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 Abstract. We find new presentations for the Thompson's groups F, the de
 rived group F and the intermediate group D. These presentations have a
 common ground in that their relators are the same and only the generating
 sets differ. As an application of these presentations we extract the following

 consequences: the cost of the group F is 1 hence the cost cannot decide the
 (non)amenability question of F; the Hi factor L(F ) is inner asymptotically
 abelian and the reduced C*-algebra of F is not residually finite dimensional.
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 1. INTRODUCTION

 The Thompson group F can be regarded as the group of piecewise-linear,
 orientation-preserving homeomorphisms of the unit interval which have break
 points only at dyadic points and on intervals of differentiability the slopes are
 powers of two. The group was discovered in the '60s by Richard Thompson and
 in connection with the now celebrated groups T and V led to the first example
 of a finitely presented infinite simple group. Also, it has been shown that the

 commutator subgroup F of F is simple.
 In 1979 R. Geoghegan conjectured that F is not amenable. This problem is

 still open and of importance for group theory: either outcome will help better
 understand the inclusions £ А С AG С J\fF, where £ A is the class of elementary
 amenable groups, AG is the class of amenable groups and AfF is the class of
 groups not containing free (non-abelian) groups. By work of Grigorchuck [7],
 Olshanskii and Sapir [13], the inclusions above are strict.

 There are properties stronger than amenability and also weaker ones. There
 is naturally a great deal of interest in knowing which ones hold or fail in the case
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 of F. For example, from the "weak" perspective the question of exactness has
 been put forward in [1]. We also find a two-folded interest in whether or not the
 reduced C*-algebra of F is quasidiagonal (QD): by a result of Rosenberg in [8] this
 property implies that the group is amenable. It is also conjectured that any count
 able amenable group generates a QD reduced C*-algebra. As a consequence, the
 (non)QD property gives another spin to the amenability question of F. We prove
 a weaker result than non-QD, namely the reduced C+-algebra of F is not residually
 finite dimensional.

 The Thompson's groups have infinite conjugacy classes and therefore the
 associated von Neumann algebras are Щ factors (see [9]). Also, P. Jolissaint
 proved that the Hi factor associated with the Thompson group F has the rela

 tive McDuff property with respect to the Hi factor determined by F ; in particular

 both are McDuff factors. By finding a presentation of the commutator subgroup
 we naturally recover another result of Jolissaint ([10]), namely that the Hi factor

 L(F ) is (inner) asymptotically abelian. The last property has been introduced
 by S. Sakai in the 70's and consists essentially of a stronger requirement than
 property F of Murray and von Neumann: instead of a sequence of unitaries al
 most commuting with the elements of the factor one wants a sequence of (inner)
 *-isomorphisms to do the job. Moreover, asymptotically abelian is a stronger
 property than McDuff (see the Background section below).

 In [6], D. Gaboriau introduced a new dynamical invariant for a countable
 discrete group called cost. Infinite amenable groups have cost 1 and also Thomp
 son's group F has cost 1, while the free group on n generators has cost n, for
 n^ 1. As the cost non-decreases when passing to normal subgroups, finding the
 cost of F becomes an interesting question. Using our new presentation of F and
 one of the tools developed by Gaboriau we show that F has cost 1 as well (and
 because F is simple we get that any non-trivial normal subgroup of F has cost 1).
 It is very likely that any non-trivial subgroup of F has cost 1. This problem might
 be related to a conjecture of M. Brin: any subgroup ofF is either elementary amenable

 or contains a copy of F (Conjecture 4 in [2]).

 The paper is organized as follows: the Background section prepares some
 basics on the Thompson groups, group von Neumann algebras and cost of groups.
 We have collected some known facts and also folklore-like facts, mostly about the
 Thompson's groups. The follow-up to this section is our main result which de

 scribes various presentations of the groups F, F and D. Next section of the paper
 contains conclusions of these presentations.

 2. BACKGROUND

 2.1. THOMPSON'S GROUPS. For a good introduction of Thompson's groups we
 refer the reader to [4].



 Figure 1. Graphs of generators A = xq and В = X\

 Definition 2.1. The Thompson group F is the set of piecewise linear home
 omorphisms from the closed unit interval [0,1] to itself that are differentiate
 except at finitely many dyadic rationale and such that on intervals of differentia
 bility the derivatives are powers of 2.

 Remark 2.2. The group F is shown to have the following finite presenta
 tion: (A, B) with relations [ЛВ-1,Л-"1ВЛ] = 1 and [ДВ-1,Л~2ВЛ2] = 1. Also,
 F has a useful infinite presentation: F = (xo,x,-,... : XjX{ = x,x;-+i, i < j).
 This is obtained by declaring xo = A, xn = A~ln~l>BAn~r.

 As a map on the unit interval x„ is given by:

 Г t  if0^t<l-2-"/
 if 1 - 2_я < t < 1 - 2-"-1,
 if 1 - 2~n~x < t < 1 - 2~n~2, (2-1) xn(t) = \ \^t22~n)

 { 2t-l  if 1 - 2~n~2 ^ f < 1.

 The following result can be found in [4].

 Proposition 2.3. Let F be given as in Definition 2.1.
 (i) The subgroup

 f' := {/ € F : 36, г £ (0,1) such that /|[0<£] = id, /^д] = id}

 is normal and simple. Moreover, F is the commutator (or the derived group) of F.

 (ii) Any non-trivial quotient of F is abelian.

 As a consequence, any non trivial normal subgroup of F must contain F'. In

 the next section we will give a (infinite) presentation of F and of the intermediate
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 normal subgroup introduced in [9]

 D := {f E F \ 30 E (0,1) such that/|^д] = id}.

 The following finite presentation of F is well known to specialists. Starting with
 n > 4, with notations A = xq,B = x\ we can follow the proof of Theorem 3.1 in [4]

 by rewritting first the two relators in the finite presentation of F as X3 = X^1X2X\

 and X4 = x^x^xi

 Lemma 2.4. Let n ^ 4. The Thompson group F is isomorphic to the group gener

 ated by x0, *1,..., x„ subject to relations

 (2.2) XjXi = XiXj+1 for all 0 ^ i < j ^ n — 1.

 (Only n +1 generators are used.)

 Remark 2.5. There is a classic procedure to realize F as a group of trans
 formations on R. Let F be a subgroup of the group of piece-wise linear transfor
 mations of the real line such that its elements:

 (i) have finitely many breakpoints and only at dyadic real numbers;

 (ii) have slopes in 2Z;
 (iii) are translations by integers outside a dyadic interval.

 Then F— (pFcp~l where (p : (0,1) -> К is defined as follows: <p(t„) = n and cp is
 affine in [tn, tn+1], for all n € Z where

 _ f l-0"+1 if 0 0,
 " \ (\)l~n if и < 0.

 To recover the generators in this new setting notice that Xo(t„) = tn_\. The cor
 responding generator of F thus satisfies Xo(t) = t — 1 for all t E R. Also, by

 definition for n > 1, xn = Xq^"~1\\Xq~x which together with the action of Xq
 on the sequence (fm)meZ determines the form of the other generators, for n ^ 1:

 xn(t) — t for alH ^ n — 1, x„(t) = t+2_1 for n - 1 < t ^ и +1, x„(t) = t — 1, for
 all t ^ и + 1, (see Figure 2). In conclusion, the group F is generated by {хп)пац
 and the similar F relations from the infinite presentation of F constitute a presen

 tation of F. We will see later that it is useful to consider maps xn with negative
 integers n. Our aim is to give a presentation of the commutator subgroup of F,
 thus it suffices to find a presentation of the commutator subgroup of F. Using the

 description of the commutator in Proposition 2.3 we obtain that the commutator
 in F is

 (2.3) F = {/ G F : /(f) — t, |f| ^ к for some к £ N}.

 2.2. Group von Neumann algebras. If G is a countable discrete group with
 infinite conjugacy classes (i.c.c.) then the left regular representation of G on l2(G)
 gives rise to a Hi factor, the group von Neumann algebra C(G), as follows: endow



 New presentations of Thompson's groups and applications  221

 Figure 2. Graphs of generators Xq and xn, n^l

 l2(G) = U:G-+ С: £ Ш\2 < oo I with the scalar product
 L geG J

 ■■= E PisMs)
 g€G

 The Hilbert space 12(G) is generated by the countable collection of vectors :

 g € G}. Also, an element g 6 G defines a unitary operator Lg, on /2(G) as
 follows: Lg(tp)(h) = ip{g~lh), for any tp £ l2(G) and any h € G. (Sometimes,
 to not burden the notation we will write just g instead of Lg). Now, C(G), the
 von Neumann algebra generated by G is obtained by taking the wo-closure in
 B(l2(G)) (all bounded operators on /2(G)), of the linear span of the set {Lg :
 g 6 G} (if one takes the norm closure of the same linear span then one obtains
 the reduced C*-algebra of the group, C*(G)). It is well known (see [11]) that
 £(G) is a factor provided G is an i.c.c. group (i.e. every conjugacy class in G \ {e}
 is infinite) and it is of type Щ. The map defined by tr(x) = (x(6e),6e), where
 e e G is the neutral element and x £ £(G) is a faithful, finite, normal trace.
 The canonical trace also determines the Hilbertian norm ЦлгЦг = tr(x*x)1^2. In
 particular, for x, у in C(G) the following inequalities hold: ЦхуЦг ^ ||x| ЦуЦг and
 Mb < llylblkll , where ||x|| is the usual operator norm of x in ß(/2(G)). Also, if
 и is unitary in C(G) then ЦхиЦг = ЦихЦг = ||x||2 for any x € £(G). Finally let us
 recall an important result of A. Connes (see [5]): If G is a countable i.c.c. group,
 jC(G) is the hyperfinite Щ factor if and only if G is amenable.

 Definition 2.6. A finite factor M is called asymptotically abelian if there ex
 ists a sequence of *-automorphisms (pn)neN on M such that

 \\[pn(a),b\\\z —>■ 0 for a,b € M.

 If each pn is inner then M is called inner asymptotically abelian.
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 EXAMPLE 2.7 (see [14]). (i) The type In factor is not asymptotically abelian.
 (ii) The hyperfinite IIj factor 1Z is asymptotically abelian.
 (iii) Any asymptotically abelian factor is McDuff (this follows from characteri

 zation of McDuff property with central sequences).
 (iv) £(£2) ® TZ is not asymptotically abelian and is a McDuff factor ( F2 is the

 free group on two generators).
 00

 (v) If M is a finite factor then (g) M is asymptotically abelian.
 i=i

 2.3. COST OF GROUPS. We collect here definitions and some results from [6].

 We say that R is a SP1 equivalence relation on a standard Borel probability space
 (X, A) if

 (S) Almost each orbit R [л:] is at most countable and R is a Borel subset of X x X.

 (P) For any T G Aut(X, A) such that graphT С R we have that T preserves the
 measure A.

 Definition 2.8. (i) A countable family Ф = ((pi : Л,- —> Вг)ге/ °f measure
 preserving, Borel partial isomorphisms between Borel subsets of (X, A) is called
 a graphing on (X, A).

 (ii) The equivalence relation R<j> generated by a graphing Ф is the smallest equiv

 alence relation S such that (x,y) G S if and only if x is in some Д, and <p,-(x) = y.

 (iii) An equivalence relation R is called treeable if there is a graphing Ф such
 that R = Rep and almost every orbit R<p [x] has a tree structure. In such case Ф is
 called a treeing of R.

 One can consider the quantity С(Ф) = £Л(Д-). The cost of a (SP1) equiva
 lence relation is defined by the number

 C(R) := inf{С(Ф) : Ф is a graphing of R}.

 It is the preserving property that allows one to conclude the infimum is attained if
 and only if R admits a treeing (see Proposition 1.11 and Theorem IV.l in [6]). The
 numbers C(R) could be interpreted as the "cheapest" measure-theoretical way to
 generate R with partial isomorphisms on standard probability space (X, A). The
 cost of a discrete countable group G is

 C(G) := inf{C(R) : R coming from a free, measure preserving action of G on X}.

 If all numbers C(R) are equal then the group is said to be of fixed price. The cost
 does not depend on the standard Borel probability space (X,A) as all standard
 Borel spaces are isomorphic as measure spaces. The following statements were
 proved by Gaboriau.

 Theorem 2.9 ([6]). (i) The cost of an infinite, amenable group is 1, fixed price.

 (ii) The Thompson group F has cost 1, fixed price.

 (iii) The cost of the free group on n generators is n, fixed price.

 (iv) If N is a infinite normal subgroup ofG, of fixed price then C(N) > C(G) > 1.
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 (v) Any number с ^ 1 is the cost (fixed price) of some group.

 (vi) If G is an increasing union of infinite groups (Gn)n such that C(Gi) = 1, fixed

 price and if Gn+1 is generated by Gn and elements 7 6 G such that y~lGnJ П Gn is

 infinite then G is of cost I, fixed price.

 3. MAIN RESULT

 Recall the following general principle (von Dyck): let G = {X\TZ) be a group
 generated by a set X subject to the set of relators H. Let F(X) be the free group on
 X generators, H is an arbitrary group and / : X —У H a function. Denote by v its
 morphism extension to F(X). If v(7Z) = 1 in H then the map / can be extended
 to a morphism from G to H. Moreover, if /(X) generates H then this morphism
 is surjective.

 Before stating the main result we will make some preparations. These will
 be fully used in the second part of the proof below. Let us turn to the point of view

 taken in Remark 2.5. Recall that we can work with the group F and its generators
 x„'s instead of F and x„'s. Moreover, same relations as in Remark 2.2 hold in
 (and present) F. First we will extend the sequence (xn)„ for negative values of n.
 Define a sequence of elements in F as follows:

 (i) xn := x„ for n ^ 1;

 (ii) x0 := XqXjXq 1;

 (iii) x„ := Xi*o_1 for n < 0.
 From the above we get xn = х0пхох^ which entails

 xn+1 = xQ ]x„xq for all HgZ.

 By yn we will denote the image of xn in F (see Figure 3). We have

 (3.1) yn+1 = *o~ V*o
 Notice that from the relations of type XjX, — XiXj+\ we obtain by translation

 (3.2) УjVi = У1У/+1 for any i < j, z, j in Z.
 (The "obvious" extension Xq = ^0 would have destroyed (3.2) ,e.g. pick i — — 1

 and j — 0.) For i € Z we define now the maps G,- : К -> R by Gj = угугД (see
 Figure 4). For example:

 Go(t) =

 t if t ^ —1,
 if - 1 ^ t ^ 0,

 t — \ ifO^f^j,
 It - 1 if \ ^ t < 1,
 t if 1 ^ t.

 By (2.3) we get that each Gj belongs to the commutator F .
 We are now ready to prove the main result of the paper:
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 FIGURE 3. Graphs of y,-, i G Z. Note y;y, = y,y;+i when i < j.

 THEOREM 3.1. Let I с Z be a set of consecutive integers and G the group gener

 ated (and presented) by (g;)ie/ subject to relations:

 (3-3) gi-\gigi+\ = gigi+lgi-lgu

 (3-4) \gi,gj} = 1
 (i)IfI = {0,1,2,..., n} with n ^ 4 then G = F.
 (ii) If I = 1 then G = F1.
 (iii) Ifl = N then G = D.

 Proof, (i) Let F be given as in Lemma 2.4. Define a map f(xn) = gn,f{xn-1)
 = gn-ign, ■ ■ ■ ,/Oo) = gogi ■ ■ ■ gn- For v the corresponding map on the free group

 we check relations (2.2). We have v(xjx{) = gj- ■ ■ g„gj ■ ■ ■ gn and o(.t,xy+1) =
 gi" ' gngj+1'"' gn for 0 ^ i < j < n. It all amounts now to check the following
 relation: gj ■ ■ • gngi • • • gj = gi ■ • • gn- Because of commutations (3.4) the left-hand
 side can be rewritten and the relation to be checked becomes

 gi'" gj—2gjgj—lgj+lgjgj+2 •■■gn=gi---gn

 Simplifying by g, •'' gj-2 to the left and by gj+2 • ■ ■ gn to the right the last equal

 ity reduces exactly to (3.3). Clearly, (f(xj))f=0 generate G, hence by the principle



 Figure 4. Graph of G, = у^у-Д, i e Z

 above there exists a surjective morphism / : F —> G. If Kerf is not trivial then
 by Proposition 2.3 we would get that G is abelian (and this cannot happen as it
 would be implied that some gj's are the identity). In conclusion, / is an isomor
 phism.

 (ii) We will make use of the following groups: for a, b in TL[5] and a < b
 define

 F{a,b) := {/€ F : f{t) = ti£tt(a,b)}.

 Then (F(—fc,fc))fr€pj is an increasing sequence of groups and by (2.3) we have
 F' = (J F(-Jfc-U + 1).

 k>2

 We make the following claims:

 • F(-k — l,k +1) is generated by . .,Go,.. .,6^;
 • G_/f,..., Go, • • •, Gjt satisfy relations (3.3) and (3.4) and this gives a presen

 tation of F(—k - 1Д + 1).

 Notice that by these claims we obtain an isomorphism between G and F :

 the set (Gi)jez will generate F and satisfies (3.3) and (3.4). These relations give a

 presentation of F because any (extra) relator, being a finite length word in letters

 G, will be a relator in some F(—k — 1 ,k + 1). However, if extra, the relator will
 violate the presentation of F(—к - \,k + 1). By taking 2k = n (so that n > 4) and
 translating by к the claims to be proved become:
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 • F(-l,n +1) is generated by Go,..., Gn;
 • Go,.. •, Gn satisfy relations (3.3) and (3.4) and this gives a presentation of

 F(—l,n +1).
 To prove the last two claims we will construct an isomorphism between (the

 original) F and F(—1, n + 1) as follows: first, for any / G F we will denote by f
 its extension to R where /'(f) = t outside [0,1]. Next we consider the sequence
 s_i = 0, sj. = 1 — 2~к~г for к = 0,...,n and s„+i = 1. Let фп : E —»■ E be the
 map such that <pn(sk) = ^ for all к G {—1,0,1,2,..., n + 1} with фп affine in any
 interval [s*-,s^+i] and <pn(t) = t — 1 if t ^ 0, ф„(t) = t + n if t ^ 1. It is not hard to
 check that the map

 F Э f —> фп/фп 1 G F(—l,n + 1)

 is well-defined and is a group isomorphism. Let gk := xkx^h for к £ {0,1,..., n -
 1} and gn — x„. Then {gk : к = 0,1,... ,n} generate F and (3.3) and (3.4) give a
 presentation of F (recall n ^ 4). We will finish the proof once we show

 (3.5) <png'k<pn1 = Gjt for all к G {0,1,..., n}.

 The equality holds outside the interval (—1, n +1) because all Gk with 0 ^ к ^ n
 are equal to the identity map on that domain. Hence it is enough to show

 (3.6) (pngk<pnl(t) = Gjt(f) for all f G [—1, и + 1], for all fc G {0,1,..., и}.

 The case к = n can be treated separately, all that is involved being calculations
 similar to the ones below. So let 0 ^ к < п. Using xk given in (2.1) one finds
 that gk is affine in between the breakpoints s_i = 0, sk_i, 1 - sk and Sjt+i.

 Also xk(u) = и for и ^ Sfc_i, Xfc(s/t+i) = Sic and xk(sk) = 1 _ 2Ш- Now, if
 t ^ к — 1 then both sides of (3.6) are equal to t. If t ^ к +1 then G^(f) = t. Also

 xifc+l(^«1(0) = *"1(2)+1- Hence, using again (2.1) gk^l{t)) = фйг{0 and (3.6)
 follows. It remains thus to treat the case t G (fc — 1, к + 1). Because фп is affine in

 between sk and s^+1 and Gk is affine in between к - l,k,k + \ and к + 1 it
 suffices to prove (3.6) for t = к and t — k + j. Notice фп (1 - = к - For
 t = к we have:

 ФпХкХ^ф'Чк) = фпХкХ^ sk) = ф„хк( sk) = фп (l - ^2) =k~\= Gjt(fc).

 For t = к + J we have:

 =(/)nxfcxfc+11(l-^3) = фпхк (sfc+1 )=фп(зк)=к=Gk(k+ ^ ).

 (iii) Let : [0,1) -> [—1,00) be affine in between the points 7^ = 1 — 2~fc_1
 with фоо^к) = к for all /с > — 1. For any / G D define an element of F

 = J if ^ _1'
 > \ t if f < —1.
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 Because / is trivial in a neighborhood of t = 1, hj is trivial outside an interval
 [—1 ,n +1]. The map

 00

 D3f^hfe (JF(-I,fc + 1)
 k=0

 is a group isomorphism. The sequence of groups (F(—l,k + l))jt^o is increas
 ing and by the previous proof each F(-l,fc +1) is generated and presented by
 _ _ 00

 Go,..., Gfc with relations (3.3) and (3.4). It follows that U F(—l,k + 1) is gener
 al)

 ated by Go,..., Gjt, G^+.... Moreover the same relations are satisfied and this
 gives a presentation of the whole union (because any extra-relator would end up
 in some F(-l,n + 1)). I

 Remark 3.2. Let us sketch a different proof for the presentation of F'. This
 proof is algebraic in spirit as one does not need (much of) F as in its original
 definition but as in its algebraic characterization from Remark 2.2. What follows
 is based on discussions with M. Brin. We start with F on the entire real line. We

 will switch the notations around a bit: the generators are s(f) = t — 1 and

 ( t if t < 0,

 Xo(t) = < 2 if CK f sj 2,
 { t-1 iff >2.

 Also Xi := s~'xqs1. We define Gt := XjX^ for all i e Z. The main point comes
 into play now: Lemma 2.4 is still valid (word for word, eventhough the "old" X\
 is now called *o). Let H be the subgroup of F generated by G„ i € Z. Clearly H is

 a subgroup of the commutator group, F . We can write H as an increasing union
 of subgroups H = (J H(—k,k) where for n — m ^ 4 H(m, n) is by definition the

 3

 subgroup of H generated by Gw,..., Gn. As in part (i) of Theorem 3.1 we can ap
 ply Lemma 2.4 and show that F is generated and presented by Go, Gi,..., Gn-m
 with relations (3.3) and (3.4). As expected H(m,n) is isomorphic to F and the
 generators Gm,..., G„ with their corresponding relations (3.3) and (3.4) consti
 tute a presentation of H(m,n). Putting all H(—k,k) together we obtain that H is
 generated and presented by G,, i G Ъ with (3.3) and (3.4).

 The equality H = F will end the proof. It suffices to show H is normal in F

 or equivalently that H is invariant under conjugations by s and x^. Conjugations
 of the Gj's by s only shifts subscripts so that it remains to treat conjugations by

 Xq. These are further reduced down to the following: x^GjXо for i — —1,0
 and xqG^q1 for i = -1,0,1. We only show that x^GoXo is in H, all the other
 cases being reasonable to deal with. As in proof of part (i) let g,- = XjX~^ for
 i = 0,1,2,3 and g4 = x4. Then x0 = gogi ■ • ■ g4, *i = £i£2 ■ ■ • g4 and (gi)i=1 4
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 satisfy relations (3.3) and (3.4). We have:

 *olGo*o = *ilx0 =

 = (s^gogi )g3gig2g3
 = gs1^1 Si1 gogig2g3 = G3"1G2"1G1"1GoG1G2G3 e H.

 The third equality comes from (3.3) and the fourth from (3.4).

 4. APPLICATIONS

 Lemma 4.1. (i) For n e N the group morphism determined by the "shift"

 Pn(gi)=gn+i Vi 6 Z, Vn G N,

 is an automorphism of F.

 (ii) For fixed g and h in F there exists a large щ such that

 [pn{g),h} = 1 for all n^ щ.

 Proof (i) One can use von Dyck's principle again to show that pn extends
 to a morphism and so does the map defined by p~n(gi) = gi-n- Clearly, these
 morphisms are inverse to each other.

 (ii) Write g and h as (finite) words in the generators (g;)ieZ and choose к G N
 such that for all g,- that occur in these words |z| ^ k. Hence if n 6 N, h (respectively
 Ion(g)) are words in generators g, of index i in \—k,k], respectively [n — к, n + к].

 Since [gi, gj] = 1 for Iг — j\ ^ 2 it follows that [pn (g), h] = 1, when n > 2k + 2. I

 Theorem 4.2 ([10]). The Щ factor C(F') is asymptotically abelian.

 Proof. Each (pn)n from Lemma 4.1 extends to a *-automorphism of C(F')
 denoted by p„. We will prove that

 (4.1) Vx, у G C(F') we have Ит \\\рп{х),у]\\2 = 0

 which implies that C(F') is asymptotically abelian. By Kaplansky's density theo
 rem it is sufficient to prove (4.1) for x, у £ span{L? : g € F'}. From Lemma 4.1 it
 follows that for such x and y:

 [jдп(х),у) = 0 eventually for n со.

 So in particular (4.1) holds. I

 Remark 4.3. (i) In [10] Jolissaint proves a stronger result, namely that C(F')
 is inner asymptotically abelian, i.e.

 Hm ||М*),у]Ц2 = 0 for x,y 6 £{F')

 holds for a sequence of inner automorphisms of C{F'). This result can also be
 obtained by modifying the proofs of Lemma 4.1 and Theorem 4.2.
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 Figure 5. Graph of h

 First observe that for each к, n € N there exists a ft = h^n £ F' such that

 (4.2) h^gjh = gi+n when |i| ^ k.
 One can namely choose ft such that the corresponding element ft in F has a graph
 as depicted in Figure 5, where s = n — к — 1 and t — n + k + l. Let am e Aut(F')
 be the inner automorphism

 am - ad ft" 2m+2 ш G N.

 Then it is clear from the proof of Lemma 4.1 that if g, ft G £(F') are words in the
 generators gi_b..., gk then

 [<7m(g),ft] = 1 for ш > ft.

 Hence the proof of Theorem 4.2 works with (jon)~=1 replaced by (<7m)~=1, where
 = ad (L,-i ) is an inner automorphism of C(F') for every me N.

 m,2m+2

 (ii) The argument in the proof of Theorem 4.2 does not work if we replace
 F' with the intermediate group D or with the Thompson's group F. Hence we
 find the following question very interesting : Is C(F) (or C(D)) asymptotically
 abelian?

 THEOREM 4.4. Any non-trivial normal subgroup ofF has cost 1.

 Proof. Because any proper quotient of F is abelian, any non-trivial, normal

 subgroup of F must contain F . Thus it suffices to show C(F ) = 1, fixed price.
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 We will write F' as an increasing union of groups Gn such that Go is of cost 1,
 fixed price and Gn+\ is obtained out of Gn and elements g with the property
 g_1Gng П Gn is infinite. Let Go be the subgroup of F' generated by (g2i)iez- From
 Theorem 3.1 Go is abelian, therefore its cost is 1. Let Gi be generated by Go and

 g±i. Because of the commutation relations we have g^Gogi П Go D {g2i : i < 0}

 and gljGog-i П Go D {g2i : 1 > 0}. Now it is clear how to continue: gradually
 add a generator gi of odd subscript to a previuos Gn and use the commutation
 relations to insure that the set Gngt П G„ is infinite. Because the even subscript
 generators are already in Go the Gn's will exhaust the group F'. We can now apply
 Theorem 2.9(vi) and end the proof. I

 DEFINITION 4.5. A separable C*-algebra R is called residually finite dimen
 sional (RFD) if for each non-zero x € R there exists a *-homomorphism л : R —У В
 such that dim (В) < oo and п(х) ф 0. Equivalently R embeds in a C*-algebra

 00

 of the form П Щ(n)(ty where Mk(C) is the algebra of к x к matrices over the
 n=1

 complex numbers.

 We will prove that both the reduced С *-algebra C*(F) and the full C*
 algebra C*(F) associated with F are not residually finite dimensional. One can
 prove this result for more general groups (using a theorem of A. Mal'cev in
 [12]); nevertheless, we prefer a self contained treatment. The argument is es
 sentially based on the fact that F is not a residually finite group. However the
 two "residual" notions do not compare in general. There exist residually finite
 groups whose reduced C*-algebras are not RFD (e.g. the free non abelian group
 on two generators) and there exist non residually finite groups whose reduced
 C+-algebras are RFD (e.g. (Q, +)).

 Lemma 4.6. Let A be a (united) finite dimensional algebra over an arbitrary field.

 Then F can not be faithfully represented in A.

 Proof. Assume that F' can be faithfully represented in A and let (gv)ieZ be

 our generators for F . For simplicity of notation we will consider F as a subset of
 A. Define now:

 Aq — A,

 A\ = the commutant of {gO/gi} in
 A2 — the commutant of {£3,^4} in A\,
 A3 = the commutant of {#6/£7} in ^2,
 etc.

 Since gi and gj commute when \i — j\ ^ 2 we have:

 g3,g4,g5,-- ■ G A\,

 g6,g7,g8/••• € A2,
 etc.
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 But since g3j and g3l+\ do not commute, is a proper subalgebra of A,. Hence

 dim(A,-Mi+1) > 1, i = 0,l,2,...

 which implies that A is infinite dimensional. I

 Corollary 4.7. C* (F) and C* (F) are not RFD.

 Proof. We will consider F as a subset of (unitary) operators in the C* algebra
 A, where A is either C*(F) or C*(F). Suppose A is RFD. Then there exists an

 00

 embedding n : А —>• П Щ(п)(С)- It follows that 7Zjf : F -> Mff]%(C)) is
 n=l

 a one to one group morphism. Hence, for g G F, g ф 1 there exists к such that
 pkn(g) Ф h where is the projection map onto Mjt(C) and Ij. is the identity
 matrix. We have obtained a group morphism tp := Pkn\F from F to the group

 of invertible matrices GL^(C) which is not trivial on F . Because F' П Ker i{> is a

 normal subgroup, by Proposition 2.3 ip must be one to one on F . This of course
 contradicts Lemma 4.6. I

 Remark 4.8. Residually finite dimensional algebras are an important class
 of quasidiagonal С*-algebras (for a detailed account of these algebras we refer the
 reader to [3]). By a theorem of Rosenberg in [8], if G is a countable discrete group
 and C* (G) is quasidiagonal then G is amenable. It is believed that the converse
 should also be true.
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