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The weak Haagerup property for locally compact groups and the weak Haagerup con-
stant were recently introduced by the second author [27]. The weak Haagerup property
is weaker than both weak amenability introduced by Cowling and the first author [9]
and the Haagerup property introduced by Connes [6] and Choda [5]. In this paper, it
is shown that a connected simple Lie group G has the weak Haagerup property if and
only if the real rank of G is zero or one. Hence for connected simple Lie groups the
weak Haagerup property coincides with weak amenability. Moreover, it turns out that
for connected simple Lie groups the weak Haagerup constant coincides with the weak
amenability constant, although this is not true for locally compact groups in general. It

is also shown that the semidirect product R? x SL(2, R) does not have the weak Haagerup

property.

1 Introduction

Amenability is a fundamental concept for locally compact groups, see, for example, the
books [15, 30]. In the 1980s, two weaker properties for locally compact groups were
introduced, first the Haagerup property by Connes [6] and Choda [5] and next weak
amenability by Cowling and the first author [9]. Both properties have been studied

extensively (see [3, Chapter 12; 4; 8] and the references therein). It is well known that
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amenability of a locally compact group G is equivalent to the existence of a net (uy)yca
of continuous, compactly supported, positive definite functions on G such that (u,)gca

converges to the constant function 15 uniformly on compact subsets of G.

Definition 1.1 ([4, 6]). A locally compact group G has the Haagerup property if there
exists a net (uy)qca Of continuous positive definite functions on G vanishing at infinity

such that u, — 15 uniformly on compact sets. 0

As usual we let Co(G) denote the continuous (complex) functions on G vanishing
at infinity and let C.(G) be the subspace of functions with compact support. Also, B2(G)
denotes the space of Herz—Schur multipliers on G with the Herz—-Schur norm || |z, (see

Section 2 for more details).

Definition 1.2 ([9]). A locally compact group G is weakly amenable if there exist a con-
stant C > 0 and a net (Uy)qea in B2(G) N C(G) such that

luyllg, <C forevery o € A, (1.1)

U, — 1 uniformly on compacts. (1.2)

The best possible constant C in (1.1) is called the weak amenability constant denoted
Awa(G). If G is not weakly amenable, then we put Awa(G) = oco. The weak amenability
constant Awa(G) is also called the Cowling-Haagerup constant and denoted A, (G) or

Ag in the literature. O

The definition of weak amenability given here is different from the definition
given in [9], but the definitions are equivalent. In one direction, this follows from [9,
Proposition 1.1] and the fact that A(G) C B2(G), where A(G) denotes the Fourier algebra
of G (see Section 2). In the other direction, one can apply the convolution trick (see [27,
Appendix B]) together with the standard fact that C.(G) * C.(G) C A(G).

Definition 1.3 ([26, 27]). A locally compact group G has the weak Haagerup property if
there exist a constant C > 0 and a net (Uy)qea in B2(G) N Co(G) such that

luxllp, <C for every a € A, (1.3)

U, — 1 uniformly on compacts. (1.4)

The best possible constant C in (1.3) is called the weak Haagerup constant denoted

Awn(G). If G does not have the weak Haagerup property, then we put Awg(G) =co. O
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Clearly, the weak Haagerup property is weaker than both the Haagerup property
and weak amenability, and hence there are many known examples of groups with the
weak Haagerup property. Moreover, there exist examples of groups that fail the first two
properties but nevertheless have the weak Haagerup property (see [27, Corollary 5.7]).

Our first result is the following theorem.

Theorem A. The groups SL(3, R), Sp(2, R), and §f)(2, R) do not have the weak Haagerup
property. (]

The case of SL(3, R) can also be found in [28, Theorem 5.1] (take p = 00). Our proof
of Theorem A is a fairly simple application of the recent methods and results of de Laat
and the first author [17, 18], where it is proved that a connected simple Lie group G of
real rank at least two does not have the Approximation Property (AP), that is, there is no
net (Uy)oca in B2(G) N Co(G) which converges to the constant function 15 in the natural
weak*-topology on B,(G). By inspection of their proofs in the case of the three groups
mentioned in Theorem A, one gets that for those three groups the net (14,),c4 cannot even
be chosen as functions in Bo(G) N Co(G), which proves Theorem A.

By standard structure theory of connected simple Lie groups, it now follows that
the conclusion of Theorem A holds for all connected simple Lie groups of real rank at
least two. Moreover, by [7, 9, 10, 20] every connected simple Lie group of real rank zero

or one is weakly amenable. We thus obtain the following theorem.

Theorem B. Let G be a connected simple Lie group. Then G has the weak Haagerup

property if and only if the real rank of G is at most one. ]

For connected simple Lie groups G the constants Awa(G) are known: if the real
rank is zero, then G is compact and Awa(G) = 1. If the real rank is at least two, then
by [12, 16] the group G is not weakly amenable and hence Awa(G) = co. Finally, in the
real rank one case, one has by [7, 9, 10, 20] that

1 for G ~S0y(1, n)
1 for G ~SU(1, n)

Awa(G) = (1.5)
2n—1 for G~Sp(l,n)

21 for G ~ F4(,20)
where G ~ H means that G is locally isomorphic to H. We prove the following theorem.

Theorem C. For every connected simple Lie group G, Awa(G) = Awu(G). O
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It is clear that for every locally compact group G one has 1 < Awu(G) < Awa(G).
Theorem C then amounts to show that Awg(G) = Awa(G) when G is locally isomorphic
to Sp(1, n) or F4(_z0). Moreover, since the groups Sp(1, n) and F4(_20) are simply connected
and have finite center, one can actually restrict to the case when G is either Sp(1, n) or
F4(—20). The proof of Theorem C in these two cases relies heavily on a result from [25],
namely that for Sp(1, n) and F4_20) the minimal parabolic subgroup P = MAN of these
groups has the property that A(P) = B(P) N Cyo(P). Here, A(P) and B(P) denote, respec-
tively, the Fourier algebra and the Fourier-Stieltjes algebra of P (see Section 2).

For all the groups mentioned so far, the weak Haagerup property coincides with
weak amenability and with the AP. As an example of a group with the AP which fails the

weak Haagerup property we have the following theorem.
Theorem D. The group R? x SL(2, R) does not have the weak Haagerup property. O

Combining Theorem D with [27, Theorem A], we observe that the discrete group
7% x SL(2,7Z), which is a lattice in R? x SL(2, R), also does not have the weak Haagerup
property.

Theorem D generalizes a result from [16] where it is shown that R? x SL(2, R)
is not weakly amenable. Crucial to our proof of Theorem D are some of the techniques
developed in [16]. These techniques are further developed here using a result from [19],
namely that R? % SL(2, R) satisfies the AP. Also, [25, Theorem 2] is essential in the proof
of Theorem D.

Both groups R? and SL(2, R) enjoy the Haagerup property and hence also the
weak Haagerup property. Theorem D thus shows that extensions of groups with the

(weak) Haagerup property need not have the weak Haagerup property.

2 Preliminaries

Let G be a locally compact group equipped with a left Haar measure. We denote the left
regular representation of G on L?(G) by A. As usual, C(G) denotes the (complex) contin-
uous functions on G. When G is a Lie group, C®(G) is the space of smooth functions
on G.

We first describe the Fourier-Stieltjes algebra and the Fourier algebra of G. These
were originally introduced in the seminal paper [14] to which we refer for further details
about these algebras. Afterwards we describe the Herz—Schur multiplier algebra.

The Fourier-Stieltjes algebra B(G) can be defined as set of matrix coefficients of

strongly continuous unitary representations of G, that is, ue B(G) if and only if there
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are a strongly continuous unitary representation 7 : G — U(H) of G on a Hilbert space

‘H and vectors x, y € H such that
wg) = (r(g)x, y) forallgeG. (2.1)

The norm ||u||p of ue B(G) is defined as the infimum (actually a minimum) of all numbers
x|l yll, where x, y are vectors in some representation (i, H) such that (2.1) holds. With
this norm B(G) is a unital Banach algebra. The Fourier-Stieltjes algebra coincides with
the linear span of the continuous positive definite functions on G. For any ue B(G) the
inequality ||ull« < ||ullz holds, where || ||, denotes the uniform norm.

The compactly supported functions in B(G) form an ideal in B(G), and the clo-
sure of this ideal is the Fourier algebra A(G), which is then also an ideal. The Fourier
algebra coincides with the set of matrix coefficients of the left regular representation A,

that is, ue A(G) if and only if there are vectors x, y € L?(G) such that
wg) = (A(g)x,y) forallgeG. (2.2)

The norm of ue A(G) is the infimum of all numbers |x||||y||, where x, ye L?(G) satisfy
(2.2). We often write ||ul| 4 for the norm ||ul|z when ue A(G).

The dual space of A(G) can be identified with the group von Neumann algebra
L(G) of G via the duality

(a, w) = (ax, y) = L (ax)(9)y(g) dg

where a€ L(G) and ue A(G) is of the form (2.2).
When G is a Lie group, it is known that C°(G) € A(G) (see [14, Proposition 3.26]).
Since the uniform norm is bounded by the Fourier-Stieltjes norm, it follows that
A(G) € B(G) N Cy(G). For many groups this inclusion is strict (see e.g [25]), but in some

cases it is not. We will need the following result when proving Theorem C.

Theorem 2.1 ([25, Theorem 3]). Let G be one of the groups SO(1, n), SU(1, n), Sp(1, n), or
Fa(—20y, and let G = K AN be the Iwasawa decomposition. The group N is contained in a
closed amenable group P satisfying A(P) = B(P) N Co(P). ]

We will need the following lemma in Section 5. For a demonstration, see the

proof of Proposition 1.12 in [10].
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Lemma 2.2 ([10]). Let G be a locally compact group with a closed subgroup H C G.
If ue A(G), then u|ly € A(H). Moreover, |ulgllam) < llullac). Conversely, if ue A(H), then

there is 1€ A(G) such that u= g and ||ul| acz) = Inf{||Ul| ae) | € A(G), Ulg =u}. O

We now recall the definition of the Herz-Schur multiplier algebra B,(G). A func-
tionk: G x G — Cis a Schur multiplier on G if for every bounded operator A = [axlx yec €
B(¢*(G)) the matrix [k(X, y)axylx yec represents a bounded operator on ¢%(G), denoted
my(A). If this is the case, then by the closed graph theorem my defines a bounded oper-
ator on B(¢%(G)), and the Schur norm ||k|s is defined as the operator norm of my.

A continuous function u: G — C is a Herz-Schur multiplier, if k(x, y) = w(y 'x) is
a Schur multiplier on G, and the Herz—Schur norm ||ul|s, is defined as | k|| s. We let B2(G)
denote the space of Herz-Schur multipliers, which is a Banach space, in fact a unital
Banach algebra, with the Herz-Schur norm | ||5,. The Herz—Schur norm dominates the
uniform norm.

It is known that B(G) € B2(G), and ||ulls, < |lullp for every ue B(G). In [22, The-
oreme 1(ii)], it is shown that B,(G) multiplies the Fourier algebra A(G) into itself
and [[uv| a < |lullg,llv|la for every ue B,(G), v € A(G). In this way, we can view B;(G) as
bounded operators on A(G), and B,(G) inherits a point-norm (or strong operator) topol-
ogy and a point-weak (or weak operator) topology.

It is known that the space of Herz—Schur multipliers coincides isometrically with
the completely bounded Fourier multipliers, usually denoted My A(G) (see [2] or [23]). It
is well known that if G is amenable then B(G)= B,(G) isometrically. The converse is
known to hold, when G is discrete (see [1]).

Given f e L'(G) and ue B,(G) define

() =J Fux) dx 2.3)
G

and
| flla =sup{l(f. w)||ue B2(G), |ullp, <1}.

Then | ||o is a norm on L'(G), and the completion of L!(G) with respect to this norm
is a Banach space Q(G) whose dual space is identified with B,(G) via (2.3) (see [10,
Proposition 1.10(b)]). In this way, B2(G) is equipped with a weak*-topology coming from
its predual Q(G). The weak*-topology is also denoted o (B3, Q).

We recall that G has the Approximation Property (AP) if there is a net (Uy)yeca in
B,(G) N C:(G) which converges to the constant function 15 in the o(B;, Q)-topology. As

with weak amenability, the definition of the AP just given can be seen to be equivalent
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to the original definition by use of the convolution trick (see [27, Appendix B]). For more
on the o (B3, Q)-topology and the AP we refer to the original paper [19].

The following lemma is a variant of [19, Proposition 1.3(a)]. The statement of [19,
Proposition 1.3(a)] involves an infinite dimensional Hilbert space .7, but going through
the proof of [19, Proposition 1.3(a)] one can check that the statement remains true, if .77

is just the one dimensional space C. Hence, we have the following lemma.

Lemma 2.3 ([19]). Let G be a locally compact group. Suppose a€ L(G), v € A(G) and that
f € A(G) is a compactly supported, positive function with integral 1. Then the functional
g, f: B2(G) — C defined as

wa, F(W) = (a, (f*xwv), ue By(G)

is bounded, that is, wg,, r € Q(G). U

It is known that weakly amenable groups have the AP [19, Theorem 1.12], and
extensions of groups with the AP have the AP [19, Theorem 1.15]. In particular, the group
R? x SL(2, R) has the AP.

Given a compact subgroup K of G we say that a continuous function f: G — Cis
K-bi-invariant, if f(kx) = f(xk) = f(x) for every k€ K and x € G. The space of continuous
K-bi-invariant functions on G is denoted C (K\G/K).

The following two lemmas concerning weak amenability and the AP are standard
averaging arguments. For the convenience of the reader, we include a proof of the second
lemma. A proof of the first can be manufactured in basically the same way. We note that
the special cases where K is the trivial subgroup follow from [9, Proposition 1.1, 11,

Theorem 1.11], respectively.

Lemma 2.4. Let G be a locally compact group with compact subgroup K. If G is weakly
amenable, say Awa(G) < C, then there is a net (vg) in A(G) N C(K\G/K) such that

lvgv — vllag — 0 for every v e A(G)

and supg |lvgllz, < C. Moreover, if G is a Lie group, we may arrange that each vg is

smooth. O

Lemma 2.5. Let G be a locally compact group with compact subgroup K. If G has the
AP, then there is a net (vg) in A(G) N C¢(K\G/K) such that

lvgv — vllagy — 0 for every v e A(G).

Moreover, if G is a Lie group, we may arrange that each vg is smooth. O
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Proof. We suppose G has the AP. Then there is a net (i) in A(G) N C.(G) such that
U, — 1 in the o(B,, Q)-topology (see [19, Remark 1.2]). Choose a positive function fe
A(G) with compact support and integral 1. By averaging from left and right over K (see
Appendix B in [27]), we may further assume that f and each u, is K-bi-invariant. Let
Wy = [ * Uy. Then wy € A(G) N Co(K\G/K).

Given a € L(G) and v € A(G) we have the following equation:

(@, e V) = Wq v, F(Uy) = Wg v, £(1) = (a, v).

Hence w, — 1 in the point-weak topology on B, (G). It follows from [13, Corollary VI.1.5]
that there is a net (vg) where each vy lies in the convex hull of {w,} such that v — 1 in the

point-norm topology. In other words, there is a net (vg) in A(G) N C.(K\G/K) such that
lvgv — vllae) — 0 for every v € A(G).

If G is a Lie group, we may further assume that fe C(G), in which case vg becomes

smooth. [ |

3 Simple Lie Groups of Higher Real Rank

It is known that a connected simple Lie group of real rank at least two is not weakly
amenable [12, 16]. In fact, an even stronger result was proved recently [17, 18, 28].
One could ask if such Lie groups also fail the weak Haagerup property. Using results
from [17, 18] we completely settle this question in the affirmative. We thus prove
Theorems A and B.

3.1 Three groups of real rank two

We will prove that the three groups SL(3, R), Sp(2, R), and the universal covering group
§}3(2, R) of Sp(2, R) do not have the weak Haagerup property. The cases of SL(3, R) and
Sp(2, R) are similar and are treated together. The case of §f)(2, R) is more difficult, essen-
tially because §f>(2, R) is not a matrix Lie group, and we will go into more details in
this case.

When we consider the special linear group SL(3, R), then K =S0(3) will be its
maximal compact subgroup. We now describe the group Sp(2, R) and a maximal compact

subgroup. Consider the matrix 4 x 4 matrix

0 I
J= 2
-, 0
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where I, denotes the 2 x 2 identity matrix. The symplectic group Sp(2, R) is defined as
Sp(2,R) ={g € GL4,R) | g'Jg=J}.

Here g' denotes the transpose of g. The symplectic group Sp(2, R) is a connected simple

Lie group of real rank two. It has a maximal compact subgroup
A -B .
K:{(B A)EM4(R)|A+1BGU(2) (3.1)

which is isomorphic to U(2).

The following is immediate from [27, Proposition 4.3, Lemma A.1(2).

Lemma 3.1. Let G be locally compact group with a compact subgroup K. If G has the
weak Haagerup property, then there is a bounded net (,) in B2(G) N Co(K\G/K) such
that u, — 1 in the weak*-topology. (]

We remind the reader that B,(G) coincides isometrically with the completely
bounded Fourier multipliers MyA(G). The following result is then extracted from [17,
pp. 937 + 9571.

Theorem 3.2 ([17]). If G is one of the groups SL(3,R) or Sp(2,R) and K is the corre-
sponding maximal compact subgroup in G, then B;(G) N Co(K\G/K) is closed in By(G)
in the weak*-topology. |

Theorem 3.3. The groups SL(3,R) and Sp(2,R) do not have the weak Haagerup
property. (I

Proof. Let G be one of the groups SL(3,R) or Sp(2,R). Obviously, 1¢ B,(G)N
Co(K\G/K). Since By(G) N Co(K\G/K) is weak*-closed, there can be no net u, € Bo(G) N
Co(K\G/K) such that u, — 1 in the weak*-topology. Using Lemma 3.1, we conclude that
G does not have the weak Haagerup property. |

Remark 3.4. An alternative proof of Theorem 3.3 for the group SL(3, R), avoiding the
use of the difficult Theorem 3.2, is to use the fact that R? x SL(2, R) is a closed subgroup
of SL(3, R). From Theorem D (to be proved in Section 5), we know that R? x SL(2, R) does
not have the weak Haagerup property, and this is sufficient to conclude that SL(3, R)
also fails to have the weak Haagerup property (see [27, Theorem A(1)]). O
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We now turn to the case of §f)(2, R). To ease notation a bit, in the rest of this
section we let G =Sp(2,R) and G = §f)(2, R). We now describe the group G. This is based
on [31; 18, Section 3].

By definition, G is the universal covering group of G. The group G has fundamen-
tal group 7,(G) >~ 71 (U(2)) which is the group Z of integers. There is a smooth function
c: G — T, where T denotes the unit circle in C, such that ¢ induces an isomorphism of
the fundamental groups of G and T (such a c is called a circle function). An explicit

description of ¢ can be found in [18, 31]. The circle function c satisfies
cl)=1 and c(g ) =c(@ "
There is a unique smooth map n: G x G — R such that

c(g192) = c(g1)c(g2) €799 and n(1,1)=0

for all g, g, € G. The map 7 is also explicitly described in [18, 31]. The universal cover G
of G can be realized as the smooth manifold

G=1{(g.)eG xR |c(g) =€}
with multiplication given by

(91, 1) (g2, ) = (G192, &1 + & + (g1, G2))-

The identity in G is (1, 0), where 1 denotes the identity in G, and the inverse is given by
(g.t) ' =(g7',—t). Themap o : G — G given by o (g, t) = g is the universal covering homo-
morphism, and the kernel of o is {(1, 27k) € G x R | k€ Z}, which is of course isomorphic
to Z.

Let K be the maximal compact subgroup of G given in (3.1). Then one can show
that

n(g,h)=0 forall g, heK. (3.2)

Under the obvious identification K ~ U(2), we consider SU(2) C U(2) as a subgroup of K.
Define a compact subgroup H of G by

H={(g,0)eG xR|geSU(Q2)}.

By (3.2) H is indeed a subgroup of G.
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When t € R let v; € G be the element

cost O —sint 0
B 0 cost 0 —sint
e sint 0 cost 0 ’
0 sint 0 cost

and define ¥; = (vs, 2t) € G. Then n(vy, g) =n(g, v¢) =0 for any g € G. Obviously, (U¢)¢r is a
one-parameter family in G, and it is a simple matter to check that conjugation by 7; is
m-periodic. A simple computation will also show that if g € K, then gv; = v;,g and hence
hv; = v:h for every h e H.

Consider the subspace C of C(G) defined by

C={ueC(G)|uis H-bi-invariant and u(f;tgﬁt‘l) =u(g) for all t e R}.
Further, we let Co =C N Co(G). For any fe C(G) or fe LY(G), let 1< G — C be defined by

fc(x)=%‘[ J’~J~f(hlﬁtxﬁt’lhz)dhldhzdt, xe@,

0 JHJH

where dh, and dh, both denote the normalized Haar measure on the compact group H.

Lemma 3.5. With the notation as above the following holds:

1) IfueC(G), then € eC.

) If feL'(G), then fCe L (G) and || fClla < | flla-

3) If ue By(G), then u€ € By(G) and ||t€ 5, < ||ul 5,

4) If ue Co(G), then € € Co(G). O

N

(
(
(
(

(1) This is elementary.

(2) Suppose feL'(G). Connected simple Lie groups are unimodular (see [24,
Corollary 8.31]), and hence each left or right translate of f is also in LY(G)
with the same norm. Since left and right translation on L!(G) is norm con-
tinuous, it now follows from usual Banach space integration theory that
fCeLY(G).

We complete the proof of (2) after we have proved (3).
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(3)

(4)

This statement is implicit in [18] in the proof of [18, Lemma 3.10]. We have
chosen to include a proof.
Foreach ge By(G) orge LY(G) and a = (hy, hy, t) € H x H x R define

9o (X) =g(hll~)tX1~);lh2), xcG.

If g€ By(G), then g, € B2(G) and ||gy| 5, = ||gll5,. Similarly, if ge L'(G), then
ge € LY(G) and ||gell1 =Ilgll;. Note also that (g, fi) = (g1, f) where a~!=
(R, hy', —t). In particular,

g, ) — (s Up)| < g1 — gp-1ll1 I,

fora, B € H x H x R, and « — 1, is weak*-continuous.
The set S={u, |a € H x H x [0, 7]} is a norm bounded subset of
By(G). If T=conv’ ®»?(S) is the weak*-closed convex hull of S, then T
is weak*-compact by Banach-Alaoglu’s theorem. By [32, Theorem 3.27] the
integral
c 1

u =—

| wde@
T JAxHx[0,7]

exists in B,(G). Here du () = dhy dh,dt. Since the set T is bounded in norm by
|lul|z,, and because it follows from [32, Theorem 3.27] that u° € T, we obtain
the inequality ||t ||z, < ||ulls,-

Continued. Let u€ By(G) be arbitrary. Observe that ( f¢, u) = ( £, u€). Hence the
norm estimate | f¢| o < || fllo follows from (3).

This is elementary. u

Proposition 3.6. If G had the weak Haagerup property, then there would exist a
bounded net (v,) in B,(G) N Co such that v, — 1 in the weak*-topology. O

Proof. We suppose G has the weak Haagerup property. Using [27, Proposition 4.2] we
see that there exist a constant C > 0 and a net (i) in B2(G) N Co(G) such that

luxllg, <C forevery «,

U, — 1 in the o (B;, Q)-topology.
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Let 1 be given by

1 (%" -
ug(x)zz—J J U (utogi; hy) dhy ARy dt, x€ G

T Jo JHxH

where dh; and dh, both denote the normalized Haar measure on H. By Lemma 3.5, we
see that ug € B,(G) NCy and that (ug) is a bounded net. Thus, it suffices to prove that
£ — 1 in the weak*-topology.

By Lemma 3.5, the map L'(G) — L'(G) given by fr— f€ extends uniquely to a
linear contraction R: Q(G) — Q(G). The dual operator R*: By (G) — By(G) obviously sat-

isfies R*v = v¢ and is weak*-continuous. Hence

() =(f Ru,) — (f R'1)=(f 1)

for any fe Q(G). This proves that u — 1 in the weak*-topology. |

For B >y >0, we let D(8, y) denote the element in G given as

We define D(8, y) as the element (D(B, ), 0) in G. Let ue B,(G) N C be given. If we put

WP, v, 1) =w@:D(B, y)),

then it is shown in [18, Proposition 3.11] that the limit limg_, ., W(2s, s, t) exists for any
t e R. If we let

T ={ue By(G)NC| lim i2s, s, t) =0 for all te R},
S§—>00
then we can phrase part of the main result of [18] in the following way.
Lemma 3.7 ([18, Lemma 3.12]). The space 7 is closed in the weak*-topology. O

Using Lemma 3.7, it is not hard to show that G does not have the weak Haagerup

property. The argument goes as follows.
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Obviously, 1 ¢ 7. We claim that By(G)NCo C 7T.Indeed, if ue Co(G) and t € R, then
w2s, s, t) =u@:D(2s,5)) >0 ass— oo.

Since 7 is weak*-closed, we conclude by Proposition 3.6 that G does not have the weak

Haagerup property.

Theorem 3.8. The group G = Sp(2, R) does not have the weak Haagerup property. O

3.2 The general case

Knowing that the three groups SL(3, R), Sp(2,R), and ﬁ)(Z,R) do not have the weak
Haagerup property, it is a simple matter to generalize this result to include all con-
nected simple Lie groups of real rank at least two. The idea behind the general case is
basically that inside any connected simple Lie group of real rank at least two one can
find a subgroup that looks like one of the three mentioned groups. We will make this

statement more precise now. The following is certainly well known.

Lemma 3.9. Let G be a connected simple Lie group of real rank at least two. Then
G contains a closed connected subgroup H locally isomorphic to either SL(3,R) or
Sp(2, R). O

Proof. Consider a connected simple Lie group G of real rank at least two. It is well
known that the Lie algebra of such a group contains one of the Lie algebras s[(3, R)
or sp(2,R) (see [29, Proposition 1.6.2]). Hence there is a connected Lie subgroup H
of G whose Lie algebra is either s((3,R) or sp(2,R) (see [21, Theorem II.2.1]). By [21,
Theorem I1.1.11] we get that H is locally isomorphic to SL(3, R) or Sp(2, R). It remains
only to see that H is closed. This is [12, Corollary 1]. |

Theorem B. A connected simple Lie group has the weak Haagerup property if and only

if it has real rank zero or one. O

Proof. It is known that connected simple Lie groups of real rank zero and one have the
weak Haagerup property. Indeed, connected simple Lie groups of real rank zero are com-
pact, and connected simple Lie groups of real rank one are weakly amenable (see [9, 20]).

This is clearly enough to conclude that such groups have the weak Haagerup property.
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Thus, we must prove that connected simple Lie groups of real rank at least two do not
have the weak Haagerup property.

Let G be a connected simple Lie group of real rank at least two. Then G con-
tains a closed connected subgroup H locally isomorphic to SL(3, R) or Sp(2, R). Because
of [27, Theorem A(1)], it is sufficient to show that H does not have the weak Haagerup
property.

Suppose first that H is locally isomorphic to SL(3, R). The fundamental group
of SL(3,R) has order two, and SL(3,R) has trivial center. Hence the universal cov-
ering group of SL(3,R) has center of order two, and H must have finite center Z of
order one or two. Then SL(3, R) >~ H/Z. Since SL(3, R) does not have the weak Haagerup
property, we deduce from [27, Theorem A(2)] that H does not have the weak Haagerup
property.

Suppose instead that H is locally isomorphic to Sp(2, R). Then there is a cen-
tral subgroup Z géY)(Z,]R) such that %(Z,R)/Z:H. Since the center of §f>(2,R) is
isomorphic to m;(Sp(2,R)) ~Z, every nontrivial subgroup of the center of §f)(2,]R) is
infinite and of finite index. Hence, if H has infinite center, then §f)(2, R)~ H. In that
case, H does not have the weak Haagerup property. Otherwise, H has finite center Z,
and then H/Z ~Sp(2,R)/{x1}. Since Sp(2, R) does not have the weak Haagerup prop-
erty, we deduce from [27, Theorem A(2)] that H does not have the weak Haagerup
property. |

4 Simple Lie Groups of Real Rank One

In this section, we compute the weak Haagerup constant of the groups Sp(l,n) and
Fa(_20). We thus prove Theorem C. Throughout this section G denotes one of the groups
Sp(1,n), n> 2, or F4_z0. The symbol R; denotes the nonnegative reals, that is, R} =
[0, ool.

4.1 Preparations

The group Sp(1, n) is defined as the group of quaternion matrices of size n+ 1 that pre-

serve the Hermitian form

n+l1
x,y)=nx— Z Viexe, x=@),  y=Wp e H™
k=2

Equivalently,
Sp(l,m)={geGL(n+ 1, H) |g"T1ng=T1.s}
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where I; ,, is the (n+ 1) x (n+ 1) diagonal matrix

Il,n=
-1

The exceptional Lie group F4(_z0 is described in [33].

For details about general structure theory of semisimple Lie groups we refer
to [24, Chapters VI-VII; 21, Chapter IX]. The proof of Theorem C builds on [9], where (1.5)
is proved. We adopt the following from [9].

Recall that throughout this section G denotes one of the connected simple real
rank one Lie groups Sp(1,n), n> 2 or Fy_yp). Let g be the Lie algebra of G. Let 6 be a
Cartan involution, g = @ p the corresponding Cartan decomposition and K the analytic
subgroup corresponding to ¢. Then K is a maximal compact subgroup of G. Let a be a

maximal abelian subalgebra of p, and decompose g into root spaces,

g=moad ) g
peX

where m is the centralizer of a in £ and X is the set of roots. Then a is one dimensional
and ¥ ={—2¢, —«, a, 20}. Let n =g, @ g2,. We have the Iwasawa decomposition at the Lie

algebra level

g=t@adn

and at the group level
G =KAN

where A and N are the analytic subgroups of G with Lie algebras a and n, respectively.
The group A is abelian and simply connected, and N is nilpotent and simply connected.
Let B be the Killing form of g. Let v = g,, 3 = g2, and equip the Lie algebran=1v & 3

with the inner product
0tz 47 -1 B v+ze v’+z’
v Z,V = — —, — —
2p+4q 2 4 2 4
v,V €v, z Z € 3 where, as in [9],

2p=dimv, g=dimj.
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The inner product on n of course gives rise to a norm || on n defined by |n/=
(n,n), nen.

The following convenient notation is taken from [9]. Let

(v,2z) =exp(v+z/4), veEL, ZE}. (4.1)

Then (v, z) € N. Since N is connected, nilpotent and simply connected, the exponential
mapping is a diffeomorphism of n onto N ([24, Theorem 1.127]), and hence every element
of N can in a unique way be written in the form (4.1).

We let a= p/2. It is well known that the values of p, g, and a are as follows:

Group p q a
Sp(l,m) 2n—-2 3 n-1 (4.2)
F4(_20) 4 7 2

As a is one dimensional there is a unique element H in a such that ad(H)|,, =idg,.
Let

a=exp(tH)e A, teR,

and At ={exptH |[t>0}={a; € A|t>0}. Then we have the KAK decomposition of G
(see [21, Theorem IX.1.1])

G=KA'K. (4.3)

More precisely, for each ge G there is a unique ¢t >0 such that ge Ka;K. Con-
cerning the KAK decomposition of elements of N we can be even more specific. The
following lemma is completely analogous to part of [9, Proposition 2.1], and thus we

leave out the proof.
Lemma 4.1. For every v € v and z€ 3 exists a unique t € R, such that
(v,2) e KK.

Moreover, t satisfies

4sinh® t=4v|? + |v|* + |z%. O

The following fact proved by Whitney [34, Theorem 1] identifies the smooth even

functions on R with smooth functions on R, =[0, ool.



6958 U. Haagerup and S. Knudby

Lemma 4.2 ([34]). An even function g on R is smooth if and only if it has the form

g(x) = f(x?) for some (necessarily unique) fe C®(R,). O
The following proposition is inspired by Theorem 2.5(b) in [9].

Proposition 4.3. Suppose ue C(N). Then u is the restriction to N of a K-bi-invariant

function on G if and only if uis of the form
W, 2) > f@P* + [v|* + |21*) (4.4)

for some f e C(R,).In that case, the function fis uniquely determined by w.
The function fisin C*®(R,), Cc(R,), or Co(R,) if and only if uis in C>®(N), C.(N),
or Cq(N), respectively. O

Proof. Assume ue C(N) is the restriction to NV of a K-bi-invariant function on G. Then
by Lemma 4.1, u(v, z) only depends on 4|v|? + |v|* + |z/> when v e v, z€ 3. Hence there is a

unique function fon R, such that
uv, 2) = f@&l* + v|* + 121>, vev, ze;

If we fix a unit vector z €3 then t— w0, v/tz) = f(t) is continuous on R,, since u is
continuous. In other words, fe C(R.).

Assume conversely that u is of the form (4.4) for some (necessarily unique) fe
C(R,). We define a function & on G using the KAtK decomposition as follows. For an

element ka;k’ in G where k, k¥ € K and t € R, we let
tuka,K) = f(4sinh®t).

By the uniqueness of t in the K A*K decomposition, this is well defined. Clearly, @ is a

K-bi-invariant function on G. When (v, z) € N we find by Lemma 4.1 that
v, 2) = f@vP + [v[* +12%) = u(v, 2)

so that @i restricts to u on the subgroup N.
It is easy to see that uhas compact support if and only if f has compact support,
and similarly that u vanishes at infinity if and only if f vanishes at infinity. It is also

clear that smoothness of f implies smoothness of w.
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Finally, assume that u is smooth. If again z €3 is a unit vector, then t+—
u(0, tzy) = f(t?) is a smooth even function on R. By Lemma 4.2 we obtain fe C*([R,). B

We remark that ||ullcc = || flloo-

Lemma 4.4. Let () be a sequence, where ux € C (V) is the restrictions to N of a K-bi-
invariant function in C(G), and let f; € C(R,) be as in Proposition 4.3. If u — 1 point-

wise, then f; — 1 pointwise. |

Proof. This is obvious, since the map (v, 2) — 4[v|?> + [v|* + |z/? is a surjection of N
onto R,. |

4.2 Proof of Theorem C

With almost all the notational preparations in place, we are now ready to aim for the
proof of Theorem C. The starting point is the inequality in Proposition 4.5 which is taken

almost directly from [9]. To ease notation a bit, let

_znr ()

— . (4.5)
rpr(3)
We remark that with this definition C and (1.5) and (4.2) in mind, then
C
ZF(G) = Awa(G). (4.6)

Combining Theorem 2.5(b), Proposition 5.1, and Proposition 5.2 in [9] one obtains the

following proposition.

Proposition 4.5 ([9]). If ue C°(N) is the restriction of a K-bi-invariant function on G,

then uis of the form

u(z, v) = f@&v* + [v|* + |2/
for some feCP(R), and
kjfww+mﬁ*aswmm O
Ry

We now aim to prove a variation of the above proposition where we no longer

require the function uto be compactly supported.
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Following [9], we let h:]0, co[— R be defined by h(s) = (s'/? — 2)P~1s71/2, and let g
be the (a — 1)th derivative of h. It is known (see [9, p. 544]) that

(o¢]

J'oo |g'(s)|ds <oo and J g (s)ds=T'(a). (4.7)
4 4

Proposition 4.6. If ue A(N) N C*®(N) is the restriction of a K-bi-invariant function on

G, then uis of the form
Wz, v) = fév*+ [v|* + |2/

for some feCg(Ry), and

C o0
‘ZJ f(s—=4)g'(s)ds| < ull amw)- O

4

Proof. We use the fact that G is weakly amenable [9]. We will then approximate u by
functions in C°(IN) and apply Proposition 4.5 to those functions.

Choose a sequence vx € C°(G) of K-bi-invariant functions such that |Jvkls, <
Awa(G) and

lvgy — vllag) — 0 for every v € A(G)
(see Lemma 2.4). Put wg = vgx|y. Then by Lemma 2.2 we have
lwgv — vl aary — 0 for every v € A(N).

If we put w = wgu, then we get w — u uniformly. Note that u € C°(IV). Let fe C(R;)
and fi € C2°(Ry) be chosen according to Proposition 4.3 such that

u, 2) = f@p? + v|* +12%), w,2) = fidv]* +v|* + |2%).
Using the substitution s =4 + 4t? + t* and then partial integration we get
llull avy = lilgn Il 2kl acv)

> lim CJ fi9 @4 + thy2r! dt‘
R,

=1lim
k

JOO fi%s — 4)h(s) ds
4

A A

=1lim
k

J Ji(s =4 g'(s)ds

4
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There are no boundary terms, since f; has compact support, and because the first p — 2

derivatives of h vanish at s =4. We observe that

Il filloo = ltklloo < lukllz, < llwills, 1wz, < lvills, Uiz, = Awa(G) llullg,.

so in particular, sup; || fkllco < co. Finally, since g'(s) is integrable (see (4.7)), we can apply

Lebesgue’s Dominated Convergence Theorem and get

llull acary =

C o0
ZJ fs —4)g'(s)ds|. ]

4

Proposition 4.7. Suppose y € A(N) N C*(N) is the restriction of a K-bi-invariant func-

tion on G, and suppose further that w — 1 pointwise as k— oco. Then

Sl}:p el acry = Awa(G). O

Proof. If supyllukllaavy =00, there is mnothing to prove. So we assume that

supg llull aay < 0.

Let fi € C§°(Ry) be chosen according to Proposition 4.3 such that
W (v, 2) = fidlvl* + v* +12%).

Observe that f; — 1 pointwise, and sup || fkllcc < 00. By Lebesgue’s Dominated Conver-

gence Theorem we have

e ) c (>, c
sup ||uk||A(N)2hm'_J fi(s —dg'(s)ds =—J g(s)ds=— I'(a).
k k 4 4 4 4 4

As mentioned in (4.6), Awa(G) =CT (a)/4. |

Theorem C is an immediate consequence of the following, since we already know
the value Awa(G) and that Awu(G) < Awa(G).

Proposition 4.8. If G is either Sp(1, n), n> 2, or F4_z0), then Awu(G) = Awa(G). O

Proof. We only prove Awg(G) > Awa(G), since the other inequality holds trivially. Using
Proposition 4.3 in [27], it is enough to prove that if a sequence vx € B2(G) NCFF(G)
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consisting of K-bi-invariant functions satisfies

lvellg, <L for all k,

vg — 1 uniformly on compacts as k— oo,

then L > Awa(G). So suppose such a sequence is given. Consider the subgroup P from

Theorem 2.1. Since P is amenable, B,(P) = B(P) isometrically. Then
vk|p € B2(P) N Co(P)=B(P) N Co(P)=A(P)

by Theorem 2.1, and so wvg|y € A(V). To ease notation, we let w = vk|y. Then (using

amenability of N)

el acvy = Ukl 3y = llukll B,y < vkl B () -

Hence by Proposition 4.7 and the above inequalities we conclude
Awa(G) < Sllip llull acry < L.

This shows that Awa(G) < Awr(G), and the proof is complete. |

Proof of Theorem C. Suppose G is a connected simple Lie group. If the real rank of G
is zero, then G is compact and Awa(G) = Awu(G) = 1. If the real rank of G is at least two,
then Awa(G) =00 by [12, 16]. By Theorem B also Awg(G) = oo.

Only the case when the real rank of G equals one remains. Then G is locally iso-
morphic to either SOy(1, n), SU(1, n), Sp(1, n) where n> 2 or locally isomorphic to Fa(_20)
(see, for example, the list [24, p. 426; 21, Theorem I1.1.11]). If G is locally isomorphic to
SOy (1, n) or SU(1, n) then by (1.5) we conclude that Awa(G) = Awa(G) =1.

Finally, let G be either Sp(1,n) or F4(_20) and suppose G is locally isomorphic
to G. If KAN is the Iwasawa decomposition of G then K is Sp(n) x Sp(1) or Spin(9),
respectively (see Section 4, Proposition 1 and Section 5, Theorem 1 in [33] for the latter).
Here Spin(9) is the two-fold simply connected cover of SO(9). In any case, K is sim-
ply connected and compact, so it follows that G is simply connected with finite center
[24, Theorem 6.31].

From Proposition 4.8, we get that Awn(G) = Awa(G) if G = G. Otherwise G is a
quotient of G by a finite central subgroup, and then it follows from (1.5), Proposition 4.8
and [27, Proposition 5.4] that Awn(G) = Awa(G) = Awa(G). [
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5 Another Group Without the Weak Haagerup Property

Throughout this section, we let G be the group G = R? x SL(2, R). We show here that this
group does not have the weak Haagerup property. In short, we prove Awn(G) = co. This
generalizes a result from [11, 16], where it is proved that Awa(G) = cc.

We shall think of G as a subgroup of SL(3, R) in the following way:

2
G:( SL(2,R) | R )
0 1

We consider the compact group K = SO;,(R) as a subgroup of G using the inclusions
S0, (R) C SL(2, R) € R? x SL(2, R).

We will make use of the following closed subgroups of G.

1 x z A Xz
N=1l0 1 yllxy.zeR;, P={]0 1! yl|xy.2eR, 1>0¢. (5.1)
0 0 1 0 0 1

The group N is the Heisenberg group. The following is proved in [11, Section 10] (see

also [16, Lemmas A and E]).

Proposition 5.1 ([11]). Consider the Heisenberg group N. If ue C2°(NV) is the restriction

of a K-bi-invariant function in C*(G), then

dx < 127r||u||A(N). 0

JOO u(x, 0, 0)
—00 /1 +x2/4

We now prove a variation of the above lemma where we no longer require the

function in question to be compactly supported.

Proposition 5.2. Suppose ue A(N) N C*>(N) is the restriction of a K-bi-invariant func-
tion in C*(G). Then

oo 2

lu(x, 0, 0)

J dx < 127 [|ull - 0

—o00 /1 +X2/4

Proof. The idea is to use the fact (see [19, p. 670]) that G =R? x SL(2, R) has the AP. We
will approximate u with compactly supported, smooth functions on N and then apply

Proposition 5.1.
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By Lemma 2.2, there is an extension 1€ A(G) of w. It follows from Lemma 2.5 that
there is a sequence (vx) in C°(K\G/K) such that

vkt — Ul ae) — O.
We let wi = vg|y. Since restriction does not increase the norm, we have
lwiu — Ul agv) = [ (vt — Wl awvy < vt — U a@y) — O.
Since wyu— upointwise we have by Fatou’s Lemma and Proposition 5.1 applied to |wxu/?

limi

—oo ko0 \/1+X2/4
1 J"" lu(x, 0, 0)|? dx
127 | o /1 +x2/4

In the first inequality we have used that for every v € A(IV) we have |v|> =vi € A(N) and

00 2
J i PR 0.0

2 i 2
u > lim inf |||wruw > —
I ”A(N) = weu ||A(N) =127

2 = 2
Ivl“lla < llvllallvlla = [lv]%. u

Having done all the necessary preparations, we are now ready for

Theorem D. The group R? x SL(2, R) does not have the weak Haagerup property. O

Proof. Suppose there is a net (u,) of Herz-Schur multipliers on G =R? x SL(2, R) van-
ishing at infinity and converging uniformly to the constant function 1; on compacts.
We will show that sup,, ||u,lz, = cc. By Proposition 4.3 in [27], we may assume that
u, € C°(K\G/K), and since G is second countable, we may assume that the net is a
sequence.

Consider the group P defined in (5.1). Since P is amenable, even solvable, we
know that B,(P) = B(P) isometrically. We also know that A(P)= B(P) N Cy(P) (see [25,
Theorem 2]). Then

Un|p € B2(P) N Co(P)=B(P)NCo(P)=A(P),
and so uy,|y € A(N). To ease notation, we let w, = u,|y. Then, using amenability of N,

lwnll aary = lwnll By = lwallB,av < 1Unll,6)-
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Hence it will suffice to show that sup,, | wy|l aar) = 00. By Proposition 5.2, we have

o0 2
|wn(x, 0, 0)]
J 2 dx < 127T||wn||?4(N)'

—co /1 +X2/4

Since u, — 1 uniformly on compacts, we have in particular w,(x,0,0) — 1 as n— oco. It
follows that

liminf [|wpll4 > ! ro ! dx=
n—00 nllA(N) = 127 ) _o /1 T X2/4 -
This completes the proof. |

Remark 5.3. It was proved by the first author [16] that the group R? x SL(2, R) is not
weakly amenable. This result was later generalized by Dorofaeff [11] to include the
groups R™ x SL(2, R) where n> 2. Here the action of SL(2, R) on R" is by the unique irre-
ducible representation of dimension n.

In view of Theorem D, and especially since our proof of Theorem D uses the same
techniques as [11, 16], it is natural to ask if the groups R" x SL(2, R) also fail to have the
weak Haagerup property when n> 3.

We note that an affirmative answer in the case n=23 would give a different
proof of Theorem A. This is because SL(3,R) contains R? x SL(2,R) as a closed sub-
group, and both groups Sp(2, R) and §f:>(2, R) contain R® x SL(2, R) as a closed subgroup
(see [12]). O
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