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Abstract A Bernstein-type inequality is obtained for the Jacobi polynomials

Pn(a’ﬂ )(x), which is uniform for all degrees n > 0, all real o, 8 > 0, and all values
x € [—1, 1]. It provides uniform bounds on a complete set of matrix coefficients for
the irreducible representations of SU(2) with a decay of d~Y* in the dimension d
of the representation. Moreover, it complements previous results of Krasikov on a
conjecture of Erdélyi, Magnus, and Nevai.
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1 Introduction
For «, B € R, a, B > —1, and a nonnegative integer n, we denote by P,fa’ﬂ) the Ja-

cobi polynomial with the standard normalization. Recall that in terms of the Gauss
hypergeometric function,

PP (x) =

Fn+a+1) - x
Fi| —n, 1; 1; .
Tat+ DI (nt1)> ‘( mntetfrliotl— )

Recall also that for a fixed pair (o, B), these functions are orthogonal polynomials on
[—1, 1] for the weight function

w@®P (x) = (1 —x)*(1 +x)f
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with the explicit values

200841 Mn4+a+ DI (n+p+1)
2n+a+pB+1I'n+DIn+a+B+1)

1
/ PP (x)2w@P) (x) dx =
-1

(see [15], Eq. (4.3.3)).
Forx e[—1,1]and o, B >0, let

(aﬁ)( - (F(n+1)F(n +a+,3+1)>1/2( >a/2<1+x)/3/2P(a’ﬁ)(x).
'n+a+DHI'+B+1) 2 2 "

Then these functions are orthogonal on [—1, 1] for the constant weight. Moreover,

1 1
—/ @h(x)ldx = —-——. (1
2 J_ 2n+a+p+1

In suitable coordinates the functions g( #) with arbitrary nonnegative integers «,
and n comprise a natural and complete set of matrix coefficients for the irreducible
representations of SU(2) (see Sect. 2 below). The value 2n + o + 8+ 1 in (1) is
exactly the dimension of the corresponding irreducible representation.

We shall prove the following uniform upper bound.

Theorem 1.1 There exists a constant C > 0 such that

1
(1= x2)ig@P (x)| <Cn+a+p+1)
forall x e [—1, 1], all a, B > 0, and all nonnegative integers n.

We have not made a serious effort to find the best value of C, but at least our proof
shows that C < 12.

With standard normalization, the inequality in Theorem 1.1 amounts to the fol-
lowing uniform bound for the Jacobi polynomials:

(sin0)** 2 (cos 0)P+ 2| PP (cos 26) |

Trn+a+DIn+p+ 1))1/2
T'm+DIn+a+p+1)

(2n+a+ﬂ+1)“< (2)

=

for 0 <0 < /2. The decay rate of 1/4 in Theorem 1.1 is optimal as « and 8 tend
to infinity, see Remark 4.4. However, if the pair (¢, 8) is fixed, then P,,(O"'6 ) (x) is
O(n_l/z) for each x # +1, cf. [15], Theorem 7.32.2. In particular, in Legendre’s

case « = 8 =0 where P,,(a’ﬁ ) (x) specializes to the Legendre polynomial P,(x), the
Bernstein inequality (refined by Antonov and Kholshevnikov)

(1-x2) | Pao)| = @/m)'Pen+ 172, xe[-1.10, 3)

is known to be sharp, see [15], Theorem 7.3.3, and [13]. We refer to [5] for a further
discussion of the sharpest constant in (2), with a subset of the current parameter range.
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It is of interest also to express our inequality in terms of the orthonormal polyno-
mials defined by

s g (@rretprDIat DEtatp+ D)2 oy
n (X)) = 24P M (n+a+D)IFn+B+1) .

for which

1
/ PP () 2w @) (x)dx = 1.

Here our estimate reads
1 N C
(1 = x2)3weB ()| P (x)| < Sentatpt 1)

for all o, 8 > 0 and all integers n > 0, with the same constant C as before. The
following generalization of Bernstein’s inequality (3) was conjectured by Erdélyi,
Magnus, and Nevai [4]:

(1— xz)%\/w“’ﬁ(x)Iﬁ,i"“B)(x)| <C(a+p+2)"* 4

for all o, B > —% and all integers n > 0, with a uniform constant C’ > 0. A stronger

form of the conjecture, in which the right-hand side of (4) is replaced by

1/12
C'(e+p +2)1/6(1 + i) ,
n

was recently established by Krasikov [10], but only in the parameter range «, 8 >

1"’4—‘/5, n > 6. Our estimate is valid for a more general range, but it does not have
the stronger form suggested by Krasikov, and it involves 2n + « + B rather than
o + B. Note however that by combining our results with those of [10], one can re-
move Krasikov’s restriction n > 6 in the parameter range for the validity of (4). In a
range disjoint from that of [10], but overlapping with the range of the current paper,
inequality (4) was established for —% <a,B< % in [1] (see also [3] and [5]).

Estimate (2) implies a similar estimate for the ultrasperical (Gegenbauer) polyno-
mials C, ,(,)‘) (x), as these are directly related to the Jacobi polynomials P,,(O"/3 ) (x) with
a=B=A— % Previous to [10], this case had been considered in [11] and, as above,
(2) allows the removal of a restriction on the degree.

The proof of Theorem 1.1 is based on an expression for P,,(a’ﬂ ) (x) as a contour
integral, for which we can estimate the integrand by elementary analysis. The proof
is simpler when « and B are integers. In this case, which is treated in Sect. 3, the
contour is just a circle. The general case is the discussed in Sect. 5.

2 Motivation from representation theory

It is well known that the irreducible representations of SU(2) can be expressed by
Jacobi polynomials. In the physics literature it is customary to denote the correspond-
ing matrix representations as Wigner’s d-matrices. We recall a few details (see [17],
Sect. 38, [16], Chap. 3, or [9]). The irreducible representations 7; of SU(2) are pa-
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230 U. Haagerup, H. Schlichtkrull

rameterized by the nonnegative integers or half-integers [ = 0, %, 1,...,where 2] +1
is the corresponding dimension. The standard representation space for 7; is the space
P; of polynomials in two complex variables z1, z2, homogeneous of degree 2/, on
which the representation is given by

|:7Tl (i Z) f:| (z1,22) = f(azi + cz2, bz1 +dz22).

e — el 0 nd o — cosf —sinf
9= o eio) @ 9=\ sin6 coso
for ¢,0 € R. Then every elemem A € SU(2) allows a decomposition of the form

A = kgytogk_y. The monomials z]z5 with j + k = 21 form a basis for P, and it is
convenient to use the notation

Let

! l=p I+

where p = —I, -1+ 1, ..., 1. Notice that these are weight vectors
mi(kg)hl, = e 2P0l (p=—1,....]).

Choosing the inner product on P; so that m; is unitary, the functions hé, form an

orthogonal basis. We denote by fzi, the corresponding normalized basis vectors. For
A € SU(2), the matrix elements

m',, (A) = (m (AR hL)

with p,q = —I, ..., form the so-called Wigner’s d-matrix. Our result for the Jacobi
polynomials implies the following.

Theorem 2.1 Let C be the constant from Theorem 1.1. Then

|5in2601'2|m!, (kgtok—y)| < CQ2L+1)~* (5)

forall p,0, ¥ eR,alll =0, %, 1,...andall p,q=—I1,...,l. Moreover, the expo-

nent 1/4 on the right-hand side is best possible.

Proof Explicitly the matrix elements are given as follows (see [9, 16, 17]). For p, g =
—I, ..., suchthat |g| < p,

mi,q (kptok_y) = e_i2p¢ei2q‘”g,(l°"ﬁ) (cos209),
where
o=p—q, B=p+q, n=Il—-p.
For other values of p and g, there are similar expressions, and in all cases one has

m", (kptok )| = [gF) (cos 26)].
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Jacobi polynomials 231

where o = |p — q|, B =1|p + ¢ql, and n =1 — max{|p|, |q|}. Moreover,
dimm =2l+1=2n4+a+ B+ 1.

Thus (5) follows directly from Theorem 1.1. For the last statement of Theorem 2.1,
see Remark 4.4. O

Remark 2.2 For | integral, m; descends to a representation of SO(3), and the ma-
trix elements mlpO with ¢ = 0 descend to spherical harmonic functions on $? ~
SO(3)/SO(2). With the common normalization from quantum mechanics, the spher-
ical harmonics Ylm with — <m <[ satisfy

Q1+ 11/?

Ylm(9’¢) = iW

gl(i’;)(cos 0)e'™?,

where o = |m|. From Theorem 1.1 we obtain the uniform estimate

. c
|sin@|"/2]Y" (0, ¢)| < W(zl + 14

for all 0, ¢ and all integers [, m with [m| <.

The Jacobi polynomials are also related to the harmonic analysis on the complex
spheres with respect to the action of the unitary group. The spherical functions for
the pair (U(q),U(g — 1)) are functions on the unit sphere in C%, and in suitable
coordinates they can be expressed by means of the Jacobi functions P,,(a’ﬁ ) with a =
q — 2 (see [8, 14]). The direct motivation for the present paper was an application
of this observation for ¢ = 2 to a study of Sp(2, R). In [7] the first author and de
Laat apply the uniform estimates of the present paper for the case o = 0, to show
that Sp(2, R) does not have the approximation property (AP) introduced by the first
author and Kraus in [6]. Earlier, Bernstein’s inequality (3) had been used in [12] to
prove that the group SL(3, R) does not have property (AP).

3 Integral parameters

The proof is based on the following integral expression, which is obtained by ap-
plying Cauchy’s formula to Rodrigues’ formula for P,fa’ﬂ )(x) (see [15], Eq. (4.3.1)):

1 n
A =0)*1 +x)f PP (x) = (—5> 1P (x) (6)
for x € (—1, 1), where
1B (x) = L/ (1—2)" (1 +2)"F dz o
" 27i Jy ) (z—x)" z—x

Here y(x) is any closed contour encircling x in the positive direction. We assume
in this section that o and g are integers > 0. Without this assumption one would
have to request also that y(x) does not enclose the points z = +1. We shall take
y (x) = C(x,r), the circle centered at x and with a radius r > 0 to be specified later.
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232 U. Haagerup, H. Schlichtkrull

The case n = 0 will be treated separately in Lemma 4.3 below. Here we assume
thatn > 1 and leta =« /n and b = B/n. Then

1 1— )T 14+ )P\" d
Iéa,ﬂ)(x):_/c( )(( 2 (1 +2) ) Z
X,r

2mwi Z—X Z—X
1 (1—x =)0 +x+ 5T\ ds
- 2mi C(0,r) N N

In order to select a suitable radius r, we look for the stationary points of the ex-
pression inside the parentheses, as a function of s. We let

Y(s)=(@+ Dlog(l —x —s)+ (b+ 1)log(l +x +s) —logs

for s € C and analyze the derivative

a+1 b+1 1
v'(s) = + -,
s+x—1 s4+x+1 =

which is independent of the branch cut used for the complex logarithm. Now

As? + B(x)s + C(x)
s+x—Dx+s+1Ds’

¥'(s) =

where

A=a+b+1, B(x)=(a+b)x +a—b, Cx)=1-—x2

The numerator is a second-order polynomial in s with the discriminant
A(x) = B(x)* —4AC(x)
=(a+b+2)%x? +2(a* —b*)x + (a —b)* —4a+b+ 1),

which coincides with the polynomial A defined in [2]. The polynomial A (x) has two
real roots

- )

x+} b2 —a’+4/a+ Db+ D@+b+1)

) @+bt2)?

for which —1 <x~ <xt <1.Forx~ <x <x™1, we have A(x) < 0, and thus there
are two conjugate solutions s = s, 57 to the equation As> + B(x)s + C(x) = 0. They
are

—B(x) £i/—A(x)
S1, 82 = .
1,52 A
Note that
C(x) 1 —x2
2 _ 2 __ _ _
[s1]7 = |s2|” = 5152 ) Py

Hence, if we choose the radius

1 —x2 ®
r=,————:,
a+b+1
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then our contour C (0, r) will pass through the stationary points of . We define r by
(8) for all x € (—1, 1) (also when A(x) > 0).
We now find

2
|I,§a,/3)(x)| =< %/0 |(1 — X — Veig)H_a(l +x +}’ei9)1+br_1 |nd9

and write
[(1—x— rei9)1+u(l +x+ rei9)1+br*1| = /(080
where
fin="2 ;’ ! In(r2 + (1 — x)* = 2r(1 — x)t)
+b;11n(r2+(1+X)2+2r(1 +x)t) —In(r) 9)

for t € [—1, 1]. Notice that we allow the possible value f(t) = —oo at the end points
t==1.Let

2 1 — 2 2 1 2
pe =07 r+d+n (10)
2r(l —x) 2r(1 4+ x)
Then t; < —1 and 1 < 1. It follows that
a+1 b+1
f@) = 5 In(ty —t) + 5 In(r — 1) + K, (11)
where
1 b+1 b b+2
K=" hma-xn+2t ln(1+x)+%lnr+%ln2 (12)

is independent of . With (11) we can extend the domain of definition for f to
[t1, 2] D [—1, 1]. For later reference, we note that from (10) and (8) it follows that

t:—(a+b+2)—(a+b)x _(a+b+2)—(a+b)x

Hh= , (13)
2Va+b+ 141 —x2 2Va+b+1v1 —x2
and
b+2
bty = — 2O . (14)
Va+b+1v1—x2
We have
1 2w
|1{*P) ()| < —/ "0 g,
" ~2n 0
From (11) we find
a+1 b+1 (@a+b+2)(tog—1)
f@)=- = , (15)
20n—1) 20t —1) 2ty — 1) (t —11)
where 1y is the convex combination
1)t b+ Dt — b— b
to:(cH— 4+ b+ )2: a—+ (a+Db)x € (11.12). (16)
atb+2 2Va+b+ 11— x2
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Moreover,
a+1 b+1
— <0.
(—1?% 2(t—n)?
Hence, the function f(¢) is concave and has a global maximum at #y. We thus obtain
the initial estimate

Iro=-3

|I,§°"ﬁ)(x)| < %/‘0” e (©0s0) gg < pnf (o), (17)
Since
we find
-3 B S

and from (12) and (14) it then follows that

2a+b+2(a + 1)a+1(b+ 1)b+l
(a+b+ 1)atb+l

f (1) = %m( a —x)“(1+x)b>.

Thus,
wrio) — (2@ D G+ 1D BN
‘ = (a+ b+ 1)atb+l 1—x)*1+x)
2(1+b+2(a + 1)a+l(b+ 1)b+1 n/2
B ( (a+ b+ 1)atb+! ) (1 — )2 (1 +x)P2.
The inequality

Fn+ DI (n+a+p+1) ((a + Db + Db )
Fn+a+DI(n+p+1)\ (a+b+1)atbt]

<((n+l)(n+ot+,3+1))l/2 (19)
“\nta+DHm+B+1)
will be shown in Lemma 4.1. Inserting (17) and (19) into our definition of g,(la‘ﬁ ), we

obtain the initial bound

6P ()| < m+Dn+a+p+1) 1/4‘ 20)
" “\(ta+Dn+B+1)

In particular, since (n + D(n+a+ B+ 1) <(m+a+ 1)(n+ B + 1), it follows that
| g,(la"3 ) (x)| <1 (which could also be seen directly from the fact that g,(,a”g )isa unitary
matrix coefficient of orthonormal vectors).

In order to improve the estimate, we need to replace the inequality f(f) < f ()

by a stronger inequality. In Proposition 3.1 below we shall establish the inequality

D " 2
f@) < f(wo) + lzf(mxt—m) (21)
0

1+
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for t € [—1, 1], with a suitable constant D > 0. Following the argument from before
and taking into account the second term in (21), we can then improve (17) with the

extra factor
1 [ D
—/ exp( " 5 " (to)(cos 6 — t0)2> do
7 Jo I+

on the right-hand side.
For the estimation of the exponential integral, we use Lemma 3.6 below, which is
applicable since f”(xp) < 0. We let

="

and observe that u? + v2 = nD|f" (ty)|. We thus obtain

(t0)|,

1/4

| 1B (x)| < 2™ @ (D] £ (20)])~ (22)
and hence (20) has been improved to
n+Dn+a+p+D\"* 14
@B) 2 " ‘
™" (0] < <(n+a+l)(n+,3+l)) (D] " @0)])
From (15), (18), and (14) it follows that
. a+b+2 (a+b+Da+b+2) 5
- _ =— 1— 23
S = S = —10) Xatnein ) @D
and hence,
y («+B+n)(a+p+2n) 2
= 1—x7).
|70l rarmGim L)
Since
n+a+pB+1 - n+a+p
m+a+Dn+p+1) " (m+a)(n+p)
and

n+1 - 3
n2n+a+p)  2n+a+pB+1
foralln > 1 and «, B > 0, it finally follows that

18@P ()] < Cl(a+B+2n+ 1) V41 —x) 4,
where C’ = 2¢/6/D = 2v/168 < 8 with the value D = 1/28 from below. This com-
pletes the proof of Theorem 1.1 in the integral case (up to the cited results from

below).
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236 U. Haagerup, H. Schlichtkrull

Proposition 3.1 Fix x € [—1, 1] and let f(t) and ty be as above. Then

F@O = f)+ - f (1)t — 10)*

(1+13)
forallt e [—1,1].

Proof We begin the proof by a sequence of lemmas.

Lemma 3.2 The following relation holds:

@+ rdarbrng =2 (24)
a a = .
o7 1—x " 1+4x
Proof Using (16), we obtain
—b b)x)?
Aa+b+ 1)k = @bt @+bx)”
1 —x2
On the other hand,
242 20> 2(a® +b* + (a* — bP)x)
+ = .
l—x 14x 1 —x2
Hence, (24) follows from the identity
(a+ b)z(l - xz) + (a —b+(a+ b)x)2 = 2(a2 +b%+ (a2 - bz)x),
which is straightforward. O

Lemma 3.3 We have

1_x2<16w

T (atb+27 (1+1)

forall x e [—1, 1].

Proof Note first that if we replace the triple (a, b, x) by (b, a, —x), then 1, fy, 1> are
replaced by —#», —f9, —t1, and hence the asserted inequality is unchanged. We may
thus assume that a < b.

It follows from Lemma 3.2 that

(@+b)>+4@+b+ )G > 2"
“14+x

and therefore
2b2

14+x> .
(a+b)?+4@+b+ D3
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Hence,

. - 2b> a?+2ab+4(a+b+ i3
_x —_— =
T (@+b)?+4a+b+ i (a+b)?+4a+b+ i

and
a? +2ab+4(a+b+ Ditg
(@+b)2+4@+b+DtZ

1—x?<2(1—x)<4

Since the right-hand side is an increasing function of tg, we have for tg <1 that

2 L H2ab+4@+b+ 1) ~1elat b+

1—x < ,
(a+b?+4a+b+1) (a+b+2)?

where in the last step we used that a < b implies a? + 2ab < 4ab. For tg > 1, we
obtain similarly

(a® +2ab)ig + 4@+ b+ )5 _ 6@t e+ ,

1—x2 <4 < 0
(@+b)>2+4@a+b+1) (a+b+2)?
This completes the proof of Lemma 3.3. g
Lemma 3.4 We have
1 1
th—tg> ———— and th—1t; > (25)

401 +12)1/2 41+ )12

Proof 1t follows from (14) and Lemma 3.3 that

(a+b+2)>2

_ 1 n—1/2
R N e T

and hence, by (18),

Ja+1(a+b+2) (1+t2)_1/2
4o+ Datb+rn:

n—1=

Using (b+1)(a+b+1) < (a+b+ 2)2 and +/a + 1 > 1, we obtain the first inequality
in (25). The second one is analogous. O

Lemma 3.5 We have
(u —11)(ty — u) < 14(1 +15) (t — 11) (12 — o) (26)
forall u € [t1, t2] for which —1 <u <tyorty <u < 1.
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Proof We first assume that @ < b. Then by (18)

a+b+2
u—1n Slz—tlZﬁ(m—tl)iﬂm—lll

In order to estimate , — u, we first note that |u — | < 1 4 |#9| and hence,

h—u<ty—to+|to—ul <tr—to+ 1+l
By Lemma 3.4,
1+ ltol < vV2(1+22)"? <av2(1 4+ 13) (12 — 19),
and hence,
h—u<(1+42)(1+8) 1 —10) <7(1 +13) (12 — 10).

Now (27) and (28) together imply (26). The proof for a > b is analogous.

27)

(28)
0

We can now prove Proposition 3.1. Let ¢t € [—1, 1]. It follows from (15), (26), and

(23) that
f/(u)__ a+b+2
u—ty  2u—1)tr—u)
- a+b+2 ")

28(1+13)(to — 1)) (12 —10)  14(1 +12)

for all u € R between ¢ and 9. Hence,

t
£ = fli0) + / £ du

1" (to) / 1" (to)
< f(x —ty)du = + t
S (o) + 14(1+2) (u —19) S (o) 28(1+t§)(
Lemma 3.6 Let u, v € R with u®? + v? > 0. Then
l/n e—(u-l—vcoss)2 ds < 2 )
7 Jo T ()t

Proof We will show (29) with the slightly stronger bound
V2

max{[ul, o]}

2
—19)”.

O

(29)

The statement is invariant under the map (u, v) — (—u, —v) and, using the substitu-

tion s = m — s, also under v — —v. Hence, it is sufficient to show that

_/ —(u— vcoss)zd ﬁ
./max{u v}

foru>0,v=>0.
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Suppose first 0 < u < v; then v # 0. Let o € [0, %] be such that coso = % Then
L (s+o L [(s—0O
u—vcoss:v(cosa—coss):szm( 5 )sm( 5 )

Note that sin(*2) > | sin(:52)| because sin*(:2) —sin*(£52) =sins sino > 0 for
s €[0,m] and o € [0, F]. Using also that |sin¢| > %|t| for |z| < Z, we have that

l /ﬂ ef(ufvcosx)2 ds = l /ﬂ ef4vzsin2(%)sin2(x’2“)ds
T Jo T Jo

T
< l/ 6741)271’4(&7:7)4 ds
T Jo

< l/oo e—4v2n*4s4 ds < 2 ’
T J oo V2v

where we used that [~ e dt = ré<t.
Suppose next that 0 < v <u <2v. Then u — vcoss > v(l — coss) =2v sinz(%).
Hence,

l /n e—(u—vcoss)2 ds < l /n e—4vzsin4(%)ds
0

T T Jo
T
sl/ T g e <
7 Jo V2u T Ju

using again [;° etdr<1.
Suppose finally that 0 < 2v < u. Then u — vcoss > %, and hence,

T
l/ e*(ufvcoss)2 dsfef% < L’
T Jo ﬁ
where we used that xe’x4 < % for all x > 0. O

4 Some inequalities with gamma functions

In this section we prove some inequalities that were used in the preceding section.
We assume that «, B are real and nonnegative.
Lemmad.1 Letn,a, 8 >0. Then

I'm+DI'n+a+p+1)

'm+a+DHI'h++1

o et ((n+l)(n+a+ﬂ+1))”2 (30)
T (a+n) B+t \m+a+DHn+p+1))
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240 U. Haagerup, H. Schlichtkrull

Proof We have, for x, y,z >0,

nF(x+1)F(x+y+Z+1)
F'x+y+DI'x+z+1)

y prz
=/ / (InMY'(x +s+t+1)dtds. (31)
0 JO

We claim that

1 1
Inr)” Nn<———— 32
WD) @+ 1) <= e (32)
for all u > 0. The asserted inequality (30) follows easily from (31) and (32).
In order to prove (32), we recall that
o
InM'(u+1)= Au—+k
(Inr)"( )Z(+k)2 Z( ).
where
Aw)= ——.
=2
For the other side of (32), we use the telescoping series
o
=) Bu+h, S 1)2 Zc<u+k)
k=0
where
1 1 1
Buy=———=——
u u+1 uw+1)
and
1 1 2u+3
Cu)= — = .
2w+ 1?2 2w+2)? 2w+ 1D%u+2)?2
We observe that
Cu) < :
W< — —
T+ D2u4+2)
and, hence,
1 24 2u+2
B(w) — Cu) > S S )
u(u+1) @+ 1)?wm+2) u(u+ 1) (u+2)
We obtain (32) by termwise application of this inequality to the series. O

Lemma 4.2 Fora,f >0,

Lya+B+3 (113
'a+Bg+1) <(01+,3+2) 2(5)2
Fa@+Dr @+~ o+ %)a+%(,3+ %)ﬁ%'
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Proof Following the preceding proof, we deduce this inequality from
" 1
(InlY'(u+1) < —.

The latter inequality is also seen as in the preceding proof, by using the telescoping
series

1 o0
=) D(u+k),
r=D
uts 5o
where
D(u) ! ! ! > A(u)
u) = — = > = A(u).
utd T @t hHe+d) T w+1)? O

Lemmad4.3 Leta,8>0and —1 <x < 1. Then

0= (1-x2)" Py <@+ p+1D714

Proof Since Péa’ﬂ)(x) =1, we have g(()“’ﬂ)(x) >0 and

at+3 1
(1—x2)igeP = 2@t hr D) (1—x> +2<1—|—x>ﬁ+2‘
Fae+DHrB+n\ 2 2

For w, v > 0, the function ¢(x) = (1 — x)*(1 +x)" on [—1, 1] satisfies

V—pu 2u+vuuvv
<V+M) (u+ vyrtv’

max X) = —
XE[_L”w() @

Hence, by Lemma 4.2,

1 r@+p+1) (a+hHetig+ st
max (1 -— xz)fg(‘)"’s)(x)2 = d 2 2
xe[-1,1] 0 Fa+DIB+1)  (a+ B+ Datpbt]

<h@+B)a+p+1)"12 (33)

where

1\ 141
h(r):ﬁ(tf—2> y

+1
Since
1 t+3 AL
logh)'(t) = 1 2:/ —— ——du<o,
(logh (1) 2(t+1)+0g<t+1> o )=
it follows that h(z) < h(0) =1 for all ¢ > 0. This proves Lemma 4.3. Il
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Remark 4.4 1t follows from (33) and Stirling’s formula that

1/4 _
Mg P (o)) ~ /) a4+ g+ 1)

max(l — xz)
as @ — oo and B — oco. Hence, the decay rate 1/4 in Theorem 1.1 cannot be im-
proved. This was observed already in [4], p. 604.

In this connection it can be noted that for each [ = 0, % 1, ..., the irreducible
representation 7; of SU(2) will exhibit matrix coefficients in which the functions
g(()a’ﬂ ) for o + B =2l occur (see Sect. 2). In particular, it follows that a positive
solution to the EMN-conjecture mentioned in the introduction will not significantly

improve the representation theoretic content of Theorem 1.1, discussed in Sect. 2.

5 The general case

In this section, n € Ny, and «, 8 are nonnegative real numbers. We have already
proved in Lemma 4.3 that

2Pl s @+p+ D7V xel-11], «p20,

so we can assume that n > 0. As in Sect. 3, we puta = «/n and b = /n and use the
integral representation (6)—(7) of P,fa’ﬁ ) (x), with a closed contour y (x) encircling x
in the positive direction. In addition, we assume now that y (x) does not intersect the
branch cuts ]—oo, —1] and [1, co[. As before, we define » > 0 by (8) and consider
the circle C(x, r). For |x| < 1, we find

l<xtr o atb
<x+r x> —,
a+b+2
and, consequently,
] N a+b
—1>x—r Xr<———.
a+b+2

Hence, we can distinguish the following cases:

Case | -4t — x < 1.Then 1is inside, and —1 is outside C(x, r).

at+b+2
Case 2 |x| < aiﬁrz. Both 1 and —1 are outside C(x, r).
Case3 —1<x< —%. Here 1 is outside, and —1 is inside C(x, r).

By continuity it suffices to prove Theorem 1.1 in each of these three cases. As the
proof given in Sect. 3 is valid without modification in Case 2, we need only consider
the other two cases. Note that the integral

1 1— n+ao 1+ n+p
C(x,r)

2 (z — x)i ! ¢

makes sense for all «, 8 > 0, although the argument of the integrand may become
discontinuous at z = x + r or at z = x — r when these points belong to the branch
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cuts. As in Sect. 3, see (17),
1 T
|J},§a’ﬁ)()€)| < _/ enf(COS@) d@,
T Jo

where f is the function defined by (9). Note that f depends on a, b, and x. When
necessary, we denote it by f = f4 p.x.

Lemma 5.1 The integral (7) satisfies
1P (x) = 7P (x) 4 R@P) (x), (34)

where |R,(la’ﬁ)(x)| < W jp Case 1, R,(,a’ﬂ)(x) =0 in Case 2, and IR,(la’ﬁ)(x)| <
D in Case 3.

Proof Consider first Case 1 and note that
F) =In( — 14+ ¢+ 1+ 7).

We let the closed contour y (x) follow C(x,r) except for a small arc around the
possible locus of discontinuity at x 4 r. Let 6 > 0 be such that the removed arc
consist of points z; + iz in the strip |z2| < 8. The end points below and above x + r
are joined to 1 &= i§ by line segments along the axis. Finally, 1 —i§ and 1 +i§ are
connected by a half circle crossing the axis to the left of z = 1.

1416

In the limit § — 07T, we obtain (34) with
@p) sin((n +a)) [ (z = 1)"TY(1 4 )" P
RSP (xX)=——""—"— 1
T 1 (z—x)"+

L_psin(ma) [T (s+x— DM 45 +x)"HP
T l—x ghtl
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In particular, R,Sa’ﬂ)(x) =0 if @ =0, so that we may assume that & > 0. For x < 1
and 0 <s <r,wehave 7(1 —x) <1—x,andhence s +x — 1 < 3(r +x —1). It
follows that

+x—D"A+s+x)"  (r+x— D" +r+x) P!
g+l = phta

forO<1—x <s <r. Thus,

Isin(ra)| (r +x — D" +r +x)" 1A /’ ol
s ds
0

|Rr(la,/3)(x)| < - e

Isin(ra)| r +x — D" (1 +r +x)"F  |sin(ra) nf (1)
= = e ’
To r To

completing the proof for Case 1.
Case 2 is trivial since 1 and —1 are both outside C(x,r). For the last case, we
observe that

LD @) = (=)' [P (—x)
and likewise
TP (x) = (=1)" T B0 (—x).

Moreover, from (9) we see that fp 4. —x(t) = fa.p.x(—t). Now Case 3 follows easily
from Case 1. O

Lemma 5.2 Let ty € (t1, t2) be given by (16). Then

1 1
J) = flto) + 755/ (0)

in Case 1, and likewise, in Case 3,

1 "
f(=1) = f(wo) + mf (t0).

Proof 1Tt follows from (16) that the derivative of #y = #y(x) as a function of x is

—(a+b)+ (b —a)x
2a+b+ D21 —x2)3/2°

Since |b—a| < a+b, it follows that 7y is a decreasing function of x € (—1, 1). Hence,
in Case 1,

a+b )_ (b—a)a+b+2) —(a+b)>?

_ L
a+b+2 -2

o) < ;0( Ha+b+ 1)

where the last inequality follows from

b—a)a+b+2)—(a+b)?=-2a@+b+1)+2b<2(a+b+1).
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From Proposition 3.1 and (23) we have

(1-1)*

728(1+t0)2f (to)

f) < f(to) +

with f”(t9) < 0. Since fg < %, we find

1
413 — 10t0+4=4<t0— E)(to—z)zo

and

(1—10)2 1 45— 1019+ 4 .

I+ 5 5(1+13)

Hence,

1
fQ) < fo)+ mf”(to),

as claimed. The proof in Case 3 follows by the observation at the end of the proof
of Lemma 5.1 since the #y associated with the data b, a, —x is the negative of the 7
associated with a, b, x. O

We can now complete the proof of Theorem 1.1. As in (22), we find
(a,B8) 1 g nf(cos) nf (to) ” —1/4
EAS &ﬂs;—oe $Ddo < Cr e (n| £ (0)|)

where C; = 2D~ 14 = 2328, Since e < %t’l/“ for all ¢+ > 0, we obtain from
Lemmas 5.1 and 5.2 that

—1/4
|[R&P ()] < Coe (| £ (0)])
with Cy = %{‘/140 = /35. All together,

|]r§a‘ﬂ)(x)} < C3enf(t0) (”|f//(t0)|)71/4

with C3 = C1 4 (3. Still proceeding as in Sect. 3 and using Lemma 4.1, we finally
get

@B) (n+l)(n+a+,3+1)>1/4 o N—1/4
|5 “”5Q<m+a+um+ﬂ+n (n| £ 0)])
<Cl+a+p+2m 1 —-x2)"

for C = \4/6C3. In particular, we find C < 12.
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