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Introduction. Let u: A — B be a bounded linear operator between two C*-
algebras A, B. The following result was proved in [P1].

THEOREM 0.1.  There is a numerical constant K, such that for all finite sequences
X1s...5 X, in A we have

(0.1), max { |2 u(x,)*u(x)) 115, | ule)ulxi)*)" 115}
< Ky llull max {1 x¥x:) 2 Le, N xix¥) L4} -

A simpler proof was given in [H1]. More recently, another alternate proof
appeared in [LPP]. In this paper we give a sequence of generalizations of this
inequality.

The above inequality (0.1), appears as the case of “degree one” in this sequence.
The next case of degree 2 seems particularly interesting, and so we now formulate
it explicitly.

Let us assume that A < B(H) (embedded as a C*-subalgebra) for some Hilbert
space H, and similarly that B < B(K). Let (a;;) be an n x n matrix of elements of 4.
We define

[(aij)](Z) = max{ "(aij)||M,,(A)9 ||(ai7)||M,,(A), "(Zijai'i‘aij)llz |4 ||(Zijaua§)1/2||,4} .
Then we have the following result:
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890 HAAGERUP AND PISIER

THEOREM 0.2.  There is a numerical constant K, such that for all n and for all (a;;)
in M,(A) we have

0.1), [(u(aij))](2) < K, lull [(aij)](Z) .

We recall in passing the following identities for a;; € 4 and a; € 4:

”(aij)”M,,(A) = SuP{le Yo ax;)|, x5, yi € H, Z ”xj“2 <1, Z "J’i”z < 1} s

and

I3, aFa), = SUP{|Z (s aixodl, xo € Hyyi€ H, X0l < 1, Y llyill* < 1}.
We will denote
0.2) [(@)]n) = max { "(z a¥a;)"?|| 4, ||(Z a;a})"?|| 4}
More generally, let us explain the general case of “degree k” of our main result. Let
k > 1. Let n be a fixed integer. We will denote [n] = {1, 2, ..., n}. Let {a,|J € [n]*}
be a family of elements of A indexed by [n]*. Let us denote by P, the set of all the

2% subsets (including the void set) of {1, 2, ..., k}.
For any a = {1, ..., k} we denote by a the complement of « and by

mg: [n]* — [n]*

the canonical projection, i.e.

VJ:(jla'“,jk)e[n]ka n(J) = (ji)iea-

}

For any a with « # @ and «° # @ we define

(0.3) ll@)lla = Sup{

Je%]k a5 Xn ) yn,c(1)>

where the supremum runs over all families

{xile[n]} and {yu/me[n]*}

of elements of H such that ) [x,|> <1 and ), ||ly,ll* < 1. There is an alternate
description: we can identify [n]* with [n]* x [n]* so that J € [n]* is identified with
(i, j) with i = m.(J), j = m,(J). Then |(a;)|, is nothing but the norm of the matrix
(a;) acting from I,([n]* H) into l,([n], H). For « =@, this definition extends
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12
( )
Jen]*

where the supremum runs over all x,e€ H, y;€ H such that |x,| <1 and
Y llysI* < 1. Similarly, for o = {1, ..., k} we set

lan)lle = 1 asa$) ™14

naturally to

@)l = SuP{l Z {ayxo, ¥y
J e[n]*

A

We then define

0.4) [(a.l)](k) = ifg.x {“(aJ)"a}

We can now state one of our main results.

THEOREM O0.k. For each k > 1, there is a constant K, such that, for any bounded
linear operator u: A — B, for anyn > 1, and for any family {a,|J € [n]*} in A, we have

(0.1), L(w(ay))]w < Killull [(a))]g -

Moreover, we have K, < 283421,

The proof is essentially in Section 1. (It is completed in Section 2.)

We now reformulate this result in a fashion which emphasizes the connection
with the notion of complete boundedness for which we refer to [Pa].

Let A = B(H) be a C*-algebra embedded as a C*-subalgebra. (H is a Hilbert
space.) We denote as usual by M,, the set of all n x n complex matrices (equipped
with the norm of the space B(l3)) and by M,(A) the space M, ® A equipped with
its natural C*-norm, induced by B(I3(H)). More generally, let S = B(s#) be any
closed linear subspace of B(s). (# is a Hilbert space.) We call S an “operator
space”.

We denote by S ® A the completion of the linear space S ® A equipped with the
norm induced by B(s# ®, H). (Here # ®, H denotes the Hilbert space tensor
product of s# and H.) We will repeatedly use the following fact. (For a proof see
Lemma 1.5in [DCH].) Let K be an arbitrary Hilbert space. Whenever u: § — B(K)
is completely bounded, themap I, ® u: A ® S - A ® B(K)is bounded and we have

0.5) 114 ® ull 4 o5 4 @Bk < el co -

Clearly, S ® A is again an operator space embedded into B(# ®, H).

For example, we will need to consider a particular embedding of the Euclidean
space Ij into M, @ M, as follows. (We equip M, ® M, with the norm ||(x, y)|| =
max{||x|, [lyl}, for which it clearly is an operator space embedded—say, into M,,
in a block diagonal way.) We denote by E, the subspace of M, @ M, formed by all
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the elements of the form

X, O
with x4, ..., x, € C. Let (e;) be the usual basis of M,. We denote by
0 =e; Dey;

the natural basis of E, (so that the above element can be written as Y. x;4;). As a
Banach space, E, is clearly isometric to I5. More precisely, for any C*-algebra A
and for any a4, ..., a, in A, we have (this known fact is easy to check)

©06) 1T 8 ® aills, 04 = max{I(L ata)*|, (T a,at)*1}
or equivalently,

= [(ai)](u s

in the preceding notation.
Let us denote by E¥ the tensor product

E.® " ®E, (k times).

Then Theorem 0.k implies (and is actually equivalent to) the following.

ProrosiTiON 0.k. Foranyu: A — B

||IE’,§ ® u”E’; ®4A-EX@B S 26K flall.

This proposition is proved in Section 1. In Section 2 we extend (0.6) and compute
the norm of an element of EX ® A for k > 1 to deduce Theorem 0.k from Proposition
0.k.

In Section 3, we develop the viewpoint of [LPP] which dualizes inequalities such
as (0.1), or (0.1), to compute (an equivalent of) the norm of certain random series
with coefficients in a noncommutative L,-space. Let (g);cn be an ii.d. sequence
of random variables each distributed uniformly over the unimodular complex
numbers. (Such variables are sometimes called Steinhaus variables.) Let 4, be a
noncommutative L,-space. Roughly, while [LPP] treats the case of A,-valued
random variables which depend linearly on the sequence (¢;), we can treat variables
which depend bilinearly or multilinearly in the variables (¢;). For a precise statement
see Theorem 3.6 below.
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It might be useful for some readers to emphasize that the variables (¢;) can be
replaced by independent choices of signs, or more importantly, by ii.d. Gaussian
variables. All our results remain true in this setting, but with different numerical
constants; this follows from the fact (due to N. Tomczak-Jaegermann) that 4, is of
cotype 2, see e.g. [P3, p. 36] for more details. We also would like to draw the reader’s
attention to Kwapien’s paper [K] which contains “decoupling inequalities” quite
relevant to the situation considered in Theorem 3.6 below. Using [K], one can
deduce from (3.1) below some “nondecoupled” inequalities. For instance, we can
find an equivalent of integrals of the form [ ||} <;<; <n €i&%;ll4, 4P Where x;;€ 4,
and (g); >, is an iid. sequence of symmetric + 1-valued random variables on a
probability space (€, P), and similarly in the multilinear case. We will not spell out
the details.

The results of the first three sections of this paper rely heavily on the following
factorization result proved in Section 1: The identity map I on the operator space
E, has a completely bounded factorization through the von Neumann algebra
VN(F,) associated with the left regular representation of the free group with n
generators; i.e. there are w,: E, » VN(F,) and v,: VN(F,) - E,, such that

IE,, = UpW, and "vn”cb "Wn"cb < 2.

In Section 4, we show that for any sequence of factorizations Iy, = v,w,(n = 1,2,...)
of the identity maps I through injective von Neumann algebras we have

Hm vyl [Walley = +c0.

n—ow

Combining these two facts about the factorization of Iy with Voiculescu’s recent
result ([V1]) that the algebra of all n x n matrices over VN(F, ) is isomorphic (as
a von Neumann algebra) to VN(F,)), we show at the end of Section 4 that the von
Neumann algebra VN(F,) is not a complemented subspace of B(H) for any n > 2.
(For very recent results on similar questions, see [P4, CS].) We also include several
general remarks about the relation between the existence of a completely bounded
linear projection from B(H) onto a subspace S and that of a bounded linear projec-
tion from B(l,) ® B(H) onto B(l,) ® S. For instance, if S is weak-* closed and if
B(l,) ® S denotes the weak-* closure of B(l,) ® S in B(l, ® H), we show that there
is a bounded linear projection from B(l, ® H) onto B(l,) ® S if and only if there is
a completely bounded one from B(H) onto S.

Finally, we compare the space E, with the linear span S, of a free system of random
variables {x,, ..., x,} in a C*-probability space (4, ¢) in the sense of Voiculescu
[V1,2]. In particular, in the case of a semicircular (or circular) system in Voiculescu’s
sense, we show that there is an isomorphism u from E, onto the operator space S,
such that

"u"cb "u_lllcb < 2
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1. Operators between C*-algebras. We will use repeatedly the following fact
which has been known to the first author for some time. The main point ((1.2) below)
is a refinement of one of the inequalities of [H2]. (We remind the reader that we
denote simply by C¥(F,) ® 4 the minimal or spatial tensor product which is often
denoted by C¥(F,) ®min 4.)

PROPOSITION 1.1.  Let F, denote the free group on n generators g,, ..., g,, and let
C¥(F,) be thereduced C*-algebra of F,, i.e. the C*-algebra generated by the left regular
representation A: F, » B(I*(F,)). Then

(1) for any C*-algebra A and for any set (a,),.s of elements of A indexed by a

finite subset S of F,,
1/2 1/2
(L) | Y M9 ®a, >max{ Y ara,| | Y aaf };
gesS CHF,)®4 gesS gesS

(2) for any C*-algebra A and for any set (a,),.¢ of elements of A indexed by a
subset S of {G1s---s Gns 91 -5 Gn ' }s
1/2}

Proof. (1) Let (3,),.¢ be the standard basis of I*(F,). We may assume that
A < B(K) for some Hilbert space K. Since the min-tensor product coincides with
the spatial tensor product, we have for all unit vectors & € K

1/2

(1.2)

Y AM9)®a, <2max{ Y a*a,|
geS geS

2, %45
geS

CI(F)®A4

Y. (M9 ®a,)(03. ® &) ”

geS

||Z Mg ® ag"C:(F,.) ®4 =

Z 60 ® ay&
gesS

1/2
= ( > Ilag6||2>
geG

(g

Taking the supremum over all unit vectors ¢ € K, we get

12

Y. Mg ®a,

gesS

=
CH(F,) ®4

2, 454,

gesS
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The same argument applied to the norm of (1(g) ® a,)* = A(g™") ® a} gives

1/2
*
a,qa
979
gesS

=
Ci(F,) ®4

aga A9)® a,

This proves (1). Note that the statement (1) actually holds in C¥I') ® A for any

discrete group I
(2) Consider first the case S = {g;,...,gn, 91’5 ---» g5 }. We can write F, as a

disjoint union:
F,= {e}u{U r:}u{u r}
i=1 i=1

where
It = set of reduced words starting with a positive power of g;,

I7 = set of reduced words starting with a negative power of g;.

Let ey, €, and e denote the orthogonal projection of I?(F,) onto the subspaces
C$é,, 12(I'"), and I2(I;") respectively. Then these projections are pairwise orthogonal

and

n n
e+ Y ef + izl e =Ipg,.

i=1
For any g € G and for any generator g,, the length of the reduced word for g;g is

either

lgigl =lgl+1 or |ggl=Ilg|l—1.

The first case exactly occurs when g,g starts with an element of I';*, and the second
case when g starts with an element of I';”. Hence for all g € G,

et ig)s,  iflgigl = gl + 1
}. ,'5 = - 9 .
(8% {A(gi)ei 5, iflgigl = gl — 1

= e A(g:)0, + A(g;)e; 6,  (all cases).

Therefore
Mgi) = ef Agy) + Agy)er ,
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and by taking adjoints
Mgi') = e Mgi) + Agi Vel

Set

i=1,...,n

u; = ef Mg:), Ui = € Mgi")
v;=Mgier,  Upi = AMgit)el

and, for simplicity of notation, set also g,,; = g;*,i=1,..., n. Then
Mg)=u+v, i=1..2n

Since Y I, (ef + ¢;) = 1 — e,, we have

2n 2n
Youwur=3 viy=1-—¢,<1.
i=1 i=1
So
2n 2n
Yuur| <1 and | Y vfof <1.
=t =

For elements ¢y, ..., ¢, dy, ..., d,, of a C*-algebra B, one easily has that

1/2 12

<

i cid;
=1

m m
Z cict Z dtd;
i=1 i=1

Hence, with u,, ..., u,,, vy, ..., v, as above,and a,, ..., a5, € 4,

2n

Z“i®ai

i=1

Cl(F,) ®4

13

® (1 ® a)

C}(F)®4

12
< I w2

2n

Z ata;
i=1

< “Z a?‘ai” 12 s

and similarly

1Y u:®allcreyoa < u ;1 1®a)v;®1)

Cl(F,) ®4

12
< I aiak |

n
Z v},
=1

< Y aaf 2
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so altogether

2n 2n 2n
YAG)®al|=| Y u®a; + Y 1 ®a
i=1 i=1 i=1
2n 12 2n 12
<\ Y afa)| + | Y aar
=1 i=1
2n 1/2 2n 1/2
<2maxys | Y ata| | Y aaf .
i=1 i=1

This proves (2) in the case S = {g;, ..., gn g1’ ---» gy}, and the remaining cases
follow from this by setting some of the a,’s equal to 0. ]

Remark. The preceding statement remains true (with the obvious modifications)
for the free group on infinitely many generators. See also Proposition 4.9 below for
a generalization of (1.1) and (1.2).

Remark 1.2. The proof of (2) is an illustration of the following general principle.
Let T, ..., T, be operators on a Hilbert space H and let ¢ be a constant. The
following properties are essentially equivalent:

(i), For any C*-algebra 4 and any set (a;); <, in 4, we have

IX T ® aill < e max{|(Xa¥a)"|l, I(X aia)*”1}.

(i), There are operators u;, v; in B(H) such that T; = u; + v; and

I uru) (| + I v}l < e

More precisely, we have (ii), = (i), and (i), = (ii),. The implication (i), = (i), follows
as above from the triangle inequality. To prove the converse, note that (i), equiva-
lently means that the operator u: E, — B(H) which maps §; to T; satisfies ||u|,, < 1.
By the extension property of cb maps (cf. [Pa, p. 100]) there is an extension
ii: M, ® M, —» B(H) such that ii(6;) = T; and ||ii||, < 1. Letting u; = #i(e;; @ 0) and
v; = (0 @ ey;), we obtain a decomposition satisfying (ii),.. This shows that (i),
implies (ii),,.

ProrosiTION 1.3.  Let E, = M, ® M, be the operator space

¢ €L Cy

En= O @ Cl,...,C,,GC
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Then there are linear mappings
w:E,—» C¥F,) and v:C¥F,)—E,
such that
w=1Ig and |vllplwls < 2.

Similarly, for the von Neumann algebra VN(F,) generated by A, there are linear
mappings

w;. E,—» VN(F,) and v,:VN(F,)—E,
such that
vywy = I, and oyl lwilles < 2.

In particular, E, is cb-isomorphic to a cb-complemented subspace of C¥(F,) (resp. of
VN(F)).

Proof. Let (4,, ..., d,) be the basis of E, determined by

forc,,...,c, € C. Define w: E, - C¥(F,) by

W(i ci‘si) = il ciA(g:)

and v: C¥(F,) > E, by
b(x) = ‘z (A(g)*x)8,

where 7 is the trace on C}(F,) given by
©(y) = (¥, 0.), yeCyF). (Cf[KR,p.433])

For any set a,, ..., a, of n elements in a C*-algebra A4,

w® m(i 5@ a;> = ¥ Ma)®a.
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Since

a, a - a,

S Ole
an O

1/2
max { } ,

it follows from Theorem 1.1(2) that |w ® I,|| < 2. Hence ||w|,, < 2. Since

M=

e;® a

i=1

n

Y. ata;

i=1

12
b

n
Z a;af
=1

1 g=h

T(l(g)*l(h))={0 g#h

we get for any finite subset S = F, and scalars (c,), s

v(Z ch<9)> = 2 cdi
@:eS)

geS

and hence

v® IA)(;LS Mg ® a(a)) = iil 0; ® a(g;).

(9:€S)

Let S' =Sn{gy,..., g,}. Then

n 1/2 1/2
2 5® a(w)‘ = maX{ Zs: a(gy*a(g)| Zs a(g)a(g)* }
gi€S 9 .
1/2 1/2
< maX{ ZS a(@)*a(g)| ZS a(g)a(g)* } s

which by Theorem 1.1(1) is smaller than or equal to

g;s Mg) ® alg)

C/(F,) ®A4

Hence ||[v ® I,|| < 1 and thus ||v||,, < 1. Therefore

”v”cb "W”cb < 2
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and by construction vw = I . This implies that w is a ch-isomorphism of E, onto
its range

w(E,) = span{A(g)li=1,..., n}
and
IWhep W™ ey < 2.
Moreover, P = wv is a completely bounded projection of C¥(F,) onto w(E,) and

IP|l., < 2. The proof with VN(E,) in the place of C}(F,) is easy since v admits an
extension v,: VN(F,) - E, with ||v, ||, < 1. We leave the details to the reader. W

LemMA 1.4 ([P1, H1, LPP]). Let u: A — B be a bounded linear operator between
two C*-algebras A and B. Then for every ne N

I, ® ulle, @a-5, 08 < v/2]ull.
Proof. The statement of the lemma is equivalent to: For all ay, ..., a,€ A
(1.3) max{||y, u(a)*u(@)ll, |3 ula;)u(@)*I} < 2|ul®> max{|} afall, I} aa¥ll}.
This is essentially [P1] (see also [H1, LPP]). However in order to get the constant
2 in (1.3), one has to modify the proof of [H1, Cor. 3.4] slightly:

Let T: A — H be a bounded linear operator from the C*-algebra A with values
in a Hilbert space. By [H1, Thm. 3.2],

(1.4) LIT@I? < ITIPY afal + 12 aatl).

We can assume that B = B(K) for some Hilbert space K. By the above inequality
(1.4) we get for any £ € K that

Y lu@)el® < 1E121ul>(E atal + I Xaa ).

Clearly, (1.4) also holds for conjugate linear maps, and so

Y lu@)*¢1? < 1E121ul*(IE afacl + 12 acat ).

Thus

maX{IIZ u(@*u(@)l, | wau@)* I} < lul*(1X afal + 12 aakl)

which implies (1.3). [ ]
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THEOREM 1.5. Let u: A— B be a bounded linear operator between two
C*-algebras A and B. Then for every k,n e N,

”IE’,‘. ® “”E’,‘. ®A—-EX QB S 20kt flull.

Proof. The theorem is proved by induction on k. By Lemma 1.4 the theorem
holds for k = 1. Assume next that the theorem is true for a particular k € N. Let

w: E,— C¥F,) and v:C¥F,) —E,

be as in Proposition 1.2 and let u: 4 — B be a linear map between two C*-algebras
A and B. Clearly

(1.5) I, @u=@v®uWw® L)

where
lo® ull = (v ® Ip) (I, ® W
< ol Mg, ® ull
< 2/ull o]

by Lemma 1.4. Moreover, v ® u maps the C*-algebra C¥(F,) ® 4 into the C*-
algebra M, (B) ® M,(B), and so by the induction hypothesis

[Hgx ® v ® ul| < 2P o @ ull < 22KV ju]| vy -

On the other hand, by (0.5)

g ®@w R Ll = proq @ wl < Wl -
Now by (1.5)

IE’,:” ® u= (IEz ® v ® u)(IEI:l ® w ® IA)‘
Thus, by Proposition 1.3

Hgeer ® ull < 25212 u| [|o]l e 1wl
< 2(3/2)k+1/2 ”u"

= 2(3/2)(k+1)—1 ”u" .

Hence Theorem 1.5 follows by induction on k. |
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2. Description of EX. In this section, we will identify the norm in the space
E} ® A with the norm previously introduced in (0.3) and (0.4) as [ ]

PROPOSITION 2.1.  Let A be any C*-algebra. Letn > 1,k > 1,and let {a,|J € [n]*}
be elements of A. Then

(2.1) [(@)]w = Z 0, ®ay
Je[n]x EX®4
where, if J = (j;,...,Jx), we denote
6=5,0" 88,

The proof below is easy, but the notation is a bit painful. Using Proposition 2.1,
we can complete the proof of the results announced in the introduction.

Proof of Theorem 0.k. Consider an operator u: A — B between C*-algebras. By
Theorem 1.5 we have for all (a;) in A

||Z 0; @ u(a)lpgp < 261 ||y | ||Z 0y ®ayllpxea-
Taking (2.1) into account, this immediately implies (0.1), and completes the proof
of Theorem 0.k.
We now check (2.1). We will need the following elementary fact.

LEMMA 2.2. Let H,H,, H,, H;, H, be Hilbert spaces. Let e € H,, f € H, be norm
one vectors. Let (¢;);c; and (;);c; be orthonormal finite sequences in H, and H,
respectively. Let a;; be elements of a C*-algebra A embedded into B(H). Then we have

22 2 (e®p)®W®S®a;
i
= Sug { Z Yo ayx;) Y ||xj||2 <1, Z lyill* < 1} .
yie iJj
x;eH

Here the norm on the left-hand side means the norm in the space of all bounded
operators from H, ®, H, ®, H into H; ®, H, ®, H.

Proof. Wemay clearly assume without loss of generality that H, = Ce, H, = Cf
and that (¢;) (resp. (;)) is a basis of H, (resp. H3). Then the norm we want to compute
is clearly equal to the norm of the operator

T=izj¢j®¢i®aij
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as an operator from H, ®, H to H; ®, H. But then the general form of an element
in the unit ball of H, ®, H (resp. H; ®, H) is given by Z ¢; ® x; (resp. YU ® )
with x; € H, (resp. y; € Hj) such that ) [Ix;I* < 1 (resp. Y. lly:ll* < 1). Hence the
norm of T (or of T) is equal to the right-hand side of (2.2). ]

We need to introduce more notation. Recall that E, « M, ® M, and J; =
e;; @ ey;. We consider, of course, M, @ M, as a subset of the set of all operators
on I3 @ I5. It will be convenient to denote e = e; ® 0O and ej; = 0 @ e;;in M, @ M,
Alsoe? = e;®0ande} = 0@ ¢;inl} @ 5. As usual, for e and f in H, we will identify
the tensor e ® f with the operator x — {e, x) f (defined on H). Hence in tensor
product notation we have (with the usual matricial conventions) ¢; = ¢; ® e; and
5, =ed®e + e! ®el. Let usdenote by H, the span of {e;,|i = 1, ..., n} in M, and
by H, the span of {e,;|i=1,...,n} in M,, so that E, « H,® H,. Let P,: H, ®
H, - H, (resp. P;: H, @ H, — H,) denote the canonical projection. We have E®* =
(Ho @ H,)®. For a € {0, 1}* we denote

P,:(H, ® H,)*~ (H, ® H,)*
the projection defined by

P, = Py ® Py2) ® -~ ® gy
Let us denote by I the identity on X. Then we have

(2.3) I(HQ@H1)®" = (Iﬂo@Hx)®k

(Po + P)™

Y Poy® " ®Pyy

ae{0,1}k

=Y P,

Proof of Proposition 2.1. Let T =Y, (a6, ® a;. By (2.3) we have
T=YT,
where

L= ; F,(6,)®ay.

We now claim that

(2.4) 1Tl = ll(@)l-
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To check this, we can assume for simplicity (up to a permutation of the factors in

the tensor product) that o is the indicator function of the set {1, 2, ..., p} for some
pwith 1 < p <k ThenifJ = (j,,..., i), we have

(2.3) F() =€, ® @€, Qe @ Qel,.
(Recall the convention that the tensor e ® f represents the operator x — {e, x) f.)

Let el(@) = e} ® - ® e} (p times) and f%(x) = ed ® - ® e (k — p times). Then
(2.5) yields

PO = (@@, @ @)@ @ ®el ® ).

If we now write ef;, ;) instead of ¢f ® - ® ¢] for & = 0 or 1, we can rewrite the
last identity as

(2.6) P,(65) = (e 1(0‘) ® eg,(l)) ® (e;lz,cu) ®f 0(“)),

where we recall that n,: [n]* — [n]* denotes the canonical projection. Then in the
present particular case, Lemma 2.2 above gives

1Tl = ” ; (€' (@) ® e2,) ® (erey ® (@) ® as | = li(@))ll,-

This proves our claim (2.4).

Now we can finish. Let us denote i° = I3 ®0and h! = 0@ I5in I3 @ I3. Let K, be
the support of T, (i.e., the orthogonal of its kernel) and let R, be the range of T,.
Then the preceding formula (2.6) shows that K, is equal to the tensor product
F,® F, ® -+ ® F, where

F,=Ce} ifjea
and

F=h ifj¢a

It follows that the subspaces (K,) are mutually orthogonal. Similarly, the family
(R,) is mutually orthogonal. By a well-known estimate it follows that

IX Tl = max | T].

This completes the proof. |
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3. Random series in noncommutative L -spaces. Let A be a von Neumann
algebra with a predual denoted by 4,. Let &, ..., ¢, € A, and let (recall (0.2))

[(&)]E) = sup {IY <& adlla;e A [(@)]q) < 1}

For instance, if A = B(H), A, = C,(H) (the space of trace class operators on H),
and we have clearly

[(€)2%) = inf{er(Cx¥x)'? + tr(X yiv¥)'?}

where the infimum runs over all decompositions &; = x; + y; in C,(H).

Let TN be the infinite-dimensional torus equipped with its normalized Haar
measure u. The following result is proved in [LPP].

Forall ¢,,...,&,in A,

1 LI
(1) ST < J” 2G| du <TETh-

(See Theorem 3.3 below and its proof.)
It is easy to deduce from (3.1) a necessary and sufficient condition for a series of
the form

S@) =Y "¢,  t=()eneT
=1

to converge in L,(T™N, pu; A,). The aim of this section is to prove a natural extension
of (3.1) to double series of the form

Q0
S(t’, t”)= kz_ engen,"'éjk

Jrk=1

with & e A, t',t" e T™. More generally, we will consider for any k > 1, elements
in A, and will find an equivalent for the expression

J

See Theorem 3.6 below for an explicit statement.
Let A be a C*-algebra throughout this section. We will denote simply

5!’11’2"'J'k

ith .. it
Z e € kéfniz"'.ik

Ji<n,nix <n

du(t') - du(t*).
Al‘

C, = C¥(F)
and

Ck=C,® - ®C, (ktimes).
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We always equip the tensor products such as E, ® 4, C,® A4, C* ® A with the
spatial (or minimal) tensor product. More precisely, whenever S = B(K) is an
operator space and A < B(H) is a C*-algebra, we will denote by S ® A the linear
tensor product equipped with the norm induced by B(K ®, H).

Let G be a discrete group. For t € G, let 1,(t) denote the element of C¥(G)* given by

Vae CHG)  <A,(1), a) =<ad,, 6.
Clearly

1 ifs=t
0 otherwise.

CAa(s) AD)) = {

Note that if C¥(G)* is identified with B,(G) in the usual way (see for instance [E]),
then A,(t) simply corresponds to the function 4.
For any J = (ji, ..., jx) € [n]* we denote by g, the element of (F,)* defined by

95 = (gj,’ sy gjk)'
Then with the obvious identification
CXH(F))=C,
we have A(g;) = 4(g;,) ® - ® A(g;,). We will also consider the dual E} of the space
E, considered in Section 1 and will denote by {d}*} the basis of E} which is
biorthogonal to {¢;}. We will also consider E} = E, ® - ® E, (k times) and its dual
(EX)*. We will denote for any J = (j,, ..., j,) in [n]*
5 =0 ® @k e (E)
and
A1) = A4(9;,) ® *+* ® A,(g;,) € (C)*.
We will denote by Q the infinite-dimensional torus; i.e., we set
Q=TN,
and we equip Q with the normalized Haar measure u. (In most of what follows, it
would be more appropriate to replace Q by Q, = T", but we try to simplify the

notation.) We will denote by

£:Q-T
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the sequence of the coordinate functions on Q. Moreover, we will consider the
product Q¥ equipped with the product measure p*. For any J = (j,, ..., ji) € [n]*,
let ¢;: Q% — T be the function defined by

V(ty,.... ) e Q eftys . s b)) = &, (1) " &5, (E).

Equivalently, ¢; = ¢;, ® - ® ¢;,. We first record a simple consequence of Proposi-
tion 1.3.

LemMA 3.1. For any {{|j < n} in A* we have

%”Zéj* ® fj”uz,. o4 < HZ j’*(gj) ® éj”(C,, o4+ S ||Z 5,'* ® fj”(E,, ®A)**

Proof. Let v, w be as in Proposition 1.3. Since wd; = A(g;) and v(A(g;)) = J;, we
have (w ® L,)*(4,(g;) ® &) = 6 ® &; and (v @ L)*(5} ® ;) = 1,(g;) ® &;. Hence,
recalling (0.5), Lemma 3.1 follows from ||w| ., < 2 and |v||,, < L. [ ]

The next lemma is rather elementary.

LemMa 3.2. (i) Consider {&;li,j = 1,...,n} in A*. For any orthonormal systems
@1y .oy Quand Yy, ..., Y, in L,(n) (where u is a probability as above), we have

(3.2) f (> @iO)Y;(5)Eijll 4+ Au(t) duls) < 1Sl -
(ii) For any k = 1 and any (&;) in A* we have

(3.3) <

Ly(u;A*)

z ;85

Je[n]*

Y R

J € [n]*

(EX®@A)*

Proof. (i) To prove this, it clearly suffices to assume that A is a von Neumann
algebra and that {;; € A,. Since M,(A) is a subspace of M,(B(H)) for some Hilbert
space H, by duality its predual M,(A), is a quotient of M, (B(H)),.. This shows that
it suffices to prove (i) for 4 = B(H) and {; € B(H),.. Then we can identify M, (B(H)),,
with the projective tensor product [3(H)* ® I5(H). Consider an element x (resp. y)
in the unit ball of I5(H) (resp. I5(H)*). Let £ be the element of M, (B(H)), defined by
¢ = y ® x or equivalently, & = (£;) with &;; = y; ® x;. For such a £ we have

12

12
(J 12 @)yl 3+ dult) du(S)> <J I @i®)x:l1 du(z) J DRZOM dﬂ(3)>

=[xl iyl < 1.

Since the unit ball of M, (B(H)),, is the closed convex hull of elements of this form,
we obtain (3.2).
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(ii) Consider asubseta < {1, ..., k}. We denote by «¢ its complement. Recall that
for elements (a;); . (,« in A the norm |[/(a;)|, defined in (0.3) can be viewed as the
norm of a matrix acting from l,([n]%, H) into l,([n]*, H). Therefore we deduce from
(3.2) that for any (;); ¢« in A* we have

(3.4) J

Observe that by duality (2.1) has the following consequence. If ||} ;. 0F ®
&l g @49+ < 1, then there is a decomposition

Z ;¢;

J e[n)*

dp* < IEDNE.
A‘

L= Y & withY eIz <1,

ac{l,..,k}

Therefore (3.3) follows from (3.4) and the triangle inequality. [ |
We now reformulate the main result of [LPP] in our framework.

THEOREM 3.3.  For any {&;|j < n} in A* we have

(3.5) 1Y &8l ywsan < 1L F ® &ille, 040 < 2128811, i4% -

Proof. The left side is (3.3) above for k = 1. By our earlier analysis of E, ® A,
the right side is clearly equivalent to the following fact.

Assume ||} &;&;ll ., s 4+ < 1. Then there is a decomposition &; = x; + y;in A* such
that

Vg)eAd |Y.<x;, a0 < (X ara;)?
and |Z <y,, aj)| < ||(z ajaf)llz I.

This is precisely what is proved in section II of [LPP], except that the sequence (¢;)
on Q is replaced by the sequence (¢'>”*) on the one-dimensional torus. By a routine
averaging argument, one can then obtain the preceding fact as stated above with
(¢;). (Note that the approach of [LPP] can actually be developed directly for the
functions (g;); this is explicitly done in [P2].)

We now relate certain series on Z" (formed by iterating the expressions appearing
in Theorem 3.3) with the corresponding series on the free group F, = Z*--- % Z. In
other words, our aim is to compare for these series the free group F, with n
generators with its commutative counterpart Z".

LemMA 34. For any {&;|J € [n]*} in A* we have (the summation being over all J

in [n]")

2—"”2 31€J||L,(uk;A') < ||Z /‘L*(gJ) ® f.r”(c',: o4 S 2k ||Z sléJ”L,(p";A*)'
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Proof. By the preceding three statements, we know that this holds for k = 1.
We now argue by induction. Assume that Lemma 3.4 is proved for an integer k > 1,
and let us prove it for k + 1. Consider elements {&, JNJ € [n]%je[n]} in A* We
have

Z A(9s)® &y = Z A(9,)® (j;n Alg) ® 51,) .

J’ € [n]k+1 J e[n]x

By the induction hypothesis, we have

(3-6) ” ; A(95)® &y

<2 J 1y 5001l c @ ay+ A1 (2)
k' ot ax

where 7, = }';4,(9;) ® &;,. Now for each fixed ¢ in Q¥, we have by (3.5) and Lemma
3.1

I esOnsllconr <2 f I es(B) (X ()&, Las du(s).

Integrating over t € Q, this yields

Y, el

J' e [nJett

(3.7 J "Z &3Ol c 9.4+ du*(t) <2 J

d#(k+1)’
A’

and hence (3.6) and (3.7) yield the induction step for k + 1. This concludes the proof
for the right-side inequality in Lemma 3.4. The proof of the other inequality is
entirely similar. u

We now come to the main result of this section.

THEOREM 3.5. For any {,|J € [n]*} in A* we have
||Z 81§J||L,(uk.A') < ||Z i ® le|(£’,: @4 S 2% ||Z 3151"1.,(;4",,4') .
Proof. Withvandwasin Proposition 1.1, we have |w® |, < 2* hence by (0.5)
Iw® ® IA"E',: ®A~Ckea S 2k,

Moreover, we have w®(3;) = A(g;) hence (W& ® 1,)*(1,(9,) ® &) = 6} ® &;. This
yields

||z oF® Eill g @y < 2 "Z A4(95) ® 51"((:',: ®4)*

Combined with Lemma 3.4, this gives the right side in Theorem 3.5. The left side
has already been proved in Lemma 3.2. ]
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Remark. A slight modification of our proof yields Theorem 3.5 with the constant
2%k71 instead of 22*,

Remark. Let k be a fixed integer. Consider the mapping
Q: C(Q) > E,
defined by

VeC@) Qf)= Y fWe,,

J e[n)k

where f is the Fourier transform of f; i.e., f(J) = [ f(£)&,(t) du*(t). Let N, = Ker(Q,).
Dualizing (3.3), we find that ||Q,|., < 1. Hence, considering Q, modulo its kernel
and equipping C(Q*)/N, with its quotient operator space structure (in the sense of
[BP, ER]), we find a map

Ui CQY/N— By with [Uyls, < 1.

Then Theorem 3.5 admits the following dual reformulation: U,: C(Q*)/N, — EXis a
complete isomorphism and ||U; ||, < 22%. In other words, the space C(Q*)/N is,
for each k, completely isomorphic (uniformly with respect to n) to EX.

Assume now that 4 is a von Neumann algebra and let 4, be its predual. We
define for any family (x;), ¢ (4 in 4, the norm which is dual to the norm || ||, defined
in (0.3). We set

(3.8) Gl = Sup{ Y, Lapx;>lase A, @)l < 1}~
J e [n)k

Then we define

(39) [(x)]& =inf Y (x5

ae{0,1}k

where the infimum runs over all x§ in A4, such that x; =Y, 0, 1)xXJ.

Assume that 4 =(A4,)* is a von Neumann subalgebra of B(H) and let g:
N(H) - A, be the quotient mapping which is the preadjoint of the embedding
A <> B(H). We can also write

(3.10) Ieen)l¥ = inf {31 4,1}

where the infimum runs over all the possibilities to write (x;) as a series

X5 =, Amhiy ® ki)
m
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where (h");ce and (k")jeps are elements of H such that Y, ||A"|*> <1 and
Y i lkM|? < 1 for each m.

The identity of (3.8) and (3.10) is clear since the dual norms are the same by (0.3).
Similarly, it is clear that the dual space to (4,)" equipped with the norm [ 1%, can
be identified with (4)"™ equipped with the norm [ ] «- By Proposition 2.1, this means
that (4,)" equipped with the norm [ 1% can be viewed as a predual (isometrically)
of E¥ ® A. Hence, we can now rewrite Theorem 3.5 a bit more explicitly. For all
(x;) in 4,, we have (as announced in the beginning of this section)

(3.11) (22k) [(xJ)](k) ||231x.1||1,1(nk 4, S [(x.l)](k)

In particular, we can make the following statement for emphasis.

THEOREM 3.6. Let A = B(H) be a von Neumann subalgebra with predual A, and
letq: H® H — A, be the corresponding quotient mapping. Consider {x;|J € [n]"} in
A, such that

||Z 3JxJ||L,(nk,A,,) <l
Then (x;) admits a decomposition as

Xy = Z Xy
ae {01}k

with

xj=4 (Z Amhn ® kr'z':.cw)

where for each o, {h"|li€[n]*} and {k"|je [n]*} are elements of H such that
Y2 < 1and Y ;||k"|* < 1 and where A% are scalars such that

Y3 asl < 2%,
a m
Czinversely, if (x;) admits such a decomposition, we must have ||y &;x;| L@k 4, <

Proof. The proof is nothing but (3.9), (3.10), and (3.11) spelled out explicitly.
Remark. The preceding theorem proves one of the conjectures formulated in
[P2] in the case A = B(H), A, = H® H.

4. Complements. The following result shows that, in Proposition 1.3, the alge-
bra (C¥(F,))?-, cannot be substituted by any sequence of nuclear algebras.
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THEOREM 4.1.  Let A be either a nuclear C*-algebra or an injective von Neumann
algebra and let Iy = vw be a factorization of Iy _through A. Then

1
2llsIWles > 5(1 + /).

For the proof we need the following.

LemMMA 4.2.  Consider the subspace S, of M, ® M,, given by

V1" Vn
S, = . @ XiseeesXps Vis---3 Yn€C
O 1 Y1 y

O

and define R: S, — S, by

Rx®y) =y @x', x®PyeSs,.

Then
(@) (1/2)(Is, + R) is a projection of S, onto E, and

= 0+

(b) for any projection Q of S, onto E,, (resp. M, ® M,, onto E,) one has

1
” E(Is,, + R)

cb

10l > 501 + /.

Proof. (a) Obviously R?> = I, and E, = {a € S,|Ra = a}. Hence (1/2)(Is, + R)
is a projection of S, onto E,. Let A be a C*-algebra. Then

al bl.“bn
S,®A= Ol e Ayy...y G by, ..., b €A
a, O
and
a, by-+-b, b, a, -a,
(R®1,) S Ole =|: Ol|e®
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Since
max("zbi*bull 1/2, "Za;aﬂ' 1/2) S \/; max{"alll’ oy ”an”s "bl "’ (KRR} ”bn”}
< /nmax{||Y ara|'?, |L bb¥| 12},

it follows that |[R® 1] < \/r_n Hence ||R|, < \/ﬁ, and thus

1 1
H SUs, + R)| <5(1+ I

cb

To prove the converse inequality, it suffices to consider n > 2. Let A be the Cuntz
algebra O, (cf. [C]), which is generated by n isometries s,, ..., s, € B(H) satisfying

(4.1) erj = 6(]1,
4.2) Y sisF=1.
i=1
By (4.2) the element
st $1°7" S,

O

in S, ® A has norm |z|| = 1, while

) 1 s, + s¥ Sy + s¥--s, + s¥
<§(Is,, +R)® IA) ()= 3 Ol|le
S, + s¥ @)
has norm
" 12
5 ‘; (s; + s¥)?
1 n 1/2
= 5 Sup {i}:l Is: + sMEN21E e H, |IE) = 1}

=

ST

[}

(¢

1/2
sks; + sist + 57+ (S?‘)2>é, é) ¢eH, |¢| = 1} .
1
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By (4.1) and (4.2), Y7, s¥s; = nl and Z?=1 s;5¥ = L Set

%I

By (4.1), v*v = I, and so v is an isometry. By (4.1) the range of v is orthogonal to the
range of the isometry s, s,: Indeed, for &, ne H

1
(v, s15,m) = ﬁ(g (s3stsie, 'I))

7 (53515, m)
0.

Hence v is a nonunitary isometry. Therefore the point spectrum of v* contains the
open unit disk D (cf, e.g., [KP], p. 253). Hence also the “numerical range” of v

{@ ONEN =1} = {(& v*O)I1EN = 1}

contains the open unit disk. In particular, the number 1 is in the closure of this set.
Therefore

((Z s¥s; + 5;5% + s? + (s¥ )2>€, é)
||<:|| 1

=n+1+2/n sup (Re(vt, £))

>n+142/n
= (1 +/n.
Hence [|((1/2)(Is, + R)® L)(2)| = (1/2)(1 + \/— ) |lz|l, which proves (a).
(b) Let Q be a projection from S, onto E,. Set Q = QR = RQR. Then @ is also a

projection from S, to E,. Let i,, denote the identity on M,, and t,, the transposition
of M,,. Then

O®in=R®t,)QRin)(R®1,).

Since t, ® t,, can be identified with transposition on M,,,, ||t, ® t,.|| = 1. Hence by
the definition of R,

IR®t.l <1
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Therefore

10 ®inll SI1Q®inll, meN,

and so ||Q||c,, 1Q].»; therefore also

132 + Oy < 1Qlles-

But
4Q + 0) = (s, + R)),

and since @ is the identity on E,, which is the range of (1/2)(Is, + R), we have
(1/2)/(@ + Q) = (1/2)(I5, + R). Thus

10lles = 13Us, + R)I = 3(1 + /n).

onto

Ify: M,® M, — E,is a projection of norm 1, then from the above

Wl = MWis, llep = 31 + /),

proving (b). ]

Proof of Theorem4.1. Let Iy = vw be a factorization of I through an injective
von Neumann algebra A. By the injectivity of A, w can be extended to a linear map
w: M, @ M, — A such that |W|, < [|w| (cf. [Pa] Theorem 7.2). Clearly, Q = vw
is a projection of M, @ M, onto E,. Hence by (b) in the preceding lemma

10llep Wy = 10llep Wy = 1Q1p = 3(L + /).

This proves the announced result when A is an injective von Neumann algebra. If
A is a nuclear C*-algebra, and Iy, = vw as above, we can extend v to a g(4**, 4*)-
continuous linear map #: A** — E, such that |||, = ||lv||.,. Since A** is an injec-
tive von Neumann algebra (cf, e.g., [CE]), we are now reduced to the preceding
case. ]

Remark 4.3. The constant (1/2)(1 + \/ﬁ) is the best possible in Theorem 4.1:
Namely, let A = M, ® M,, let w: E, > M, @ M, be the inclusion map, and define
a projection v: M, ® M,, — E, by

vx®y)=3Us, + A(xp®py), x®yeM,®M,,
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where p = O O . Then clearly vw = I _and

Il = IollesIWlley < 13Us, + S)lley = 31 + /),

which indeed shows that Theorem 4.1 is sharp.

In connection with Lemma 4.2(b), note that there is obviously a projection
P: M, ® M, - E, with (ordinary) norm | P| < 1. (Simply take P = v with v as in
Remark 4.3.) However, we will show below that the projection constant of E, ® M,
in (M, ® M,) ® M, goes to infinity when n — c0. To see this, it is clearer to place
the discussion in a broader context.

Let S < B(H) be a closed subspace. We define A(S) (resp. 4,(S), 4,(S)) to be the
infimum of the constants A such that there is a projection P: B(H) — S satisfying
[Pl < A (resp. | Plley < 4, resp. | Iy, ® Pllpg, peany-m,s) < 4)- Then by the extension
theorem of cb maps (cf. [W, Pa]), these constants are invariants of the “operator
space” structure of S. By this we mean that, if S, = B(K) is another operator space
which is completely isometric to S (resp. such that for some constant A there is an
isomorphism u: S — S; with [ull,llu™ |, < 4), then A(S;) = A(S), 4(S1) = A(S),
Au(S1) = 4,(S) (resp. (1/A)A(S) < A(S,) < AA(S) and similarly for the other constants).

By a simple averaging argument, we can prove the following statement.

PROPOSITION 4.4. Let S < B(H) be a closed subspace. Consider M,(S) = M, ®
S < B(I3(H)). Then

(i) 4,(S) = AM,(S));
(ii) if S is o(B(H), B(H),)-closed in B(H), then

(4.3) Ap(S) = fg}: A(S).

For any infinite-dimensional Hilbert space K we have

(4.4) A(S) < AB(K)® S).

Moreover, let B(K)® S denote the weak-x closure of B(K) ® S in B(K ® H). Then
A(S) = AB(K)® S).

Proof. (i) The inequality A(M, ® S) < 4,(S) is obvious, and so we turn to the
converse. Assume that there is a projection

P:M,®B(H)—»M,®S
with |P|| < A.
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Let %, be the group of all n x n unitary matrices. Consider then the group
G =%, x U, equipped with its normalized Haar measure m. We will use the
representation

n: G —» B(M,, M,)
defined by
n(u, V)x = uxv*.

We can define an operator P: M, ® B(H) — M, ® B(H) by the formula

(4.5) P= J (m(u, v) ® Ipgz)) P(n(, ) ® )™ dm(u, v).

Note that 7(u, v)leaves M, ® S invariant so that the range of P is included in M, ® S
and P restricted to M, ® S is the identity; hence P is a projection from M, ® B(H)
onto M, ® S. Moreover, by Jensen’s inequality (notice that n(u, v) ® Iy, is an
isometry on M, ® B(H)) we have

1) < Pl <A
Furthermore, using the translation invariance of m in (4.5) we find
(4.6) Y(ug, o) € G ﬁ(“(“m Vo) ® IB(H)) = (n(ug, Vo) @ IB(H))F,

so that P commutes with (i, vo) ® I ). BY well-known facts, this implies that P
is of the form

P=1,®0

for some operator Q which has to be a projection onto S. Indeed, since M,, is spanned
by %,, the above formula (4.6) is equivalent to: For all a, b in M, and for all x in
M, ® B(H),

4.7) P@a®@)x(b® 1)) =@®@ HPX)GB® ).

Let (e;);, j=1,....» denote the matrix units in M,. Set x = ¢;; ® y, where y is in B(H)
and i, j are in {1 S Applylng @47 toa=1—e¢; and b =1 — ¢, one gets
1- e,,)P(e,, ®y)(1 —¢;) = O;ie. P(eij ® y) = e; ® zfor some z in B(H) depending
on y, i, and j. However applying (4.7) again, this time with a = ¢,; and b = ¢, it
follows that z is independent of i and j. Hence P 2 Iy, ® Q, for some operator Q
(which has to be a projection onto S). Finally, we conclude

L, ® Qll = 1P| <4
and hence 4,(S) < A(M, ® S). This proves (i).
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We now check (ii). Consider an arbitrary closed subspace S = B(H) and let S be
the ¢(B(H), B(H),)-closure of S. We claim that there is an operator Q: B(H) — S
such that Q\s = Iy and ||Q|, < sup, 4,(S).

Let ¢, > 0 be such that ¢, — 0. For each n there is a projection P,: B(H) — S such
that

(4.8) 1 ps,, ® Pl pt,meary sy < (1 + €,)44(S).

Let % be a nontrivial ultrafilter on N. For any bounded sequence (x,) of real
numbers (or for any relatively compact sequence in a topological space), we will
denote simply by lim 4 o, the limit of o, when n — oo along . For any x in B(H) let

Q(x) = lim P,(x)
«

where the limit is in the o(B(H), B(H),)-sense. Observe that [|Q| < limy ||P,| <
sup, 4,(S). More generally, for any integer m > 1 we clearly have

VyeM,®BH) (Iy,®0) ()= liqun (I, ® P)(¥),

and hence [[I);,, ® Q| < limy |1y, ® P,||. But when n > m, we obviously have
1y, @ Poll < [Ipg, @ Byl

and hence by (4.8) we obtain
[y, ® Qll <lim (1 + &,)4,(S) < sup 4,(S),
L2 n

sothat |Q|l,, < sup, 4,(S). Clearly, Q(B(H)) = S and Qs = I5. This proves our claim,
and in the case S = S we obtain (4.3). (Note that 4,(S) > sup, 4,(S) is trivial.) We
now turn to (4.4). We may clearly assume K = I,. Recall that there is obviously
a completely contractive projection =,: B(l,) > M, (here M, is considered as a
subspace of B(l,) in the usual way), and hence

(S) =AM, ® S) < |m,[| A(B(I2) ® §) = A(B(l,) ® S)
which implies by (4.3)
A(S) < A(B(l,) ® S).
This concludes the proof of (4.4).

To prove the last assertion, note that M, (S) is clearly contractively complemented
in B(l,) ® S, and hence we have

Aep(S) < sup 4,(S) = sup AM,(S)) < AB(l,) ® ).
n>1 nx1
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To prove the converse inequality, note that B(l,) ® B(H) can be identified with the
space of matrices a = (a;);, ; n Which are bounded on /,(H), and B(,) ® S can be
identified with the subspace formed by all matrices with entries in S. Then if P is a
completely bounded projection from B(H) onto S, defining

P (@) = (P(ay)),je n

we obtain a projection from B(l,) ® B(H) to B(l;) ® S with ||P|| < ||P||,,. To check
this last estimate, observe that the norm of an element a = (a;);,j nin B(l,) ® B(H)
is the supremum over n of the norms in M,(B(H)) of the matrices (a;); ; <, This
yields the last assertion.

COROLLARY 4.5. Let H, K be Hilbert spaces. Consider a completely isometric
embedding E, — B(H). Then if dim K = oo, for any projection P from B(K) ® B(H)
to B(K) ® E, we have

IPIl > 4(/n + 1).

A fortiori, the same holds for any projection P from B(K ® H) onto B(K) ® E,,.
Proof. By the preceding statement, this follows from Theorem 4.1.

COROLLARY 4.6. Let M < B(H) be a von Neumann subalgebra such that M is
isomorphic (as a von Neumann algebra) to M,(M) for some integer n = 2. Then if
there is a bounded linear projection from B(H) onto M, there is also a completely
bounded one.

Proof. Note that if M is isomorphic to M, (M), then obviously it is isomorphic
to M,(M,(M)) = M,.(M), and similarly to M,:(M), and so on. Hence this follows
clearly from the first two parts of Proposition 4.4 and the observation preceding
Proposition 4.4. |

In particular, using [ V1], we have the following.

COROLLARY4.7. Let M <= B(H)be avon Neumann subalgebra. If M is isomorphic
to the von Neumann algebra VN (F,) (resp. VN(F,,)) associated to the free group with
n > 1 generators (resp. countably many generators), then there is no bounded linear
projection from B(H) onto M.

Proof. First note that VN(F,) trivially embeds into VN(F,) as a subalgebra
which is the range of a completely contractive projection. Therefore, by Proposition
1.3 and Theorem 4.1 there is no completely bounded projection from B(H) onto M
if M is isomorphic to VN(F,). By [V1] M,(VN(F,)) is isomorphic to VN(F,) for
all n. Hence Corollary 4.7 for VN(F,,) follows from the preceding corollary. To
obtain the case of finitely many generators, recall the well-known fact that F,, can
be embedded in F, for all n > 2. (If a, b are two of the generators of F,, then it is easy
to check, that b,aba™,...,a"ba™", ... are free generators of a subgroup isomorphic
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to F,.) Therefore if M = VN(F,) for n > 1, then VN(F,) is isomorphic to a von
Neumann subalgebra N = M, and since M is a finite von Neumann algebra, N is
the range of a conditional expectation; hence there is a bounded projection from
M onto N. Since there is no bounded projection from B(H) onto N by the first part
of the proof, a fortiori there cannot exist a bounded projection from B(H) onto M.

n

For two operator spaces E and F of the same finite dimension n, one can define
the complete version of the Banach-Mazur distance between E and F by

dop(E, F) = inf{{lullep, 4™ llcp}

where the infimum is taken over all invertible linear maps u from E to F. By
Proposition 1.3 it follows that

dcb(Em span{).(g,)lt =1,..., n}) <2

for all n e N. The next proposition shows that the same inequality holds if the
unitary operators i(g,), ..., 4(g,) are replaced by a semicircular or circular system
of operators in the sense of Voiculescu [V1].

PrOPOSITION 4.8. Letn e Nandlet x,, ..., x, be a semicircular or circular system
of operators on a Hilbert space; then the map u: E, — span{x, ..., x,} given by

n n
'y b Y X, ceC,

satisfies |[ullllu™" |l < 2.

Proof. Assume first that x, ..., x, is a semicircular system of selfadjoint opera-
tors in the sense of [V1]. By [V2], we can exchange x,, ..., x, with the operators

x=36+s), k=1..,n,

where s, ..., s, are the “creation operators” £ — ¢; ® & on the full Fock space

x=C®(§H®~)

based on a Hilbert space H with orthonormal basis (e,,...,e,). In particular,
84, ... S, are n isometries with orthogonal ranges, and therefore

M=

Sesk < 1.
k

1

Hence, as in the proof of Proposition 1.1, we get that for any n-tuple a,, ..., a, of
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elements in a C*-algebra A,

1
“Zxk@)ak < IEs®@al + | Lsk®a
k 2 k k
1 12 1/2 1/2 12
<z sisE Yata | + | sk Y aaf
2\ || % 3 T T
1/2 1/2
< max zk: ata,|| , Zk: aay } .

Hence |ul|, < 1. To prove that ||u™!||,, < 2, notice that by [V1], [V2], the C*-
algebra generated by x4, ..., x, and 1 has a trace

T: C¥(Xy5uns Xpy 1) > C

(namely the vector-state given by a unit vector in the C-part of the Fock space ),
with the properties:

=1, (x?)= % and t(x;x) =0, k#1.

Let a,, ..., a, be n operators in a C*-algebra A4 and let S(A) denote the state space
of A. Then

2
> sup (t® w)((z P a,,)*<z X ® a,))
we S(A) k [}

1
=7 sup w(Z a,’:‘ak>

g

weS(A) k

b

1
3|z

and similarly |3, x, ® a,l|> = £IY aa¥|l. Hence

12
2

1
= —max
2 {

’Za;*ak
3

1/2
b

“ ; X @ a 2’; aay

proving that ||u™|,, < 2.
Assume finally that y,, ..., y, is a circular system. Then

1
Vi = —=(Xa5—1 + iX21), k=1,...,n,
k \/'2- 2k-1 2k
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where (x4, ..., X,,) is a semicircular system of selfadjoint operators. Therefore the
statement about circular systems in Proposition 4.8 follows from the one on semicir-
cular systems by observing that the map

n 1
k; 0y —’ﬁ Y cilezn—y + €

defines a cb-isometry of E, onto its range in E,,. u

To conclude this paper we give a generalization of Proposition 1.1 to free products
of discrete groups, or more generally free products of C*-probability spaces in the
sense of [V1] and [V2]. We refer to [V1] and [V2] for the terminology.

PrROPOSITION 4.9.  Let (A, @) be a C*-algebra equipped with a faithful state @. Let
(A;)ic; be a free family of unital C*-subalgebras of A in the sense of [V1] or [V2].
Consider elements x; € A; such that for some 6 > 0

Viel Ixll <1, o(x)=0, andmin{p(x}x;), o(x;x})} > °.
Then for all finitely supported families (a;);., in B(H) (H Hilbert), we have

4.9)
o max{|}y ata;|'?, I  a;atl"?} < 1% ® a;ll < 2 max{|[ a¥all'?, 1} aaf|'?}.

Proof. We may assume that I is finite. The lower bound in (4.9) is proved exactly
as in the semicircular case. To prove the upper bound we will prove that 4 can be
faithfully represented as a C*-algebra of operators on a Hilbert space H, such that
x; admits a decomposition x; = u; + v; with u;, v; in B(H) and

4.10) IYurull <1 and [y ovo¥| <1.
The upper bound in (4.9) then follows as in the semicircular case.

Following the notation of [V2, pp. 558-559], we let (H;, £;) be the space of the
GNS-representation ; = 7,4, In particular, £; is a unit vector in H; and

@ (x) = (my(x)&;, &) when x € 4;.
Then A can be realized as the C*-algebra of operators on the Hilbert space
(H, &) = *;((H;, &)

generated by | J;.; 4; © m;(4;), where A;: B(H;) — B(H) s the *-representation defined
in [V2, sect. 1.2]. For simplicity of notation we will identify A; with its range in

B(H); i.e., we set

Ao m(x) =x when x € 4,.
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Let x € A4;. Corresponding to the decomposition
H,= H ® C¢,,

we can write 7;(x) as a 2 x 2 matrix

m(x) = (cb Z)

where b € B(H?), , { € H?, and t € C. (Here we identify 7, { with the corresponding
linear maps from C to H?, and we also identify € with C¢;.) The action of
x = A; o my(x) on ;. ,(H;, £;) can now be explicitly computed from [V2, sect. 1.2].
One finds that

(4.11) xX=nQ®<&+1,

412) x(h;®  ®@h,)=bh; @ - ®@h, + (hy,)h, ® - ® h,whenn > 1,
heH)i=iy #iy#  #i,

413) xh,® " ®h)=n®h, ® " ®h,+th;® - ® h,,whenn>1,
hoeH)i#iy #iy# - #1,

where h, ® - ® h, =¢forn = 1.
Let e; € B(H) be the orthogonal projection of H onto the subspace

H = é'él (@H, ®® H,))

where the second direct sum contains all n-tuples (i,, ..., i,) for which i =i; #
iy #* #1i, From (4.11), (4.12), and (4.13), one gets for all x in A4,

4.14) (1 —e)x(1 —e)=(x)(1 —e)
where we have used that

t = (m(x)¢;, &) = o(x).
Let now x; € 4, ||x;]| < 1, o(x;) = 0. Then by (4.14)

(1 —e)xi(1 —e)=0.
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Thus x; = u; + v;, where

u,=x;¢; and v, =¢x;(l—e).

Since || x;|| < 1 and since (¢;);.; is a set of pairwise orthogonal projections,

Yutu, < Y e<1

iel iel
and
Yovk< Y e<1.
iel iel
This completes the proof of Proposition 4.9. o
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