPARTMENT OF MATHEMATICS, CELESTIJNENLAAN 200B — Box 2400, B-3001

LEUVEN, BELGIUM

E-mail address: tim.delaat@wis.kuleuven.be


http://www.ams.org/mathscinet-getitem?mr=573448
http://www.ams.org/mathscinet-getitem?mr=573448
http://www.ams.org/mathscinet-getitem?mr=1090825
http://www.ams.org/mathscinet-getitem?mr=1090825
http://www.ams.org/mathscinet-getitem?mr=1342022
http://www.ams.org/mathscinet-getitem?mr=1342022
http://www.ams.org/mathscinet-getitem?mr=2006539
http://www.ams.org/mathscinet-getitem?mr=2006539
http://www.ams.org/mathscinet-getitem?mr=2944792
http://www.ams.org/mathscinet-getitem?mr=2328043
http://www.ams.org/mathscinet-getitem?mr=2328043
http://www.ams.org/mathscinet-getitem?mr=855671

	1. Introduction
	2. Preliminaries
	2.1. Universal covering groups
	2.2. Polar decomposition of Lie groups
	2.3. Gelfand pairs and spherical functions
	2.4. The Fourier algebra
	2.5. Completely bounded Fourier multipliers on compact Gelfand pairs
	2.6. The Approximation Property
	2.7. Preliminaries for the results on noncommutative 𝐿^{𝑝}-spaces

	3. The group ̃𝑆𝑝(2,ℝ) does not have the AP
	4. Noncommutative 𝐿^{𝑝}-spaces associated with lattices in ̃𝑆𝑝(2,ℝ)
	5. Main results
	Appendix A. Harmonic analysis on strong Gelfand pairs
	Acknowledgements
	References

