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Random Matrices with Complex Gaussian Entries

Utfe Haagerup! and Steen Thorbjernsenl-2

Department of Mathematics and Computer Science, University of Southern Denmark,
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Abstract: In this paper we give new and purely analytical proofs of a number of classical results
on the asymptotic behavior of large random matrices of complex Wigner type (the GUE-case)
or of complex Wishart type: Wigner’s semi-circle law, the Harer-Zagier recursion formula, the
Marchenko-Pastur law, the Geman-Silverstein results on the largest and smallest eigenvalues
and other related results. Our approach is based on the derivation of explicit formulae for the
moment generating functions for random matrices of the two considered types.
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Introduction

Random Matrices has been an important tool in statistics since 1928 and in physics since
1955 starting with the pioneering works of Wishart [Wis] and Wigner [Wigl]. In the
last 12 years random matrices have also played a key role in operator algebra theory and
free probability theory starting with Voiculescu’s random matrix model for a free semi-
circular system (cf. [Vo]). Many results on eigenvalue distributions for random matrices
are obtained by complicated combinatorial methods, and the purpose of this paper is
to give more easily accessible proofs, by analytic methods, for those results on random
matrices, which are of most interest to people working in operator algebra theory and free
probability theory.

We will study two classes of random matrices. The first class is the Gaussian unitary
ensemble (GUE) (cf. [Meh, Ch.5]), and the second class is the complex Wishart ensemble,
which is also called the Laguerre ensemble (cf. [Go], [Kh] and [Fo]). Our new approach is
based on the derivation of an explicit formula for the moment generating function:

s — E(Tr(exp(sZ))),

where Z is either a GUE random matrix or a complex Wishart matrix. These two formulas
are then used to reprove classical results on the asymptotic behavior of the eigenvalue
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distribution of Z. In particular, we shall study the asymptotic behavior of the largest
and smallest eigenvalues of Z in those two cases. The above mentioned explicit formulas
also give a new proof of the Harer-Zagier recursion formula for the moments E(Tr(Z?)),
p=1,2,..., in the GUE case, and we derive a similar recursion formula for the moments
in the complex Wishart case.

A preliminary version of this paper was distributed as a preprint in 1998, and the methods
and results of that paper were used in our paper [HT] from 1999 on applications of random
matrices to K-theory for exact C*-algebras.

Acknowledgment

We wish to thank Ken Dykema, Steffen Lauritzen, Franz Lehner, Gilles Pisier, Stanislaw
Szarek and Dan Voiculescu for fruitful conversations concerning the material of this paper.

Preliminaries and statement of results

The first class of random matrices studied in this paper is the class of complex selfadjoint
random matrices A = (a4)7;~,, for which

(ai)y,  (V2Reasp)ic), (\/§Imaz‘j)i<j

form a set of »° independent real Gaussian distributed random variables all with mean
value 0 and variance o®. We denote this class of random matrices SGRM(n,¢?). If 0 = 1
one gets the Gaussian unitary ensemble (GUE) from Mehta’s book (cf. [Meh, Sect.5]) and
the value o? = £ gives the normalization used in Voiculescu’s random matrix paper [Vo].
In [Meh, Section 5], it is proved that the “mean density” of the eigenvalues of a random

matrix A from the class SGRM(n, 1) is given by

n-1
1
- Z oi(x)” (0.1)
k=0
where @y, ©1, @2, ... 18 the sequence of Hermite functions. In Section 2 we derive from
(0.1) that for A in SGRM(n, ?):
E(Tr,[exp(sA)]) = n - exp(52) - ®(1 — n, 2; ~0?s?), (0.2)

where Tr, is the usual unnormalized trace on M,(C), and ® is the confluent hyper-
geometric function (cf. formula (2.9) in Section 2). From (0.2), we obtain a simple proof
of Wigner’s Semi-circle Law in the sense of “convergerce in moments”, i.e., for a sequence
(X,) of random matrices, such that X, € SGRM(n, £) for all n,

lim E(tr,[XZ]) = 2717;/2331’\/4 — z2 dx, (p € N), (0.3)

n—oo
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where tr, = 1Tr, is the normalized trace on M,(C).
n

In Section 3, we apply (0.2) to show, that if (X,) is a sequence of random matrices,
defined on the same probability space, and such that X,, € SGRM(n, %) for all n, then

lim Apax (Xn(w)) = 2, for almost all w, (0.4)
N300
m Apin(Xa(w)) = -2, for almost all w, (0.5)
-+

where Amax (Xn(w)) and Apin (X (w)) denote the largest and smallest eigenvalues of X, (w),
for each w in the underlying probability space Q. This result was proved by combinatorial
methods for a much larger class of random matrices by Bai and Yin in [BY1] in 1988.
Only random matrices with real entries are considered in [BY1}, but the proofs also work
in the complex case with only minor modifications (cf. [Ba, Thm. 2.12]). In Section 4
we apply (0.2) to give a new proof of a recursion formula due to Harer and Zagier, [HZ],
namely the numbers
C(p,n) = E(Tr,[A%]), p=0,1,2,...

for A in SGRM(n, 1) satisfies

2_
Clp+1,m) =n-22.C(p,n)+ 221 .C(p-1,n). (0.6)

In Sections 5-8 we consider random matrices of the form B*B where B is in the class
GRM(m, n, 0%) consisting of all m X n random matrices of the form B = (bj);x where
{bjx | 1 < j <m,1 <k <n}isaset of mn independent, complex Gaussian random
variables, each with density 7—'o~%exp(—|z|*/0?), z € C. The distribution of B*B is
known as the complex Wishart distribution or the Laguerre ensemble (cf. [Go], [Kh] and
[Fo]). In analogy with (0.1), the “mean density” of the eigenvalues of B*B in the case

o? =1 is given by

1 n—1
n
k=0
where the sequence of functions ()32, can be expressed in terms of the Laguerre poly-
nomials L&(z):
1
¢t (2) = [ e® exp(~2)] * L (x). (0.8)
From (0.7) and (0.8) we derive in Section 6 the following two formulas:
If m > n, B € GRM(m,n,1), and s € C such that Re(s) < n,

E(Tefexp(sB'B)]) = 3 F('gl—fzg,ﬁ;ﬁ’_ﬁf ) (0.9)
k=1
E(Trn[B*Bexp(sB*B)]) = mnF(1 —mlon 82), (0.10)

(1 — S)m+n
where F(a, b, ¢; z) is the hyper-geometric function (cf. formula {(6.8) in Section 6).

In Section 6, we use (0.10) to give a new proof of the following result originally due to
Marchenko and Pastur [MP]:
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Let (Y,) be a sequence of random matrices, such that for all n, ¥, € GRM(m(n), n, L),
where m(n) > n. Then, if lim,_, mm) ¢, the mean distribution of the eigenvalues of

Y*Y, converges in moments to the probability measure 4, on [0, co| with density

duels) _ /T (- 2)

. Gy Lo (z), (0.11)
where @ = (y/c — 1)?and b= (Ve+ 1)%. Specificly,
b
1i_>m E(tr, [(Y Vo)) = / 2P dy.(z), (peN). (0.12)

Since Marchenko and Pastur’s proof from 1967, many other proofs of (0.12) have been
given both for the real and complex Wishart case (cf. [Wal, [GS], [Jo], [Ba] and [OP]).

In Section 7 we use (0.9) to prove that if (¥,,)32, is a sequence of random matrices defined
on the same probability space, such that ¥, € GRM(m(n),n, ) and m(n) > n for all

n

n € N, then if lim,_, m—fl"l = ¢, one has
nIHEO Amax(YYn) = (Ve+ 1)2, almost surely, (0.13)
lim Aain(YoYe) = (Ve 1)2, almost surely. (0.14)
n—roo

Again, this is not a new result. (0.13) was proved in 1980 by Geman [Gem] and (0.14) was
proved in 1985 by Silverstein [Si]. Only the real Wishart case is considered in [Gem] and
[Si], but the proofs can easily be generalized to the complex case. Moreover, (0.13) and
(0.14) can be extended to a much larger class of random matrices (cf. [BY2] and [Ba)).

Finally, in Section 8, we use (0.10) combined with the differential equation for the hyper-
geometric function, to derive a recursion formula for the numbers:

D(p,m,n) = E(Trn[(B*B)p]), (B € GRM(m,n,1), peN),
analogous to (0.6), namely
D(p+1,m,n) = 2N . D, m, p) 4 E=DEm=n) . (p— 1,m,n).  (0.15)

It would be interesting to know the counterparts of the explicit formulas (0.2), (0.6),
(0.9), (0.10) and (0.15), for random matrices with real or symplectic Gaussian entries.
The real and symplectic counterparts of the density (0.1) are computed in Mehta’s book
[Meh, Chap.6 and 7], and the real and symplectic counterpart of (0.7) can be found in
Forrester’s book manuscript [Fo, Chap.5]. However, the formulas for these densities are
much more cormplicated than in the complex case.

1 Selfadjoint Gaussian Random Matrices

1.1 Definition. By SGRM(n, o%) we denote the class of X n complex random matrices
A = (ajx)} =1, Where d;, = ajx, j,k=1,...,n and

aj,  (V2Reajn)jc,  (V2Imase)jck, (1.1)
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is a family of n? independent identically distributed real Gaussian random variables with
mean value 0 and variance ¢? (on the same probability space (2, F, P)). ul

The density of a Gaussian random variable with mean value 0 and variance o? is given
by
(2%02)_% exp (—%) .
For a selfadjoint matrix H = (hjx)}x_
Tra(H?) = Z 2> Rl
i<k

Therefore, the distribution g of a random matrix A € SGRM(n, 1) (considered as a
probability distribution on M, (C)s,) is given by

1
du(H) = c; exp ( 5o =TIy (H2)> dH, (1.2)
where dH is the Lebesgue measure on M, (C)s,:
dH =[[dh;; ] dRe(hs)dim(hj) (1.3)
=1 1<j<k<n

and

¢ = (2n/2(7m2)n2/2)—1
For a selfadjoint matrix H € M,(C)s, we let A\ (H) < A(H) < --+ < Ay(H) denote the
ordered list of eigenvalues. Put

A={( .., d) ERT [N < X< <A )
and let n: M,(C)s. — A denote the map
n(H) = (M(H), ..., \(H)), HE Mi(Csa
Then the image measure n(du) of the measure dy, given by (1.2), is equal to
n(dy) = ¢ H (Aj — M) exp ( ZA2> d); -
1<j<k<n

for (A1,..., M) € A, where ¢; > 0 is a new normalization constant:

-1
Cy = (ﬂ_n(n—l)/Q i’[ j!)—l
j=1

(cf. [Meh, Chap.5] or [De, Sect. 5.3]). Hence, after averaging over all permutations of
(As-- -, An), we get that for any symmetric Borel function ¢: R* — C one has

[ (), Anl) duh) = / PQ)g) dh---dhe  (14)
Mp(C)sa R
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where A = (A1,..., A\,) and

% (N = M)? exp ( Z (1.5)

i<k j=1

g()‘lv"'7/\n) =

provided the integrals on both sides of (1.4) are defined. The marginal density h corre-
sponding to (1.5):

h(X) =/ Nz A dhe--dA, (A ER), (1.8)
Rr—1

can be computed explicitly. For ¢% = %, one gets by [Meh, Formulas 5.1.2 and 5.2.16]
that & is equal to Y, _; vk(z)?, where (pi)32, is the sequence of Hermite functions:

ou(t) = mmm @) exp(-%), (k€ Ny), (1.7)

and Hy, Hy, Hy, . . ., are the Hermite polynomials:
dk
Hi(z) = (~1)* exp(a?) - (d —exp(—z )) (k € Ny), (1.8)

(cf. [HTF, Vol. 2, p.193, formula (7)]). Hence, by a simple scaling argument, one gets
that for general o2 > 0,

1 2
A) = § 23 AeR 1.9
7’7,0'\/§ k=0 (pk(ﬂ‘/i) ( )

From the above, one easily gets:

1.2 Proposition. Let f: R — R be a Borel function, and let a — f(a) be the map from
M, (C)s. into itself, obtained by the usual function calculus for selfadjoint operators on
Hilbert space. Consider furthermore the function h given by (1.9). Then for any element
A of SGRM(n, 0?), we have that

E(Tr,[f(4)]) = n / FOVR(N) d (1.10)

provided that the integral on the right hand side of (1.10) is well-defined (i.e., f > 0 or
Jr IF)[R(A) dX < o0).

Proof. Assume first that f > 0. Since
Tra[f(A)] = f(A1(A)) + - - + F(Aa(4)),

is a symmetric function of the eigenvalues A;(A),. .., An(A), it follows from (1.4) that

BTl (A1) = [ (SIafu)) 600, ) dhs-



Random Matrices with Complex Gaussian Entries 299

Using then that g is invariant under permutations of Ay, ..., A, it follows that
E(Trn[f(A)]) =n: f()\1)-g(x\1,...,)\n) dAy - dAy
R'ﬂ-
=n / FOOR(N) dA,
R

which proves that (1.10) holds whenever f > 0. For general, complex-valued Borel func-
tions f, satisfying that [ |f(A)|h(}) dX < o0, (1.10) follows then from the positive case,
and the standard decomposition:

f=Ref)* = (Ref)” +i((Imf)" — (Imf)"). n

1.3 Remark. Let A € SGRM(n,c?), and let A\;(4) < --- < A (A) be the ordered
eigenvalues of A considered as random variables on the underlying probability space Q.
Let, further, v be the probability distribution (on R) of Ax(A), & =1,...,n. Then

1 n
h(X) dr =~ > v

k=1

For that reason, h(}\) is called the “mean density” of the eigenvalue distribution of A.
o

2 The moment generating function for GUE random
matrices

If A € SGRM(n, %), then #A € SGRM(n, 3), which is the Gaussian, unitary ensemble
(GUE) in [Meh, Chapter 5]. Hence, up to a scaling factor, SGRM(n, 0?) is the same as
the GUE-case. In this section we will prove formula (0.2) (cf. Theorem 2.5 below) and
use it to give a new proof of the Wigner semi-circle law in the GUE-case. We start by
quoting a classical result from probability theory:

2.1 Proposition. Let u, py, o, 143, . . ., be probability measures on R, and consider the
corresponding distribution functions:

F(CI?):,LL(]—OO,I]), Fn(m):,ufn(]"oo,m]), (.’EER, nGN)

Let Co(R) and C»(R) denote the set of continuous functions on R that vanish at 4oo,
respectively the set of continuous, bounded functions on R.

Then the following conditions are equivalent:

(i) limp—o Fn(z) = F(z) for all points z of R in which F is continuous.

(ii) Vf € Co(R): limp oo f5 f dpn = [ f dp
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(iii) Vf € Co(R): limpoo f3 f ditn = [ f dp.
(iv) Yt € R: limnoo fp exp(it) dun(z) = [ exp(itz) du(z).

Proof. Cf. [Fe, Chapter VIIL: Criterion 1,Theorem 1,Theorem 2 and Chapter XV: Theo-
rem 2]. n

2.2 Definition. Let Prob(R) denote the set of probability measures on R. Follow-
ing standard notation, we say that a sequence (p)%%; in Prob(R) converges weakly to
¢ € Prob(R) if the above equivalent conditions (i)-(iv) hold. Moreover, we say that u,
converges to u in moments, if y, and x have moments of all orders, i.e.,

/ |zfP du(z) < 0o, and / |zfP dpn(z) < oo, (p,n €N)
R’ R

and the following holds

lim [ 2P dun(z) =/x” dp(z), (peN). m

n—o0 R R

In general convergence in moments does not imply weak convergence or visa versa. How-
ever, if y is uniquely determined by its moments, then u, — u in moments implies that
tn — 1 weakly (cf. [Bre, Thm. 8.48]). In particular this holds if the limit measure 4 has
compact support.

Let (Hx)X and (¢x)2 o denote the sequences of Hermite polynomials and Hermite func-
tions given by (1.8) and (1.7). Then Hy, Hy, ... satisfy the orthogonality relations

o ' —z w2k, k=4
/_OOHk(x)Hg(z)e dez{ BF iy 2.1)
{cf. [HTF, Vol.2, p.164 and p.193 formula (4)]). Hence
00 1, k=¢
/_w or(@)e(z)dz = { oy (2.9)

2.3 Lemma. Let (y¢,) denote the sequence of Hermite functions given by (1.7). We then
have

eo(z) = —Z5pi(a), (2.3)

(P;L(x) = \/ggon—l(l’) - \/n_Q“:(Pn.H(.’L‘), (n c N), (2.4)

%(E—:‘Pk(I)Z) = —V2npn(2)pa-i(z), (n€N). (2.5)
k=0

Proof. The equations (2.3) and (2.4) follow from (1.7) and the elementary formulas

tHy(z) = }Hpp1+nH, o(z), (2.6)
H) () 2nH, 1(z), 2.7
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(cf. [HTF, Vol. 2, p. 193, formulas (10) and (14)]). Moreover, (2.5) is easily derived from
(2.3) and (2.4). ]

For any non-negative integer n, and any complex number w, we apply the notation

ifn=0,

(wa=1 "
W= ww+ 1) (w+2)-- (w+n-1), fnel

(2.8)

Recall then, that the confluent hyper-geometric function (a, ¢, z) — ®(a, ¢; ) is defined
by the expression:

Baga) =Y WD 1 22, YT, (29)

(=3

—_
o

<

3
2.
o
—_

for a,c,z in C, such that ¢ ¢ Z \ N (cf. [HTF, Vol. 1, p.248]). Note, in particular, that
if a € Z\N, then z — ®(a,c; z) is a polynomial in z of degree —a, for any permitted c.

2.4 Lemma. For any s in C and k in Ny,

/Re""(“)%(ﬂcf dz = exp()®(~k, ;=)

ooemk(b = 1) (B +1—g) (82\4 (2.10)
:exp(f)g G2 (5)
and for s in C and n in N,
/]R exp(sz) (Yp2p wu(2)?) do
=n-exp(5)0(1 —n,2% %) (2.11)
_ ar(n=1)(n =2 (n—j) (s\i
= ”'e"p(?); G + 1)1 (E) :

Proof. For I,m in Ny and s in R, we have that

/l;exp(sx)wl(m)cpm(m) dz = m /Rexp(sa: — 2 Hy(2)Hp () de.  (2.12)

By the substitution y = z — £, the integral on the right hand side of (2.12) becomes
exp () [ exp(-y)Ealy + DEinly+ 3) o (2.13)

Note here, that by (1.8) we have for a in R and & in No,

k
Hi(z +a) = (=1)F exp((z + a)?) - (5—; exp(—(z + a) ))

k—~j

= (—1)* exp(z® + 2az i( ) = ex xp(—z )) (dd ar exp(— an)),
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which can be reduced to
k

Hy(w+a)=)_ (f) (2a)*~7 H,(z). (2.14)

§=0
It follows thus that the quantity in (2.13) equals

exp(%z)/,R exp(—y?)( i (j) S (z’":

7=0 j=0

(")) a,

J
which by the orthogonality relations (2.1) can be reduced to

32 min{l,m} l m ] | l+m—2j
exp(7) Z i il s .

4=0
Altogether, we have shown that for m,l in Ny and s in R,

[ explsoini@)onts) ds = jl’,(—;,) B M) e

=0

But since both sides of (2.15) are analytic functions of s € C, the formula (2.15) holds
for all s in C.

Putting now [ = m = k, and substituting j by & — j, (2.15) becomes

/Rexp(sx)gpk(z)2 dz = ex;;ﬂ(!’;—z) ,z;(k —5)! (j 2(%) !
k N 2y
s e 2y

and this proves (2.10).

The formula (2.11) is trivial in the case s = 0, because of the orthogonality relations (2.2).
If s € C\ {0}, then by (2.5) and partial integration, we get that

| exolen) (i ento)?) do = 23 [ exp(salin(hpn-s(a) .

Using now (2.15) in the case [ = n, m =n — 1, we get, after substituting j by n — 1 — 7,
that

@/R exp(s2)¢n(2)pn-1(z) dz = ‘\f—nex_l‘)(%%) :(” -1 j)!(j Z 1) (n J— 1) (%)2]“

and (2.11) follows. n
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2.5 Theorem. (i) For any element A of SGRM(n,o?) and any s in C, we have that

E(Tr,[exp(s4)]) =n - exp("zzsz) - ®(1 — n,2; —o?s?). (2.16)

(ii) Let (Xn) be a sequence of random matrices, such that X, € SGRM(n, 1) for all n in
N. Then for any s in C, we have that

T}LIEOE(trn[exp(an)]) = 51;/ exp(sz)v4d — z? dz, (2.17)

and the convergence is uniform on compact subsets of C.

Proof. From (1.9) and Proposition 1.2 we have

E(Tr,[exp(sA4)]) exp(sA) 2.18
(Trlesp(s)) = ——= [~ exn(s Zwkaf (218
Hence (2.16) follows from (2.11) by substituting z = %\/5 in (2.18). This proves (i). By
application of (i), it follows then, that for X, from SGRM(n, 1) and s in C, we have that

E(tralexp(sXn)]) = exp(s) - ®(1 - n, 2; ~%)

n—1

_ (n—1) n—2) (n—3) r8¥\7 (2.19)
= exp(£) ]Z TEESYE (;;) :
By Lebesgue’s Theorem on Dominated Convergence, it follows thus that
. N
Ji Blelewo) = 3. 5y

The even moments of the standard semi-circular distribution are:
2 2p
51;/ a:z”\/4—x2dx:ﬁ<p), (peNy),
-2
and the odd moments vanish. Hence, using the power series expansion of exp(sz), we find

that
L[ ep(etVi— P de =S 0 (W) s
ﬁ/_ep( Wamd Z(QJ)'(J‘H)(J) Zgﬂ(ﬂl)!'

Therefore,

2w

hm ]E(trn[exp(an)]) —/_2 exp(sz)v4 — z? dz, (s € C). (2.20)

Note next, that by (2.19), we have that

|E(tra[exp(sXa)])| < Z ; (|S1 : (s€©),

s
— (7 + 1!
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so the functions s — E(tra[exp(sX,)]), (n € N), are uniformly bounded on any fixed
bounded subset of C. Hence by a standard application of Cauchy’s Integral Formula and
Lebesgue’s theorem on Dominated Convergence, it follows that the convergence in (2.20)
is uniform on compact subsets of C. ]

Wigner’s semi-circle law for the GUE-case (cf. [Wigl], [Wig2] and [Meh, Chap.5]) is now
a simple consequence of Theorem 2.5. We formulate it both in the sense of convergence
in moments and in the sense of weak convergence (cf. Definition 2.2):

2.6 Corollary. (cf. [Wigl], [Wig2], [Meh]) Let (X,,) be a sequence of random matrices,
such that X, € SGRM(n, =) for all n. We then have
(i) For anypinN,

hm )E(tr,L [X2]) / zPv4 — 22 dz. (2.21)

(i) For every continuous bounded function f: R — C,

lim E(tr,[f(X,)]) = %/_Zf(m)\/él — 22 dz.

n—o0

Proof. Let hy()) denote the function h()) in (1.9) for the special case 0> = 1. By
Proposition 1.2 and Theorem 2.5(ii),

lim [ exp(sz)h,(z)dz = ——/ exp(sz)vV4 — 22 dx

n—o0 R

for all s € C and the convergence is uniform in s on compact subsets of C. Hence, by
Cauchy’s integral formulas, we have

. dP [P 5
T}:g;(/ﬂ{exp(sx) (@) d:c) = —é;;(ﬁ/_g exp(sz)vVd -z dz),
for all s in C. Putting s = 0, it follows that
2
Y B(e02) =t ([ 20) ) = 3 [ V=
which proves (i). Putting s = it in Lemma 2.5(ii), it follows that for any ¢ in R,
2
lim [ exp(itz)h,(z} dz = 2—17;/ exp(itz)v4 — 2?2 dz. (2.22)
n—oo fp 2

Hence by Proposition 2.1,

n—00 =00

lim E(tr,[f(X,)]) = lim f( Yhn(z) dz = —/ f(z)V4 — 2 dx,

for any continuous bounded function f on R, and this proves (ii). ]

2.7 Remark. Arnold’s strengthening of Wigner’s Semi-circle Law to a result about al-
most sure convergence of the empirical distributions of the eigenvalues (cf. [Ar]), will be
taken up in Section 3 (see Proposition 3.6). A very good survey of the history of Wigner’s
Semi-circle Law is given by Olson and Uppuluri in [OU]. a
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3 Almost Sure Convergence of the Largest and Smal-
lest Eigenvalues in the GUE case

Bai and Yin proved in [BY1] that for a large class of selfadjoint random matrices for which
Wigner’s semi-circle law holds, one also gets that the largest (resp. smallest) eigenvalue
converges almost surely to 2 (resp. —2) as n — oo. In [BY1] only random matrices with
real entries are considered, but the proof can easily be extended to the complex case
{cf. [Ba, Thm. 2.12]). In this section we will give a simple proof of Bai’s and Yin’s result
in the special case of GUE random matrices, based on Theorem 2.5 (cf. Theorem 3.1
below).

Thanks to results of Tracy and Widom ([TW1], [TW2]), one now has much more precise
information on the asymptotic behavior of the largest (and smallest) eigenvalue in the
GUE case, as well as in the corresponding real and symplectic cases (GUE and GSE).
These results, however, lie outside the scope of the present paper.

3.1 Theorem. (cf. [BY1] and [Ba]) Let {X,,) be a sequence of random matrices, defined
on the same probability space (}, F, P), and such that X, € SGRM(n, %), for each n
in N. For each w in Q and n in N, let /\max(Xn(w)) and )\min(Xn(w)) denote the largest
respectively the smallest eigenvalue of X, (w). We then have

l'l)m Amax(Xn) = 2, almost surely, (3.1)
n—o0
and
lim Amin(X,) = -2, almost surely. (3.2)
n—o0

For the proof of Theorem 3.1, we need some lemmas:

3.2 Lemma. (Borel-Cantelli) Let Fy, Fy, Fs, ..., be a sequence of measurable subsets
of 0, and assume that Y -, P(Q1\ F,,) < 0o. Then P(F, eventually) = 1, where

(F, eventually) = U ﬂ F,

nENm>n

i.e., for almost all w in ), w € F,, eventually as n — oo.

Proof. Cf. [Bre, Lemma 3.14]. ]

3.3 Lemma. Let (X,,) be a sequence of random matrices, defined on the same probability
space (2, F, P), and such that X,, € SGRM(n, 1) for all n in N. We then have,

lim sup Amax (Xn) < 2, almost surely, (3.3)
n—oo
and
Hm inf Apin (X3) > -2, almost surely. (3.4)

n—00
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Proof. By (2.19), we have for any n in N, that

E(Tra[exp(tXa)]) =n- exp(%)z(n - 1)(” - 2) ) (n—j) (%)J

‘= JG+ 1)
1%

@
<n- 2 _—
=7 exp(2n)j§j!(j+1)!
, -} t] 2
<n-exp(L) {Z—l] .
j.—_O]'
It follows thus, that
E(Tralexp(tX,)]) < n-exp(f +2t),  (t€R). (3.5)
Note here, that since all eigenvalues of exp(tX,) are positive, we have that
Tr, [exp(tXn)] = Amax(exp(tX,)) = exp(tAmax (X)),
and hence by (3.5) and integration,

E( exp(tAmax(Xn))) < n- exp( + 2t), (teRy). (3.6)

It follows thus, that for any € in 0, cof,
Ppax(Xn) > 2+4¢) = ( exp (FAmax(Xn) — (2 +€)) > 1)
< E( exp(tAmax(Xn) — (2 + e)))
< exp(=t(2 + ) E( exp(tAmax(X2))),
and hence by (3.6),
Pmax(Xa) 2 2+4¢) <n-exp(f —et), (te€R,). (3.7)

As a function of ¢t € Ry, the right hand side of (3.7) attains its minimum when ¢ = ne.
For this value of ¢, (3.7) becomes,

P(/\max(Xn) >2+ 6) <n- eXp(:%—EE).
Hence by the Borel-Cantelli Lemma (Lemma 3.2),

lim sup Apax (Xn) <2 +¢, almost surely.
n—roo
Since this holds for arbitrary positive ¢, we have proved (3.3). We note finally that
(3.4) follows from (3.3), since the sequence (—X,,) of random matrices also satisfies that
—X, € SGRM(n, 1) for all n. u

To complete the proof of Theorem 3.1, we shall need an “almost sure convergence version”
of Wigner’s semi-circle law. This strengthened version of the semi-circle law was proved
by Arnold in [Ar]. Arnold’s result is proved for real symmetric random matrices, with
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rather general conditions on the entries. His proof is combinatorial and can easily be
generalized to the complex case. For convenience of the reader, we include below a short
proof of Arnold’s result in the GUE case (cf. Proposition 3.6 below). The proof relies
on the following lemma, due to Pisier (cf. [Pi, Theorem 4.7}), which is related to the
“concentration of measure phenomenon” (cf. [Mi]).

3.4 Lemma. ([Pi]) Let Gy, denote the Gaussian distribution on RV with density

dGl(\;;(m) — (QWUZ)—N/Z exp(_”;};)’ (38)

where ||z|| is the Euclidean norm of z. Furthermore, let F: RY — R be a function that
satisfies the Lipschitz condition

IFl@)-F@)l <cle~yl, (zyeRY), (3.9)
for some positive constant c. Then for any positive number t, we have that
Gro({z €RY | |F(z) - E(F)| > t}) < 2exp(-5E),
where E(F) = [oy F(z) dGno(z), and K = 5.

Proof. For ¢ = 1, this is proved in [Pi, Theorem 4.7}, and the general case follows easily
from this case, by using that Gy, is the range measure of Gy,; under the mapping
2z oz: RY — RY, and that the composed function z + F(oz), satisfies a Lipschitz
condition with constant co. ]

The following result is also well-known:
3.5 Lemma. Let f: R — R be a function that satisfies the Lipschitz condition
[f(s) = fOI <cls—t], (steR). (3.10)
Then for any n in N, and all matrices A, B in M,,(C)s,, we have that
1£(4) = £(B)llus = ¢l|lA — Bllus,
where |- ||us is the Hilbert-Schmidt norm, i.e., ||C|lus = Tro(C?)'/2, for all C in My(C)sa.

Proof. The proof can be extracted from the proof of [Co, Proposition 1.1]: Note first that

we may write,
n n
A:Z)\iEia B=Zﬂ‘iFi7
i=1 i=1

where Ay,..., A, and p1,..., 4, are the eigenvalues of A and B respectively, and where
E,...,E, and Fy,..., F, are two families of mutually orthogonal one-dimensional pro-
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jections (adding up to 1,). Using then that Tr,(E;F;) > 0 for all ¢, 7, we find that
f(A) = f(B)lfas = Trn(f(A)Q) + Tta(f(B)?) — 2Tea(f(4)(B))

= Z (f(x) - 2 Tr (EiF)
i,j=1
n
<@ Y (- ) Tr(EiFy)
Gj=1
=c’|A- Blfs. ®

3.6 Proposition. (cf. [Ar]) Let (X,) be a sequence of random matrices, defined on the
same probability space (0, F, P), and such that X, € SGRM(n,1), for each n in N.
For each w in €2, let uy, denote the empirical distribution of tbe ordered eigenvalues
A(Xn (W) € X (Xnw)) < - < M(Xn(w)), of Xn(w), ie., with the usual Dirac measure
notation,

fnw = YO0 (xa))- (3.11)
i=1

Then for almost allw in §), p, ,, converges weakly to the standard semi-circular distribution
v, with density T — =v4 — 22 - 1|_p ().
Hence, for any interval I in R, and almost all w in ), we have that

lim (% - card (sp[ X, (w)] N I)) =5(I).

n—o0

Proof. Note first that for any f in Co(R), we have that

/R £(5) dhinen() = tra [ (Xa(w))],

for all w in Q. Hence by Proposition 2.1, it suffices to show, that for almost all w in €,
we have that

lim tr, [f(Xa(w))] = /Rf du,  forall f in Cy(R). (3.12)

n—-x

By separability of the Banach space Cy(R), it is enough to check that (3.12) holds almost
surely for each fixed f in Co(R) or for each fixed f in some dense subset of Cy(R).
In the following we shall use, as such a dense subset, C}(R), i.e., the set of continuous
differentiable functions on R with compact support. So consider a function f from C}(R),
and put

F(A) = trp [f(4)], (X € Mp(C)sa)-

Then for any A, B in M,(C)s,, we have that
|F(A) = F(B)| < 3ITea [f(A)] = Tea [f(B)]] < J511(A) = F(B)|lus,

and since f is Lipschitz with constant ¢ = sup,eg |f'(z)|] < oo, it follows then by
Lemma 3.5, that

|F(A) - F(B)| < FllA= Bllus, (A, B € My(C)sa). (3.13)
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The linear bijection ®: M, (C)s — R, given by
B(A) = ((@ii)1<i<n (V2Re(0ij))1<icicn (V2IM(ai))1<icjcn)y (A = (aij) € Ma(C)sa),

maps the distribution on M,(C)s, of an element of SGRM(n, 1) (cf. Definition 1.1) onto
the joint distribution of n? independent, identically distributed random variables with
distribution N(0,1), i.e., the distribution G 2 ,-1/2 on R™ with density

dG 2 p-172() n\~-"/2 nllzli? 2
Al = () e, (@eRr).
Moreover, the Euclidean norm on R™ corresponds, via the mapping @, to the Hilbert-

Schmidt norm on M,(C)s. Hence by (3.13) and Lemma 3.4, we get for any positive ¢,
that

P({w € Q| |F(Xa(w)) = E(F(X,))| > t}) < exp(—2EE),

c2

where K = % Hence by the Borel-Cantelli Lemma, it follows that
[trn [f (Xn(w))] = E(tra[f(X)])| < 2, eventually,

for almost all w. Since ¢t > (0 was arbitrary, we get by Corollary 2.6 that

n—co

2
lim ¢, [£ (X ()] = Jim B(era[f(X,)]) = & / FeWI=2 ds,
n—00 _9
for almost all w. The last assertion in the proposition follows by Proposition 2.1(i) and
Definition 2.2. This completes the proof. n
Proof of Theorem 8.1. By Lemma 3.3, we have that

lim sup Apax (Xn{w)) < 2, for almost all w in §).

n—o0

On the other hand, given any positive ¢, it follows from Proposition 3.6, that
card(sp[X,(w)] N [2 — €, 00]) = 00, asn — oo, for almost all w in 9,
and hence that

lim inf Amax(Xn(w)) 2 2 — ¢, for almost all w in €.

n—oo

Since this is true for any positive ¢, it follows that (3.1) holds, and (3.2) follows from (3.1)
by considering the sequence (—X,). |

4 The Harer-Zagier Recursion Formula
In [HZ, Section 4, Proposition 1], Harer and Zagier considered the numbers:

Clp,n) =27/ *n /2 / Tro(A%) exp(—3Tra(4%)) d4, (e NpeN),
Ma(©)sa
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where dA =[], das; [];.; d(Re(as;)) d(Im(ai;)).
Comparing with Section 1, it follows, that if A € SGRM(n, 1), then for all p in Ny,
C(p,n) = E(Tr,[A*]).

Harer and Zagier proved that

(8]
n)=> g ¥,  (npeN),

where the coefficients ¢;(p) satisfy the following recursion formula:

(p+ 2)ej(p +1) = (4p + 2)e5(p) + p(4p* — )ej_a(p — 1),
(cf. [HZ, p. 460, line 3], with (n, g) substituted by (p + 1, 5)).

Below we give a new proof of the above recursion formula, based on Theorem 2.5 and the
differential equation for the confluent hyper-geometric function z — ®(a,¢;z). Another
treatment of this result of Harer and Zagier can be found in [Meh, pp. 117-120].

4.1 Theorem, Let A be an element of SGRM(n, 1), and define
C(p,n) = E(Tr,[A%?]), (peN). (4.1)

Then C(0,n) = n, C(1,n) = n?, and for fixed n in N, the numbers C(p,n) satisfy the
recursion formula:

Clo+1n)=n-22.Clo,n)+ 2220 . Cp-1,m), (p21).  (42)

Proof. Let a,c be complex numbers, such that ¢ ¢ Z \ N. Then the confluent hyper-
geometric function

2 3
zrr ®(a,cn) =1+ + {ER T H eem a t o, (@€0),

is an entire function, and y = ®(a, c; ) satisfies the differential equation

d*y dy
xgx—z—l-(c—x)zl;—ay-— 0, (4.3)
(cf. [HTF, Vol. 1, p.248, formula (2)]). By (2.16) in Lemma 2.5, we have, for any A in
SGRM(n, 1), that

E(Ttalexp(sA)]) = n - exp(Z) - B(1 — n, 2; —s2), (s e C).

Since A and —A have the same distribution, ]E(Trn[Azq“l]) = 0, for any ¢ in N, and

consequently
o0

E(Tr,[exp(sA)]) Z i Tr,[A%]).

p=0
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It follows thus, that 9((2’;;)’!‘) is the coefficient to z? in the power series expansion of the
function
on(z) =n-exp(3) - (1 - n,2; —x).

By (4.3) the function p,(z) = ®(1 — n,2; —z), satisfies the differential equation
26l (+) + (2 + 5),(x) = (n — Vpa() =0,
which implies that ¢,(z) = n - exp(§) - pn(z), satisfies the differential equation
zop(z) + 20, (2) — (§ + n)oa(z) = 0. {4.4)

We know that o, has the power series expansion:

- Clp,n)

on(2) = a,x¥, where o, = , ¢ N). 4.5
2(2) Z = PEN (4.5)

Inserting (4.5) in (4.4), we find that
(p+1)(p+2)op —noy — {op1 =0, (P21, (4.6)

and that

20y ~ nayg = 0. (4.7)
Inserting then C(p,n) = ggﬁ!—l, in (4.6), we obtain (4.2). Moreover, it is clear that

C(0,n) = Trn(1,) = n, and thus, by (4.7), C(1,n) = 20; = nay = n? 5
4.2 Corollary. ([HZ]) With C(p,n) as introduced in (4.1), we have that

1)

Clo,n) =Y (™%, (peNy,neN), (48)

J=0

where the coefficients £,;(p), j,» € Ny, are determined by the conditions

ej(p) = 0, wheneverj > [2]+1, (4.9)
o) = 5™, (peN) (4.10)
gilp+1) = Z2og(p)+ B2 ¢ (p~1),  (pjeEN.  (411)

Proof. 1t is immediate from (4.2) of Theorem 4.1, that for fixed p, C(p, n) is a polynomial
in n of degree p+ 1 and without constant term. Moreover, it follows from (4.2), that only
nP*l nP~1 nP3 ete., have non-zero coefficients in this polynomial. Therefore C(p,n) is
of the form set out in (4.8) for suitable coefficients

eip, P20, 0Lj<I[E]
Inserting (4.8) in (4.2), and applying the convention (4.9), we obtain (4.11), and also that

eolp+1) =2 &), (p21) (4.12)



312 U. Haagerup and S. Thorbjgrnsen

Clearly, £9(0) = €9(1) = 1, and thus by induction on (4.12), we obtain (4.10). ]
From Theorem 4.1 or Corollary 4.2, one gets, that for any A in SGRM(n, 1),

E(Tr,[4]) = n,

E(Tr,[AY) = 20°+n,

E(Tr,[A%]) = 5n'+ 1007
E(Tra[A%]) = 14n° + 70n° + 21n,
E(Tra[A]) = 42n° + 420n* + 483n?,

etc. (see [HZ, p. 459] for a list of the numbers ¢;(p), p < 12). If, as in Sections 2 and 3,
we replace the A above by an element X of SGRM(n n) and Trn by tr,, then we have
to divide the above numbers by n?*!. Hence for X in SGRM( 1), we have

E(tr[X?]) = 1,
E(tra[X*]) = 2+ 5,
E(tr,[X°]) = 5+n2,
E(tr.[X%)) = 4+ 5+
E(tra[X"]) = 42+ f£+4:f,

etc. Note that the constant term in E(tr,[X?]) is
, 2
1 g}
go(p) = ,Hl_l(:) = 5/2902” 4— 22 dz,

in concordance with Wigner’s semi-circle law.

5 Rectangular Gaussian Random Matrices and the
Complex Wishart Distribution

5.1 Definition. Let m,n € N and ¢ > 0. We denote by GRM(m,n,0?) the class of
m X n random matrices
B = (bj)1<j<m,1<k<n (6.1)

for which the entries are mn independent complex-valued random variables, such that the
distribution of each b;; has density

1 22
W—J—Zexp(~la—|2), ze€C (5.2)
with respect to the Lebesgue measure d(Re z)d(Im z) on C. =

Note that B € GRM(m,n,0?) if and only if (Rebjx)jk, (Imbjx);x form a family of 2mn

independent real Gaussian random variables, each with mean value 0 and variance %02_
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5.2 Definition. If B € GRM(m,n,1), then the distribution of the selfadjoint n x n
random matrix B*B is called the complex Wishart distribution with parameters (m,n).
=

The complex Wishart distribution was first studied by Goodman and Khalid in {Go] and
[Kh].

5.3 Proposition. ([Go/,[Kh]) Let B € GRM(m,n,1). For m > n the distribution dv(S)
of S = B*B is given by

dv(S) = c3(det S)™ " exp(—Tr,(S)) dS (5.3)

for S € M,(C); (the positive cone in M,(C)), where c¢3 > 0 is a normalization constant,
depending on m and n, and

(H ds”) I ¢(Res;e)d(Ims;y,). (5.4)

i<k

Moreover, the joint distribution of the ordered eigenvalues A1(S) < A(S) < -+ < A(S)
of S is given by

ca [T = a)? (ﬁ ) exp(—ixj) dAy - d, (5.5)

j<k

on

At ={(\,. M) €ROS A < X< - < A,

where ¢4 > 0 Is again a normalization constant depending on m and n.

Put R, = [0,00[. Assume m > n and let g: R} — R denote the function

g(z\_) /\ — )\k ﬁ )\J - exp ( - zn: )\]) (56)

where A = (A1,...,A,) and ¢4 is as described above. Then, by averaging over all per-
mutations of (A1,...,A,), we get, as in Section 1, that for any symmetric Borel function
p: R = C,
[ o) ) () = [ o) dh e 67
M ()4 R

The marginal density h corresponding to (5.6),

BO) = [ 9O Kare ) Dk (5.8)
R%™
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can be computed explicitly. This is done in [Bro|. In analogy with (1.9), one gets

1 n—1
WA = =3 e (V) (5.9)
j=0
where "
03(@) = [rptipatexp(-2)] 7 @), (ke Ny, (5.10)

and (L§)ren, is the sequence of generalized Laguerre polynomials of order a, i.e.,
1 d*

Li(z) = (k) z™° s

(0) = (k) 2" exp(a) - -

5.4 Proposition. Let B be an element of GRM(m,n, 1), let ¢¢, o € 10,00[, ¥ € Ny, be
the functions introduced in (5.10), and let f: [0,00] = R be a Bore! function.

(z*+* exp(—1)), (k e Ny). (5.11)

(i) If m > n, we have that

E(Tr.[f(B*B)]) = /0 ” f(z) [E?;&gok’"*"(:r)Q] dz,

whenever the integral on the right hand side is well-defined.

(i) If m < n, we have that

o
BT /(BB)) = (n-m)f )+ [ 0[5 6] do
whenever the integral on the right hand side is well-defined.

Proof. (i) The proof of (i) can be copied from the proof of Proposition 1.2, using (5.5)-
(5.9) instead of (1.4)—(1.9).

(i) Assume that m < n, and note that B* € GRM(n,m,1). If T € My, o(C), then T*T
and TT* have the same list of non-zero eigenvalues counted with multiplicity, and hence
T*T must have n — m more zeroes in its list of eigenvalues than T7™ has. Combining
these facts with (i), we obtain (ii). L]

5.5 Remark. The real, complex and symplectic Wishart distribution has been exten-
sively studied in the literature (see f.inst. [Wis], [Go], [Kh], [Ja], [ABJ], [HSS], and [LM]).
Due to the connection to Laguerre polynomials, the complex Wishart distribution is also
called the Laguerre ensemble. The book manuscript of Forrester [Fo] gives a self-contained
treatment of all the results quoted in this section. The orthogonalization procedure which
is used to derive (5.9) from (5.6) is also described in details in Deift’s book [De, Section
5.4]. m
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6 The Moment Generating Function for the Complex
Wishart Distribution

In this section we prove the formulas (0.9) and (0.10) (cf. Theorem 6.4 below). Moreover,
we apply the second of these two formulas to give a new proof of Marchenko’s and Pastur’s
result [MP] on the limit distribution of the eigenvalues of B*B, when m = m(n), and
limy,—y0o (n)/n = ¢ > 0 (cf. Corollary 6.8 below). As in Section 5, for any real number o
in ] — 1,00[, we denote by (L%)ken, the sequence of Laguerre polynomials of order a, i.e.,

k
Le(z) = (kY z™e exp(x)%z(xk*‘“ exp(—1)), (ke Ny, z>0), (6.1)

and by (¢F)ken, the sequence of functions given by
1 ! o i/2
or(z) = (Fﬁc‘fTﬂjx exp(~z)) / LY(=), (z > 0). (6.2)

The Laguerre polynomials satisfy the orthogonality relations:

Hesetl) i j =k,

6.3
0, ifj#k, (6:3)

/0 " L2 @)L2(x) - 2 exp(—a) do = {

(cf. [HTF, Vol. 2, p.188, formula (2)]), which implies that the sequence of functions
(¢%)ken, 18 an orthonormal sequence in the Hilbert space Ly([0, 0ol dz), i.e.,

= 1, ifj=k
q (47 d — 3 )
/0 ¥ (@)¢k(2) do {0, if § # k.

6.1 Lemma. For any n in Ny, we have that
d n—1
= (2 ¢5@?) = Vala o) - vi, @i, (o> 0). (6.4)
j=0
Proof. For each n in N, we define
n-1 )
(@) =Y e L@ (2> 0). (6.5)
j=0

Using [HTF, Volume 2, p.188, formula (7)], we have here that

n—1

pu(T) = 3]/1_{?” Z r(j+¢;+1)L? (y)L‘;‘(x)
=0

L)) — Lo() LG ()
Yoz (y—=)-T(n+a) '
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Therefore, it follows that

Pu(@) = ety (L8-1) (@) L (2) = (L3 (2) L3 (), (6.6)
and hence that

Pu() = rimy (La_))" (@) L3 (2) ~ (L3)" () Ly (2)). (6.7)
By [HTF, Volume 2, p.188, formula (10)], we have that

o(Ly_)"(@) + (@ +1 -z} (L7))'(#) = —(n = L5, (2),
2(L3)"(z) + (@ +1 - 2)(L7)(z) = —nLg(z).
Combining these two formulas with (6.6) and (6.7), we find that
26, (@) + (0 + 1 = )pn(s) = 12 (— (0 = IS, (@) L8(2) + nLa()LE (@)
riay L1 (2) L3 ().

It follows now, that

dx (.T Z 9031 ) pn( )z ot exp(— ))
=0
= (a:pn( )+ (@ + 1 = 2)pn(3))2° exp(—2)
= mﬁa—)Li‘_l(m)Lz(:c)x" exp(—z)
! n+o @ 1/2 o o
= I‘(:—{.-a) (I(‘fz—l)!) F(n:! +1)) 0, (z)p2(z)

= Viln ¥ ) (@) (a),

which is the desired formula. ]

In order to state the next lemma, we need to introduce the hyper-geometric function #,
which is given by the equation (cf. [HTF, Vol. 1, p.56, formula (2)]),

F(a,bcz) =) %‘%zn (6.8)

with the notation introduced in (2.8). We note that F(a, b, ¢; 2) is well-defined whenever
c ¢ Z\N and |2] < 1. If either —a € Ny or —b € Ny, then F(a,b,c;2) becomes a
polynomial in z, and is thus well-defined for all z in C.

6.2 Lemma. Consider « in | — 1,00[ and j,k in Ny. Then for any complex number s,
such that s # 0 and Re(s) < 1, we have that
[e5] J+]C 5
/ 05 (z)¢k (z) exp(sz) dz = v(a, 5, k) - A= sprier F(—j,—k,a+1;57%), (6.9)
0
where

(6.10)

_1)i+k ) o 12
’y(a,j,k):( 1) (F(a+]+1)F( +k+1)> '

T{a+1) i
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Proof. The formula (6.9) can be extracted from the paper [Ma] by Mayr, but for the
readers convenience, we include an elementary proof. Both sides of the equality (6.9) are
analytic functions of s € {2z € C | Re(z} < 1}, so it suffices to check (6.9) for all s in
] — 00, 1[\ {0}. By (6.2), we have that

| e @eita)exp(on) do
0
At 1/2 [
o B a a o _
(e j€ L2 (2) L2 (x)2® exp((s — 1)z) da (6.11)
Jik! 1/2 1 * of Y af Y a
= (r(j+a+1)r'(k+a+1)) (1—s)a+1/0 L3 (#5) L (F5)y® exp(~y) dy,

where, in the last equality, we applied the substitution y = ;%-. We note here, that by

5"

[HTF, Volume 2, p.192, formula (40)], we have for any positive number }, that

k

509 =3 (*T - e

r=0

;é?(it?)A%l—Aﬁ”Lﬂm)

By application of this formula and the orthogonality relation (6.3) for the Laguerre poly-
nomials, we obtain that

/wL?(z)Lﬁ(x)x“ exp((s — 1)z) dz

0
o mg?}j+a k+a (1 YKl_ 1)HMWHa+r+U
-9 ke Ae) U T "

(—g)itk i (j + a) (k + a) DNa+r+1)

(1 = g)oFith+l j=—rj\k—r 7!

(6.12)

— (_S)—2r

r=0
min{j k}

(=) P+otUl(ktot]) o
(- g)etitkil L (Gor)l(k =)l {a+r+1)"
(6.13)
We note here that
J'k'r(a + 1) — (_j)r(—k)r
G-mlk=r)rlD(a+r+1) (a+1)r’
and hence it follows that
/ L% (x) L (z)z* exp((s - 1)z) dzx
¢ (6.14)

_T+a+Dlk+a+1)- (=s)itk
T KT (a+ 1) - (1 — s)atithtl

Combining (6.11) and (6.14), we obtain (6.9). (]

F(—j,~k,a+1;572).
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6.3 Lemma. Assume that o € |—1,00], and that n € N, k € Ny. Then for any complex
number s such that Re(s) < 1, we have that

e —k— . —k. 1: 52
/0 902(33)2 exp(sz) dz = F( (I; — :)’a“i’i’ ) (6.15)
/0°° (i: ‘P?(x)z)x exp(sz) dz = n(n+a) FQ - 7(11”_‘2)1a:2n”a 2 32). (6.16)

Proof. By continuity, it suffices to prove (6.15) and (6.16) for all s in C\ {0}, for which
Re(s) < 1. Before doing so, we observe that for j, k in No such that j < k, we have that

Z a—l—l . 7
—r)!

F(_ja_k)a'*'l;s -

Il

J
r=0
J

257

7=l

'k'F (a+1) o
k—r 'r'F(a+r+1) '

Replacing now r by j — r in the summation, it follows that

! kT (o + 1) .
i 1:s72) = J.K. 2r—2j
F(=j, =k o +1;57) TZ:;r!(k—j+r)!(j—r)!F(a+j—r+1)8

kT (e +1) Z( 7 J)ngr %

"= )T(a+j+1) & r'1+k—]
Hence for j, k in Ny such that j < k, we have that
A } KT (o + 1) F(—j—a,—j,1+k—j;5)
F(-j,—k L;s7%) = . L2l 7 1
(5 —h ot Lis™) = a7 1) 5% (6.17)

Returning now to the proof of (6.15) and (6.16), we note that by Lemma 6.2 and (6.17),
we have that

o0 Da+k+1)-s*
(] 2 _ . b a2
/0 i (z)* exp(sz) dz = Hl(a+ 1) (1= 5)arei F(=k,—k,a+1;57%)

F(-k —a,~k,1;5?%)

- 3

(1 _ 3)a+2k+1

which proves (6.15). Regarding (6.16), we get by partial integration, Lemma 6.1, Lemma 6.2
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and (6.17), that

/ (Z(pJ )a:exp sz) dz

=? d37< Z:cp] )exp (sz) dz

0

\/_m/

a1 ()¢ (x) exp(sz) do

—/n(n+a) - y(e,n —1,n) - s o
- s(1 — g)otn Fen+1,-n0+1s7)
_—ynln+ao)-yle,n-1n) sl T(at+l) F(-n—a+1-n+ 1,2;5%
B s(1 —s)et? . T(a+n) §2n=2

—/n{n+a) y(a,n-1,n)-n!-T(a+1) 9
= F(1-n—a,1-n,2;s).
(1= s)t2n . T(a +n) Fl-n-a, n,2;s°)

(6.18)
Recall here from (6.10), that
-1 Me+a)le+n+\12 _ —T(a+n)
Aeon—1m) =5 1)( (n— 1)l ) =TV
and inserting this in (6.18), we obtain (6.16). u

6.4 Theorem. Assume that m,n € N and that B € GRM(m,n,1). Then for any
complex number s, such that Re(s) < 1, we have that

F(1-m,1-n,2;s%

E(Tr,[B*Bexp(sB*B)]) =m - n- = sy ) (6.19)
and that
" 2 Flk—=mk—n,1;5 .
E(Trnlexp(sB B)) = Z ((1 T ), ifm > n, (6.20)
k=1
F(k k 1; 8%
E(Tr,[exp(sB*B)]) = (n—m +Z ( _m m+nﬁ’_z;s ), ifm<n. (6.21)

Proof. To prove (6.19), assume first that m > n. Then by Proposition 5.4(i), we have
that

n—1

E(Tr,[B*Bexp(sB*B)]) = /Ooo (Z ok ‘”(m)2)z exp(sz) dz,
k=0

and hence (6.19) follows from (6.16) in Lemma 6.3. The case m < n is proved similarly
by application of Proposition 5.4(ii) instead of Proposition 5.4(i).
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To prove (6.20), assume that m > n, and note then that by Proposition 5.4(i) and (6.15)
in Lemma 6.3,

1

E(Tr,[exp(sB*B)]) / oF () )exp(sx) dz

—k —m+n,—k,1;s%)
(]__sm n+2k+1

M

Replacing then & by n — & in this summation, we obtain (6.20).

We note finally that (6.21) is proved the same way as (6.20), by application Proposi-
tion 5.4(ii) instead of Proposition 5.4(i). "

6.5 Definition. For ¢ in ]0, 00[, we denote by ., the measure on [0, 0c[ given by the

equation
z—a)b—z
S o)

where a = (/¢ ~ 1)? and b = (,/c + 1)%. It is not hard to check that

/b,/(x—a)(b—z) dn::{l’ ife>1,
a 2rx

e = max{1l — ¢,0}dy +

¢, ife<],

and this implies that u, is a probability measure for all ¢ in |0, oo].

The measure y, is called the Marchenko-Pastur distribution (cf. [MP] and [OP]). It is
also known as the free analog of the Poisson distribution with parameter c (cf. [VDN]).
o

6.6 Lemma. Assume that ¢ € |0, 00, and let (m{n)),, be a sequence of positive integers,

such that lim,,_, ﬂn"—) = ¢. Consider furthermore a sequence (Y,,) of random matrices,
such that for all n in N, Y, € GRM(m(n),n, 1). We then have

(i) For any s in C and n in N, such that n > Re(s), we have that
E(ltrn[Yn*Yn exp(sY;Yn)]f) < 0.
(ii) For any complex number s, we have that

lim E(tr,[Y, Y, exp(sY;Y,)]) = /Ocozexp(sz) dpe(z), (6.22)

n—o0

and the convergence is uniform on compact subsets of C.

Proof. For each n in N, put B, = 1/nY,, and note that B, € GRM(m(n),n,1). If s € C
and n € N such that n > Re(s), then by Theorem 6.4, we have that

E( [tra (Y7 Yo exp(sY;Ya)]| ) < Bt [V Yo exp(Re(s)Y;Y,)])
5E(Tra [B; B, exp(2 B B,)] ) < o,

— n2
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which proves (i). Regarding (ii), Theorem 6.4 yields furthermore (still under the assump-
tion that n > Re(s)), that
E(tr, [V, Yo exp(sYyYa)]) = 3B(Tra[B;Bn exp(£B;B,)))

_mln) - P = m(n),1 - n,% %)
n - (1 — %)m(n)+n :

Here,
00

with the convention that (k) =0, whenever j >k, (j,k € Ny). Since lim, E‘%’l =gc, it
follows that for each fixed 7 in N,

i mn) —1\ (n—-1\s¥  (cs?)
n—o0 j + 1 j joJn¥ G+
Moreover, with v := sup,,cy —L—l < 00, we have that
(ys*)

1 <m(n)—1)<n-1 Ead <
j+1 J J ¥l TG+ )Y

for all j,n. Hence by Lebesgue’'s Theorem on Dominated Convergence (for series), it
follows that

: 2y (es?y
lim F(1-m(n),1-n,2; £y = ;]'_(3—11—)' (s€C), (6.23)
and moreover
IP(1 = m{n), 1 —n, 2 )] < Z;&;‘—H)—. <exp(ilsP), (s€C).  (624)

A standard application of Cauchy’s Integral Formula and Lebesgue’s Theorem on Domi-
nated Convergence (using (6.24)) now shows that the convergence in (6.23) actually holds
uniformly on compact subsets of C.

Recalling next that limy, ,oo(1 — = exp(—s) for any complex number s, it follows that
Jhngo(l — £ymm)+n = exp(—(c + 1)s), (s € C). (6.25)
Using then that
(1 — 2)mn] < (1 - B)O+Om Cexp((v+1)ls), (s €O,

it follows as before, that (6.25) holds uniformly on compact subsets of C.
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Taken together, we have verified that,

lim E(tr,[Y,;Y, exp(sY;Y,)]) = cexp((c + 1)s G (seC), (6.26)

n—00 Z]']‘l“l)

J=0
and that the convergence is uniform on compact subsets of C.

It remains thus to show that

o0 B = (es?)
/0 zexp(sz) duc(z) = cexp((c+ 1)s) j;o A+ (s € C). (6.27)

Note for this, that for any ¢ in |0, ool

o c+1424/¢
/ zexp(sT) du,(z) = 51;/ exp(sz)y/dc — (z — ¢ — 1)2 dx,
0

e+1-24/c

since, in the case where ¢ < 1, the mass at 0 for p, does not contribute to the integral.
Applying then the substitution z = ¢+ 1 4 /cy, we get that

/Ooo zexp(sz) du.(z) = @—p—((;%—lﬁ /_2 V4~ y?exp(sviey) dy, (6.28)

and here, as we saw in the proof of Theorem 2.5,

/ V4~ y?exp(ty) dy—z

t%

GO (te Q). (6.29)

Combining (6.28) and (6.29), we obtain (6.27). u

6.7 Theorem. Assume that ¢ € 10, oo[ and let (m(n)),, be a sequence of positive integers,
such that lim,_,o —-@- = ¢. Consider furthermore a sequence (Y,) of random matrices,
satisfying that Y, € GRM( (n),n,+) for all n. Then for any s in C and n in N, such

that n > Re(s),
]E( |trn[exp(sy;yn)]|) <

and moreover

n=rod

i B(imlexp(sT; 7)) = / exp(sz) due(z), (s € C), (6.30)
0
with uniform convergence on compact subsets of C.

Proof. Since exp(u) < 1+ wexp(u), for any u in [0, 00|, the first statement of (i) follows
immediately from Lemma 6.6.
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Consider next an element ¥ of GRM(m,n, £), and put B = y/nY € GRM(m,n,1). Then
by Proposition 5.4, we have that

E(tra[f (YY)
= 1E(Tr[f(}B*B)))

[ Sz na) o) as tmen, (63D
1-2f0)+ / (Cr o ™(nz)?) f(z) dz, if m <n,

for any Borel function f: [0,00] — C, for which the integrals on the right hand side make
sense.

From this formula, it follows easily that s ]E(trn[exp(sY*Y)]), is an analytic function
in the half-plane {s € C | Re(s) < n}, and that

%]E(trn[exp(sY*Y)]) =~ E(tr,[Y"Y exp(sY*Y)]),  (Re(s) <n). (6.32)

Now for each n in N, define

fals) = E(trn[exp(sY;Yn)]), (Re(s) < n),

where (Y;,) is as set out in the theorem. Define furthermore,

£6)= [ explo) duda),  (5€ ©)
0
Since u. has compact support, f is an entire function, and moreover
o
flis) = / z exp(sz) du,(z), (s Q).
0
It follows thus by (6.32) and Lemma 6.6, that

(s) = f'(s), asn-» oo, (s € C), (6.33)

with uniform convergence on compact subsets of C. Now for fixed s in C, we may choose a
smooth path y: {0,1] — C, such that v(0) = 0 and (1) = s. Then since f,(0) = 1 = f(0)
for all n, it follows that

whenever n > Re(s). Combining this fact with (6.33), it follows readily that f,(s) — f(s)
for all s in C, and that the convergence is uniform on compact subsets of C. This completes
the proof of Theorem 6.7. |

Marchenko and Pastur’s limit result from [MP] in the complex Wishart case is now an
immediate consequence of Theorem 6.7:
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6.8 Corollary. (cf [MP], [Wa], [GS], [Jo], [Ba], [OP].) Assume that ¢ € ]0,00] and
let (m(n))n be a sequence of positive integers such that limg o ™% = c¢. Consider,

furthermore, a sequence (Y,) of random matrices satisfying that Y, € GRM(m(n),n, )
for alln € N. Then

(i) For any positive integer p,

n—o0

lim B(tr,[(VY,)7]) = / 2 dpe(a). (6.34)
0
(ii) For any bounded continuous function f: [0, co[— C,
lim E(tr,[f( / f(z) du(z (6.35)
n—o00

Proof. (i) follows from Theorem 6.7 by repeating the arguments given in the proof of
Corollary 2.6. (ii) follows by using (6.30) in the case s = i, t € R, as well as the
implication (iv) = (iii) in Proposition 2.1. ]

6.9 Remark. In [OP, Proposition 1.1], Oravecz and Petz showed that
> ~(p\( »p
_1 k
/0 2 du.(z) = ;E_Zl (k) (k g 1)0 , {c>0, peN), (6.36)

by solving a recursion formula for the moments of y.. It is also possible to derive this
formula directly: For p in N, the point-mass at 0 for p, (if ¢ < 1}, does not contribute to
the integral on the left hand side of (6.36), and hence

) c+1+24/c

/ of du(z) = = Ve~ (z — c—1)2277 dr.
0 c+1-2¢/2

Applying now the substitution £ = c+ 1 + 2y/ccos§, 8 € [0, 7], we get that

/ 7 du(z) = %/ sin?@ - (c+ 1+ 2y/ccos§)"~! df
0 0

= ﬁ/ sin?@ - (c+ 1+ 2y/ccos )P df.

-7

Consider next the functions,
0(0) = (1 +ee)P7L h(0) =€?g,(0), and k(0) =e“g,(8), (€][0,x]).

Using then the formula: sin? @ = 1(1 — cos 26), we find that

x>
| dueta) = £ [ Rel1 = ) g, 0)
0

) (6.37)
2_/ 9(O)F 4o = Re( | hy(6)ky(0) d9))-
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By the binomial formula and Parseval’s formula, we have here that

T p—1 p—1 2
L |g(0>42d0=2( . )c,
r —\ j

o 807

=0

and that

g

where we have put (') = (p;l) = 0. A simple computation shows that

CY -GG versrn o

Now (6.36) follows by combining (6.37)-(6.38), and substituting j by j — 1. O

7 Almost Sure Convergence of the Largest and Smal-
lest Eigenvalues in the Complex Wishart case

In the paper {Gem] from 1980, Geman studied a sequence (T,,) of random matrices, such
that for all n» in N, 7, is an m(n) x n random matrix, satisfying that the entries tgz),
1 < j <m(n), 1 <k <n, are independent, identically distributed, real valued random
variables, with mean 0 and variance 1. Under the assumption that lim,_, @ =
and some extra conditions on the growth of the higher order moments of the entries tgz)

Geman proved that

i

Um Amex(1T2T,) = (vVe+1)%,  almost surely, (7.1)

n—rod

where )\max(%TfLTn) denotes the largest eigenvalue of %T,‘LT,L. Under the additional as-

sumptions that 73, is Gaussian for all n, (ie., tg’,z) ~ N(0,1) for all j,k,n), and that
m(n) > n for all n, Silverstein proved in 1985, that

lim Ain(T0T,) = (Ve - 1)2, almost surely, (7.2)
n—oe

where Amin (2T1T,,) denotes the smallest eigenvalue of 2T, (cf. [Si]). Both Geman’s and
Silverstein’s conditions have later been relaxed to the condition that the entries of T;, have
finite fourth moment, i.e., E(|t§',z)|4) < oo (cf. [YBK] and [BY2]). This condition is also
necessary for (7.1) (cf. [BSY]).

The above quoted papers consider only real random matrices, but it is not hard to gen-
eralize the proofs to the complex case (cf. [Ba]). In this section we give a new proof of
(7.1) and (7.2) in the complex Wishart case, by taking a different route, namely by ap-
plying the explicit formula for E(Tr,[exp(B;B,)]}, B € GRM(m,n,1), that we obtained
in Section 6. This route is similar to the one taken in Section 3.
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7.1 Theorem. Let c be a strictly positive number, and let (m(n)), be a sequence of
positive integers, such that lim,_,q ﬂnﬂ = ¢. Consider furthermore a sequence (Yy) of
random matrices, defined on the same probability space (Q, F, P), and such that Y, €
GRM(m(n),n, ), for all n. We then have

li_)m Anax (Y Y2) = (Ve + 1), almost surely, (7.3)

and
(Ve—-1)?, ife>1,

0 ife<1, almost surely. (7.4)

lim /\min(Y;Yn) = {

00

We start by proving two lemmas:
7.2 Lemma. Consider an element B of GRM(m,n,1). We then have
(i) Foranytin[0,3],
E(Tralexp(¢tB*B)]) < nexp ((v/m + vn)’t + (m + n)t?), (7.5)
(ii) If m>n andt >0, then

E(Trn[exp(—tB*B)]) < nexp (— (vm — v/n)’t + (m + n)t?). (7.6)

Proof. (i) Assume first that m > n. Then by (6.20) in Theorem 6.4, we have that

E(Trfexp(tB°B)]) = 3 £ (’(’{ - ’;)’ﬁ;j’_i;tz), (tel-o01).  (7.7)

k=1

For k in {1,2,...,n}, we have here that

= (m—k)Y(n—k) 5
D P

2 (/m = k) (n = k)[t])7\2
S(;( ( ;s )l I)),

and thus we obtain the estimate

F(m - k,n—k,1;1?) < exp(2v/(m — k)(n — k)|t]), (ke{l,2,...,n}). (7.8)

For ¢ in [0,1] and & in N, we have also that (1 —#)%*~! < 1, and hence by (7.7) and (7.8),
we get the estimate

B(Tnfexp(t5'B)]) < - 5 (_Qﬁ) = ”‘Eﬂiﬁ?% (tel01). (79

k=1



Random Matrices with Complex Gaussian Entries 327

Regarding the denominator of the fraction on the right hand side of (7.9), note that for

¢ in [0, 3], we have that

NE
SRR

—log(l—1t) = St B 4) St tR

1

3
il

and hence that (1 —t)~! < exp(t +¢*). Inserting this inequality in (7.9), we obtain (7.5),
in the case where m > n.

If, conversely, m < n, then by application of (6.21) in Theorem 6.4, we get as above, that
for ¢ in [0, 1],

E(Tr,[exp(tB*B))) < (n — m) + m?;‘p_(i;iiﬁt) < n?;p_(iﬂt).

Estimating then the denominator as above, it follows that (7.5) holds for all ¢ in [0, 3.
(i) Assume that m > n, and note then that for k in {1,2,...,n}, we have that

Vim—k)n—-k) <mn—k.
Combining this inequality with (7.7) and (7.8), we get for ¢ in [0, oo[, that
N "\ F(m—k,n—k1;t%)
E(Trylexp(~tB"B)]) = Z (1 1 {)mrnti—2

k=1

1 <i exp(2(y/mn — k)t))

(1 + t)m+n+1 (1 + t)—2k

exp(2y/mnt) (Z ((1+1) exP(—t))”“).

L+ ey \ L

k=1

Here, (1 +t) exp(—t) < 1 for all £ in [0, oof, and hence we see that

nexp(2y/mnt)

E(Trn[exp(—tB*B)]) < W’

(t € [0,00[). (7.10)

Regarding the denominator of the fraction on the right hand side of (7.10), we note that
for any ¢ in [0, 0o[, we have by Taylor’s formula with remainder term,

— 12 3
lOg(1+t)—t——2'+3(—1+§§(—t)?,

for some number £(t) in [0,¢[. It follows thus that log(l1 +¢) >t — %, and hence that
(14 ¢t)7* < exp(—t +#?), for any ¢ in [0, co[. Combining this fact with (7.10), we obtain

(7.6). [
7.3 Lemma. Let ¢, (m(n)), and (Y,) be as set out in Theorem 7.1. We then have

(i) For almost all w in £,

lim sup Amax (¥, (w) Ya(w)) < (Ve+1)% (7.11)

n—oo
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(i) Ifc> 1, then for almost all w in €,

liT{r_x)iogf/\mm(Y;(w)Yn(w)) > (Ve—1)>2 (7.12)

Proof. For each n in N, we put ¢, = Tﬁ"—), and B, = /nY, € GRM(m(n),n,1). By
Lemma 7.2, we have then that

E(Tro[exp(Y,;Y2)]) < nexp ((ven + 1)% + 2(cn + 1)8%), (telo,8]), (7.13)
and that
E(Tra[exp(—tY;Y,)]) < nexp (= (Ve — 1%t + £ (ca + 1)8), (t €[0,00[), (7.14)

Since all the eigenvalues of exp(4tY,*Y;) are positive, we have here for any ¢ in [0, o[,
that

Trn[exp(tY; (W) Ya(w))] 2 Amax (exp(Y; (w)Yan(w)))

= exp (t/\max(Y;(W)Yn(w))), (weQ), (7.15)
and that

Ty [exp(~tY; (@) Ya(w))] 2 Amax( exp(—tY;) () Ya(w)))

=exp (— (Y (@)¥o())),  (weQ). (7.16)

For fixed n in N, ¢ in ]0, 2] and € in ]0, 1, we get now by (7.15) and (7.13),

P(Amax(Ym) > (Ve +1)7+e) = P( exp [PAmax(Y Ya) — t(y/Gn + 1)7 — te] > 1)

< ]E( exp [Amax (Y Ya) — t(v/Gn + 1)% te])
< exp[—t(y/Cn + 1)% — te]E(Tr,[exp(tY,; Y2)])
< nexp (- te+ (e, + 1)12).

For fixed n in N and e in ]0, oo[, the function ¢ — —t€ + (¢, + 1)¢?, attains its minimum

at g = E(c_:i_n €10, g] With this value of ¢, the above inequality becomes

P(Amax(YYn) > (Ven + 1)?2+€) < nexp (—toe+ 2(cn + 1)i3) = nexp(zl(;—:f:l—)).

Since ¢, — ¢ as n — 00, the sequence (¢,) is bounded, and thus it follows that

o0 [ee]
ZP()\MX(YH*YH) > (Ven+1)° +¢€) < Znexp(——4(::fl)) < oo,
n=1 n=1

Hence the Borel-Cantelli lemma yields, that on a set with probability one, we have that

Amax (Y V5) < (Ven + 1)2 + €,  eventually,
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and consequently that

1 sup Anax (Y ¥z) < limsup [(veq +1)2 + €] = (Ve+1)" +e.
n—o0

n—00

Taken together, we have verified that for any ¢ in |0, oof, we have that

P(limsup/\max(Y,:‘Yn) < (Ve+ 1)+ e) =1,
n—o0

and this proves (7.11). The proof of (7.12) can be carried out in exactly the same way,
using (7.16) and (7.14) instead of (7.15) respectively (7.13). We leave the details to the
reader. =

To conclude the proof of Theorem 7.1, we must, as in Geman’s paper [Gem)], rely on
Wachter’s result from [Wa] on almost sure convergence of the empirical distribution of
the eigenvalues to the measure p.. As mentioned in the beginning of Section 6, the
random matrices considered by Wachter have real valued (but not necessarily Gaussian)
entries. His method works also for random matrices with complex valued entries, but in
the following we shall give a short proof for the case of complex Gaussian random matrices,
based on the “concentration of measures phenomenon” in the form of Lemma 3.4.

7.4 Proposition. (cf. [Wa]) Let ¢, (m(n)), and (Y,) be as in Theorem 7.1, and for alln in
N and w in §, let p, ,, denote the empirical distribution of the eigenvalues of Y} (w)Yy,(w),
ie.,

P = 5 Doimt Onp(Vr (@)¥a ()
where, as usual, A (Y (w)Yp(w)) < -+ < A (Y {(w)Ya(w)) are the ordered eigenvalues of
Y (w)Yy(w). We then have

(i) For almost all w in Q, p,,, converges weakly to the measure p, introduced in Defini-
tion 6.5.

(ii) On a set with probability 1, we have for any interval I in R, that

lim (% - card[sp(Y;Ya) NI]) = pe(]).

N~

Proof. Note first that (ii) follows from (i), Proposition 2.1 and Definition 2.2.

To prove (i), it suffices, as in the proof of Proposition 3.6, to show that for every fixed
function f from C}(R), we have that

lim tr,[f(Y;Y,)] = / f dpe, almost surely.
0

n—+00

So let such an f be given, and define g: R — C by the equation: g{z) = f{z?), (z € R).
Then g € C}(R), so in particular g is Lipschitz with constant

¢ =sup|g'(z)| < 0.
z€R
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Consider furthermore fixed m,n in N, and for 4,B in M, ,(C), define A and B in
M+1(C) by the equations

-~ (0 A . (0 B
A“(A o)’ B‘(B o)‘

By Lemma 3.5 it follows then that

llg(A) = g(B)jus < |4 - Bllus. (7.17)
o [A*A 0 ~» (B*B 0
S GV B S

g(A)=(f(f§A) f(jA*)), g(B)=(f e f(é)B*))'

Hence, it follows from (7.17) that

Note here that

so that

I£(A*A) = f(B"B)llis + | f(A4") ~ f(BB")lfis < (1A - Bllis + |A* — B*|%s)-
Since ||A* — B*||4s = ||A — B||4s, the above inequality implies that
I7(4*4) = f(B*B)llus < ev2||A ~ Blus,

and hence, by the Cauchy-Schwarz inequality, that
[bra(4° )] = tra [ f(B*B)]| < (/2[4 ~ Bllus.
It follows thus, that the function F: M, ,(C) — R, given by
F(A) = tr[f(A"A)], (A € Mna(C)), (7.18)
satisfies the Lipschitz condition
|F(4) - F(B)| < ¢\/2|A= Bllus, (4, B € Mua(C). (7.19)
The linear bijection ®: M, ,(C) — R¥™ | given by

q)(A) = (Re(Ajk), Im(AJk))lléJkSJs, (A < Mm,n((C)),

transforms the distribution on My, (C) of an element of GRM(m,n, L) onto the joint
distribution of 2mn independent, identically N(0, %)—distributed random variables, i.e.,

the distribution G, (2n)-4 OO R?™" with density

dG -1 (CL') mn
2mn,(2n)” 2 _ _73 _ 2 2mn
— = (TF) exp(—n||z||?), (z € ™),
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w.r.t. Lebesque measure on R?™. Moreover, the Hilbert-Schmidt norm on M,, ,(C) corre-
sponds to the Euclidean norm on R?™ via the mapping ®. Combining these observations
with Lemma 3.4 (in the case 0% = \/—12=n) and (7.19), it follows that with (Y;) as set out in
the proposition, we have for any n in N and ¢ from )0, o[, that

P(|F(Ya) — E(F(Ya))| > t) < 2exp(—2EE),
where K = % It follows thus by application of the Borel-Cantelli lemma, that

lim |F(Yy) — E(F(Y,))] =0, almost surely.

n—co

Using then (7.18) and Corollary 6.8(ii), we get that

I'Lm e [f (YY) = / I due, almost surely,
n—oo 0
as desired. n

Proof of Theorem 7.1. By Lemma 7.3, we only need to show, that for any ¢ from |0, oo,
we have that

tim inf Amax (YY) > (vVe+1)?,  almost surely, (7.20)
n—rod
—1)2, if 1
lim sup Amin (YY) < (ve-17%, 1 ¢>h almost surely. (7.21)
n—0o0 0, if e S 1,

By Proposition 7.4, it follows, that for any strictly positive ¢ and almost all w from €,
the numbers of eigenvalues of ¥;(w)Y,(w) in the intervals [(v/c+1)2 — ¢, (/e + 1)?] and
[(ve = 1)%,(ve — 1)2 + €], both tend to oo, as n — co. This proves (7.20) and, when
¢ > 1, also (7.21). If ¢ < 1, then m(n) < n eventually, and this implies that eventually, 0
is an eigenvalue for Y, (w)Y,(w), for any w in ©. Hence we conclude that (7.21) holds in
this case too. L

8 A Recursion Formula for the Moments of the com-
plex Wishart distribution

In [HSS], Hanlon, Stanley and Stembridge used representation theory of the Lie group
U(n) to compute the moments E(Tr,[(B*B)?]) of B*B, when B € GRM(m,n,1). They
derived the following formula (cf. [HSS, Theorem 2.5]):

14

BT By) =33 (- Pk e, )

where we apply the notation: [g], =a(a—1)---(a—p+1), (e € C,p € Ny).

i=1

By application of the results of Section 6, we can derive another explicit formula for the
moments of B*B:
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8.1 Proposition. Letm,n be positive integers, and let B be an element of GRM(m, n, 1).
Then for any p in N, we have that

sy )

Proof. In Section 6, we saw that that for any complex number s, such that Re(s) < 1, we
have the formula

m-n-F(1-m,1~n,2;s?)

E(Trn[B*Bexp(sB*B)]) = e —-,

(8.3)
(cf. formula (6.19)). Hence, by Taylor series expansion, for any s in C, such that |s| < 1,
we have that

ZE(Tr[(B*BY])-s* m-n-F(l-m,1-n,2s
—1)! - (1— g)mtn ’

(8.4)

p=1

Formula (8.2) now follows by multiplying the two power series

= m—1\ (n—1\ 4
F(l-m,1- n2s= — . )%,
( Z 1(] )(])
and

(1= s)=(mtn) = Z(m'i‘n"'k—l)sk,

and comparing terms in (8.4). "

We prove next a recursion formula for the moments of B*B, similar to the Harer-Zagier
recursion formula, treated in Section 4.

8.2 Theorem. Let m,n be positive integers, let B be an element of GRM(m,n, 1), and
for p in Ny, define
D(p, m,n) = E(Tr,[(B*B)?)). (8.5)

Then D(0,m,n) = n, D(1,m,n) = mn, and for fixed m, n, the numbers D(p, m,n) satisty
the recursion formula

D(p—f—lmn)—mw— D(p,m,n)+M%M-D(p—l,m,n), (peN).
(8.6)

Proof. Recall from Section 6, that the hyper-geometrlc function F' is defined by the

formula
oo

F(a,b,c;z) Z c)kk' kg )

k=0




Random Matrices with Complex Gaussian Entries 333

for a,b,c,z in C, such that ¢ ¢ Z\ Ny, and |z|] < 1. For fixed a,b,¢, the function
u(z) = F(a, b, c; z), is a solution to the differential equation
2
z(1 —m)%xi;—i- (- (a+b+1)x)—;l—z —abuy = 0,

{cf. [HTF, Vol. 1, p.56, formula (1)]). In particular,ifa=1-n,b=1—-mand ¢ = 2,
then u satisfies the differential equation
d?y du
x(l—z)ﬁ+(2+(m+n—3)x)a—§—(m—l)(n—l)u—-O‘ (8.7)

Define now, for these a,b,c,
v(t) = u(t?) = F(1 —m,1 —n,2;t?), (Jt] < 1).

Then (8.7) implies that v satisfies the differential equation

2

y1 - t)%t—;’ +(3+ (2m+2n— 5)1%% Cdm—)m-Dw=0, (<1). (88)

Define next

s = =

A tedious, but straightforward computation, then shows that w satisfies the differential
equation
d*w dw
t1l—t)— +(3-2 t—5t%)—
(=) Z + (3= 2Am+n) i (8.9)
— (3(m+n) + 4t — (m — n)?*t)w =0, (] < 1}

Introduce now the power series expansion w(t) = 32, apt?, of w(t). Inserting this
expansion in (8.9), one finds (after some reductions), that the coeflicients o, satisfy the
formulas

og=1, and oy =m+n, (8.10)
plp+2)ep — 2o+ 1)(m+n)oyr — (0 — (m =n)*)op2 =0,  (p>2). (811)

On the other hand, inserting the power series expansion of w(t) in (8.4), yields the formula
D(p,m,n) = E(Tr,[(B*B)?]) = mn(p — 1)lop_1, (peN). (8.12)

Combining this formula with (8.11), it follows that (8.6) holds, whenever p > 2. Regarding
the case p = 1, it follows from (8.10) and (8.12), that D(1,m,n) = mn, D(2,m,n) =
mn{m —+ n), and hence (8.6) holds in this case too. It remains to note that D(0,m,n) =
E(Tr,[1,]) = n. [
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The recursion formula (8.6) is much more efficient than (8.1) and (8.2) to generate tables
of the moments of B*B. For an element B of GRM(m, n, 1), we get

E(Tr,[B*B]) = mn
E(Tx,[(B*B)’]) = m®n+mn?
E(Tt[(B*B)*]) = (m®n+3m?*n®+mn®) +mn
E(Tr[(B*B)"]) = (m*n+6m’n®+6m?n® +mn?) + (5mn + 5mn?)
E(Tx,[(B*B)’]) = (m°n+10m*n® + 20m*n® + 10m*n* + mn®)

+ (15m°n + 40m?n? + 15mn®) + 8mn.

For p < 4, these moments were also computed in [HSS, p.172| by application of (8.1).
Note that only terms of homogeneous degree p+1 —2j, j € {0,1,2,..., [-”;—1]}, appear
in the above formulas. This is a general fact, which can easily be proved by Theorem 8.2
and induction. If we replace the B from GRM(m,n,1) considered above by an element
Y from GRM(m, n, %), and Tr, by tr,, then we have to divide the right hand sides of the

above formulas by n?™!. Thus with ¢ = ™ we obtain the formulas

E(tr,[Y*Y]) = ¢
E(tr,[(Y*Y)?]) = +c
E(tr[(Y*Y)Y]) = (A +3+¢)+en?
E(tr,[(Y*Y)Y]) = (c*+6c®+6¢® + c) + (5¢° + 5c)n 2
E(tr.[(Y*Y)?]) (c® +10c* + 20¢® + 10¢® + ¢)

+ (15¢® + 40c* + 15¢)n~2 + 8cn ™™

In general E(try[(Y*Y)?]) is a polynomial of degree [25*] in n~2, for fixed c. By Theo-
rem 8.2, the constant term y(p, ¢) in this polynomial, satisfies the recursion formula

y(p+1,¢) = BEUEED Lo ) - @D 0,1 ¢) (peN),

p+2 p+2

and moreover, ¥(0,¢) = 1, ¥(1,¢) = ¢. As was proved in [OP], for any c in ]0, oo, the
solution to this difference equation is exactly the sequence of moments of the free Poisson
distribution p. with parameter ¢, i.e.,

10 = [ 4 duls) = kz(j:) (,2)e  wem,

(cf. [OP, Formula (1.2) and Proposition 1.1]). Thus, if Y, € GRM(m(n),n, ), for all n
in N, and ﬂ;l) — ¢, as n — 00, then we have that

lim E(tr,[(Y*Y)?]) = v(p,c) = /000 2P du(z),

n—oo

in concordance with Corollary 6.8(i).



Random Matrices with Complex Gaussian Entries 335

References

[ABJ] S.A. AnDErsON, H.K. BrgNs AND S.T. JENSEN, Distributions of eigenvalues in
multivariate statistical analysis, Ann. Statistics 11 (1983), 392-415.

[Ar] L. ARNOLD, On the asymptotic distribution of the eigenvalues of random matrices,
J. of Math. Analysis and Appl. 20 (1967), 262-268.

[Ba] Z.D. BAI, Methodology in spectral analysis of large dimensional random matrices, A
review, Statistica Sinica 9 (1999), 611-677.

[Bre] L. BREIMAN, Probability, Classics In Applied Mathematics 7, SIAM (1992).

[Bro] B.V. BRONK, Exponential ensembles for random matrices, J. of Math. Physics 6
(1965), 228-237.

[BSY] Z.D. Bal, J.W. SILVERSTEIN AND Y.Q. YIN, A note on the largest eigenvalue of a
large dimensional sample covariance matrix, J. Multivariate Analysis 26 (1988), 166-
168.

[BY1l] Z.D. Bal AND Y.Q. YN, Necessary and sufficient conditions for the almost sure
convergence of the largest eigenvalue of a Wigner matrix. Ann. of Probab. 16 (1988),
1729-1741.

[BY2] Z.D. BAI AND Y.Q. YIN, Limit of the smallest eigenvalue of a large dimensional
sample covariance matrix, Ann. Probab. 21 (1993), 1275-1294.

[Co] A. CoNNEs, Classification of injective factors, Annals of Math. 104 (1976), 73-115.

[De] P. DErrT, Orthogonal Polynomials and Random Matrices: A Riemann-Hilbert Ap-
proach, Courant Lecture Notes 3, Amer. Math. Soc. (2000).

[Fe] W. FELLER, An Introduction to Probability Theory and Its Applications, Vol. II,
Wiley & Sons Inc. (1971).

[Fol P. FORRESTER, Log-gases and Random Matrices, Book Manuscript.
www.ms.unimelb.edu.au/~matpjf/ matpjf.htmi

[Gem] S. GEMAN, A limit theorem for the norm of random mairices, Annals of Probability
8 (1980), 252-261.

[Go] N.R. GOODMAN, Statistical analysis based on a certain multivariate complex Gaussian
distribution (an introduction), Ann. Math. Statistics 34 (1963), 152-177.

[GS] U. GRENANDER AND J.W. SILVERSTEIN, Spectral analysis of networks with random
topologies, SIAM J. of Applied Math. 32 (1977), 499-519.

[HSS] P.J. HANLON, R.P. STANLEY AND J.R. STEMBRIDGE, Some combinatorial aspects
of the spectra of normally distributed Random Matrices, Contemporary Mathematics
138 (1992), 151-174.

[HT] U. HAAGERUP AND S. THORBJ@RNSEN, Random Matrices and K-theory for Exact

C*-algebras, Documenta Math. 4 (1999), 340-441.



336

U. Haagerup and S. Thorbjgrnsen

[HTF]

[MP]

[OF]

[oU]

HIGHER TRANSCENDENTAL FUNCTIONS VOL. 1-3, A. Erdélyi, W. Magnus, F. Ober-
hettinger and F.G. Tricomi (editors), based in part on notes left by H. Bateman,
McGraw-Hill Book Company Inc. (1953-55).

J. HARER AND D. ZAGIER, The Euler characteristic of the modulo space of curves,
Invent. Math. 85 (1986), 457-485.

A.T. JAMES, Distributions of matrix variates and latent roots derived from normal
samples, Ann. Math. Statistics 35 (1964), 475-501.

D. JONSSON, Some Limit Theorems for the Eigenvalues of a Sample Covariance Matrix,
J. Multivariate Analysis 12 (1982), 1-38.

C.G. KHATRI, Classical statistical analysis based on certain multivariate complex dis-
tributions, Ann. Math. Statist. 36 (1965), 98-114.

G. LETAC AND H. MASSAM, Craig-Sakamoto’s theorem for the Wishart distributions
on symmetric cones, Ann. Inst. Statist. Math. 47 (1995), 785-799.

K. MAYR, Integraleigenschaften der Hermiteschen und Laguerreschen Polynome,
Mathematische Zeitschrift 39 (1935), 597-604.

M.L. MEHTA, Random Matrices, second edition, Academic Press (1991).

V.D. MiLMAN, The Concentration Phenomenon and Linear Structure of Finite Dimen-
sional Normed Spaces, Proc. International Congr. Math., Berkeley California (1986),
vol. 2, 961-975 (1987).

V.A. MARCHENKO AND L.A. PASTUR, The distribution of eigenvalues in certain sets
of random matrices, Math. Sb. 72 (1967), 507-536.

F. OrAVECZ AND D. PETZ, On the eigenvalue distribution of some symmetric random
matrices, Acta Sci. Math. (szeged) 63 (1997), 383-395.

W.H. OrsoN AND V.R.R. UpPPULURI, Asymptotic distribution of the eigenvalues of
random matrices, Proc. of the sixth Berkeley Symposium on Mathematical Statistics
and Probability, University of California Press (1972), 615-644.

G. PisiER, The volume of convex bodies and Banach space geometry, Cambridge
University Press (1989).

J.W. SILVERSTEIN, The smallest eigenvalue of a large dimensional Wishart matrix,
Annals of Probability 13 (1985), 1364-1368.

C. TrACY AND H. WIDoOM, Level-spacing distribution and the Airy kernel. Comm.
Math. Phys. 159 (1994), 151-174.

C. Tracy AND H. WiDoM, On orthogonal and symplectic matrix ensembles. Comm.
Math. Phys. 177 (1996), 727-754.

D.V. VoicuLescu, K.J. DYKEMA AND A. Nica, Free Random Variables, CRM
Monographs Series, vol. 1 (1992).



Random Matrices with Complex Gaussian Entries 337

D.V. VOICULESCU, Limit laws for random matrices and free products, Invent. Math.
104 (1991), 201-220.

K.W. WACHTER, The strong limits of random matrix spectra for sample matrices of
independent elements, Annals of Probability 6, (1978), 1-18.

E. WiGNER, Characteristic vectors of bordered matrices with infinite dimensions, Ann.
of Math. 62 (1955), 548-564.

E. WIGNER, Distribution Laws for roots of a random hermitian matrix, Statistical
theory of spectra: Fluctuations (C.E. Porter ed.), Academic Press (1965), 446-461.

J. WISHART, The generalized product moment distribution in samples from a normal
multivariate population, Biometrika 20A (1928), 32-52.

Y.Q. YN, Z.D. BA1 AND P.R. KRISHNAIAH, On the limit of the largest eigenvalue of
the large dimensional sample covariance matrix, Prob. Theory and related Fields 78
(1988), 509-521.

Received: 08. 05. 2003
Revised: 05. 08. 2003



