On the Free Gamma Distributions
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ABSTRACT. For each positive number «, we study the analog v«
in free probability of the classical Gamma distribution with param-
eter . We prove that v is absolutely continuous, and establish
the main properties of the density, including analyticity and uni-
modality. We study further the asymptotic behavior of vy as & | 0.

1. INTRODUCTION

In this paper, we study the free Gamma distributions. These are the images of
the classical Gamma distributions under the bijection, introduced by Bercovici
and Pata, between the classes of infinitely divisible measures in classical and free
probability (cf. [BP99] and [BNT02a]). More precisely, for any positive number
«, the free gamma distribution v« with parameter « is defined as A(py), where
A is the Bercovici-Pata bijection (see Section 2) and p is the classical Gamma
distribution with parameter «, that is,

(1.1) Ux(B) = t% le~tdt

I'(x) JBn[0,0)

for any Borel set B in R.

The classical Gamma distributions form perhaps the simplest class of self-
decomposable measures on R that are not stable (see Section 2). Since A preserves
the notions of stability and self-decomposability (see [BP99] and [BNT02a]), the
measures Vy are thus of interest as (the simplest?) examples of non-stable self-
decomposable measures with respect to free (additive) convolution. Of particular
interest is the free x2-distribution A(x?), which (up to scaling by 2) equals the
measure Vi,2. Apart from the general importance of the x2-distribution in clas-
sical probability, this is mainly due to the fact that the square of the semi-circle
distribution (the analog of the Gaussian distribution in free probability) equals the
free Poisson distribution (the image of the classical Poisson law by A) as observed
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in, for example, [VDN92]. Since A is injective, the relationship between the
Gaussian and the x2-distribution thus breaks down in free probability, and from
that point of view, it is of some interest to identify further the measure A( xf).

In an appendix to the paper [BP99], P. Biane studied the freely stable distri-
butions and established their absolute continuity (with respect to Lebesgue mea-
sure) as well as the main features of their densities, in particular, analyticity and
unimodality. Applying the same method as Biane (based on Stieltjes inversion),
we establish in the present paper that the free Gamma distributions v are abso-
lutely continuous with analytic densities, and that they have supports in the form
[S«, o) for some strictly positive number s, which increases (strictly) with o« and
tends to 0 and co as o goes to 0 and oo, respectively. We derive an (implicit)
expression for the density fx of v in the form

_ l Vx(X) _ o
(1.2) faPa(x)) = — 525 o X ElCaw ),

where Py is a strictly increasing function given by
* t2et

Palx) = 2x + & - | v (e lca ),

and c is a positive constant such that Py (—Cx) = Sx. Moreover, Vo: R — Risa
function essentially defined by the condition

(X +1va(x)[1 + &Gy, (x +iva(x))] € R,

where G, denotes the Cauchy (or Stieltjes) transform of a probability measure
p on R (see formula (2.3) below). This condition emerges naturally from the
method of Stieltjes inversion in combination with the key formula

(1.3) Gy, (z(1 + xGy, (2))) = %,

which holds for all z in C* satisfying that z(1+ &Gy, (z)) € C*. The passage from
(1.3) to (1.2) via Stieltjes inversion depends heavily on an application of Lindel6f’s
Theorem, which we specify in Lemma 2.1 below for the reader’s convenience.

By careful studies of the functions v, Px and the right-hand side of (1.2), we
derive some main features of the density fx, such as analyticity, unimodality, and
asymptotic behavior:

(1.4) lim f‘xl(g) = xe%, and lim( fol(&) ) = V2 .
g0 & leE Elsa \/E—is(x ncam

In particular, it follows that v has moments of all orders, which is in accordance
with the results of Benaych-George in [BG06].
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We study also the asymptotic behavior of v as & | 0, and we prove that the
measures (1/&) Vv converge to the measure x “1e ¥ 1(g.) (x) dXx in moments and
in the sense of point-wise convergence of the densities:

 fal® o N
101(%1—0( =& e (& € (0,)).

The remainder of the paper is organized as follows. In Section 2, we col-
lect background material on infinite divisibility, the Bercovici-Pata bijection, and
Stieltjes inversion. In Section 3, we establish absolute continuity of v« and prove
the expression (1.2) for the density. In Section 4, we establish the asymptotic be-
havior (1.4) and study how the quantities ¢y and s« vary as functions of «. In
Section 5, we prove that v is unimodal, and in the final Section 6, we study the
asymptotic behavior of vy as & | 0. The main results in Sections 3—6 depend in
part on some basic properties of the functions v« and Py, the proofs of which are
(not surprisingly) rather technical. To maintain the flow of the paper, these proofs

are deferred to Appendix A at the end of the paper.

2. BACKGROUND
2.1. Classical and free infinite divisibility. A (Borel-) probability measure

p on R is called infinitely divisible if there exists, for each positive integer n, a
probability measure p,, on R such that
2.1) H = Hn % Hp % - - - % Un,

n terms

where * denotes the usual convolution of probability measures (based on classical
independence). We denote by 7D () the class of all such measures on R.

We recall that a probability measure ¢t on R is infinitely divisible if and only
if its characteristic function (or Fourier transform) fi has the Lévy-Khintchine
representation

(2.2) fi(u) = exp [inu—%au2+J (ei”t—l—iutl[_l,l](t))p(dt)], (u € R),

R
where 1 is a real constant, a is a non-negative constant, and p is a Lévy measure
on R, meaning that

p({0}) =0, and J{Rmin{l,tz}p(dt)<oo.

The parameters a, p and 1 are uniquely determined by p, and the triplet (a, p, n)
is called the characteristic triplet for p.

For two probability measures p and v on R, the free convolution p 8 v is
defined as the distribution of x + ¥, where x and y are freely independent (possibly
unbounded) self-adjoint operators on a Hilbert space with spectral distribution u
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and v, respectively (see [BV93] for further details). The class 7D (8) of infinitely
divisible probability measures with respect to free convolution &8 is defined by
replacing classical convolution * by free convolution 8 in (2.1).

For a (Borel-) probability measure 4 on R with support supp(u), the Cauchy
(or Stieltjes) transform is the mapping G : C \ supp(u) — C defined by

1
(2.3) Gul(2) = | —mldn), (2 € C\supp(n).
RzZ—t
The free cumulant transform Cy; of  is then given by
(2.4) Cu(z) =2zGi M (z) -1

for all z in a certain region R of C~ (the lower half complex plane), where the

(right) inverse G ") of G, is well defined. Specifically, R may be chosen in the
form

R:{ze(C*:%eA,,,M},
where App = {z € C" : |Re(2)| < nIm(z), Im(z) > M}

for suitable positive numbers n and M. It was proved in [BV93] (see also [Ma92]
and [Vo86]) that Cy constitutes the free analog of log i in the sense that it lin-
earizes free convolution:

Cumv(2) = Cy(2) + Cy(2),

for all probability measures y and v on R and all z in a region where all three
transforms are defined. The results in [BV93] are presented in terms of a variant,
@y, of Cy, which is often referred to as the Voiculescu transform, and which is
again a variant of the R-transform R introduced in [Vo86]. The relationship is
the following:

(2.5) Pu(2) = Ry, (%) - zC, (é)

for all z in a region Ay as above. In [BV93], it was proved additionally that
u € 1D(m) if and only if there exists a in [0, ), n in R, and a Lévy measure p,
such that Cy, has the free Lévy-Khintchine representation:

1
1-tz

(2.6) Cu(z) =nz+ az* + J < -1- tzl[,l,l](t)> p(dt)

R
(cf. also [BNT02b]). In particular, for u in 7D(m), it follows that C; can be
extended to an analytic map (also denoted C,) defined on all of C~. The triplet
(a, p,n) is uniquely determined and is called the free characteristic triplet for .
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It follows from the paper [Be08] that any measure in 7D (8) has continuous
singular part (with respect to Lebesgue measure) equal to zero. Moreover, it was
proved already in [BV93, Proposition 5.12] that any measure v in 7D (&) has at
most one atom. In fact, the proof of that proposition reveals that an atom a for
v is necessarily equal to the non-tangential limit of @ (z) asz — 0, z € C*. We
say that a function u: C* — C has a non-tangential limit € at 0, if for any positive
number &, we have that

2.7) £= lim u(z), where As=1{zeC’|Im(z)>lRe(z)[}.

z—0,zels

The following lemma is a consequence of Lindelof’s theorem (for this, see [Lil5],
[CoLo66, Theorem 2.2]). It is extremely useful in connection with the method of
Stieltjes Inversion (see Subsection 2.3 below), a fact from which we profit strongly
in Section 3 below.

Lemma 2.1. Let G: C* — C be an analytic function, and assume there exists
a curve (z¢)teqo,1) in C, such thatlime_1 z¢ = 0, and such that o := limy—; G(z¢)
exists in C. Then, for any positive number S, we also have lim;_o zen; G(2) = &
that is, G has non-tangential limit & ar 0.

Theorem 2.2 in [CoLo66] provides a result similar to Lemma 2.1, which
holds in particular for any bounded analytic function

fi{x+iy|x>0, y eR} - C.

Recalling that the mapping T — (€ — 1)/(C + 1) is a conformal bijection of
{x +iy | x > 0, ¥ € R} onto the open unit disc in C, Lemma 2.1 may then be
verified by applying [CoLo66, Theorem 2.2] to the bounded function

iG(el™?z) — 1

&) = ey 1

(ze{x+iy|x>0, y eR}).

2.2. The Bercovici-Pata bijection. In [BP99], Bercovici and Pata intro-
duced a bijection A between the two classes 7D (%) and 7D (8), which may for-
mally be defined as the mapping sending a measure p from 7D (*) with charac-
teristic triplet (a, p, n) onto the measure A(p) in 7D (8) with free characteristic
triplet (a, p,n). It is then obvious that A is a bijection, and it turns out that A
further enjoys the following properties (see [B99] and [BNT02a]):

(@) If gy, p2 € 7D (%), then A(py * pz2) = A(pr) B A(H2);

(b) If p € 7D(%) and ¢ € R, then A(D.u) = DA(u), where, for example,
Dy is the transformation of u by the mapping x — cx: R — R;

(c) For any constant ¢ in R, we have A(S.) = 6., where d, denotes Dirac
measure at C;

(d) A is a homeomorphism with respect to weak convergence.
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Most of these properties can be established rather easily from the following
convenient formula:

(2.8) Ca (i2) = Jo logfi(zx)e ™ dx, (z € (-,0), ueID(x)),

which was derived in [BNT04]. The properties (a)—(c) imply that A preserves, for
example, the classes of stable and self-decomposable measures. Specifically, let 7
denote the class of all (Borel-) probability measures on R, and recall then that a
measure U from P is called szzble, if it satisfies the condition

2.9) Vo, >0 Fa”" >0, IB€R: Dapt x Dyt = Dy % 5.
Recall also that u is self-decomposable if
(2.10) Vece(0,1) Fu.e€P:u=Dcu* .

Denoting by S() and £(5) the classes of stable and self-decomposable measures,
respectively, it is well known (see, e.g., [Sat99]) that S() < L(*) € 7D (). The
classes S(@) and L(8) are defined by replacing classical convolution * by free
convolution & in (2.9)—(2.10) above. It was shown in [BV93] and [BNT02a] that
S(B) € L(8) < 1D(m). By application of properties (a)—(c) above, it follows
then easily that

(2.11) A(S(*)) =S(B) and A(L(x)) = L(1B)

(see [BV93] and [BNT02a]). The measures in S() may alternatively by charac-
terized as those measures in 7D () whose Lévy measure has the form

p(dt) = (c_[t]™V7"% 1oy (t) + ot 17% 1(g,0) (1)) dt

for suitable numbers ¢, c- in [0, ) and a,a- in (0,2). Similarly, £(*) may
be characterized as the class of measures in 7D () with Lévy measures in the form
p(dt) = |t|71k(t) dt, where k: R\ {0} — [0, o) is increasing on (—o0,0) and
decreasing on (0, ). By the definition of A and (2.11), we have the exact same
characterizations of the measures in S(8) and L(8), respectively, if we let the term
“Lévy measure” refer to the free Lévy-Khintchine representation (2.6) rather than
the classical one (2.2).

For any positive number «, the classical Gamma distribution pix with param-
eter & (cf. (1.1)) has Lévy measure

paldt) = at e 1 (0,00) (1) dt,

and thus gy € L)\ S(). The corresponding free Gamma distribution, namely
Vo = A(Hq), satisfies accordingly that vq € L(8) \ S(B). As mentioned in the
Introduction, the purpose of the present paper is to disclose the main features of
v for any « in (0, ).
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2.3. Stieltjes inversion. Let u be a (Borel-) probability measure on R, and
consider its cumulative distribution function

Fu(t) = pu((=oo,t]), (t€R),

as well as its Lebesgue decomposition u = p + 0, where the measures p and o are,
respectively, absolutely continuous and singular with respect to Lebesgue measure
A on R. It follows from De la Vallé Poussin’s Theorem (see [Sak37, Theorem
IV.9.6]) that p and o may be identified with the restrictions of u to the sets

D, = {x e R | fim LX) = Fu(X)

exists in [R}
h—0 h

and

Do ={x€[R|limF“(x+h)_F“(x) :oo},
h—0 h

respectively. In addition, we have that (see, e.g., Theorem 3.23 and Proposition

3.31 in [Fo84])
A(R\Dy) =0 and p(dt) = F,(t)1p,(t)dt,

where, for any t in Dy, F, (1) denotes the derivative of F,, at t.
Consider now additionally the Cauchy (or Stieltjes) transform G, defined

in (2.3). It follows then from general theory of Poisson-Stieltjes integrals (see
[Do62]) that

F(x) = —%l}i}rlrélm(Gu(x +1iy)) forall x in Dy,

and that
lirll(}l(Gu(X+iy))| = for all x in D.
y

In particular, we may conclude that the singular part o of u is concentrated on
the set
{x eR| li%lGu(X+iy)| = oo}
y

(see also Chapter XIII in [RS78]).

3. ABSOLUTE CONTINUITY OF vy

In this section, we establish absolute continuity of the free Gamma distributions
Vo, & > 0, and prove the formula (1.2) for the densities. Our starting point is the
derivation of the formula (1.3), and we introduce for that purpose the function
Hy: C\ [0, 00) — C given by

© -t

© -t

t
dt=2+o<+o<J ©
0o z—t

(3.1) Ha(2) =z +zaGy, (2) =z + zaJ dt

0o z—t
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for z in C\ [0, ). By differentiation under the integral sign, note that Hy is
analytic on C\ [0, o) with derivatives given by

, B ®  tet
H(X(Z)— l—O(JO mdt, (z € C\ [0, )),
(3.2)
HP (z) = (—l)kak'Jdet (ze C\[0,00), k=2)
6.4 . 0 (Z_t)k+1 ] ] ] = .

In the following, we also consider the function F: C\ [0, %) — (0, ) given by
. °° te ! °° te !
(3.3) F(x+1y)-£) |x+iy—t|2dt_jo (x—t)2+y2dt

for all x,y € R such that x +iy € C\ [0, «).
Lemma 3.1. Let & be a positive number. Then, the following hold:

(i) There exists a unique positive real number Cy such that

1 ®  tet
(34) & =F(—cy) = L) mdt

The number c increases with &, and satisfies that

limcy =0, and lim cy = oo.
x—0 X— 00

(ii) There is a function Vx: R — [0, ), such that
(3.5) {zeC'|Hy(z) eCt = {x+iy | x,¥ €R, ¥ > vx(x)}.
The function V is given by
(3.6) vx(x) =0, if x € (—o0, —Cql,
(3.7) F(x +ivg(x)) = é, if x € (—cy, ).

(i) For all x in R we have that Hy(x + ivy(x)) € R.
(iv) The function v satisfies that Vo (x) > 0 for all x in (—cy, ).

[ee]

Proof. (i) The function x — F(-x) = J te t/(x + t)?dt is clearly strictly
0

decreasing and (by dominated convergence) continuous on (0, «). Moreover, by
monotone convergence, limyjg F(=x) = o and limy_o F(—x) = 0. Hence,
there exists a unique number ¢ in (0, %) such that F(—cy) = 1/x. The last
assertions in (i) are immediate from the last equality in (3.4).
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FIGURE 3.1. The graphs of the functions v1,2, V1, v2, and vio

(i) For x,y in R such that x + iy € C\ [0, ), we find from formula (3.1) that

) « te”t
(3.8) Im(Hq(x +iy)) —y+0<1m<Jo 7x+1y_tdt>

® te ! )
=y - (X_’)/JO mdt Zy(l — (XF(X-I-IJ/)).

For fixed x in R, the function y — F(x + iy) is clearly strictly decreasing on
(0,), and F(x +1iy) — 0 as y — o. Moreover, by monotone convergence,

L F . 00, ifx = 0,

ypEctiy) = {F(x), ifx <0,

Thus, if x > —cq, then limy 10 F(x +iy) > F(—cx) = 1/, and there exists a
unique Yx in (0, ) such that F(x +iyx) = 1/«. Thus, if we put v (X) = Yx,
then &F(x +iy) < 1, and hence Im(Hy(x +iy)) > 0 for all ¥ in (vg(x), ).
Similarly, Im(H (x +1y)) < 0 for v in (0, v (x)).

If x < —cy, then for all v in (0, ), we have that F(x +iy) < F(x) <
F(-cq) = 1/, and hence that Im(H (x +1y)) > 0. Thus, if we put vy(x) = 0
for x in (—o0, —c«l, it follows altogether that v satisfies (3.5), and that vy is
given by (3.6)—(3.7).
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Finally, we note that (iii) follows immediately from (3.8) in combination with
(3.6)—(3.7), and that (iv) is a consequence of the way v« was defined in the proof
of (ii). O

In continuation of Lemma 3.1, we introduce next the following notation:

(3.9) Gx = {x +ivg(x) | x € R},
(3.10) Gy = X +iva(x) | X € [—Ca, )} = G \ (=00, —Cq),
(3.11) Ga={x+y|x,yeR, and y > vx(x)}.
Note, in particular, that 0 ¢ Gy (since v«(0) > 0), that G4 = 0G, and that
G, Gg € C\ [0, ).
Proposition 3.2. Let & be a positive number, and consider the free Gamma

distribution v« with parameter . Consider further the classical Gamma distribution

w1 with parameter 1 (cf- (1.1)). We then have (cf. formulae (2.3) and (2.4))
(i) Cyvo(1/2) = &Gy, (2) for all z in C*;
(i) Gy, (Hx(2)) = l/Zfbra[[Z nGt.

Proof. (i) The classical Gamma distribution py has characteristic function
o -t
(3.12) fo(u) = exp (aJ (et — l)eT dt), (u € R),
0

(see, e.g., [Sat99, Example 8.10]). By formula (2.8) and Fubini’s theorem, it
follows then for any u in (—o0,0) that

[o¢] (o] [o¢] —t
Cy, (iu) = J log fix(ux)e™ dx = (xj (J (efuxt — l)eT dt)e*" dx
0 o \Jo

© —t —t
(XJ e—( 1, —1) dtzaiu[ e, dt
o t 1 —1iut o 1—1iut

Setting u = —1/y, we find for any ¥ in (0, o) that

et

1 b o] eit )

By analytic continuation, we conclude that G, (1/z) = &Gy, (z) forall z in C*.

(ii) Recall from the definition of C,,, (see Subsection 2.1) that

z z o z
for all Zimna l‘eglon Of the form

Apm = {z € C':|Re(2)] < nIm(z), Im(z) > M}
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for suitable positive numbers n and M. Taking (i) into account, we find that
3.13) G{Y (é) =z +2zxGy, (2) = Hy(z), and hence é = Gy, (Hy(2))

for all z in Ay M. Since Gy, and H are analytic on C¥, it follows from Lemma
3.1(ii) and analytic continuation that the latter equation in (3.13) holds for all z
in G%. This completes the proof. o

In order to combine Proposition 3.2(ii) with the method of Stieltjes inversion
(and Lemma 2.1), we need some further preparations, which are presented in the
series of lemmas to follow.

Lemma 3.3. For any positive number &, we have that Hy(—cx) = 0 and
Hy(z) # 0, forall z in Gy \ {—cu}. In fact,

Re(Hy(x +ivy(x))) = —ava(x)%F(x +iva(x)) >0

Jor all x in (—cq, ).
Proof- Note first that, by (3.2)—(3.4), we have that

®  tet
H, (- =1- —————dt=1- aF(- =0.
x(—Ca) O‘Jo o 1 )2 dt &F(—cy) =0

For z = x +iy in C\ [0, o), we find next, by application of the Cauchy-Riemann
equations and (3.8), that

Re(H/\(2)) = 2= Re(Hu(2)) = - Im(Ha(2))
0x oy

0 0
= @(3’(1 - «aF(z))) = (1-«aF(2)) - ay@F(z).

For any x in (—cq, o), it thus follows from (3.7) that

Re(Hy(x +iva(x)) =0 — (xvo((x)%F(x +ivg(x)).

The proof is concluded by noting that differentiation with respect to y in (3.3)
leads to

2 Fx+iy) = -2 Jw el g
R (e S L
where the right hand side is strictly negative whenever y > 0. O

In the following lemma, we collect some further properties of the function v
that will be needed in various parts of the remainder of the paper. We defer the
rather technical proof to Appendix A.
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Lemma 3.4. Let « be a positive number, and consider vy: R — [0, ), the
function given by (3.6)—(3.7). Then, vV has the following properties:
(i) v is continuous on R and analytic on R \ {—cu}.
(i) limy_o(Vx(x)/xe™™) = 1.
(iii) For any positive numbers 8,y, there exists a positive number o such that

Vu(x) _ _x

> <y, whenever & € (0, xp].

sup
xX€[0,0)

TTXE

Lemma 3.5. Let & be a strictly positive number, let z be a point in G, and set
& =Hx(z) = z+ xzGy, (2) € R (¢f Lemma 3.1(iii)).

Then, the Cauchy transform G, of V has the non-tangential limit 1/z at E.
More precisely, for any positive number 6, we have that  lim G, (§ +w) = %,
where N is given by (2.7). w=0wehs

Proof. For any t in (0, ) we have that z + it € G, and hence also that
Hy(z +it) € C* (cf. formula (3.5)). Since Gy < C\ [0, o), the function Hy is
continuous at z, and thus Hy(z +it) — Hy(2) = East | 0. At the same time, it
follows from Proposition 3.2 that

1

Gy, (Hx(z +1it)) = T

1
— —, astl!l0
z

(recall that z # 0, since 0 ¢ Gu). Applying then Lemma 2.1 (to the function
w — Gy, (& +w)), we may conclude that, actually, lim N Gy, (E+w) = %
w s

.. . -0, we
for any positive number 6, as desired. O

For any « in (0, o), we introduce next the function Py: R — R (cf. Lemma
3.1(iii)) given by

(3.14) Py(x) = Hy(x +ivg(x)), (x €R).
In particular, we set
(3.15) Sa = Pax(—cy) = Hx(—Cx)-

In the following lemma, we collect some properties of Py that will be needed in
the sequel. We defer the rather technical proof to Appendix A.

Lemma 3.6. For any positive number &, the function Px: R — R has the fol-
lowing properties:

(i) Py is continuous on R and analytic on R \ {—cu}.

(ii) P satisfies that

® po—t

x+o<+(xj x—tdt’ if x < —cq,
(3.16)  Pa(x) = 0 2t
2x+o<—(x[ © dt, ifx = —cqu.
0 (X —1)?+vu(x)?



On the Free Gamma Distributions 1171

(iii) The number s« := Px(—cCx) is strictly positive.

(IV) limxg»oo(x + X — PD((X)) =0.

(v) Py is a strictly increasing bijection of R onto R, and Py(x) > 0 for all x in
R\ {—cual.

20 7

15 4

10

[\S)
Ny
o

FIGURE 3.2. The graphs of the functions P2, P1, P, and Pj

Theorem 3.7. Let & be a positive number, and consider Q : R — [0, ), the

function defined by
(3.17) Q«(x) =

Vu(x)

m, (x € R).

We then have the following:

() The free Gamma distribution v« with parameter & is absolutely continuous
with respect to Lebesgue measure.

(ii) The density f« of V« is given by

0’ 1f§ (S (—OO,S(X]’
.18 als) = I
(3.18) Jul®) %Qa(p&—n(g)), if € € (s, @),

where Po(fl) denotes the inverse of P (cf- (v) in Lemma 3.6).
(iif) 7he support of Vi is [S«, ).
(iv) fu is analytic on (S, ).
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FIGURE 3.3. The graphs of the densities of the free gamma dis-
tributions vy 2, Vi and, respectively, v2, vig

Proof of Theorem 3.7. (i) From Lemma 3.6, it follows that P is a continuous,
increasing bijection of R onto R. By formula (3.14), this implies that Hy maps
G« bijectively onto R. Thus, for any § in R, there is a unique z in G such that
& = Hx(z). Lemma 3.5 then yields in particular that

(3.19) Gy, (E+iy) — é asy | 0.

Since the singular part of v is concentrated (cf. Subsection 2.3) on the set

{€ € R | lim |Gy, (§ +1y)| = oo},
yl0

we may thus conclude that v has no singular part, as desired.

(ii) Combining (i), formula (3.19), and the method of Stieltjes inversion (cf. Sub-

section 2.3), it follows that v« has a density fx with respect to Lebesgue measure
given by

1 .. . 1 1
Fal®) = = limIm(Gy, (8 +13)) = = Im (;) . (Eem),

where z is the unique point in G, such that Hy(z) = §. Writing z = X +iv«(x)
for some (unique) x in R, we have that

€ = Hy(x +iva(x)) = Py(x), so that x = P{ 1 (),
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and therefore

Su(E)

1 ( 1 )_1 Vu(x)

™ X +iva(x)) X2+ v4(x)2

1 _1 (-1)
_’TQ(X(X) = TTQ(X(P“ (£)).

The proof of (ii) is completed by noting that if § < s«, then x < —cg, so that
Vx(x) = 0, and therefore fx (&) = 0 by the previous calculation.

For (iii), we note that it is an immediate consequence of (i), (ii), and the fact that
U« (and hence, Q) is strictly positive on (—cq, o) (cf. Lemma 3.1(iv)).

(iv) Since v is analytic on (—cy, ) (cf. Lemma 3.4(i)), it follows immedi-
ately from (3.17) that so is Q. By (i) and (v) of Lemma 3.6, the function Py is
analytic on (—cq, ) with strictly positive derivative. This implies that P&_l) is
analytic on (s, ), and altogether we thus conclude that fx = (1/7T)Q« © Péf”
is analytic on (s, ). O

4. BEHAVIOR AT THE LIMITS OF THE SUPPORT

In this section, we study the behavior of the density f« of V4 around the lower
bound s of the support and at infinity. We start with the latter aspect.
Proposition 4.1. Ler & be a positive number, and consider the density f of Va
(¢f (3.18)). We then have
. JoE)
ghjrolo Flof - xe®.

Proof. Consider the function Py introduced in (3.14). Since Py is a strictly
increasing bijection of R onto R, it suffices to prove that

Jim fo(Pa(x)) Pac(30)e™ ) = e,

Using Theorem 3.7(ii), Lemma 3.4(ii), and Lemma 3.6(iv), we find that

. .1 Va(X)
Py(x) _ i & S S Py (x)
A%J“(P“(X))P“(X)e g _ilfrc}orrxzvtva()c)zpo‘(x)e i

() (142) (2 o

1
— - 1-axm-1-e%* = e,
s

as desired. O

We turn next to the behavior of fx(&) as & | sx. We study initially how s«
varies as a function of .
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Proposition 4.2. For any positive number &, consider the function Hy and the
quantities Cx and S defined by (3.1), (3.4), and (3.15), respectively. We then have

the following conclusions:
(i) Hy satisfies the differential equation

Hy(z) =x+z+(z7 ' =1)Hy(z), (z€C\I[0,)).

(i) S = (ca/ (1 + ca)) (X = Cx).

(iii)) Hy(—ca) =1 —S(x/C‘zx < 0.

(iv) limg—oSa = 0, andlimy_ o Sx = 0.
(V) C« is an analytic function of &, and

deo — cx(l+cq)

da  o(ex—2¢cq — c2)°

(Vi) S 75 an analytic function of &, and
dsq ol +1)

da (1l +co)

In particular, s is a strictly increasing function of .

Proof. (i) Differentiation in the first equality in (3.1), along with partial inte-
gration, leads to

(o] —t 00 —t

dt

H“(Z):1+O(Jo Z—tdt_azjo (z-1)2

B ot o ot
-Z H“(Z)_az([z—t]o +Jo z—tdt>

=z 'Hy(z2) +ox— (Hy(z) = 2) =+ z + (z7' = 1)Hy(2)

forall zin C\ [0, o).
(i1) From Lemma 3.3, (i), and (3.15), it follows that

’ _ 1+c¢
OZHD‘(_CO‘):(X_CO‘+(_C0(1_1)HD((_CD() =X—Cx— c ‘xScx;
«

from which (ii) follows immediately.

(iii) Differentiation in (i) leads to the formula
Hy(z) =1-z2Hy(z) + (z7' = 1)HL(2), (z€ C\[0,00)).
Combining this with Lemma 3.3, we find that

Hy(—co) =1 —cx?Huy(—Co) +0 =1 - cx’sa.
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At the same time, it follows from (3.2) that

14 ® t -t * t -t
Ha(—ca)=2o<J = _dt=- J °
0

0 (Cea-tp 07 74E<0

(ca + 1)

and thus (iii) is established.

(iv) From Lemma 3.1(i), we know that ¢y — 0 as & — 0, and that cq — o as
& — oo. In combination with (ii) and (iii), respectively, it follows that s« has the
same properties.

(v) For any x in (0, ), it follows from (3.2)—(3.3) that

, ® et
Ha(—x)zl—txj dt =1 - «F(—x),

0o (x+1)2

so that
(4.1) F(-x) = %(l — Hy(—x)) and F' (-x) = —%H&'(—x), (x € (0,00)).
Using (iii) and (ii), we thus find that

’ 1 7’ 1 _
F'(—cx) = _&H(x(_c(x) = &(Cazsfx -1

_l( o—Ca )_(x—2clx—cfx
o \cx(1 +cy) T oacx(1+cy)

In particular, we see from (iii) that F' (—c«) > 0, and (4.1) shows that F is analytic
on (—,0). From the defining formula F(—c«) = 1/« and the implicit function
theorem (for analytic functions; see [FG02, Theorem 7.6]), it thus follows that c«
is an analytic function of & with derivative given by

de 1 Cco(l +cy)
— = = , € (0, .
doe 0@F'(—cy) o(x—2cq —ck) (& & (0, 00))

(vi) From (ii) and (v), it is clear that s, is an analytic function of &. Consider now
the function S: (0, o) x (0, ) — R given by

S(c, ) = 1"‘?(0( —o), (c,x e (0,)),

and note that Sx = S(cq, &) for all positive «, and that

c
1+c

& —2c—c? oS
W and E(C,O() =

a—S(c,(x) = , (c,xe (0,)).
oc
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Using the chain rule and (v), it thus follows that

(jf—o‘(x = Z—‘z(ca,a)% + g—i(ca,a)
o= 2cq —ch ca(l + cx) Cu
(1+ca)?  o(ox—2cq—c2)  1+cq
_ Cux N Ca  _ cx(x+1)
a(l+cy) 14+cy a(l+cy)’
and this completes the proof. O

Let a be a real number contained in an interval I. For functions g, h: I — C,
such that 0 ¢ h(I), we use in the following proposition the notation g (x) ~ h(x)
as X — a to express that limy_4(g(x)/h(x)) = 1.

6HL/>(,(_C0()

m . Then,

Proposition 4.3. For any positive number &, we set yy =
Yo > 0, and we have that

(i) Vo(x) ~ Y2 (x +ca)'?, asx | —cq

Py(x) — Sx 1

(11) xlllg}o( X+7C0( = _EyD(HD((_C(X) > 0, and

(i) FulE) ~ — 2 _ s,

—— (& - 5
TTCa\Sx — C&

Proof. Using formula (3.2), we note first, for any k in {2,3,4,...}, that

as & | s4.

o0 -t
4.2) H® (—cq) = —(xk!J te dt <0,

0 (t+cq)k+!

and in particular this verifies that yy > 0.

(i) Using formula (A.4) (in Appendix A), we find that

®  tet
2 —dt
JO (t +ca)?

xl-co [* tet
—dt
[0 (t +C(x)4

4 va(x)?) = 20a(x) v (x)
dx

= y(X,

where the last equality results from (4.2). Thus, 'Hoépital’s rule yields that

Va(x)? _ Y

m —————— = =1.
xl—ca Ya (X + Cx) Y
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(ii) Using that Hx(—cx) = S« and Hy(—cx) = 0 (cf. Lemma 3.3), we find by
Taylor expansion that

Py(x) = Hx(x + ivg(x))

1 144 . .
=Sy + EHO((—CD()(X +Cy + mo((x))2 +o(lx + cq +iva(x)]?),

and hence by application of (i), we have

Py(x) —So 1.,
LA ) S = +Cy —
X + Cx 2 o(=Ca) | X + Ca

Val(x)? L ollx + ca)? +va(x)?)
X + Cu X + Cy

1 144
- _EH‘X (—Cx)Ya

as X | —cq. Since y« > 0, formula (4.2) shows that the resulting expression above
is positive, and hence (ii) is established.

(iii) Recall from Theorem 3.7 that

. l Vu(x) _ o
Sfa(Px(x)) = Xt UL (x € [—ca, ).

By application of (i), it thus follows that

1/2
(4.3) fa(Pa(x)) ~ :xcz (x +ca)’?, asx | —cq.
X

Using (ii), we have also that

_ -1 (gyy _
é{‘}l(ﬂ>:£’?(%% (&) slx):_lyaH&,(_ca)’

V() + ca ) + ca 2
and hence
PUV(E) +cx ~ —#(E —Sx), as& |l sq.
« YoHx (—Cx)

Combining this with (4.3), we find that

Yo 2 (P& () + c)'? V2

1/2
— S ,
TTCh Trcfzx(—H&’(—clx))”z(g )

Sa(&) ~

as & | sq. Applying finally Proposition 4.2(iii), we obtain (iii). O
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5. UNIMODALITY

In this section, we establish unimodality of the densities fr. We start with a few
preparatory results.
Lemma 5.1. For each positive number R, let g : (0,71) — (0, c0) be the func-
tion given by
®r(0) = F(Rsin(0)e'?), (0 € (0,1)),

where F is the function introduced in (3.3). Then, for any R in (0, ), there exists a
unique number Og in (0, 1) such that ®r is strictly decreasing on (0, Or ] and strictly
increasing on [ O, T7).

Proof. We note first that, for any v in (0, %) and 0 in (-1, 7], we have,
using the change of variables t = ru, that

. 0 te t
F(re'? =J dt
(re®) 0 (rcos(0) — )2 + r2sin’(0)

B J"" rue "% rdu
0 72(cos(0) — u)2 + r2sin*(0)

°° ue U
= du.
Jo 1 —2ucos(0) + u?

Hence, for a fixed positive number R, we have that

ue—uRsin(G)

®r(0) = F(Rsin(0)e'f) = L:o du, (0 €< (0,m)).

1 —2ucos(0) + u?

Then, define the function ¥g: (-1,1) — (0, ) by

- uRVIS O
\I/ = - @ —
R(s) = | T du, (se(-1,1),

so that ®5(0) = Yr(cos(0)) for 0 in (0, 717). Since the function & — cos(0) is
strictly decreasing on (0, 77), it suffices then to show that ¥y is strictly decreasing
on (—1,ngr] and strictly increasing on [ng, 1) for some number ng in (-1,1).
For this, we consider for any u in (0, %) the function Ygy: (—1,1) — (0, 00)
given by
ue—uRm
YRru (s) = 1

T 2us + 2’ (s e(-1,1)).

By a standard application of the theorem on differentiation under the integral sign,
it follows that ¥y is differentiable on (=1, 1) with derivative

(5.1) Yr(s) = Jo %([JR,u(s)du, (se(-1,1)).
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For any u in (0, ) and s in (-1, 1), we note further that

% In(Wru(s)) = %(ln(u) —uRV1 =52 —In(1 - 2us + u?))
=uRs(1 —s>)7V2 4 2u(l — 2us + u?) 1,
so that
;—;2 In(Wru(s)) = uR(1 — )72 + uRs?(1 — s2)73/2
+ 4u*(1 = 2us +u?) 2
=uUR(1 —s3) 732 + 4u%(1 - 2us + u®) 2> 0.
Since
Wru ()  Wru(s)?
Yru(S)  Wruls)?’

d2
@ln(WR,u(S)) =

we may thus conclude that @y, > 0, and hence that @y , is strictly increasing
on (—1,1). Since this holds for all u in (0, ), it follows further from (5.1) that
Y is strictly increasing on (—1,1). Thus, Yg is either strictly increasing, strictly
decreasing, or of the form asserted above. However, by Fatou’s lemma,

. « u
llI}lﬁnf\PR(S) > L) mdu = 00,
and
liminf¥g(s) > Jw Ldu =00
NHRS = 0 T v w)? ’
and hence ¥r must have the claimed form. O

Lemma 5.2. Let « be a strictly positive number, and consider the functions Q «,
Py, and fy given in (3.17), (3.16), and (3.18). We then have the following:
(i) For any p in (0, ) the equation: Qx(X) = p has at most two solutions in
(_Co(s OO)
(ii) For any p in (0, ) the equation fx(§) = p has at most two solutions in
(S(X, OO)

Proof. (i) Let p be a strictly positive number, and assume that there exist three
distinct points X1, X2, X3 in (—Cq, ®) such that

1
Xj +iva(x;)

P=Qa(Xj)=—Im< ) (J=12,3).

It is elementary to check that the points z in C\ {0}, for which —Im(1/z) = p,
constitute the circle C, in C with center (1/(2p))i and radius 1/(2p) (except for
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the origin). Thus, our assumption is that C, intersects the set G (given in (3.10))
at three distinct points. Note that

Cp = {i(ﬂreiﬁ) | B e (—TF,TF]}
_ {i(cos(ﬁ) +i(1+sin(B))) | B (_n,n]}.

Writing a point (1/(2p)) (cos(B) +i(1+sin(B)) from C,\ {0} in polar coordinates
rel? (r >0, 0 € (0, 1)), it follows that

¥sin(0) = %(1 +sin(f))

and
r2 = 4%)2(“’52(3) + 1 +sin®(B) + 2sin(B)) = 2%)2(1 +sin(B),
so that . i
L1 +512n(3) _ rsin(0) _ lsir1(9)-
2p r pr pP
Hence,

Cp = {%sin(@)eie | 6 e (o,n]},

and our assumption thus implies that there are three distinct points 61, 6,, 05 in
(0,77), such that (1/p)sin(0;)e!% € Gj, j = 1,2,3. According to (3.10) and
(3.7), this means that the equation

(5.2) F (lsin(e)eie) _1
P (04

has (at least) three distinct solutions in (0, 7). However, Lemma 5.1 asserts that
the function

®,,(0) =F (%sin(@)ei9> , (0 €(0,m)),

is strictly decreasing on (0, 61/, ] and strictly increasing on [ 01, T7) for some 0,
in (0, ). Hence, the equation (5.2) has at most two solutions in (0, 77), and we
have reached the desired contradiction.

(ii) Let p be a strictly positive number, and assume that there exist three distinct
&1,82,&3 in (Sy, ) such that fx(§j) = p, j = 1,2,3. Then, there exist three
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distinct points X1, X2, X3 in (—Cx, ), such that Px(x;j) = &, j = 1,2,3, and it
follows from formula (3.18) that

p = fulPalx)) = 2Qalxy),  (j=1,2,3).

This contradicts (i), and the proof is completed. )
Theorem 5.3. For each « in (0, ), the density f« of the free Gamma distri-

bution v is unimodal. In fact, there exists a number w y in (Sx, ) such that f« is
strictly increasing on [Sx, W« and strictly decreasing on [0 &, ).

Proof. The proof is an elementary consequence of Lemma 5.2(ii); for com-
pleteness, we provide the details. We know that fx is continuous, that fx (&) > 0
whenever € > sy, and that

Sa(sq) =0 = glirgf“(g)

(cf. Lemma 3.1(iv), Theorem 3.7 and Proposition 4.1). In particular, it follows
that fy attains a strictly positive maximum at some point Wy in (S, ). We show
next that fi is non-decreasing on [Sx, W«]. Indeed, if this were not the case, we
could choose &, &, in (sq, W«) such that

&1 <&, and ful(&1) > fu(&2).

Choosing an arbitrary number p in (fx(&2), fx(&1)), it follows then by continu-
ity of fi that there must exist 51 in (Sx, §1), S2 in (&1, &2) and 53 in (&2, W) such
that

falsi) =p, (i=1,2,3).

Since this contradicts Lemma 5.2(ii), we conclude that fi is non-decreasing on
[, Wa]. This further implies that fy is strictly increasing on that same interval,
since otherwise fx would be constant on a non-degenerate sub-interval, which is
precluded by Lemma 5.2(ii).

Similar (symmetric) arguments show that fi is strictly decreasing on [w«, ),
and this completes the proof. O

6. ASYMPTOTIC BEHAVIOR AS « — 0

In this section, we study the asymptotic behavior of the free Gamma distributions
Ve, as & L 0. We start by considering convergence in moments.

Proposition 6.1. The measures (1/X)Vy converge in moments to the measure
tle 1 (g,00) (t) dt as & L 0. More precisely, we have for any p in N that

ij t"’va(dt)—»J tPle7tdt, asax!lO.
X Jo 0
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Proof. Tt follows from Proposition 4.1 that v, has moments of all orders (cf.
also [BG06]). It follows, moreover, from [AnO1, Lemma 6.5] that, for all p in
N, the free cumulant 7, () of v« equals the classical cumulant ¢, () of py (the
classical Gamma distribution with parameter ). The latter cumulants may be
identified by considering the Taylor expansion at 0 of log(fix(©)). By using dom-
inated convergence, it follows that, for any u in (-1, 1), we have that (cf. (3.12))

* -t w0 X ipyptp-l
logliia(w) = o [ (e = 1) dr = o[ (3 FEE S Jetar
0 =

(o) _p _ '
oS e,
p=1 P

from which we may deduce that 7, (x) = ¢p(x) = ax(p — 1)! for all p in N.
Using the Moment-Cumulant Formula (cf. [NiSp06]), it follows further that the
p’th moment m,, () of vy is given by

14
mmx):rp(awzi(kﬂ) S (07, (00 7 (@)

k=2 iy dk=1

for any p in N. In particular, we see that m, () is a polynomial in « of degree p
with no constant term and linear term «(p — 1)!. For any p in N, we may thus
conclude that

1 [o¢] 1 (o]
- 14 [ _ — 1= p-1,-t
(xJo tPvy(dt) o(mp((x) = (p ) Jo tP~ e " dt,

as desired. O

We show next that the densities of (1/)Vy actually converge pointwise to
Te7t 1 (g,00) (£) as ¢ | 0.

Lemma 6.2. Consider the functions Py defined in (3.14). We have the following:
(i) For any x in (0, ), we have that Px(x) — X, as x | 0.

(ii) Forany y in (0, ), we have that P&V (y) — v, as a1 0,

Proof. (i) Let x be a fixed number in (0, o). From (3.1) and (3.14), it follows

that
ot

Pa(X)=X+iU(x(X)+O(+O(J0 TU(X) dt, (x € (0,)).

Lemma 3.4(iii) clearly implies that vy (x) — 0, as &« — 0, and hence it suffices to
show that

o —t
(6.1) aJ e 4 —0 asa—o.
0 X —t+ivy(x)
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From Lemma 3.4(iii), it follows furthermore that we may choose &; in (0, ®),
such that vy(x)/x = (11/2)xe ™, whenever x € (0,x;]. Then, for all ¢ in
(0, 0) and « in (0, ; ], we have that

te7t

te7t te7t 2
, ¢ c = =x"le¥te ™.
X —t+ivy(x)

62  « = a0 /x - (M)xe X T

For any t in (0, o) \ {x}, we note further that

. te7t
o x -t

te7t
x —t+ivg(x)

(6.3) x

— 0, aso—-0.

If we combine (6.2) and (6.3), it follows by dominated convergence that (6.1)
holds, as desired.

(ii) Let v in (0, ) and € in (0, ) be given. From (i), we know that Py (y —¢) —
¥y —¢ and Py(y +€) = ¥ + & as & — 0. Hence, we may choose ; in (0, o)
such that

Py(y — &) <y and Py(y + &) >y, whenever x € (0, x,].
Then, for any « in (0, 2], we have that

(6.4) ¥ €[Px(y —€),Px(y + 6] =Pu([y —&y+el),

since Py is increasing and continuous. It follows from (6.4) that
PSV(y)ely —¢&y+¢€l, whenever & € (0, ],

and since € was chosen arbitrarily in (0, ), this establishes (ii). O

Proposition 6.3. For any x in (0, ), we have that éfa(x) - x7le™*, as

«x — 0.
Proof. Let x be a fixed number in (0, ), and note that Lemma 3.4(iii) im-

plies that vy(x)/ax — mxe ™, as & — 0. Using then formula (3.18), we find
that

Vua(x)/ax xe ™ 1y
(X2 + va(x)2) x2+0 T ¢ ®« 0.

1
&f x(Px(x)) =
It suffices thus to show that

§|fa(Pa(x)) CFa0)] — 0, as o — 0.
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For all positive &, we set Yy := Péf”(x), and Lemma 6.2(i1) then asserts that
Y& — X as & — 0. Given any number 0 in (0,x), we may thus choose «; in
(0, 00) such that

(6.5) Y« € [8,0), whenever @ € (0, x1].
For any « in (0, &1 ], we find then by application of (3.18) that

66 <1 falPalx)) ~ ful0)] = < | fulPalx)) — faPal0))|
C 1 va) /e va(ye) /o
T X2+ 0a(X)2 Y&+ Va(Va)?

- 1 ' V(X)X — Vo (Va) | X
T X2+U(X(X)2

Va (V) 1 _ 1
T | x2+vx(x)2 YE+va(Ve)? |

Consider, in addition, an arbitrary number y in (0,1). By Lemma 3.4(iii), we
may then choose «; in (0, & ], such that

Va(u) _

(6.7) sup 0(

uUe[d,)

Using (6.5) and (6.7), we find that

mue | <y, whenever & € (0, xz].

(6.8) YalVo) STYee Y +y <1 sup ue “+1< oo,

X ue(0,00)

whenever & € (0, ,]. Together with the fact that yx — x as &« — 0, this implies
that

1 1 ]
= —— ~0.
V2 vava)? VR4 ey w2 x2 B

Since also 1/(x? + vx(x)?) — 1/x2, as « — 0, another application of (6.8) then
yields that

1 1
X2+ Va(X)2 Vi + va(Va)?

Va(Ya)
(.4

— 0, asox—0.

In view of (6.6), it remains thus to show that

6.9) 'va(x)/fx —Va(Va) /X

X2 1 Un(x)? ‘—»0, as x — 0.

For this, note that, for any « in (0, &2 ], we have by new applications of (6.5) and
(6.7) that

‘ Va(X)/x —va(Va) /& ' _2yt Txe™ — yye x|
x2 + vy(x)? x2 )
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Since u — ue™™ is continuous at X, we may choose 3 in (0, ] such that
|xe ™ — yqe Y«| < 1t 1y, whenever ot € (0, %3], and then

Va(X)/ X~ va(Ya) /x| _ 3y
X2 + va(x)? T x?

whenever & € (0, &3 ].

As y was chosen arbitrarily in (0, 1), this verifies (6.9) and completes the proof. O

APPENDIX A. PROOFS OF LEMMAS 3.4 AND 3.6

In this appendix, we provide detailed (but rather technical) proofs of Lemma 3.4
and Lemma 3.6. We start with the following preparatory result:

Lemma A.1. Ler  be a positive number, and consider Vy: R — [0, %), the
Sfunction given by (3.6)—(3.7). Then, we have the following:

(i) If 0 <& < x, then

Va(x) = 200(x — €)e % arctan .
Vx(X)

(ii) For any € in (0, 1) we have for all sufficiently large x that

200(x + &)
e **Earctan .
1-¢ U(x(x)

Proof. (i) Recall first (cf. (3.7)) that

Va(x) <

1 * te !
A o Jo D2 rvanz b e e ),

Assume next that 0 < &€ < x. Using (A.1) as well as the change of variables
U= (t—-x)/vs(x), we find that

1 X+& teft
(A2) o« L—e t— 22+ vax2 &
R X+e
S (x —¢&)e ™ EJ 1 dar
Va(x)? x—e 1+ ((t —x)/va(x))?
3 (X _ E)e—x—e Js/vfx(x)
B Vu(x)? —gjvgx) 1+ u2 Valx) du
_2Xx—ge €
B Va(X) va(x)’

from which the desired estimate follows immediately.
(ii) Let € be a given number in (0, 1), and note that, for any t in (0, ) and x in
(&, 00),
te7t 1 () te~t
(t—x)2 + va(x)2 D ()2 T ()2

Lix+e,0) (t) < e 2te L,
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Hence, by dominated convergence,

xTE te7t o te-t
JO (t —x)? +va(x)? at, LHE (t —x)2 + vy(x)? dt — 0, asx — o

Thus, for all sufficiently large x, we have by (A.1) that

X+& te—t

1
(A.3) (1—5)& SL% (t —x)2 + vy(x)2 at

- (x + g)e X*¢ J"*f 1
U (x)? x—e 1+ ((t —x)/va(x))?
_ 2(x +E)eXE

= ———arctan ———
V() Va(x)’

dt

which yields the desired estimate. -

Proof of Lemma 3.4. (i) Consider the function F: R x (0, 0) — R given by

© —t
F(x,y)=F(x+iy):J te dt, (xeR, y>0).

0o (x—1)2+y2
Using formula (3.8) in the case & = 1, it follows that
Fx,y)=1-y 'ImH (x +iy)), ((x,¥) € Rx (0,»)),

and since the imaginary part of an analytic function is analytic (as a function of
two real variables), we may conclude from this that F is analytic on R x (0, ).
By differentiation under the integral sign, we find in particular that

oF B ®  (x-t)tet
E(X’”“ZL (x-02+y22 &

and
te7t

oF o0
oy XY= _2yJ0 (x=02+22 9

Since Vg (x) > 0 and F(x, V(X)) = 1/« for all x in (—cx, ), and since

g—i(x,y) <0 forall (x,y) € R x (0, ),

it follows then from the implicit function theorem (for analytic functions; see
[FGO2, Theorem 7.6]) that v is analytic on (—cx, o) with derivative given by
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oF (° . (x-Dtet

Ad) v (x) = _a_(X,Uo((X)) _ L (x — 02+ va(X)2)2 dt

. : F ® te ! ’
5 (0 vax)) val) | e d

£)2 + vx(x)2)?
(x € (—cq,)).

In particular, v« is continuous on (—cg, ). From the defining relations (A.1) and
(3.4), it is standard to check that vy (x) — 0 as x | —c. Thus, v is continuous
at —cy as well, and hence on all of R.

(ii) Using Lemma A.1(i), we find, for any positive €, that

_ —X—-&
liminfv“(x) . liminf2(><(x ge arctan(&/vy(x))
Xx—o0 xe™X X —00 xe X

T _
= 2xe 55 = e farm,

where we have used that v4(x) — 0 as x — co (cf. Lemma A.1(ii)). Letting then
& — 0, it follows that

(A.5) liminf2eX) S .

X—oo xe= X

Using Lemma A.1(ii), we find similarly for € in (0, 1) that

limsup Ye) o 26(X + Ee € arctan(/va (X)) __ef
XﬁwP xe—X — quop (1 - &)xe X T 1_¢

XTT,

and letting then &€ — 0, we conclude that

Vu(x)
xe X

(A.6) lim sup

X — 00

< (XTT.

Combining (A.5) and (A.6) completes the proof of (ii).

(iii) Let € be a fixed number in (0, %]. For any x in [¢, o), we note then that

X—& tet o te !
+
‘X(Jo (x —1)2 + va(x)? dt Lm (x = )2+ va(x)? dt)
X—& 00 (o]
< asfz(J te tdt +J te*tdt> < as*ZJ te tdt = xe7?,
0

0 X+&

and thus

X-¢ te t ® te !
SUP "‘( Jo D2 tvaz Jm (X —1)2 + va(x)2 dt) —0

xX€E[g,00)
as x — 0.
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In combination with (A.1), this implies that we may choose «; in (0, o) such
that, for all @ in (0, ;] and all x in [&, o), we have that

. xX+& teft d
—&< t
¢ O(L(—E (x —1)2 +vx(x)?

mX+e <TTa(x + &)e X vy (x) 7!,

<2x(x + €)e v (x)Tarctan

&
Va(x)

where we have reused the calculation (A.3). Hence, it follows that

Va(x) - (X + £)e XT¢

(A7) .

forall x in [&, ) and & in (0, ;.
Since € < %, we find, in particular, for all & in (0, &1, that

(A.8) sup Vu(x)=<Kex, where Kg:=2m./e sup (X + l) e ¥ < .

xelg,0) xX€E[g,00) 2

For any x in [¢, ) and « in (0, ), we note next that

1 X+E teft dt
>
= "‘JH (X — 0)2 + va(x)2

X+E& 1

_ —x—¢ -2
> x(x — &)e Va(x) chs 1+ ((t = x)/va(x))2

=20(x — €)e X fvy(x) !arctan

&
Va(x)’

In combination with (A.8), this shows that, for all x in [&, ) and & in (0, 1],

we have that

Val(x
ValX) > 2(x — &)e ¥ Farctan(eK; 1),

Hence, we may choose «; in (0, «; 1, such that

Va(X)
(A9) o

>2(x —&)e X E(1 - s)% =(1-&8m(x—¢ge ¢

for all x in [€, ) and « in (0, x2]. Combining now (A.7) and (A.9), it follows
for any o in (0, 2] that

(A.10) sup Yalx) _

xX€E[g,00)

TXxe ™

< sup [(xe™¥ - (1-8)(x —&)e )
x€E[g,00)
V(18 (x + e ¥ - xe ).
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Using the fact that the function x — xe™ is bounded on (0, ), it is standard to
check that
sup (xe™ = (1 -¢&)(x —¢ge ¥ ¥)— 0,

x€(0,00) €-0
A.11
( ) sup ((1—&) H(x +e)e ¥ — xe™)— 0.
x€(0,0) -0

To complete the proof, assume that positive numbers 6 and y are given. By
(A.11), we may then choose € in (0, A %] such that the right-hand side of (A.10)
is smaller than y. Applying the above considerations to this &, it follows that we
may choose &3 in (0, %), such that

Ve (x Val(x
sup Valx) _ TXe X | < sup Yalx) _ Xxe X | <Y,
xe[s,0) | & x€[e,)
whenever & € (0, x> ]. O

For the proof of Lemma 3.6, we need the following auxiliary result.
Lemma A.2. Let &, v, € be positive numbers such that € < 1. We then have the
Jollowing:
i h J et dt — 0
(1) Asx — oo, we have x oo (x sy (X D)+ V()2 .
(ii) If 0 < & < x, then

2(X _ E)Yefxfs Jretan € - Jx+s treft
Ve (x) Va(x) ~ Jxoe (x —1)2 + va(x)?
2(x +&)Te X*e
< —arctan ———.
Ve (x) Va(x)

(iii) For all sufficiently large positive x, we have that

dt

(x — &) (x? — )2 /X J"”/" tet _ (X2 4 g)eke
oax?(x2 +¢) T xmeix (X =02+ v4(x)2 T T ax(xz-¢g)

Proof. (i) We note first that, for x in, say, (2, ©), we have that
2x v, —t 2x
the 1
dt < (2x)Te X&/x J dt
LH—E/X (x —£)2 + vy(x)? x+e/x (E/x)2
= 2" 2xT (X7 — ex)e ¥ TEX,

and similarly that

xX—&/x tre= " &\’ /2 X—€&/x 1
O ey
L/z (x = 1)2 + valx)? x) ° xi2 (g/x)?
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Moreover,
* tre " © tre™” 1 [
dtSJ dt = — t"e " dt,
Lx (x —t)2 +vx(x)? w X2 x2 Jox ©
and
x/2 tre " x/2 tre " 4 x/2
J c dt < J C _dt=—| trerat.
0 (X =12 +vx(x)? o (x/2)? x? Jo

Now, the sum of the left-hand sides of the four estimates above is equal to the
integral

tret
J _ _dt,
0,00\ (x—¢/x,x+g/x) (X —1)2 + Va(x)

and the sum of the right-hand sides is clearly of size 0(x 1) as x — 0. Thus, this
shows (i).

(i) Assume 0 < & < x. Arguing as in the proof of Lemma 3.4(ii), we find that

JX+E t‘)’eft - (X + E)Te*XJrS JX+E 1

x-¢ (I —x)% +va(x)? B Val(x)? x—¢ 1+ ((t = x)/va(x))?
C 2(x+g)Te ™" . £
BTN TN 2

which proves the second estimate in (ii). The first estimate follows similarly.

(iii) Considering x in (1, ), we find by application of (ii) and Lemma A.1(i)
(with € replaced by €/x) that

JX+E/X tze—t - 2(X + E/X)Ze—x+$/x arctan
x—g/x (X =1)2 +v4(x)2 7 Va(X) XV (X)
2(x + &/x)%e X+€/X grcran(e/ (xvx(X)))
T 20(x — g/x)e*"€/X arctan(&/ (x vV (x)))
B (X2 +€)2e25/x
ax(x2—¢)

which proves the second estimate in (iii). Regarding the first estimate, we note
first that it follows from (i) that

te !
> ) dt < —
0,000\ (x—¢/x,x+¢&/x) (X — £)% + V(x) ox

for all sufficiently large x, and hence by (A.1) and (ii), we have

_ X+eE/x —t
(I —-¢€/x) SJ te dar

(04 x—e/x (X —1)2 +vx(x)2

2(x + &/x)e XtElx
< arctan
Va(X) XV (x)
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for all sufficiently large x. For such x, we may thus conclude that

Va(x) < 20(x + /x)e T arctan
o= 1-¢/x XVu(x)’

which in combination with (ii) yields that

&
dt = t
x—ejx (X —1)2 +vx(x)2 Vu(x) arctan XV (x)

_ 21— g/x)(x - £/x)%e X~¢/X arctan(e/ (xvx(Xx)))
2x(x + £/x)e XtE/X arctan(&/ (xvx(X)))

B (X _ E)(Xz _ 5)26—25/x

B ax2(x2 + &)

Jx+e/x tze—t Z(X _ E/x)ze—x—s/x

for all sufficiently large x. This completes the proof. )

Proof of Lemma 3.6. (i) Since H is analytic on C \ [0, 0) and v is analytic
on R\ {—cqu}, it follows immediately from (3.14) that Py is analytic on R\ {—cq}.
Since vV is continuous on R, it follows also that so is Py.

(ii) For x in (—o00, —cy), formula (3.16) follows immediately from (3.1), since
Va(x) = 0. For x in [—cy, ®) we find, using Lemma 3.1(iii), (3.1), and (A.1),
that

Py(x) = Hy(x +ivx(x)) = Re (Ha(x +iva(X)))

) —t
=X+(X+O(J Re(te—) dt

0 X +ivg(x) —t
0 (x —t)te !
=X+ o+ dt
rre O(Jo (X — D)2 + Ug(x)2
=X+ X+ xXx Jm te™! dt — (xjoo C dt
a 0 (x =) +v4(x)? 0 (x—1)2+vx(x)?
e t2e7t
=2X+ X — dt,
rre O(Jo (X — D)2 + Ua(x)2

as desired.

(ii1) If we consider the function Hy restricted to (—, 0), it follows from (3.1) and
dominated convergence that

lim RH(X(Z) = —oc0 and lim Hy(z) =0.

zZ——00,ZE z—0,z€(—,0)
From (3.2), it follows further that

H\(z) >0, ifz€ (-0,—cx) and Hy(z) <0, ifz € (—cq,0).
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Since Py = Hy on (—o, —cy], we deduce from these observations that Py is
strictly increasing on (-0, —c], and that s > infre(—¢,,0) Hx(z) = 0.

(iv) Using formula (3.16) as well as (i) and (iii) of Lemma A.2, we find, for any ¢
in (0, 1), that

°° t2et
I — Pa(x)) = i (— J dt)
1£(n_’s:jp(x + % (X)) 1£(n_’s:jp X+ o XDt vax)?
i X+E/x tze—t
B licnasolc}p ( X (XJX—E/X (x — )2 + vy(x)2 dt)
) (x? + g)2e2/x
< hin_'s;lp -X + (X—O(x(xz my
2
= lim sup <—X PCahLy <1 + 225 )ezg/">
X—00 X X< — &
2ex £ 2¢&2
N H 2e/x _ < 2&/x
h;nqsololp <x(e 1)+(x2—6+x+x(x2—6)>e )
28/x _
Clim Lo

~ % 1/x -0 -

Arguing similarly, we find next that

- 2 _ ¢)2n—28/x
liminf(x + & — P (x)) Zli}}lglf<—x+o<(x g)(x* —€)’e )

ax2(x2 + ¢)
_ 2 _ 5
= liminf(—x + (x E)(;C £) <1 - € )e—ZE/X>
e X x2+¢€
= li)xcninf(x(e’k/x -1) - %6*25/96
& —xe—x2¢ 2¢ 5
—2¢/ _
+ x2 (1_X2+E>e X ) = 3.

(v) From (3.16) and (iv), it is clear that Py(x) — o as X — +o0, and since Py is
continuous, it suffices thus to prove that Py (x) > 0 for all x in R\ {—c«}. In the
proof of (iii), we already noted that P, (x) > 0 for all x in (—c0, —c4). For x in
(—Cq, ), we find by differentiation in (3.14) that

(A.12) PL(x) = Hy(x +ivy(x)) (1 +ivy(x))
=Re(Hy(x +ivx(x))) — Im(H(x + iva(X)))vg(x),

where we have used that P, (x) € R, so that

(A.13) 0 =Im(Py(x)) = Re (Hy(x +iva(x))) Vg (x) + Im (Hy(x +iva(X))).
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According to Lemma 3.3, Re(Hy(x + ivg(x))) > 0, and hence (A.13) implies
that
—Im(Hy(x +ivx(x)))

Re(Hy(x + ivg(x))) ’
which, inserted into (A.12), yields that

Vy(x) =

Im(Hy (x +iva(x)))?

PO((X) = RC(HO((X +ivo((-x))) + RC(H(,)((X +i'U(x(X)))

_|Hy(x +ivg(x)) |2
" Re(Hji(x +ivg(x)))

>0,

as desired. O

Acknowledgements. Ufte Haagerup is supported by ERC Advanced Grant
No. OAFPG 27731 and by the Danish National Research Foundation through
the Center for Symmetry and Deformation (DNRF92). Steen Thorbjernsen is
partially supported by the Thiele Centre for Applied Mathematics in Natural Sci-
ence at the University of Aarhus.

We are grateful to an anonymous referee for several constructive suggestions.
In particular, we would like to express our gratitude to the referee and to Hari
Bercovici for making us aware of Lindel6f’s Theorem (see [Lil5] or [CoLo606,
Theorem 2.2]), which simplified significantly the argumentation in Section 3.

REFERENCES

[An01] M. ANSHELEVICH, Partition-dependent stochastic measures and q-deformed cumulants, Doc.
Math. 6 (2001), 343384 (electronic). MR1871667 (2004k:46107).

[Be08] S. T. BELINSCHI, The Lebesgue decomposition of the free additive convolution of two prob-
ability distributions, Probab. Theory Related Fields 142 (2008), no. 1-2, 125-150.
http://dx.doi.org/10.1007/s00440-007-0100-3. MR2413268 (2009d:46115).

[BGOG6] F. BENAYCH-GEORGES, Taylor expansions of R-transforms: application to supports and mo-
ments, Indiana Univ. Math. J. 55 (2006), no. 2, 465-481.
http://dx.doi.org/10.1512/ium;j.2006.55.2691. MR2225442 (2007h:60012).

[BP99] H. BERCOVICI AND V. PATA, Stable laws and domains of astraction in free probability theory,
Ann. of Math. (2) 149 (1999), no. 3, 1023-1060, With an appendix by Philippe Biane.
http://dx.doi.org/10.2307/121080. MR1709310 (2000i:46061).

[BNTO02a] O. E. BARNDORFF-NIELSEN AND S. THORBJ@RNSEN, Self-decomposability and Lévy
processes in free probability, Bernoulli 8 (2002), no. 3, 323-366.

MR1913111 (2003c:60031).

[BNTO02b] , Lévy laws in free probability, Proc. Natl. Acad. Sci. USA 99 (2002), no. 26,
16568-16575.
http://dx.doi.org/10.1073/pnas.232052399. MR1947756 (2003j:46101a).

, A connection between free and classical infinite divisibility, Infin. Dimens. Anal.
Quantum Probab. Relat. Top. 7 (2004), no. 4, 573-590.
http://dx.doi.org/10.1142/5S0219025704001773. MR2105912 (2005m:60027).

[BV93] H. BERCOVICI AND D. VOICULESCU, Free convolution of measures with unbounded sup-
port, Indiana Univ. Math. J. 42 (1993), no. 3, 733-773.
http://dx.doi.org/10.1512/iumj.1993.42.42033. MR1254116 (95c:46109).

[BNTO04]



http://www.ams.org/mathscinet-getitem?mr=1871667
http://dx.doi.org/10.1007/s00440-007-0100-3
http://www.ams.org/mathscinet-getitem?mr=2413268
http://dx.doi.org/10.1512/iumj.2006.55.2691
http://www.ams.org/mathscinet-getitem?mr=2225442
http://dx.doi.org/10.2307/121080
http://www.ams.org/mathscinet-getitem?mr=1709310
http://www.ams.org/mathscinet-getitem?mr=1913111
http://dx.doi.org/10.1073/pnas.232052399
http://www.ams.org/mathscinet-getitem?mr=1947756
http://dx.doi.org/10.1142/S0219025704001773
http://www.ams.org/mathscinet-getitem?mr=2105912
http://dx.doi.org/10.1512/iumj.1993.42.42033
http://www.ams.org/mathscinet-getitem?mr=1254116

1194 UFFE HAAGERUP ¢ STEEN THORBJ@RNSEN

[CoLo66] E. F. COLLINGWOOD AND A. J. LOHWATER, The Theory of Cluster Sets, Cambridge
Tracts in Mathematics and Mathematical Physics, vol. 56, Cambridge University Press,
Cambridge, 1966. MR0231999 (38 #325).

[Do62] W. F. DONOGHUE ]JR., A theorem of the Fatou type, Monatsh. Math. 67 (1963), 225-228.
http://dx.doi.org/10.1007/BF01294964. MR0155984 (27 #5917).

[Fo84] G. B. FOLLAND, Real Analysis: Modern Techniques and their Applications, Pure and Applied
Mathematics (New York), John Wiley & Sons, Inc., New York, 1984. A Wiley-Interscience
Publication. MR767633 (86k:28001).

[FGO02] K. FRITZSCHE AND H. GRAUERT, From Holomorphic Functions to Complex Man-
ifolds, Graduate Texts in Mathematics, vol. 213, Springer-Verlag, New York, 2002.
http://dx.doi.org/10.1007/978-1-4684-9273-6. MR1893803 (2003g:32001).

[Lil5] E. LINDELOF, Sur un principe général de lanalyse et ses applications a la théorie de la
représentation conforme, Acta Soc. Sci. Fenn. 46 (1915), no. 4, 1-35.

[Ma92] H. MAASSEN, Addition of freely independent random variables, J. Funct. Anal. 106 (1992),
no. 2, 409-438.
http://dx.doi.org/10.1016/0022-1236(92)90055-N. MR1165862 (94g:46069).

[NiSp06] A. NICA AND R. SPEICHER, Lectures on the Combinatorics of Free Probabil-
ity, London Mathematical Society Lecture Note Series, vol. 335, Cambridge Uni-
versity Press, Cambridge, 2006. http://dx.doi.org/10.1017/CBO9780511735127.

MR2266879 (2008k:46198).

[RS78] M. REED AND B. SIMON, Methods of Modern Mathematical Physics. IV: Analysis of Oper-

ators, Academic Press [Harcourt Brace Jovanovich, Publishers], New York-London, 1978.
MR0493421 (58 #124290).

[Sak37] S. SAKS, Theory of the Integral, Haffner Publishing Company, New York, 1937.

[Sat99] K. SATO, Lévy Processes and Infinitely Divisible Distributions, Cambridge Studies in Advanced
Mathematics, vol. 68, Cambridge University Press, Cambridge, 1999. Translated from the
Japanese original.

[VDN92] D. V. VOICULESCU, K.]J. DYKEMA, AND A. NICA, Free Random Variables, CRM
Monograph Series, vol. 1, American Mathematical Society, Providence, RI, 1992. A non-
commutative probability approach to free products with applications to random matrices,
operator algebras and harmonic analysis on free groups. MR1217253 (94c:46133).

[Vo86] D. V. VOICULESCU, Addition of certain noncommuting random variables, J. Funct.
Anal. 66 (1986), no. 3, 323-346. http://dx.doi.org/10.1016/0022-1236(86)90062-5.

MR839105 (87j:46122).

UFFE HAAGERUP:

Department of Mathematical Sciences
University of Copenhagen
Universitetsparken 5

2100 Copenhagen @, Denmark
E-MAIL: haagerup@math.ku.dk

STEEN THORBJ@RNSEN:
Department of Mathematics
University of Aarhus

Ny Munkegade 118

8000 Aarhus C, Denmark
E-MAIL: steenth@imf.au.dk

KEY WORDS AND PHRASES: Gamma distributions, free infinite divisibility, absolute continuity,
unimodality.

2010 MATHEMATICS SUBJECT CLASSIFICATION: 46L54 (60E07).

Received: February 15, 2013.


http://www.ams.org/mathscinet-getitem?mr=0231999
http://dx.doi.org/10.1007/BF01294964
http://www.ams.org/mathscinet-getitem?mr=0155984
http://www.ams.org/mathscinet-getitem?mr=767633
http://dx.doi.org/10.1007/978-1-4684-9273-6
http://www.ams.org/mathscinet-getitem?mr=1893803
http://dx.doi.org/10.1016/0022-1236(92)90055-N
http://www.ams.org/mathscinet-getitem?mr=1165862
http://dx.doi.org/10.1017/CBO9780511735127
http://www.ams.org/mathscinet-getitem?mr=2266879
http://www.ams.org/mathscinet-getitem?mr=0493421
http://www.ams.org/mathscinet-getitem?mr=1217253
http://dx.doi.org/10.1016/0022-1236(86)90062-5
http://www.ams.org/mathscinet-getitem?mr=839105

	1. Introduction
	2. Background
	2.1. Classical and free infinite divisibility.
	2.2. The Bercovici-Pata bijection.
	2.3. Stieltjes inversion.

	3. Absolute Continuity of 
	4. Behavior at the Limits of the Support
	5. Unimodality
	6. Asymptotic Behavior as 0
	Appendix A. Proofs of Lemmas 3.4 and 3.6
	Acknowledgements.

	References

