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Abstract. It is shown that the entropy function H(Nj,...,N;) on finite
dimensional von Neumann subalgebras of a finite von Neumann algebra

attains its maximal possible Value H (\/ Ny) if and only if there exists a
=1
maximal abelian subalgebra 4 of \/ Ny such that 4 = \/ (4N Ny).
=1 (=1

1 Introduction

Nonabelian entropy of automorphisms of finite von Neumann algebras as
put forward in [2] is not yet well understood. If R is a von Neumann algebra
with a faithful normal finite trace t the definition of entropy is based on a
function H(Ny,...,N;) on finite dimensional von Neumann subalgebras
Ni,...,N; of R, just like the entropy in the classical case is based on the
entropy H (V/Z:l #;) of finite measurable partitions. The function
H(Ny,...,N;) satisfies many of the same properties as H(\/t_, P,); in par-
ticular it is increasing, and H(Ny,...,N;) < H(\/*_, Ny), where \/5_, N; de-
notes the von Neumann algebra generated by Ny, ..., N;. However, some
crucial properties are false; for example it is not in general additive on tensor
products, and if H(Ny,...,N;) = Z§:1H(Né) we cannot conclude inde-
pendence of the N,’s in any natural sense. Only when there is “enough”
commutativity between the N,’s can we expect nice behaviour of the func-
tion H. More specifically, if there exists a masa — maximal abelian von
Neumann subalgebra — 4 of \/{_, N such that 4 = \/_ (4N N;), then we
have the nice formula

H(Nl,...,Nk)H(AﬂNl,...,AﬂNk)H(A)H(\?N() R
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thus yielding a very useful criterion for computing entropy.

In the present paper we prove the converse to the last result i.e. if we
have maximality, viz H(Ny,...,Ni) :H(\/I/f:IN(g), then \/IE:IN[ is finite
dimensional, and 4 as above exists. A consequence is that

HM @ Ny, ..., My @N) = H(M,y, ..., M) +H(N,...,N)

when both the M,’s and the N,’s satisfy the maximality condition. If we
furthermore have that H(Ny,...,N;) = Z]lle H(N,) then the masa A has the
further properties that the algebras 4 N N,’s are masas in the N,’s and are
independent.

Our result indicates two things; firstly that it is in some cases possible to
describe relative positions of algebras Ny, . .., Ny from values of the function
H(Ny,...,Ni). Secondly, if o is a t-invariant automorphism of R and
Ny = of(N) for a fixed algebra N with R = \/>_N,, then if the maximality
condition prevails for H(Ny, ..., Ny) for all &, then it should be within reach
to prove analogues of some of the classical theorems for generators like the
Shannon, Breiman, McMillan theorem.

The paper is organized as follows. In section 2 we prove some analytic
results needed in the sequel. In section 3 show an inequality which is crucial
for the proof. It can be described as follows. In [2, eq. (8)] it was shown that
if x;; € R* with ) x;; = 1 then

> enlay) < Zn(Z) +Z’7<Zx> |

where 7 is the function 5(¢f) = —tlogt for ¢ > 0, and #(0) = 0. We improve
this inequality and give explicit estimates for the difference between the right
side and the left side. In section 4 we review the basic theory of the entropy
function H and prove some general results needed in the proof of the main
result in section 5.

The authors are indepted to E. Alfsen and M.B. Ruskai for valuable
comments.

2 Analytic preliminaries

In this section we collect some facts which will be needed in the subsequent
sections. It was shown by Nakamura and Umegaki [7] that the function
—n(¢) is operator convex. Choi proved in [1, Lem. 3.6] that every operator
convex function /4 on an open interval is strictly operator convex, except for
the trivial case when % is a polynomial of degree at most 1. We shall need the
following slight extension of Choi’s result, giving at the same time a new
proof of the operator concavity of ().

Lemma 2.1 The function h(t) =tlogt, t >0, h(0) =0, is strictly operator
convex on B(H)", i.e. for x,y € B(H)",
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h(3(x +)) < 3h(x) +3h(y)
with equality if and only if x = y.

Proof. Note that if x,y are invertible we could have applied Choi’s result
directly. For the general case we use the following simple lemma of Choi
[1, Lem. 3.5]. If z,w € B(H), are invertible, then

(1) Ge+w) T < +w)

and equality holds if and only if z = w. From the integral representation

logt:/w(l—lka_tia)da
0

we have for every ¢ > 0,

(ﬁ—ﬁ)da

Hence for all x,y € B(H)™,

20 310 = h(*5 )
:/ (%(x-i—al)_l +%(y+al)_l - ()%jtal)fl)ada
0

as a B(H)-valued integral. By (1)

xX+y

1 —1 1 -1 -1

— — - >

Sletal) 43 (v +al) ( +a1) >0

for a > 0, and equality holds (for each fixed a > 0) if and only if x = y. This
proves the lemma. O

Lemma 2.2 Let R be a von Neumann algebra with a faithful normal tracial
state t. Let a,k € R*, b€ R, and assume a+th >0 and invertible for
t €10,1]. Then the function t — t(blog(a + tk)) is differentiable with deriva-
tive
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%r(blog(cH—tk)) :/r(b(ozl badt i) (ol +a+ o)
0

Proof. By [6, eq. 3.6]

%r(b log(a + tk))| _, = / t(b(al +a) k(o +a) Vdo .
0

Therefore

d d
E’L’(b log(a + tk)) |t:t0 :at(b log((a + tok) + sk))| 0

s=

o0

:/r(b(od ot 1ok) k(] + a+ tok) D .
0

O

Lemma 2.3 With R and © as in Lemma 2.2 suppose k=k*€R, yeR™, and
v+ thk > 0 and invertible for all t € [0, 1]. Then the function t — tn(y + tk) is
differentiable with derivative

%m(y + k) = —t(k(log(y + tk) + 1)) |

where 7(s) = —slogs, s > 0, n(0) = 0.
Proof. Let x(t) = y + tk. By Lemma 2.2

%w(x(f)) — _f( (%x(l)) logx(1) + x(¢) %logX(t)>

o0

= —t(klogx(1)) + [ t(x(t)(al + x(2)) k(o] 4 x(2)) " ")du

Now

/ Sda=— | =1 fors>0.
(ol +5)7  a+s
0 0
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Thus by spectral calculus

/oz1+x x(0) (a2l +x(t)) 'da =1,
0

so that

5 () = —t(k(log(x(r)) + 1))

Lemma 2.4 Let R and t be as in Lemma 2.2 and denote by R;.  the set of
invertible elements in R*. Let x1,x; € R . Then the functlon f RI — R
defined by

S () =(v(logy —logx; —logxs — 1))
is strictly convex and has minimum at
w =exp(logx; +logxy) .

In particular, f(y) > f(w) for all y € RY,, vy # .

Proof. Let y € R with y # 3, and set

y(t) = (1 =ty +ty =y +t(y — ), tel0,1] .

Then )/'(f) =y — )y, and there exists ¢ >0 such that y(¢r) > el for all
t € [0, 1]. By Lemmas 2.2 and 2.3 f(y(¢)) is a twice differentiable function of
t, and we have

—f( (1) —jt (=n((2))) — =(/(t)(logx; +logxy + 1)
(2) =t((y —0)[(logy(t) + 1) — (logx; + logxs + 1)])

=1((y — ) (logy(t) — logx; —logxz)) .

By Lemma 2.1 and faithfulness of 7 the function x — f(x), x € R’

mnv?
strictly convex, hence the function g(¢) = f(y(¢)) is a strictly convex functlon

of ¢ since y # yy. By (2)
g'(t) = t((y — »)(logy(t) — logx; —logxz)) ,
and so

g'(0) = (v — y)(logyo — logx; —logxy)) =0 .
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Since ¢ is strictly convex, 0 is the unique minimum of g, hence g(¢) > ¢(0)
for ¢ > 0. In particular, () = ¢g(0) < g(1) = f(»). O

The previous lemma will be used in section 3, the next in section 4.

Lemma 2.5 Let g,: [0, 1] — S C R¥ be a Borel function for n € N, where S is a
compact set. Then there exist measure preserving Borel isomorphisms
a2 [0, 1] — [0, 1] such that (g, o ay),en has a subsequence which converges
pointwise a.e.

Proof. There is no loss of generality to assume S = [0, l]k. We consider first
the case k = 1. Choose ¢/,: [0, 1] — S such that ¢/, takes only finite number of
values, and ||g, — ¢.||. < '/.. By suitable choice of o, we can assume

hy =g, 00,:[0,1] — [0, 1]
is an increasing function for each n € N. Put
V ={h:[0,1] — [0, 1]: & is increasing} .

Then V' is compact in the topology of pointwise convergence. Furthermore,
since each increasing function has at most a countable number of points of
discontinuity, each function in V' is Borel. Choose by compactness a subnet
(hn,) of (h,) which converges pointwise to a function 4 € V. Put

T=(QnNI0,1))U{x € [0,1]: his discontinuous at x} .

Then T is countable and dense in [0, 1]. Choose a subsequence (4,,) of (4,,)
which converges pointwise to 4 on T. We assert that 4,, — h pointwise on all
of [0,1]. Indeed, if x € [0,1]\ T and & > 0 choose z,z’ € [0,1] \ T such that
7 < x < zand h(z) — h(x) < ¢/, and h(x) — h(z') < ¢/5. Choose y,y’ € T with
7 <y <x<y<z and choose i, such that i>i, implies |k, (y)—
h(y)| <*/2 and |h,, (V') — h()')| < /2. Since h,, is increasing we have when
hn (x) — h(x) > 0 that

[, (x) = B(xX)| < [hn, () = B(Y)| + [A(y) = h(x)]
<2+ [h(z) = h(x)]
<‘hh+ih=c¢.

If h,,(x) — h(x) < 0 we argue similarly with y and 2. Since ||k, — g, © o]
= |I(g}, — gn) © 0|l, — O it follows that

Gn; © Oy, = hy, = h pointwise a.e.
This proves the Lemma for £ = 1.

We now assume & > 2 and S = [0, 1]. Choose ¢:[0,1] — [0, 1]* which
is continuous and surjective, a k-dimensional Peano path. We apply [4,
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Thm. 14.3.6] to X = [0,1]%, ¥ = [0,1], & = {(¢(p).p):p € [0, 1]}, and = the
projection X x ¥ — X. Then n(%) = [0, 1]*. By the theorem there exists a
Borel map : [0, 1]F — [0, 1] such that (¢, ¥(q)) € & for ¢ € [0, 1]*. Hence if

q = ¢(p) with p € [0, 1] then (¢(p),p) = (¢,¥(q)). In particular y o ¢ = id.,
so V¥ is in particular surjective. But then with p = (q), ¢ o ¥(q) =g, so
¢oy =id.

Let now (g,) be the sequence in the lemma. Then g, = ¥ 0 g,:[0,1] —
[0,1]. From the case k = 1 there is a,: [0, 1] — [0, 1] which is a Borel iso-
morphism such that g, o o, has a converging subsequence. But g, = ¢ o gy,
and ¢ is continuous, so (g, oa,) has a subsequence which converges
pointwise a.e. O

In the course of the proof we showed the following
Corollary 2.6 There exists a Borel measurable map - [0,1]° — [0, 1] such that
whenever (gn),en 18 a sequence of Borel functions, g,:[0,1] — [0, 1¥, with
W 0 g, an increasing function on [0,1], then (g,),n has a subsequence which
converges pointwise a.e.

3 An inequality

Let R be a finite von Neumann algebra with a faithful normal trace t such
that 7(1) = 1. We follow [2] and use the notation

Sy = {(x,-]__,l-k):x,-,w,-k € RTand equal to 0 except for a finite

number of indices, Zx,-]m,»k = 1} .

ip...0p
L _ §
Xi/ = x,»lmik .

Iyecdj—1ip4 .k

As a consequence of Lieb’s result [6] that relative entropy is a jointly convex
function it was shown in [2, eq. (8)] that we have the following inequality. If

(xij) € S, then
Z ™m(x;;) < Z w(xf) + Z m(x./z') ‘

We shall in the present section improve this inequality via a proof which
does not make use of relative entropy.

Lemma 3.1 Let a and b be self-adjoint operators in R. Then we have

1
(e’e’) — t(e*t?) > 3 11"/, ¢35 -
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Proof. It is well-known that

et = lim (e/Pe/P)P, pEN |

p—00

where the limit is in norm (cf. [9], proof of Theorem VIII.29). Straightfor-
ward computation yields

1
(3) ,C(eaeb) _ ,L_((ea/2eb/2)2) _ E ”[ea/z’eb/z]”%
Now
T((eﬂ/Zeb/2>2) :T<<ea/4eb/4)(ea/4eb/4)*(ea/4bb/4)(ea/4eb/4)*)
a/4 b4 4
e ||4 )

=|le

where |x,|| = ©(|x]” )'/P By the generalized Holder inequality [5, Corollary
3.2] we have for p € N

X1 ... x|l < ||x1||p...||xp||p, X1,...,X €ER .

a/4¢b/4 we have

Hence with p=4, x1 =x, =x3=x4 = ¢
(")) < [le ey = 1(ee ) )

Inductively we obtain

ea/zk eb/zk 2
2k
= (e PP

T<<ea/2keb/2/‘)2k)

IN

IN

T((e/2e2)?)
Since the left side converges to t(e“*?) we find
(™) < 1((e%2e2)?)
which combined with (3) completes the proof. O

Theorem 3.2 Let (x;) €Sy, i=1,...,m, j=1,...,n. Then we have

n

Z Jrz_:ﬂ’[ Xm:me,, 252’_":

i=1 i=1 j=1

n

2l

’ 1/2 x 1/2]H
2

Proof. Assume first that all x;, i=1,...,m, j=1,...,n, are invertible
elements in R™. Then we have
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Z m(x!) + Z m(xf) — Z (x;;)
i J i
= Z t(x;(logx;; — logx} — longz.))
ij
=1+ Zr(xij(logxij —logx! — logxf -1)) .

i

Set y; = exp(logx! +10gx_?). Then by Lemma 2.4 the above quantity is
greater than

1+ Zﬂ:(y,-j(logy,-j —logx} — logx? -1))=1- Zﬂ:(y,-j)

ij ij

Put a; =logx!, b;= logx?. Then x! = e, x? =el, y;=e“t. Since
>ox; = > x; =1 we get by Lemma 3.1
i i

1- Z T()’ij) = Z ‘L'(ea"eb/) — Z 'L'(e”""'hf)
4 ij i
1
Ll )
ij

7]
S>3 [CANIS! §
2 lj 1 ) J 2 )

Vv

which completes the proof when all x;; are invertible. The general case
follows by approximation. Indeed, set

%= (1= +-—1,  0<e<l.

Then X;; is invertible,  X;; = 1, and

ij
~ R
X =(1—e)x; +%17
~ &
sz. =(1- s)xf- +;1 :
By continuity of the function # on [0,1] we are done. O

Corollary 3.3 Let (x;,..;,) € Sk. Then

k

2 (\1/2 m\1/2712
3OS el — 3 entei) = maxd G ) Pl
(=1 i )

1.0 ipim
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Proof. By Theorem 3.2 the corollary holds for k£ = 2. Let £ > 2 and assume
the corollary holds for £k — 1. Fix I #m in {l,...k}. For simplicity of
notation we may assume /,m < k. Put

yl'l...l'k,| - E xi|.4.ik .
ik

Then (v, ,) € Sk—1 and y’ . Let

=13 )2 1/2|| P IODY20mY 1115
14 ’ z,,, 27— 2 lm 2

M igim

Then by induction hypothesis

k—1
ZZWI(Y,%) - Z Wi, ) = o
= T

i1..dp—q

so that

(4) a<ZZm x;,) Zrn X, 7.2 m(Zx,—lu_,-k> )

e df—1

Let ®: NF!' - N be a bijection, and put j=®@ ... ik-1). Then by
Theorem 3.2 (or rather [2, eq. (8)]) we get with x;;, = x;, .,

Z m xll lk Z m lek

.0k Jik

<ZW +Zmu
-3 oS )+ oty

[

Thus by (4) the corollary follows. U

4 Entropy

Throughout this section R is a finite von Neumann algebra with a faithful
normal trace t with t(1) = 1. If N is a von Neumann subalgebra of R we
denote by Ey the unique z-invariant faithful normal conditional expectation
of R onto N. Let notation be as in section 3. If Nj,... N, are finite
dimensional von Neumann subalgebras of R we follow [2] and define
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k
H(Ny,...,Ny) = sup { va:(xilu_,'k) - ZZT’?EM(%)} .
ik =1 i

(X ., ) ESk
If we want to express which trace we use we write H.(Nj,...,N;). Then
H(Ny,...,N¢) >0, symmetric in its arguments and satisfies the following
properties.

(A) H(Nl,...7Nk)SH(P],...,P]() if Ny C Py
(B) H(Ni,...,No,Nii, - Np) <HNG, ..o Ng) + H(Niy1, - -, N,)
<C P,....P CPéH(P],...,Pk,Pk_H,...,Pp) SH(P,P/H_],...,PP)
(D) For any family of minimal projections of N, (e;),., such that

> e, =1 we have H(N) = > nt(ey).

k tel tel
(E) If \/ N, is generated by pairwise commuting von Neumann

=1 k
subalgebras P, of Ny then H(Ny,...,Ny) = H(\/ Np).
¢=1

Two inequalities were useful in [2]. The first is [2, eq. (12)] which states that
if x,y € RT, then

(5) ne(x +y) —mlx +y) < (nr(x) — mx)) + (nr(y) — my)) -

Since Ey is completely positive, it follows from Jensen’s inequality for op-
erator convex functions, cf. [3] combined with Stinespring’s theorem, that

(6) nEx(x) > Exn(x), xER" .

In particular it follows that tyEy(x) > t(x). Note that if x € R* then we
have

(7) x €N if and only if #nEy(x) = Exn(x) .

Indeed, by operator concavity of # if nEy(x) = Eyn(x) then

Ewn(a) =Ex (3 En(x) + () ) < Exn (5 (Bn(x) + )

<n(En (3B () +0)) ) = nn(o) = (o)

Thus, by strict operator concavity of 1, Lemma 2.1, and faithfulness of Ey
Ey(x) = x. The converse is trivial.

Lemma 4.1 Let M C N be finite dimensional von Neumann subalgebras of R.
Then H(M) = H(N) if and only if each masa in M is a masa in N.

Proof. If H(M) = H(N) and 4 is a masa in M, let (e/),,, be the minimal
projections in A. Suppose e¢; = f; + g, with f; and g, projections in N. Since
1(e) = 0 for each projection e it follows from (5) that
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nt(ee) =nt(fe +ge) — m(fe + ge)
< (e(fe) — wm(fe) + (ne(ge) — w(ge))
=nt(fe) +ne(ge) -

By hypothesis and (D), #nt(es) = nt(fe) +nt(ge). Now if nla+b) =
n(a) +n(b) with a,b € [0, 1] then a or b equals zero. Indeed, if a # 0 and

f(b) =n(a) +n(b) —nla+b)

then f(0) =0, and f'(b) =log(a+ b) —logh > 0, proving the assertion.
Thus z(fy) or z(g¢) = 0, hence f; or g, = 0, and e, is minimal in N. Therefore
A is a masa in V.

The converse is immediate from (D). O

Lemma 4.2 Let Ni,..., N be finite dimensional von Neumann subalgebras of
Rand N = \/ Ny. Suppose e # 0, 1 is a central projection in N such that e € Ny
for each ¢. Putf =1—e. Then

H(Nl,...,Nk) = r(e)Hrg(Nle,...,Nke) +T(f)HTf(N1f,...,Nkf)
+nt(e) +ne(f) -

Here t.(xe) = t(e)”'t(xe) is normalized trace on Ne.

Proof. Since e belongs to the center of N, the conditional expectation of R,
(= eRe acting on eH) is given by Ey,.(exe) = eEy,(x). Let (x;,_ ;) € Si. By the
definition of H(Ny,...,N;) we may assume x;,_; € N. Thus

Z nt(ex; ;) — Z Z m (EN,exf()

i...0x J4

= Z e)te(ex;, i) ZZ ren EN[eex[)

ir.. lk
= n(z(e)) +(e) Y _nelexii)) = 2(e) D Y wen(Eneex;)
iy ..dg l iy
< nr(e) + t(e)H,,(Nye,. .., Ne)
by definition of H,(Nie, ..., Nie), and similarly for /. By the inequality (5)
we therefore have
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Z ”If(xilmik) - Z Z m (ENzxf})
T

i1...0x

= Z("]T(exilmik +fxilu.ik) -7 (exll R Jrfxz] zk)

1y .0k

+ Z T”<xi1-<-ik) - Z Z ™m (ENixté';)
(A7

i1...k

< Z((’?T(exilmik) - Tﬂ(exil-nik)) + (”If(fxil-..ik) - ‘C’/I(fxil-~~ilc)))

iy...0x

+ Z ™m(Xi.q) — Z Z T(en(EN[xf/)) — Z Z T(f’? (EN[Xi,))
..k ¢ i 7 7
= < Z nr(ex;, i) — Z Z ™ (EN[exf€)>
it a7
+ ( > nelfi i) - Z Z T (EN[fxf,Z)>

< nt(e) + t(e)H, (Nye, .. Nke) +nt(f) + <(f)H, (N f5 - Nif)

Taking sup over all (x;, ;) € Si we see that the left side is smaller than the
right side in the formula in the lemma.

Conversely let (y,,.) € Nte with "y, , =e, and (z4,.4) ENTS
with Yz, 4 = f. Put

Yoo A i=2p, VI
Xiy iy if ip = 2q[ —1 VI

ZfIl-»-qk
0 otherwise
Then
¢ v, i i =2p;
X, = .
Zf” if ly = 26]@ —1
We have
> o) =Y ) m(En)
i...0k J4 iy
(X - Tt
P1y--sPk

+ < Z nt(zg..q) + ZZ”’(ENU‘Z&)>
q1---qxk r o q
= ( Z Nte(Vp,.. Pk ZZTJI EN/eyP[)>

[ %

+777 +T(f (Z nty qu qA ZZ‘EJ’/I EN(/Zq;)>

r q
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Taking sup over all (y,, ) and (z,,.4,) we find

H(Ny,...,Ny) > nt(e) + t(e)Hy, (Nye, . .., Nre) + n(f)

e

+T(f)H‘Ef(N1f7 s 7Nkf) )
proving the lemma. O

Lemma 4.3 Let Ny,...,N; be finite dimensional von Neumann subalgebras
of R, and N = \k/ Ny. Let e be a central projection in N, and suppose
H(Ny,...,Ny) :ZI?(N). Then H.,(Nye,...,Nye) = Hy (Ne).

Proof. Let M, denote the von Neumann algebra generated by N, and e. Then
Ny C My C N, so that N = \k/ M, and Mye = Nye. By property (A) and (C)
and Lemma 4.2 applied ﬁrétZIto H(M,,...,My) and then to N, we have

H(N) = H(N, .., Ny)
<HM,...,My)
= wn(e) + (1) + 2 N Nee) + <V (Vi Vi)
< t1(e) + (/) + T(e)H, (Ne) + (/) Hy, (Nf)
—H(N) .

It follows that t(e)H,, (Nye,...,Nye) = t(e)H,, (Ne), proving the lemma. []

Lemma 4.4 Let N be a von Neumann subalgebra of R such that H(N) < co.
Then N is finite of type I with totally atomic center.

Proof. If the conclusion does not hold there exists a weakly closed abelian
C*-subalgebra 4 of N without minimal projections. Say e is the identity for
A. Then for each n € N there exists an orthogonal family eq,...,e, of
projections in 4 with sum e and t(e;) =1t(e). Thusif f =1 —e,

E)logn+ ane(e) +nt(f)

proving that H(N) = +o0, contrary to assumption. O
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5 The main theorem

In this section we prove our main theorem. Recall that if NV is a finite
dimensional von Neumann algebra then the rank of N, rank N, is the
dimension of a masa in N. Thus dim N < (rank N)*.

Theorem 5.1 Let R be a finite von Neumann algebra with a faithful normal
trace t with t(1) =1. Let Nl,... Ny be finite dimensional von Neumann

subalgebras of R and let N = \/ Ny. Then the following two conditions are
equivalent
(1) H(Nl,...,Nk) :H(N)

k
(i) There exists a masa A in N such that A = \/ (AN Ny).
=1

In particular, if the above conditions hold, then N is finite dimensional and
k
rank N < [] rank Ny.
=1
Proof of Theorem 5.1 (part 1). The implication (ii) =(i) is well-known and
follows easily from properties (A), (C), (D) and (E). Indeed,

k
H(N)>H(Ni,...,Nt) > HANNy,...,ANN;) = (\/AmM)
(=1

k
From now on we assume (i). By property (B) H(N) < > H(N;) < oo, hence

N is by Lemma 4.4 finite of type I with totally atomic ééﬁter. By Lemma 4.3
assumption (i) holds for Ne and Nje, . .., Nie for each central projection e in
N. Since the center of N is totally atomic the identity 1 is the sup of central
projections e with dim Ne < 2. If we prove the theorem for Ne we conclude

in particular that rank Ne < [] rank Ny. Since this holds for all such e it
/=1 k
holds for N itself, i.e. N is finite dimensional with rank N < [] rank N,. We

shall therefore in the sequel assume dim N < oco. In order to f)}l()ve Theorem
5.1 we need to replace (x; ;) € Sy and the operators xf[ by functions with
values in N. Since dim N < oo we can consider N as a subset of R” for some
r€ N. Let

c—sup{”(|) 0#x€eN, 0<x<1} .

Since dim N < oo, ¢ < 0o, It is clear that Corollary 2.6 holds with the cube
[0, 1]" replaced by [0, ¢]". We therefore let y: [0, c]” — [0, 1] be a function with
the properties of Corollary 2.6. Let (x; ;) € Sk, and assume, as we may,
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that x;,_;, € N. For each ¢ let the numbers i, run through the numbers
{1,2,...,1’!(}. Put

\—1 .
¢ zlp(r(xi) xf[)7 iv=1,...,n .

Let g, be a permutation of {1,...,n,} such that

0 4 4
Coi(1) S Co2) S S Coumy) -

The defining sums in the definition of H(Ny,...,N;) remain the same if we
replace i/ by a[(i/) or (il,.. S i) by (o1(i1),...,0k(ix)). We can therefore
assume ¢ < ¢ <- c,»0=1,... k. Choose numbers in [0, 1] as follows:
0:a€<a’i<---<aﬁ[:1,
=t
Put A = [af |, d}), j < ny, A}, = [a}, ;,1]. Put

Z}/Az T le, te [O,l] ,

where y, is the characteristic function of the set 4, or in our previous
notation, if we write 4;, for Af[,

-1
Zy,q,[ x) g, €01 .

Then y o ¢ is an increasing function [0, 1] into [0, 1]. Put

k —1
tla"'? Z)/A,lx XA, tlv"'Jk)(HT(xé)) Xiy iy
(=1

i1k

Then ¢: [0, 1] — N* c IR” is Borel. Note that we have

[

g 11,...,lk)dll...dtk:1

To complete the proof of Theorem 5.1 we shall need the following two
lemmas.
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Lemma 5.2 With the above notation we have
1 1

1
k
/"'/1’[1’( (2‘17..., dtl .dty, — Z/T”EM dl‘g
1
0

0 0
n
0
—E (i) E § T'/IEN/(xi[)
iy...0g =1 i

Proof. The proof is a computation of the integrals involved.
1 1

/---/nr(g(tl,...,tk))dtl...dtk

0.0k =1
k
- Z gess lk) + T(xil--»ik) ZIOg ‘L'(xf[)
i1...0k =1
= i) + D Tl i) log T(x))
iy...0g i1...0x
k
l
= Z (i) — Z Z nt(x;,) -
i1...0p (=1 i

Similarly we have
1

/TWEN/ dt /ZyAI[ T}’] [( EN/ u)d
*Z “In(Enxg) + n(e) T Exx)
— Z m(Enx),) + logt(x} )t(Enx!)

-
= m(Enx)) =Y nr(x))
iy iy

Subtraction of the second formula from the first yields the lemma. O
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Lemma 5.3 lk,et Ni,...,N; be finite dimensional von Neumann subalgebras of
R and N = \/ Ny. Suppose ¢ > 0 and (x;, ;) € Sk satisfy
=1

k

H(N)—¢< Z nt(xi..i,) — Z Z m(EN,xfl) :

i1...0g /=1
Then we have
k
@YD mlx) < Y mlxi.) +e
=1 i 1.0
k
(i) > Y (m(Enx) — () <e .
=1 i
Note that by Jensen’s inequality (6) E,n(x} ) < n(E,x; ), so each term in (ii)
is nonnegative.

Proof. We may assume each x;, _;, € N. Since t(Ey,x;,) > ‘m(xf[) we have by
Corollary 3.3

k
H(N)—¢e< Z (i) — Z Z on(E,x;,)
(=1 i

1.0k

< Z nt(xi..q,) — Z Z ”l(xﬁ,)
A7

0.0y

< Z nt(xi.q) — Z [CT

iy...0x ip...0g

= Z (i) — Z w(EnXi,..i,)
1.0 ip...0p

<HN) ,

where the last inequality follows since we can consider (x;, ;) as an element
in S; by sufficient reindexing, and

H(N) = (Sl),lr; <Zm(x,~) — Zm(Ein)> .
Xi) €51 i i
The conclusion of the lemma is now immediate. O

Proof of Theorem 5.1. (part 2). We assume (i) so there is a sequence
(] i )nen 0 Sk such that

k
o0 = i (S ) - 3 S )
Q] l=1 i

Let g, and g, denote the functions corresponding to (x/ ;) as defined before
Lemma 5.2. By that lemma we have
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1 1 k 1
(8) H(V)=lim ( [+ [retantoncapanan = [entEngi o) m)
0

0 0 =1

By Lemma 5.3 we find

=

k 1
©) tim 3 [ (bt - el it =0
0

By Lemma 5.3 and Corollary 3.3 together with a straightforward compu-
tation we find

n—o0

(10)  lim /1/1H{gf,(tg)l/Z,g;”(tm)'/z}sztgdtm:0 for £ % m
0

By Corollary 2.6 and the construction of the functions (g’) we can choose a
sequence (1;); such that the subsequences (g, ) converge pointwise almost
everywhere. Reindexing we can therefore find functions g’ 00,1 — {x €
N:0 < x < cl} such that g’ — ¢ pointwise a.e. Since ||g’ || < ¢ the Lebesgue
dominated convergence theorem applies. From (9) we get

1

/ m(En,g'(t)) — (g (t)))dt; = 0

=19

Since the integrand is nonnegative this implies

m(En,g' (t)) = (g (1)) ae.
=tEn (g (1)) ace.

Thus by (6) and faithfulness of r,

n(En.g'(te)) = Enn(g' (1))

hence by (7) we have ¢‘(t;) € N, a.e.
Similarly by (10) we find

[gf(tg)l/z,gm(tm)l/z =0 ae in[0,1] for I #m ,

hence [g*(#), 9" (tn)] = 0 a.e. when [ # m.
We assert that the operators g‘(s) and ¢”(f) commute for almost all s and
almost all 7. Indeed, put
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1
{/g[ s)ds: ¢ € C([0, 1})}
0
1
{/g’" (1)t € C([0, 1])} .
0

Operators in K, commute with those in K, because

1

( / gf<s>¢><s>ds> ( / g"’<t>w<r>dt>

0

Consider N in its Hilbert-Schmidt norm. Then K, and K, are closed sub-
spaces. Choose Ay, ..., h, which span Kj. Then

1
/ s)ds=0 Y ecC(o,1])
0

Hence (g‘(s),h;) =0 a.e. Thus ¢’(s) € K}t =K, ae., and similarly
g"(t) € K,, a.e., proving that [¢°(s), g"(¢)] = 0 for almost all s and almost all
t, as asserted.

From the above we can choose nullsets ¥; C [0, 1] such that g‘(s) € Ny
whenever s € ¥, and [¢°(s), " (¢)] = 0 whenever s & V;, t & V},. Let By be the
von Neumann subalgebra of N, generated by g¢‘(s), s&V;. Then
By C B, N N whenever [ # m. Since 1 o1 o Ep, is continuous

wm(Eg,g") — ™m(Esg") = m(g") pointwise a.e.
Thus by the Lebesgue dominated convergence theorem

|

1
/‘m(EB[gf;(tg))dtg - /‘m(ge(l‘g))dtg, (=1,...,k
0

0

Similarly
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1

1
/‘CH(EN[gfl(l[))dtg — /‘H’](g[(l‘g))dl(, {=1,... k.
0

0

Thus from (8) we get

1 1 1
= lim (/ /7]1’ In t1,..., dt1 dt, — Z/‘W] E31qn ty )dtz)
n—o0 =
0 0 0

By Lemma 5.2 this means

k
=1 i

0.0k

By definition of H(By, ..., B;) the right side of the last equation is n}cajorized

by H(Bi,...,Bx). By property (C) we therefore have, letting B = \/ By,
=1

H(N)<H(Bi,...,B;) <H(B) <H(N) .

In particular, by Lemma 4.1 each masa in B is a masa in N. Let 4, be a
masa in By. Since the B, all commute with each other, the abelian algebra

k k

A=\ A;is a masa in B and hence in N. Since 4 = \/ (4 N N,) the proof is
(=1 (=1

complete. O

Theorem 5.1 sheds light on two problems which have well-known clas-
sical analogues. The first says in our notation that if 4 and B are commuting
finite dimensional abelian von Neumann subalgebras of R then H(4,B) =
H(A4) + H(B) if and only if 4 and B are independent, i.e. 4 VB = 4 ® B and
t(ab) = 1(a)t(b) when a € A, b € B. One might believe that something
similar holds in the nonabelian situation. The following example shows that
an affirmative result must be quite restrictive.

Example 54 Let N, = {(fig}) € My(C) : 1 identity in MZ(C)}, S0
=C® Mz((]:) C M4((E) Let

€ My(C) .

—_o O O
S OO -
SO = O
O = OO

Let N, = vNyv*. If 4, is the diagonal matrices, (%' ) in Ny, then 4> = vd,v*

is an abelian subalgebra of My(C) which together with 4, generates the
diagonal matrices 4 in My(C). We thus have
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H(N\,N>) > H(Ay,42) = H(4) = H(M4(CT)) ,
hence

H(Ni,N;) =H (N, V N,) =log4 =log2 + log2
=H(N;) + H(N) .

However, N; and N> do not even commute.
The restricted theorem shows that the existence of 4; and A, is generic.

Corollary 5.5 Let Ny,..., Ny be finite dimensional von Neumann subalgebras
k

of R, and let N = \/ N;. Assume
=1

H(N)=H(Ny,...,Ny)=> H(Ny)

o~
Il b
-

Then there exists a masa A in N such that Ay = AN N, is a masa in Ny, and
Ay, ..., Ay are independent.

Proof. By Theorem 5.1 there is a masa 4 in N such that 4 = \/A/,
Ay = AN N,. We thus have

k
H(N) =H(A) =H(4y,..., 4) <> H(4y)

<STH(N) = H(N) .

It follows that H(A,) = H(N;), hence by Lemma 4.1 4, is a masa in Ny, and

H(A) =H(Ay,...,4¢) =Y H(4)) .

k
=1

The conclusion of the corollary now follows from the classical abelian
case. O

The second problem which is true in the classical case but false in the
nonabelian case is that of additivity of entropy of tensor products of
automorphisms, see [8] and [10]. Our next result can be used to show that it
is true when one has maximality assumptions like those in Theorem 5.1.

Corollary 5.6 Let Ry and R, be finite von Neumann algebras with faithful
normal traces t; and v, with t;(1) = 1. Suppose M, ...,M; C Ry, Nl, ey

N, C R2 are finite dimensional von Neumann subalgebras. Let M = \/ My,
=1
N = \/ Ny;. Suppose
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H, (M,...,My)=H;,(M),H,(Ni,...,Ny) = H,(N) .
Then

Heon(Mi @ Niy.o ., My @ Ny) = Hyor,(M @ N) = Hy (M) + H, (N)
Proof. By Theorem 5.1 there exist masas 4 C M and B C N such that

k
MnM),  B=\/(BNN,)
1 /=1

D;
<a~

4

Then

k k
A®B:\/(AOMg)® BNN) = \/A®B (M; ® Ny)
/=1

Since 4 ® B is a masa in M ® N it follows that

H(M & N) = H(4 B)
—H((A®B)N (M, @), .., (4% B) N (My @ Ny))
<HM; ®Ny,...,My @ Ny)
<HM®N) .

This proves the first identity in the corollary. The second follows since
HA®B)=H(A)+HB)=H(M)+H(N) . O
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