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Let ¢ be a weight on a W*-algebra. If ¢ is normal, in the sense that it respects
monotone increasing limits, then ¢ is the sum of positive normal functionals.
This provides the complete solution to a problem raised by J. Dixmier.

INTRODUCTION

A weight on a C*-algebra A4 1s a function ¢: 4, — [0, 0] with the
properties:

(i) ¢lx+y) = o) +o(y) xye4d,,
(i) @(Ax) = Ap(x), x € A, 220,
using the convention 0 - co = Q.
Let ¢ be a weight on a W*-algebra M. We say that
(1) ¢ is completely additive if (3 x;) = X @(x;) for any set
{x,} of positive elements for which Y x; is defined;

(2) ¢ is normal if g(lLu.b. x;) = L.u.b. ¢(x;) for any uniformly
bounded increasing set {*;} of positive elements.

The main result in this paper is that, for any weight ¢ on a
W#*-algebra M, the following conditions are equivalent.

(1) ¢ is completely additive;

(2) ¢ is normal;

(3) o is o-weakly lower semicontinuous;

(4) (%) = sup,.r w(x), Ve € M, , where F is a set of positive
normal functionals;

(5) (x) = Yie; @), x€ M, where {p;} is a set of positive
normal functionals.
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The implications (5) = (4) = (3) = (2) = (1) are trivial. In [I]
Combes has made a partial solution to (3) = (4). He proved that if ¢
is a o-weakly, lower semicontinuous weight, then there exists a set F
of positive normal functionals, such that ¢(x) = sup,.r w(x) whenever
¢(x) < co. The implication (4) = (5) has been proved by Pedersen
and Takesaki [5] by use of left Hilbert algebra theory. The reader
should be aware that Takesaki has introduced condition (4) as a
definition of normality.

This paper consists of two sections. In Section 1 the equivalence
of (1), (2), and (3) are shown. In Section 2 we prove the implication
(3) = (4) in a slightly more general situation, namely for a
“subadditive weight” i.e. a function ¢: M, — [0, 0] with the
properties

(1) x<y =k <py),xyed,,
(1) olx +y) < o(x) +o(y), x,ye M,
(iil) @(Ax) = Ap(x), xe M, , A > 0.

The equivalence of (2) and (5) gives the complete solution to a problem
posed by Dixmier [2, Chap. I, Sect. 4, p. 52].

1

We will first recall the construction of the representation induced
by a weight (cf. [1, Sect. 2]). Let ¢ be a weight on a C*-algebra A. Put

n, = {x e A | g(x*x) < w0},
m, = n,*n, = span{y*x | x, y € n_},
N, = {xe 4 | p(x*x) = 0O}
Let H denote the completion of the pre-Hilbert space n,/N, with

inner product (a(x) | a(y)) = ¢(y*x), where « is the quotient map

n, — 1[N, . It is easily seen that there is a unique *-homomorphism
w: A — B(H) so that

(@) ofx) = ofax), acd, xen,.

(m, H) is called the representation induced by .

Lemma 1.1. Let ¢ be a weight on a W*-algebra M and let (=, H) be
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the representation induced by ¢. There is a unique linear map B of m,
into the predual of m(M) satisfying

Bly*x)(@') = (a'x) | (y)), @' en(M), x,yen,.

Proof. The uniqueness of 8 follows from m, = span{y*x | x, y € n,}.
Let x, y € ,,, and assume that x*x = y*y, There is a partial isometry
u € M so that x = uy and y = u*x. Thus Va' € n(M)":

(¢'a(x) | ofx)) = (@) | 7(u) «(3)) = (a'm(w*) ) | () = (@'(y) | A)):
Therefore the map
B,: x*x — w

()

is a well-defined map of m,*t into #(M), . Obviously By(Ax) = ABy(¥)
VA == 0. We will show that 8, is additive:

Let x, vy e m,* and put 2 = «x -} 3. There exist operators s, t € M
so that x'/2 = s21/2 y1/2 = ¢21/2 and s*s 4 t*z is the support
projection of 2. Hence Va' e n(M)":

(@a(z?) | o(=1/2)) = (a'n(s*s + 1°1) a(3) [ of212)
— (@'n(s) =1/2)| m{s) aaH/%)) -+ (a'(1) a52)] (1) a(s/2))
= (@ax/%) | a@l2)) -+ (@afa) | a(xi13).

Thus o + %) = Bo(#) + Bo(¥)-

Since m,, is spanned by m,*t, B, has a linear extension B to m,.
Using the identity y*x = 35_o i %(x + #*y)*(x + i*y) we find that

Bly*a)a’) = (@x) | (), @ en(M), xyen,.

In the following, « and 8 denote the maps in Lemma 1.1.

Lemma 1.2. For any self-adjoint element x in m, we have
| B@)| = inf{p(@) + ¢(®) | x — a — b, a, bem,t,
Proof. The function p on (m,), ,. defined by
p(x) = inf{p(a) + ¢(b) | ¥ = a — b, a, bem,*}

is a2 seminorm on (m,), , - It is easily seen that p(x) = ¢(x), Vx € m, ™.
If x =a— b, a bem,™, then

1B@) < [ B@ll + 11 BB = p(a) + (b).

Hence || B(x)] < p(#), % € (Mo)q.n. -
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To show the converse inequality let x, € (m,),,. . By the Hahn-
Banach theorem we can find a functional p on (m,),, so that
w(xy) = p(x) and | p(x)| < p(x), Vx € (m,)s 5. . # can be extended to
a self-adjoint functional on m, . The extension will also be denoted .

Since
— () < plt) < plx),  xen

we get
[ -+ m(»*2)| + (¢ — m)(y*2)[]
[(® + p)x*x) (e + p)(y*y)
+ (¢ — w2 — p)(5*9) 7]
< i + w)*x) + (@ — w2
X [e + m)y7) + (¢ — )"
= (") 2 p(y ) x yen,.

[n(y*x)] < %
<3

Hence there exists a bounded operator T in B(H) so that || T'|| < 1
and p(y*x) = (Ta(x) | «(v)), %,y en,. Furthermore Vae M, Vs,
yen,:

(Tm(a) o) | () = (Tofax) | (y)) = p(y*ax)
= (To(x) | o(a*y)) = (n(a) Tax) | & 3))-

Thus T € 7n(M)'. Hence u(z) = B(z)(T) for any 2 € m, , and therefore
p(xo) = | (o)l <1 B Tl < || Bl

This completes the proof.

Lemma 1.3, Let ¢ be a normal weight on a W*-algebra M and let
x, be a bounded sequence of elements in m+,

(1) If x, > xec M and if B(x,) is convergent, then x € m,*.
2) If %, >0 and if B(x,) s convergent, then B(x,)— 0.
(0 — s denotes the o-strong topology. On w(M), we use the norm
topology.)
Proof. (1) Let e be a positive number. Put 4 = lim f(x,,). We can

choose a subsequence y,, of x,, so that || B(y,) — #| < e-27" neN.

Thus | B(yna — yulll < (3/2)e - 277
By Lemma 1.2 there exists «,, , b,, € m,* so that

Yov1 — Yn = @p — bn and (P(a") + (P(bn) < 2¢ - 277,
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Thus

yn+1 <n+ Z ap -

k=1

Put f(2) = (1 - v2)7L, v > 0. f, is operator monotone in the sense
that —(1/v) < ® <<y implies that f(x) < f(y). Hence f(y,) <

FAy1 + i1 a)- f(¥1 + i1 @) is a bounded increasing sequence
and therefore has a least upper bound.
Since y, —°~° x we get f,(y,) —=°~° fx) (cf. [4]). Thus

£ <1ub. £+ 3 o)
and

o) < tub.g (£ (3 + ¥ w)) <ubo(n+ T »)

<o) + i (2927 — a(3,) + 2e.

Since f(x) 7 x for v—> 0 we get that ¢(x) < ¢(y;) + 2¢ < o0.
This proves (1).

(2) Lete ¢, a,, b, be as in (1). We then have

—~ V1 & Z by .

k=1

Put K = sup| x,|. Then y; — 3,y = —K, Vn. For any v < 1/K
we get

7001 = 3w < b1, (3 b).

By the assumptions y, —°~% 0 for n — co. Therefore

FAys = Yusr) == f31)-

Hence

A < Lub.1, (3 b).

k=1
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Thus

s(o) <Lubp (£ ( 3 b))

k=1

(p(z bk)< ZZe'Z“kZZE.

k=1 k=1

Using f(31) 7 1 for v =0 we get ¢(y;) < 2e. Hence ||| <
i — B(yll + 1 Byl < (1/2) + 2¢ = (5/2)e. This is valid for any
e > 0. Thus = lim 8(x,) =

If A is a Banach space, we let 4, denote the set (xe 4 ||| x| < 7}.

Levmma 1.4. Let ¢ be a normal weight on a o-finite W*-algebra M
and let G(o) = {(%, o)) | x € n,} be the graph of o. Then G(o) N
(M, x H))1s o(M X H, M, X H*)-compact for any r,t > 0.

Proof. Since H is a reflexive Banach space and M = (M,)*,
M X H is the dual of the Banach space M, X H* with norm
i@, €9 = [l @ | | £ |l The dual norm on M x H is |(x, &) =
max{|| x|, || £|}}. Since G(a) N (M, X H)) is convex it is o(M X H,
M, x H¥*)-closed iff it is closed in any topology compatible with the
duality between M X H and M, X H*. Hence it is enough to show
that G(«) N (M, X H,)is closed in the product of o-strong* topology
on M and norm topology on H.

Let (x,£) be in the (o-strong*) X norm closure of G(a) N
(M, X H;). Since M is o-finite, M, is metrisable in the ¢ — s*-
topology. Hence there exists a sequence {x,} C M, so that x, > x
and o(x,) — &, || o(x,)] < . Thus x,*x, —°% x*x and B(xn*xn) =

Wazy = @;. By Lemma 1.3(1), x*xem,*. Thus xen, Hence
(x — %)*(x,, — x) >0 and B((xy, — x)* (x — %)) = wa(:z )—alz)
®¢_ozy - By Lemma 1.3(2), w;_y(,y = 0 and therefore ¢ = a(x). Hence
(%, £) € G(c). This completes the proof.

Levma 1.5. Let ¢ be a weight on a o-finite W*-algebra. The
Sollowing conditions are equivalent.
(1) @ is completely additive,
(2) ¢ is normal,
(3) @ is o-weakly lower semicontinuous.

Proof. (3) = (1): trivial, (1) = (2): Let x, be a bounded increasing
set of operators in M, with x; # x. Since bounded subsets of M is

580/19/3-8
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metrisable in the o-strong topology, we can find a sequence {y,} C {x;}
so that y, # x and Lu.b. ¢(x;) = Lu.b. (p(vm
Put 3, =y, — ¥, . Thenx =y, + Zn~1 %, - Thus
-] n
POV OUA SRRy S U . LY SR U 3 / PO \
) = PO T L PEe) = AR P 0T L zk} = Lu.b. ¢(¥y).

— a0

Hence ¢ is normal.

(2) = (3): By Lemma 14, G(o)n (M, x H)) is o(M X H,
M, X H*)-compact. {x € M, | p(x*x) < #?} is the range of G(x) N
(M, x H,) by the projection (x, £) — x. Hence {x € M, | p(x*x) < 22}
is o-weakly compact. Thus by [2, Chap. I, Sect. 3, Theorem 1(iv)],
{x e M| p(x*x) < 1%} is o-weakly closed. Now let x be in the o-weak
closure of {a € M | ¢(a) < #*. Since the set is convex, there exists a
net {x;} CM,, ¢(x) < ¢ so that x; >°%x. Then x}/2 -—>o—s x1/2
(cf. [4]). Thus @(x) = (x1/2x1/2) < £2. This completes the proof.

DeriniTioN 1.6. Let 4 be a partially ordered vector space. A
subset E of A, = {xe 4| x > 0} is called hereditary if x € E and
0 < y < x implies that y € E.

Lemma 1.7. Let M be a W*-algebra. Put My = ),.x pMp where
2 is the set of o-finite projections in M. Let E be a convex, hereditary
subset of My*. Then E is c-weakly closed relative to M, iff E N pMp
is o-weakly closed for any p e 2.

Proof. 1t is easily seen that if E is o-weakly closed relative to A
then E N pMp is o-weakly closed for any p € 2. To show the opposite
note first that if p € 2, then the unit ball in the left ideal Mp is
metrisable in the o-strong topology. Namely, let u be a positive
normal functional with support p, then the seminorm x — u{x*x)!/2
induce the o-strong topology on (Mp), . Let E be a convex hereditary
subset of M, so that M N pMp is o-weakly closed for any p € 2.

Put F = {x € M | x*x € E}. F is a convex subset of J/. Let namely
x,yeF and A€ [0, 1], then

(A 4 (1 = 1)y)*(x + (1 — 1))
= Ax*x 4 (1 — A2 y*y + A1 — D(x*y + y*x)
< A%k 4 (1 — AP y¥y 4 AL — A)(a*x -+ y*y)
= Ax*x + (1 — A) y*y.
Hence Ax + (1 — A)y € F. Furthermore, if se M, ||s|| <1, then
sF C F because (sx)* sx = x*s*sx < x¥x.
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We will show that pF is o-weakly closed for any pel, or
equivalently that F*p is o-weakly closed. Using [2, Chap. 1, Sect. 3,
Theorem 1(iv)], it is enough to show that F*p N M, is o-strongly
closed for any » > 0.

Choose x so that x* belongs to the o-strong closure of F*p N M, .
Since Mp N M, is metrisable in o-strong topology, we can find a
sequence {x,} C pF, || x, || < 7 so that x,* —9—¢ x*. Since the support
and range projections of x,, are o-finite, and since the least upper bound
of a countable set of o-finite projections again is a o-finite projection
there exists g € X so that x,, € ¢gMg, Yn e N. We have

X, eF N gMq = {xcqMgq | x*x e E N ¢Myq}.

Since E N gMq is o-weakly closed FF N ¢Mgq is o-strongly closed and
thus g-weakly closed. Hence x € F N ¢Mg. Obviously px = x. Hence
x € pF. This shows that pF is o-weakly closed for any p € 2.

Now let y € E==* N M, . Then there exists a net {y;} CE so that
y; =5 y. Let p be the support projection of y. We have pyl/2 —o—s
pyt/? = y1/2, Since p is o-finite pF is closed. Thus y'/2 € pF CF and
therefore y € E. Hence E is o-weakly closed relative to M, .

TrrorReM 1.8. Let ¢ be a weight on a W*-algebra M. The following
three conditions are equivalent.

(1) ¢ is completely additive,
(2) o is normal,

(3) o is o-weakly lower semicontinuous.

Proof. It is easily seen that (3) = (2) = (1). (1) = (3): Put
E={xeM,|gp(x)<1}. By Lemma 1.5, EN pMp is o-weakly
closed for any o-finite projection p. Thus by Lemma 1.7, E N M, is
o-weakly closed relative to M, . Let ( p;);.; be a maximal set of
orthogonal o-finite projections. Then 3 ;, p; = 1. For any finite subset
J of I'let p, denote the projection ¥, p; . Obviously p, » 1. Now let
x € B>, Then there exists a net {x,} C E so that x, —°x. Thus
x2 —o=s x1/2 and xl/2p,xl/2 —>o—% x1/2p,x1/2 for any finite subset [ of I.
Since M, is a two-sided ideal in M we have x1/2p,xl/2e M, and
x2p,x1/2 e M, . Since x1/2p,x1/2 € E N Mywe get x1/2p,x1/2e E N M, ,
VJCI, Jfinite. Using x = ¥, x*/?p,x1/% we get

@(x) = Y p(x'2px'%) = lim @(x1/2p;x1/2).

i€l

This shows that ¢(x) < 1. Hence E is o-weakly closed.
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As a special case of Theorem 1.8 we get the following well-known
theorem (cf. [2, Chap. 1, Sect. 4, Theorem 1; and 3]).

CorOLLARY 1.9. Let ¢ be a positive functional on a W*-algebra M.
The following conditions are equivalent.
(1) @ is completely additive,
(2) @ s normal,
(3) @ is o-weakly continuous.

Proof. 1t is only left to show that if ¢ is o-weakly lower semi-
continuous on M, , then ¢ is o-weakly continuous on M. Let (x,),,
be a net on M, , so that| x;|| << 1 and x; —% x. Then

lim inf p(x,) = lim inf p(1 + %) — p(1) > (1 + x) — o(1) = (3,
lim sup p(x;) = p(1) — lim inf (1 — x) < o(1) — p(1 — 2) = g(x).
Hence the restriction of ¢ to (M), ,. is o-weakly continuous. Using

[2, Chap. 1, Sect. 3, Theorem 1(ii)] we get the required result.

ProsLEm 1.10. Let M be a W¥*-algebra and ¢ a function
M, — [0, o] with the properties

() »<y=o@ <) xyeM;
(i) ol +5) < o) + @(9), %,y € M,
(i) @(Ax) = Ap(x), xe M., A > 0.
(iv) ¢(lu.b.x;) = lLub. ¢(x;) for any wuniformly bounded
increasing set {x;} of positive elements.

Is ¢ o-weakly lower semicontinuous ?

ProBLEm 1.11. Let ¢ be a weight on a W*-algebra M, and assume
that the restriction of ¢ to any commutative o-weakly closed subalgebra
is normal.

Is ¢ normal?

Remark 1.12. J. Dixmier has shown that if ¢ is a positive functional
on a W+*-algebra M with the property that ¢(¥ p;) = X o( p;) for
any set {p;} of mutually orthogonal projections in M, then ¢ is
normal (cf. [3]). This cannot be generalized to weights. Consider the
W*.-algebra L*(N) of all bounded sequences. The weight defined by

(@n)ner) = S a,, if (@p)nei has finite support,

00, otherwise,

is completely additive on the projections, but ¢ is not normal.
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2

Consider a locally convex Hausdorff vector space A4 over the
scalar field R, which has a partial ordering defined by a closed convex
cone A4, satisfying 4, N (—A4,) = {0} and (4, — A4.,)~ = 4. Let
A’ be the topological dual space of A. The dual cone of 4,:

A ={ped | px) = 0,Vxe d,)

defines a partial ordering of 4'.
We recall that a subset E of A, is called hereditary if x € E and
0 <y < x implies that y € E.
For EC Aweput E® = {pe A" | p(x) > —1,Vx e E}.
For ECA, weput B~ ={pec 4, |¢(x) < 1,VxeE}
IfFC A (resp. 4,') F® and F~ is defined symmetrically.

ProposiTiON 2.1. In the above situation the following three con-
ditions are equivalent.

(1) For any convex, closed, hereditary subset E of A, 1is
E=(E-—-A4)ynA,.

(2) For any convex, closed, hereditary subset E of A, is E = E~*.
(3) Any lower semicontinuous function ¢: A, — [0, o] satisfying
() »<y =9 <@y, xyed,,
(i) e+ y) < o) + o(») xye 4.,
(iil) (Ax) = Ap(x), x€ 4, , A =0,
has the form
¢(x) = sup{w(¥) | w e F},

where F = {we 4, | w(x) < ¢(x), Vx e 4,}.

Proof. (1) = (2): Put F = E~. We will first show that
F'={wed |wx) <1,VxeE — 4.} is equal to F. Obviously
FCF'. Let weF'. Then Vxe 4, , VA > 0: w(—Xx) < 1. Thus
Vxe A,: w(x) = 0. Therefore w > 0. Hence

F'Clwed, o) <1,VxeE— A)CF.

Now using the bipolar theorem we get

(E— Ay =(E—A)® = (—F) = {xe 4| w(x) < 1, Yo e F).



312 UFFE HAAGERUP

Thus by (1):
E=E—A)ynAd, ={xed,|wr) <l,VoecF} = E~,

(2) = (3): Let ¢ be a lower semicontinuous function on A,
satisfying the conditions of (3), then £ ={xe 4, |p(x) <1} is a
convex, closed, hereditary subset of 4, .

Put F = E~ ={we 4" | w(x) < 1,Vxe E}. Note that if we 4/,
then

w<es{yed. oy <C{red,lw(y) <1}
Hence F = {we 4, | v < ¢}

Put J(x) = sup,.p w(x), x € A, . Obviously ) < ¢. Assume now
that there exists x € 4. so that (%) < ¢(#,). By multiplying x, with
a suitable scalar we can assume that (x,) < 1 << ¢(x) ((x,) might
be 4 o). By the definition of E we have x, ¢ E. By (2):

E={xed, |wx <1, VoeF}
—{red, |4 < 1.

Hence x, € E, which gives a contradiction.

(3) = (1): Let E be a convex, closed, hereditary subset of 4. .

Put
p(x) = inf{A > 0] x € AE}, xed,.

In particular g(x) = + o0 iff x ¢ 50 (AE). It is easy to check that ¢
satisfies (i), (i), and (iii). Furthermore,

AE = {xe A, | p(x) < AL
Hence ¢ is lower semicontinuous. Thus by (3),

o(x) =sup w(x) where F={wecd, |o<e¢h
weF

Therefore E — A, C{xe A| w(x) < 1,VweF}. Since the latter is
closed we get

(E—A)y N4, Clxed,|w@x) <1, VoecF}CE.
Hence E = (E— A,y nA,.

TueoREM 2.2. The self-adjoint part M., of a W*-algebra M
equipped with oc-weak topology satisfies the conditions of Proposition 2.1.
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Proof. We will prove (1) in Proposition 2.1. We shall use some
properties of the functions

fui 1—1/a, oo = ]—o00, 1/of, a >0,

defined by f,(¢) = #(1 + «f)~), namely:

(@) « <P = fult) = feld), te]—1/B, o[;
(b) fAt) # t when a« > 0and —1/a < &

(©) Jurs(®) = fulfs(®), ¢ > —1/(2x + B);

(d) f, is operator monotone in the sense that
—ljae<x <y =>flo) <AD),  ®mye Mg,

For xe M, , we put o, =sup{a > 0] —1/a < x}. Let E be a
convex o-weakly closed hereditary subset of M . Put

G ={xeM,, |f({x)eE— M, Yacl0, o[}

We will show that
(1) G N M, is o-strongly closed,
(2) G N M, is convex.

(1): Let xe(G N M,)=-s. Then there exists a net (x;);., so that
%G, ||x]] <r, and x; > % For any «€]0,1/2r[ we have
Jfox;)e E — M, . Hence we can for each i€l find y,€ E so that
fu(x;) < y;. Now using that f, is operator monotone we get

Jaul®s) = ful ful2d) < ful3)-

Since f,, is continuous on [—7, 7], a € ]0, 1/2r[ we get fo,(x;) =5 fou(%).
Since 0 < fu(¥;) < 1/athere exists a subnet f,(y;,) so that f,(y; ) — 3.’
o~-weakly. f.(¥;) € E because 0 < f(¥,) < ;. Then using that E is
o-weakly closed we find y,’ € E. Furthermore:

Yo' — fool®) = Hm (f(3,) — faol3,)) 2= 0.

Hence fol(x) e E — M, ,Va€]0, 1/2[ or equivalently f(x) e E — M,
Vae]0, 1/r[. Using that B > « = f, <f, we find that fy(x)e
(E—M,)— M, =E—M,_,VBe[l]r, o,[. Hence x € G.

(2): The convexity will follow if we show that

GNM, =(E—M)nMy°snM, for ¢t >r.
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C: Let xeGN M,. Then fx)e E — M,, ac]0, o[ Since

fo(x) e M, for sufficiently small «, and since f(x) 7 x we get
GNAMC(E— M.)n M),

2: Since fi(») <« for a€]0, 0[] we have GDE — M,,
and thus GNM,2(E— M, )N M,. Then by (1) GNnM,2
((E — M, )N M)~ Hence

GNM,=(GnM)nM,2(E— M)n My nM,.

Since G N M, is convex for any r > 0, G 1s also convex. Then using
[2, Chap. 1, Sect. 3, Theorem 1(iv)], G is o-weakly closed. Note that

E—M,CGC(E— M)y~".

The last inclusion follows from f(x) 7 & for «— 0. Hence

= (E — M)~
Nowletxe(E-M,)> M, =GN M, . Thenf(x)e E-M_,

Va > 0. Since E is hereditary, f,(x) € E. Then using fa(x) A % we
find xe E. Hence (E — M_)** N ECE. The converse inclusion
is trivial. This completes the proof.

As an application of Theorem 2.2 we get a new proof of the corre-
sponding result for C*-algebras (cf. [1, Proposition 1.7, and
Remark 1.6]).

CoroLLARY 2.3. The self-adjoint part of a C*-algebra A, equipped
with norm topology, satisfies the conditions in Proposition 2.1.

Proof We will prove (1) in Proposition 2.1. We can imbed A4
in its second dual 4** which is a W*-algebra (cf. [6]). Let E be a
convex, uniformly closed, hereditary subset of 4, , and put E’ = Eo—%
(closure in o(A**, A*)-topology). Since E is convex and uniformly
closed it is also o(4, A*)-closed. Hence E = E’' N A.

We will now show that E’ is a hereditary subset of A**. Let x € E’
and y € A** with 0 << y < x. There exists s € A**, || s|| < 1, so that
yt/2 = sx1/2. By Kaplansky’s density theorem there exists s; € 4,
I s;l <1 so that s; —°—s. Furthermore there exists a net (%),
x;€ E, so that x, —»°=5 x. This implies that x}/®? —o— x1/2, Hence
s;x3/2 —o=¢ sx1/2 and then

(5212 (s 500%) 2= (sx ) H(s21/2) = 3.

Since 0 < (s;x2/%)*(s;x}%) < x; we get that (s;x}/2)*(s;x}/*) € E. Hence
vy € E’. This shows that E’ is hereditary.
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By Theorem 2.2 (E' — A¥*)—o-w N A%* = E'. Hence
(E—A)y N4, C(E—A¥*nA*NA=EnAd=E

The converse inclusion is trivial.

For the sake of completeness we will show that if M is a W*-algebra,
then the self-adjoint part of the predual M, satisfies the conditions in
Proposition 2.1.

Lemmva 2.4. Let M be a W*-algebra and . a positive normal
Sfunctional on M. Let (=, H) be the representation induced by p and let &,
be the range of 1 by the quotient map M —~ M|N, C H (cf. Sect. 1).
Then the linear map @: (M) — M, defined by

D(a')(x) = (a'm(x)&, | &o)s a en(M), xeM,

has the following properties.
(1) D is an order isomorphism of w(M), , on D(z(M); ,.)-
(2) ((M),.0) = {p € (M) | Tk >0 —kp < ¢ < k.
(3) @ is o(n(M), m(M),) — o(M, , M) continuous.
(4) D is a homeomorphism of {xem(M),, | —1 < x <1} on
{pe(My)sa. | —p < @ < p} with respect to the topologies in (3).
Proof. Note first that £, is cyclic for m(}) and that

px) = (m(0)éo | &),  xe M.

(1): Obviously @’ > 0 implies @(a’) > 0. Assume that §(a’) > 0;
then (a'w(x)¢, | m(x)¢) = 0, Vo€ M, which implies that &’ > 0.
Hence @ is an order isomorphism of =(M),, on P(=(M),,). In
particular @ is injective.

(2): Using that @ preserves order and that @(1) = pu we find that
D(m(M), ) C{pe M, |3k > 0: —ku < ¢ < ku}. To show the con-
verse inclusion, let ¢ € M, and assume that —ku < ¢ < ku for some
%k > 0. Then

| o(x*0)| < Kn( [ n(x)&),  we M.

Hence there exists a bounded self-adjoint operator T in B(H) so
that o y*x) = (Tn(x)&, | n(y)é,) and || T'|| < k. As in the proof of
Lemma 1.2 we see that T e #(M)'. It is easy to check that ¢ = &(T).

(3): Trivial.
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(4): 'This is a consequence of the fact that a continuous, injective
map of a compact set into a Hausdorff space is a homeomorphism on
its range.

PropositioN 2.5. Let M be a W*-algebra. The self-adjoint part of
the predual M, equipped with norm topology satisfies the conditions in
Proposition 2.1.

Proof. We will show (1) in Proposition 2.1. Let E be a convex,
hereditary (norm)closed subset of M ,*andletp e (E— M, ")~ NM,*.
There exists a sequence {p,} C E — M ™, so that || ¢, — @[l < 2™
For each n € N we can choose a i, € E so that ¢, < ¢, . Put

=9+ Z I‘Pn‘_‘PI + Z 2~"¢n/”¢’n”
n=1 n=1
Since 3 1l ¢, — @]l < o0 and ¥,_; 27* < o0, p is a well-defined
functional in M, +. Furthermore,

—B K Pn S Wy nelN;
0 <¢n <2%||¢nllp, mneN.

Let (7, H) be the representation of M defined by u and let @ be the
map in Lemma 2.4. Put E; = ®7Y(E). Using Lemma 2.4(1) we see
that E, is a convex, hereditary subset of =(M)". Furthermore, E, is
o-weakly closed because @ is o(m(M), 7(M)y) — o(M, , M)-
continuous. (E is a convex, norm-closed subset of M, , and therefore
closed in any topology compatible with the duality of M, and
(M,)* = M). By Theorem 2.2, (E;, — «(M),)~* N a(M), = E, .
Put x, = D Yg,), x = DY), and y,, = @(,) (cf. Lemma 2.4(2)).
Since ¥, < ¥, we have x, € E; — n(M)’.. Using Lemma 2.4(4) we
find that x, - x. Hence x € (E, — n(M), ) Na(M), = E, .
Thus ¢ = P(x) € E. This completes the proof.

Remark 2.6. Let M be a W*-algebra. Since both M, and
(M), .. satisfy Proposition 2.1(2), the map E — E~ is a bijective map
of the o-weakly closed, convex, hereditary subsets of M, onto the
norm-closed, convex, hereditary subsets of M, *, and the inverse map
is F — F~.

ProBLEM 2.7. Let 4 be a C*-algebra, and let 4* be the dual space
equipped with o(A4*, 4)-topology. Does A¥, satisfy the conditions
in Proposition 2.1? (It is not difficult to show that the answer is
affirmative, if 4 is commutative.)



NORMAL WEIGHTS ON W*-ALGEBRAS 317

ACKNOWLEDGMENT

I thank Gert K. Pedersen for many fruitful conversations and for his lectures on
the use of operator monotone functions in C*-algebra theory.

REFERENCES

1. F. Comses, Poids sur une C*-algébre, J. Math. Pures Appl. 47 (1968), 57-100.

2. J. DixMiEr, “Les Algebres d’Opérateurs dans I’Espace Hilbertien,” Gauthier—
Villars, Paris, 1969.

3. J. DixmiER, Formes linéaires sur un anneau d’opérateurs, Bull. Soc. Math. France
81 (1953), 9-39.

4. R. V. KapIsoN, Strong continuouity of operator functions, Pacific J. Math. 28
(1968), 121-129.

5. G.K.PeDErseN aAND M. Takesaki, The Radon—~Nikodym theorem for von Neumann
algebras, Acta Math. 130 (1973), 53-87.

6. S. Sakar, C*-Algebras and W*-Algebras, Springer~Verlag, Berlin, 1971.

Printed in Belgium



