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A numerical index is introduced for semigroups of completely positive maps of
2#(H) which generalizes the index of E,-semigroups. It is shown that the index of
a unital completely positive semigroup agrees with the index of its dilation to an
E,-semigroup, provided that the dilation is minimal. ~ © 1997 Academic Press

1. INTRODUCTION

We introduce a numerical index for semigroups P={P,:t>0} of
normal completely positive maps on the algebra #(H) of all bounded
operators on a separable Hilbert space H. This index is defined in terms of
basic structures associated with P, and generalizes the index of E,-semi-
groups. In the case where P,(1)=1, >0, we show that the index of P
agrees with the index of its minimal dilation to an E,-semigroup.

The key ingredients are the existence of the covariance function
(Theorem 2.6), the relation between units of P and units of its minimal dila-
tion (Theorem 3.6), and the mapping of covariance functions (Corollary 4.8).
No examples are discussed here, but another paper is in preparation [5].

1. THE METRIC OPERATOR SPACE OF
A COMPLETELY POSITIVE MAP

We consider the real vector space of all normal linear maps L of #(H)
into itself which are symmetric in the sense that L(x*)= L(x)*, xe 4(H).
For two such maps L,, L, we write L, <L, if the difference L,— L, is
completely positive. Every operator a € Z(H) gives rise to an elementary
completely positive map Q, by way of

Q,(x)=axa*, xeHB(H).

* This research was supported by NSF Grant DMS95-00291.
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DerINITION 1.1. For every completely positive map P on #A(H) we
write &p for the set of all operators a € Z(H) for which there is a positive
constant k such that

Q,<kP.

In this section we collect some elementary observations which imply that
ép 1s a vector space inheriting a natural inner product with respect to
which it is a complex Hilbert space. Thus, every normal completely positive
map is associated with a Hilbert space of operators which, as we will see,
“implement” the mapping. The properties of these Hilbert spaces of
operators will be fundamental to our methods in the sequel.

Because of Stinespring’s theorem, every normal completely positive map
P of #(H) into itself can be represented in the form

P(x)=V*n(x)V, xeRB(H), (12)

where 7 is a representation of #(H) on some Hilbert space H, and
V:H— H, is a bounded operator. We may always assume that the pair
(V, m) is minimal in the sense that H, is spanned by the set of vectors
{n(x) V¢:xeB(H), e H}, and in that case we have =n(1)=1 and
V*V = P(1). Two minimal pairs (V, z) and (¥, 7) for P are equivalent in
the sense that there is a (necessarily unique) unitary operator W: H, — H
such that

wWv="V, (1.3a)
and
Wrn(x)=7(x) W, xeB(H). (1.3.b)

Now since P is normal, the representation n occurring in any minimal
pair (V, ) is necessarily a normal representation of #(H) and is therefore
unitarily equivalent to a representation of the form

(x)=x®xD -,

acting on a direct sum H”" of n copies of H,n being a cardinal number
which is countable because H is separable. Thus we may always assume
that a minimal pair (7, 7) consists of a representation of this form and that
V: H— H" has the form

VE= (& v3e, ),

where vy, v,, ... is a sequence of bounded operators on H. Notice that the
components of V are the adjoints of the operators v, ; this is essential in
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order for the operator multiplication to be properly related to the spaces
ép associated with completely positive maps P (see Theorem 1.12). After
unravelling the formula (1.2) one finds that these operators satisfy

P(x)= ), v,xv},
n=1

the sum on the right converging weakly because of the condition
loFEl? + oFelIP+ - =11V <0,  EeH. (1.4)

Finally, the minimality condition on (¥, 7) implies that the only operator
¢ in the commutant of n(#%(H)) satisfying ¢V =0 is ¢ =0. Considering the
matrix representation of operators in the commutant of n(%4(H)), we find
that this condition translates into the somewhat more concrete “linear
independence” condition on the sequence v, v,, ...

(Fs dgs ) €LY Ayt =07, = Ay = - =0. (1.5)
k

Notice that the series in (1.5) is strongly convergent, since it represents the
composition of V*: H" - H with the operator (€ H— (1,¢&, A,&, ...)e H".
Conversely, if we start with an arbitrary sequence v,, v,, ... of operators in
#(H) for which (1.4) and the “linear independence” condition (1.5) are
satisfied, then

P(x) =) vifxv,
K

defines a normal completely positive linear map on #(H). If we define
V:H— H" and n: 4(H)— #(H") by

VE=(v,¢, 058, ), (1.6.a)
(X)) =x®xP ---, (1.6.b)
then (¥, ) is a minimal Stinespring pair (V, «) for P.

We now reformulate these observations in a coordinate-free form which
is more useful for our purposes below.

ProroSITION 1.7. Let P(x)=V*rn(x)V be a minimal Stinespring
representation for a normal completely positive map P of #(H), and let

S ={TeB(H H,): Tx=n(x)T, xe B(H)}
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be the intertwining space for m and the identity representation. For any two
operators Ty, T,e S, T;T, is a scalar multiple of the identity of #(H), and

<Tla Tz> 1= Tz*Tl

defines an inner product on & with respect to which it is a Hilbert space in
which the operator norm coincides with the Hilbert space norm.

The linear mapping Te & — V*T e B(H) is injective and has range &p. &p
is a Hilbert space with respect to the inner product defined by pushing
forward the inner product of & .

Proof. We merely sketch the argument, which is part of the folklore of
representation theory. The first paragraph is completely straightforward.
For example, if T, T,€% then T;*T, must be a scalar multiple of the
identity on H because for every x € 4(H) we have

TXT, x=T;n(x) T,=xTFT,.

Now let a be an operator of the form a=V*T, Te . We claim that a
belongs to &p. Indeed, for every x e 4(H) we have

Q (x)=axa* =V*TxT*V=V*n(x) TT*V.

Since TT* is a bounded positive operator in the commutant of n(%4(H)),
the operator C=(||T|*1—TT*)"? is positive, commutes with n(%(H)),
and the preceding formula implies that the operator mapping

xeB(H)— |T|*> P(x)—Q,(x)=V*Cr(x) CV

is completely positive. Hence a € &p.
The map T— V*T is injective because it is linear, and because if an
operator T e % satisfies V*T =0 then for every x e #(H) and every (€ H

T*n(x) VE=xT*VE=x(V*T)* E=0.

Hence T* =0 because H, is spanned by n(#(H)) H, hence T=0.

Finally, let a be an arbitrary element in &, and choose a positive con-
stant k such that Q,<kP. We may find an operator T € .¥ which maps to
a as follows. For any n>1, any operators x,, x,, ..., X, € Z(H) and any
vectors &4, &,, ..., &, € H we have

Z xpa*l, | = Z <Qu(x/:kxj)éj9 Sy <k Z <V*7Z(x/><kxj) ij, Ciy
k=1 k=1 kj=1
n 2
=k Z m(xg) VEx
k=1
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Thus there is a unique bounded operator L: H,=[n(#(H) VH]—-> H
which satisfies L(n(x) V&) = xa*& for every xe #(H), £ € H. Taking T=L*
we find that 7€ ¥ and a*=T*V, hence a=V*T. |

Remark 1.8. To reiterate, the inner product in &, is defined as follows.
Pick a, b € &,. Then there are unique operators S, 7€ ¥ such that a = V'*S,
b=V*T, and <a, b) is defined by

{a,b) 1=T*S.

In more concrete terms, choose a minimal Stinespring representation
P(x)=V*nr(x) V where 7 is a representation on H” and V: H— H" is of
the form V¢=(v,¢, v,¢, ...), the sequence of operators vy, v,,..€ B(H)
satisfying conditions (1.4) and (1.5). Then {vf, v¥, ..} is an orthonormal
basis for the Hilbert space structure of &, and thus &, consists precisely of
all operators a of the form

a=a(A)=A v+ 05+ -,

where A= (1,, 4,, ...) is an arbitrary sequence in ¢ 2. The sequence A€/ ? is
uniquely determined by the operator a(4), and the inner product in &,
satisfies

La(A), a(u)) = Z Akl

k=1

DerINITION 1.9. A metric operator space is a pair (&, < -, - ») consisting
of a complex linear subspace & of #(H) together with an inner product
u,ve & <u, vy e C with respect to which & is a separable Hilbert space
which has the following property: if e, e,, ... is an orthonormal basis for &
then for any ¢ e H we have

lef&l? + leFéll* + -+ < oo. (1.10)

Remarks. The above discussion shows how, starting with a normal
completely positive map P of #(H) into itself, we associate with P in an
invariant way a metric operator space &p. This metric operator space has
the property that if we pick an arbitrary orthonormal basis e, e,, ... for &
then we recover the map P as

P(x)=) e, xef, xe#(H), (1.11)

k

the sum on the right being independent of the particular choice of basis.
Conversely, starting with an arbitrary metric operator space § we may
define a unique completely positive map P by the formula (1.11), and thus
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we have a bijective correspondence P<«> & between normal completely
positive maps and metric operator spaces.

Metric operator spaces offer several advantages over the Stinespring
representation in describing normal completely positive maps on %(H),
and it is appropriate to briefly discuss these issues here. For example,
suppose we start with such a map P with metric operator space &. We may
use the inner product on & to define an inner product on the tensor
product of vector spaces & © H, and after completion we obtain a Hilbert
space & ® H. The natural multiplication map M: &GO H — H defined by
M(v® &) =vé extends uniquely to a bounded operator from § ® H to H,
which we denote by the same letter M. To see that, choose an orthonormal
basis e, e,,.. for & and define a (necessarily bounded) operator
V:H—&® H by

VE=) e ®eie.
x

A direct computation then shows that

{Mv®E), 1) p=<v®¢, V’7>£®H,

and hence M = V*. In particular, the operator V' is independent of the
particular choice of basis, and represents “comultiplication”. Moreover, if
we define a normal representation n: #(H) —» #(& ® H) by

n(x)=1,Qx,

then one finds that (V, n) is a minimal Stinespring representation for P. We
conclude that with every normal completely positive map P there is a
natural way of picking out a concrete minimal Stinespring pair (V, =) for
P: one computes the metric operator space & associated with P, takes
V:H— & ® H to be comultiplication and takes 7 as above.

More significantly, notice that the Stinespring representation of normal
completely positive maps does not behave well with respect to composition.
For example, if we have two such maps P,: #(H)— %#(H), and we con-
sider their respective minimal Stinespring pairs (V, n;), then there is no
natural way to combine (V, ;) with (V,, n,) to obtain a Stinespring pair
for the composition P, P,, much less a minimal one. The description of
such maps in terms of metric operator spaces is designed to deal efficiently
with compositions. The following result implies that the metric operator
space of P, P, is spanned (as a Hilbert space) by the set of all operator
products &, 65, &, denoting the space associated with P,.. As we will see in
the sequel, this is a critical feature when dealing with semigroups.
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THEOREM 1.12. Let & and &, be metric operator spaces with correspond-
ing completely positive maps P, = P, and let P, P, denote the composition.
Let & ® &, be the tensor product of Hilbert spaces. Then &p, p, contains the
set of all operator products {uv:ueé,, ve &} and there is a unique bounded
linear operator M: 6, ® & — &p, p, satisfying

M(u®v)=uv, ue s, ved,. (1.13)
The adjoint of M is an isometry
M*: Ep p, =6 R 6

whose range is a ( perhaps proper) closed subspace of & ® 6.

Remarks. We refer to the adjoint M* of the operator M defined by
(1.13) as comultiplication. Since comultiplication is an isometry, it follows
that the range of the multiplication operator M is all of &5, p,, and hence
ép, p, 18 spanned by the set of products &, &;.

Theorem 1.12 asserts that comultiplication gives rise to a natural iden-
tification of &5, p, with a closed subspace of &, ® &,. Equivalently, the polar
decomposition of the multiplication operator M has the form M = UQ,
where Qe (6 &®6E,) is the projection onto this subspace and
Ue #(6,® 6, p,p,) 18 a partial isometry with U*U=Q, UU* =1

Eppy”
Proof of Theorem 1.12.  We find a Stinespring representation of P, P, in
terms of & and &, as follows. Consider the Hilbert space K=&, ® &, ® H,
and the representation 7 of Z(H) on K defined by
n(x)= 1,®1,Q0x

Choose an orthonormal basis u,, u,, ... for & (resp. vy, v,, ... for &) and
define an operator V: H— K by

VE=Y u,® ;@ vFu}e, EeH.

i

It is clear that 7 is bounded, since
IVEIP =) [vfuFé|? =) (uwpfuFe, & = (P(Py(1)) & ED,
ij ij

and in fact V*V'= P, P,(1). A similar calculation shows that

V*n(x) V=P, P,(x), xe#B(H).



564 WILLIAM ARVESON

However, (V, n) is not necessarily a minimal Stinespring pair. In order to
arrange minimality, consider the subspace K, < K defined by

Ky=[n(x) Vi xe#B(H), e H].

Since K, is invariant under the range of 7z its production belongs to the
commutant

(B(H)) =B(6Q 6) 1,
and hence there is a unique projection Q€ #(&, ® &) such that
PKO = Q® 1H-

The corresponding subrepresentation 7, obtained by restricting = to K,
gives rise to a minimal Stinespring pair (V, n,) for P, P,.

In order to calculate the metric operator space &p p, We use Proposi-
tion 1.7 as follows. Notice that for every (€& ® &, we can define a
bounded operator X,: H— K by

XE=(®E ced

It is clear that X,a=mn(a) X, for every ae #(H), and moreover every
bounded operator Xe #(H, K) satisfying Xa=n(a) X, ae #(H), has the
form X = X, for a unique { € §; ® &,. The range of X, is contained in K, =
(Q® 1) K if and only if { belongs to the range of Q. Thus the intertwining
space

{XeB(H, K,): Xa=n,(a) X,ae B(H)}

for 7y is {X:: (€ Q(&®E)}.
Now by Proposition 1.7, we have

Eppy = { VX (e Q& ®é(72)}’

and the inner product of two operators T, =V*X., k=1,2 in &p p, is
given by

T, T2>5P1P2 lH:XEkZXCIZ i Gy 1y,
(€ 0(6® &)
Accordingly, we have defined a unitary operator U: O(&, ® &,) = &p, p,
by

U= V*X,.
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It remains to show that the bounded operator M: & ® &, — &5, p, defined
by

M=UQ

represents multiplication in the sense that M(u® v) =uv for any u € &, and
ve . To see that, write

M(u®v) = UQ(M®U) = V*XQ(M®U)= V*(Q®1H) Xu®v= V*Xu®v>

the last equality following from the fact that Q® 1,V =P, V= V. Thus
for &, ne H we have

Mu®v) < ny
:<V*Xu®Lé’ ’7> :z<u®v®é; u,®1)1®1)/*1/ll*77>

i
:Z {uyu <, Uj><é» Uj*ui*77> :Z Cu, u; <o, Uj><uivjéa n.
ij ij
The term on the right is {uvé,n) because > ,;<{u,u;» u;=u and
2 <v vy v=v. |

Remark 1.14. Finally, we call attention to the special case in which P
is a normal *-endomorphism, that is, a normal completely positive map for
which P(xy)= P(x) P(y) for all x, y. We do not assume that P(1)=1, but
of course P(1) must be a self-adjoint projection. In this case a minimal
Stinespring representation P = V*znV is given by the pair (V, ), where V
is the orthogonal projection of H onto H,= P(1) H and n(x) is the restric-
tion of P(x) to the invariant subspace H,. In this case a straightforward
computation shows that &, reduces to the intertwining space

Ep={TeB(H): P(x) T=Tx,xe B(H)},
and that the inner product on &, is defined by

(T, T2y 1=T5T,, T, T,eép.

2. NUMERICAL INDEX

Let H be a separable Hilbert space and let P={P,:1>0} be a semi-
group of normal completely positive maps of Z(H) into itself which is
continuous in the sense that for every x € #(H) and every pair of vectors
&, ne#B(H), the function te[0, c0)—> < P,(x) & n) is continuous. We do
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not assume that P, preserves the unit, nor even that |P,| <1, but we do
require that P, be the identity map; equivalently,

lim (P (x) &y =<xC,np,  xeH(H),{ neH.

We refer to such a semigroup as a CP semigroup. A CP semigroup P is
called unital if P,(1) =1 for every ¢t >0, and contractive if |P,| =|P,(1)| <1
for every ¢ > 0.

In this section we introduce a numerical index for arbitrary CP semi-
groups which generalizes the definition of index of E,-semigroups [1].
While the definition and Theorem 2.6 below are very general, the reader
should keep in mind that we are primarily interested in the case of unital
CP semigroups.

DermNiTION 2.1, Let P be a CP semigroup acting on #(H). A unit of P
is a semigroup T={T,:t>0} of bounded operators on H which is
strongly continuous in the sense that

lim |T,¢—¢|=0,  EeH,

and for which there is a real constant k& such that for every >0, the
operator mapping Q,(x)=T,xT* satisfies

kt
Q,<e"P,.

Remark 2.2. We write %, for the set of all units of P, and it will be
convenient to denote the metric operator spaces &p, associated with the
individual completely positive maps P, with the notation &p(z), t=0.
Notice that an operator semigroup 7'={T7,:t>0} belongs to %, if and
only if (a) T,eé&p(t) for every t>0 and (b) the Hilbert space norms
{T,, T,> of these elements of &x(¢) satisfy the growth condition

(T, T,><e,  1>0. (2.3)

Of course, every E,-semigroup qualifies as a CP semigroup, and in this
case remark (1.14) implies that Definition 2.1 agrees with the definition
of unit for an E,-semigroup given in [1]. The only issue here is the
growth condition (2.3), which is not part of the definition of unit for an
E,-semigroup. However, if 7={7,:¢>0} is a unit for an E,-semigroup
P={P,:1>0} then we have

<T15 Tt> — etc( T, T)’
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where ¢: %px % p— C is the covariance function defined in [ 1], and hence
the growth condition (2.3) is automatic for E,-semigroups.

Since there exist E,-semigroups with no units whatsoever [9] we must
allow for the possibility that a CP semigroup may have no units. However,
assuming that P is a CP semigroup for which %, # ¢, we define a numeri-
cal index d,(P) in the following way. Choose S, T'e %p. Then for every
t>0 the operators S,, T, belong to the Hilbert space &»(¢) and we may
consider their inner product

(S,,T,>eC. (2.4)

Notice that while the inner products (2.4) are computed in different Hilbert
spaces &p(t), there is no ambiguity in this notation so long as the variable
t is displayed. We remark too that while neither semigroup S nor 7" can be
the zero semigroup, it can certainly happen that 7, =0 for certain positive
values of #, and once T, is zero for some particular value of ¢ then it is zero
for all larger ¢ as well. However, strong continuity at z =0 implies that for
sufficiently small ¢, both operators S, and 7, are nonzero. But even in this
case, there is no obvious guarantee that the inner product {S,, T,> is non-
zero.
Now fix >0 and choose S, T € &,(¢). For each finite partition

P={0=t,<t,< - <t,=1}

of the interval [0, t] we define

f S T t = n t/( t/\.,laTt/(frk,|>' (25)

If we consider the set of partitions of [0, ] as an increasing directed set in
the usual way then (2.5) defines a net of complex numbers. The definition
of index depends on the following result, which will be proved later in this
section.

THEOREM 2.6. Let P={P,:1>0} be a CP semigroup acting on #(H),
let S and T be units of P, and define f.,(S, T; t) as in (2.5). Then there is a
(necessarily unique) complex number ¢ such that

lim £,(S, T;t)=e“
2

for every t > 0.
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We postpone the proof of Theorem 2.6 in order to discuss its immediate
consequences. We will write ¢p(S, T) for the constant ¢ of Theorem 2.6.
Thus we have defined a bivariate function

Cp:Up X Up— C,

which will be called the covariance function of the CP semigroup P.

ProrosiTION 2.7. The covariance function is conditionally positive
definite in the sense that if T\, T,, ..., T,€%Up and 1., Ay, ..., A, are complex
numbers satisfying A, +A,+ -+ +1,=0, then

Z )LjZkCP(Tja T,)=0.

Jk=1

Proof. 1Tt suffices to show that for every fixed 7> 0, the function
S, Trs ™S 1)

is positive definite [8]. Now for every positive 4, S, T— {S,, T,) is
obviously a positive definite function. Since a finite pointwise product of
positive definite functions is a positive definite function, it follows that for
each partition 2 of [0, t] the function

of (2.5) is positive definite. Finally, since the limit of a pointwise convergent
net of positive definite functions is positive definite, we conclude from
Theorem 2.6 that the function

e " ST =1im f,(S, T; 1)
P

must be a positive definite of S and 7. |

Now suppose that P={P,: ¢ >0} is a CP semigroup for which %, # .
We may construct a Hilbert space H, out of the conditionally postive
definite function c¢p: %p X %p — C in the same way as for E,-semigroups.
More explicitly, on the vector space V consisiting of all finitely nonzero
functions f: %, — C satisfying

Y AT)=0,

Teap
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one defines a positive semidefinite sesquilinear form

frgr= Y [fS A8, T),
S, Tep
and the Hilbert space H, is obtained by completing the inner product
space V/N, where N is the subspace

N={feV:{f.[>=0}.
We define the index of P as the dimension of this Hilbert space
d,(P)=dim(Hp).

For the principal class of examples in which P is a unital CP semigroup
Corollary 4.8 below together with [1, Proposition 5.2] implies that H,
must be separable, so that 4,(P) must take one of the values 0, 1, 2, ..., X,.

The exceptional case in which %, = & is handled in the same way as for
E,-semigroups; in that event we define

d,(P)=2%

to be the cardinality of the continuum. This convention of choosing an
uncountable value for the index in the exceptional case where there are no
units allows for the unrestricted validity of the addition formula for tensor
products

d*(P® Q) :d*(P) +d*(P)

in the same way it does for E,-semigroups.

Proof of Theorem 2.6. Let T, ={T(t):t>0}, k=1,2, be units of a
fixed CP semigroup P. Because each unit 7" must satisfy a growth condition
of the form <{T(z), (1)) <e“, t>0, we may rescale 7, and T, with a
factor of the form e =%’ to achieve

(T(t), T(Y <1, t>0. (2.8)

Notice that this rescaling does not affect either the existence of the limit of
Theorem 2.6 or the exponential nature of its value, so it suffices to prove
2.6 in the presence of the normalization (2.8).

For each partition #={0=1,<t,< --- <t,=t} of the interval [0, 7]
we consider the 2 x 2 matrix 4,(¢) whose ijth term is given by

JAT, T t)= n — e ), Tt — 1 _1)>. (2.9)
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(2.8) implies that |f,(T;, T}, ; t)| <1; thus we have a uniform bound
I4,(1)]| < trace(A,(1)* A,(1))'?<2.

As in the proof of Proposition (2.7), each function f,(-, -; ¢) is positive
definite; hence A4 ,(¢) is a positive matrix. We claim that in fact

PP =A,(1)<A,(1). (2.10)

To see that, it is enough to consider the case where %, is obtained by
adjoining a single point A to Z ={0=1,<t,< --- <t,=t}. Suppose that
ty _1 <A<t for k between 1 and n. Note that f,, (T, T}; t) is obtained from
fjl (T;, T;; t) by replacing the kth term o; = {T(t, — 1, o), Tj(tp — 1, 1))
in the product (2.9) with the term

By=<Ti(A=t, 1), T(A—=t, _))<{T (1= A), Tyt = 4).

Thus, the jjth term of 4,,(7) — A, (¢) has the form (f;—a;) y;, where the
. . .2 . . 1 ..

2 x2 matrix (y;) is positive. Since the Schur product of two positive

matrices is positive, it suffices to show that (f;—a;) is a positive 2 x 2

matrix. Now for any two complex numbers 1,, 4, we have

Y hidiBy— Z

ij=1

<

= Y il Ti(h=t, 1), Ty =1, )Tt = 2), Tyt — 7))

- Aidi Tty —tp 1), Tt —t5 1))

2

AiT(A—t 1)@ Tt —

Y ATt —1, )

Because of the semigroup property we have T, (1, —t,_)=T:(A—t,_,)
T;(t,—A). Thus the last term of the preceding formula is nonnegative
because of Theorem 1.12, which implies that multiplication

M: Ep(A—1; 1)@ Ep(t—A) = Ep(t —1i—1)

is a contraction. This establishes (2.10).

Since for fixed 1> 0, Z > A4 ,(t) is a uniformly bounded increasing net of
positive operators, conventional wisdom implies that there is a unique
positive operator B(t¢) e M,(C) such that

B(1) =lim 4,,(1)
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Letting b;(¢) be the ijth entry of B(#) we have the required limit (2.6),

by(t)=lm f,(T;, T;; t). (2.11)
»

It remains to show that the functions b, have the form
b;(t) =", >0, (2.12)

for some 2 x 2 matrix (c;). Now every pair 2, 2 consisting of finite parti-
tions of [0, s] and [0, 7] respectively gives rise to a partition of [0, s+ 7],
simply by first listing the elements of 2 and then listing the elements of
s+ 2. This construction gives all partitions of [0, s 4+ ¢] which contain the
point s. Since the latter is a cofinal subset of all finite partitions of [0, s+ 7]
it follows from (2.11) that we have

by(s+1)=b;(s) by(1), s, t>0.

Thus to prove (2.12) it is enough to show that the functions b, extend con-
tinuously to the origin in the following sense

lim b, (1)=1.

t—0+

The latter is an immediate consequence of the following two results.

LeEMMA 2.14. For i,j=1 or 2 and t >0 we have
by (1) = CTy(1), Ty(0) )12 < (1= Ti(1), To(0)))(1 =< T(2), Ty(0))).
LEmMMmA 2.15. For i, j=1 or 2 we have

lim {T,(¢), T,(1)) =1.

t—>0+

Proof of Lemma 2.14. Fix t > 0. Because of (2.11), it suffices to show that
for every i and j and every finite partition 2 ={0=1¢,<t, < --- <t,=t} of
the interval [0, ¢], we have

|fATs, Tz ) = To(0), Ty(1)>]?
S(L=LTi(1), Ti(0) )1 =< T(1), T;(2) ). (2.16)
Consider the vectors u;€ &p(t; — 1)) ® -+ ® &p(t,—t,_,) defined by

w=T(t,—t)® --- T:(t,—1,_1),
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i=1, 2. Notice that because of (2.8) we have |u;|| <1 for i=1, 2, and

ST, T/'; t)=<u,, ”/>

By an obvious induction using nothing more than the associative law,
Theorem 1.12 implies that there is a unique multiplication operator

M:Ep(t; —15)® -+~ @6Ep(t, —1,_1) > Ep(1)

satisfying M(v;® --- ®v,)=v,v,---v,, and moreover that |M]|<]1.
Noting that Mu,= T,(¢) and using |M| <1 we have

|fo Ty, Tj5 1) = KT3(1), Ti(0) )| = [ty ) — CMuy, Mu) |
=KL =M*M) u;, u;>|
<A —=M*M) u|| - [|(1— MM .
Since
11— M*M) 2, |? = (1= M*M) uj, w;) = |luy | * — | Mu; | ?
<=My, ||>=1=LTy(0), Ty(1)),
the estimate of Lemma 2.14 follows. ||

Proof of Lemma 2.15. We show first that for every unit 7€ %,,

lim <T(1), T()> = 1. (2.17)

t—>0+

Indeed, since units must satisfy a growth condition of the form
(T(1), T(1)) <e* it suffices to show that

1 <lim inf < 7(¢), T(1)). (2.18)

10+
Now for every ¢ >0 the map
xeB(H)— {T(t), T(t)) P(x)—T(t) xT(t)*
is completely positive; taking x =1 we find that for every unit vector & € H
IT(0)* &1 = CT(2) T()* &, &) <LT(1), T(4) )< P (1) &, &)

Ast—-> 0+, (P(1)¢& &) tends to (1&, &) =1, and since T(¢)* & tends to ¢
in the norm of H we have |T(¢)* &|| — 1. (2.18) follows.

Now let T, T, € %p. Because each unit satisfies a growth condition of
the form (2.3) and since we can replace each 7)(¢) by e’kf’T,-(t) without
affecting the conclusion of Lemma 2.15, it suffices to prove Lemma 2.15 for
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units 7', T, satisfying {T,(t), T;(t)> <1 for all 1>0. Fix such a pair
T,,T,, fix t>0, and set

u="T,(1), v=L{Ty(1), T\(2)) Tx(t) —{Tx(t), T1(2)) T,(1). (2.19)

u and v are orthogonal elements of &(¢). We claim that for any two
orthogonal elements u, v € &p(1) we have

uyuy vo* < v, v)(Ku, uy P(1) —uu™). (2.20)

Indeed, (2.20) is trivial if either u or v is 0, so we assume that both are non-
zero. In this case, put

ug=<u, ud " ?u, vo=<v,v> 0.
Then {u,, vy} is part of an orthonormal basis for &4(7), hence the map
x> P(x)—ugxul —vyxvd
is completely positive. Taking x =1 we find that
Vv < P (1) —v,ud,

and (2.20) follows after multiplying through by <u, u)<v, v).
For u and v as in (2.19), the inequality (2.20) implies that for every unit
vector € H,

CTy(8), Th(0)) [IKTy(0), To(2)> To()* & =< T(2), To(t)) To(0)* &I
<0 0T (), Ti(0))<P) & & = [ Ti()* &),

Notice that (v, v) <4. Indeed, since ||T;(2)] 5., << T (1), T;(1)>"* <1 we
have

(v, 0) = [KTy(2), Ti(1)) To(t) =< To(t), To(1)> To(0)] %, < 4
Thus the preceding inequality implies that
IKT (), To(2)> To(t)* E—CT(2), To(0)y Th(0)* &7 (2.21)
is dominated by a term of the form

4

m((ﬂ(ﬂ T\(0)><P(1)EEY =T (0)* &), (2.22)
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As t - 0+, the expression in (2.22) tends to zero because of (2.17) and the
fact that both {(P,(1) &, &) and | T,(¢)* &|? tend to ||¢]|> = 1. Thus the term
in (2.21) tends to zero as t— 0+. Taking note of (2.17) once again, we
conclude that

[EI& IT5(1)* & —<Th(2), To(2)) To(2)* £l =0.
Writing
|1 =<T\(2), To(2) 3] = 1€ =< Th(1), (1) <]
SIE=To(0)* EIl+ [KTw(0), To(0)> |- 1€ = Th(0)* £l
FIT5(0)* &= <Ti(1), To(1) ) To()* &Il

and noting that each of the three terms on the right tends to zero as
t— 0+, we obtain

lim |1 —(Ty(1), T5(2) )| =0

t—0+

as required for Lemma 2.15. |

That also completes the proof of Theorem 2.6. |

3. LIFTING UNITS

Let o = {a,: 1>0} be an E,-semigroup acting on M = %(H), H separable.
o can be compressed to certain hereditary subalgebras M, =p,Mp, of M so
as to give a CP semigroup P acting on M, =~ #(p,H). In this section we
show that the units of « map naturally to those of P, and in the case where
o is minimal over P we show that this map is a bijection (Theorem 3.6).

A projection p,e M is said to be increasing if o, (p,y)=p, for every
t=0. In this case we obtain a CP semigroup P={P,:1>0} acting on
My=p,Mp, by way of

P(x)=poo(X) po,  120,xeM,.

P is called a compression of a and « is called a dilation of P. It is possible
for P itself to be an E,-semigroup, that is to say P,(xy)=P,(x) P(y) for
every x, ye M, t=0. In this case we call P a multiplicative compression
of a. Finally, a is said to be minimal over P if there are no intermediate
multiplicative compressions; more explicitly, there should exist no increasing
projection g € M for which (a) ¢ = p, and (b) the compression of a to gMgq
is multiplicative, other than ¢=1.
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The issue of minimality over P merits some discussion (for full details see
[3]). The condition

(po) Ty,  as 11— o0,

is necessary, but not sufficient for minimality. There are a number of equiv-
alent additional conditions that guarantee minimality, and the one we
require is formulated as follows. For every 7> 0, let ¢, be the projection
onto the subspace [o,(M) p,H]. ¢, obviously belongs to the commutant of
a(M). For every fixed >0 and every partition Z={0=1,<t,<--- <
t,=1} of the interval [0, 7], we set

). (3.1)

It is shown in [3, Proposition 3.4] that ¢, , is a projection in the commu-
tant of a,(M) and that

(g,

n—1

Az,:=4,, atl(Qrzft]) “tz(%rzz) sy

n—1

PP = 2. < 4,1
Thus the strong limit

q,= lim 42,

t=—>00

exists for every />0 and the resulting family of projections {g,e o, (M)":
1> 0} satisfies the cocycle equation

qs+t:qs'“t(qt)a s, t>0

as well as a natural continuity condition. Moreover, it was shown in [3]
that o is minimal over P iff the following two conditions are satisfied

al(po) T1, as 1— o0, (3.2.1)
q,=1, forevery ¢>0. (3.2.2)

The purpose of this section is to show how the units of a are related to
the units of P in the case where a is minimal over P. More precisely, let
&, ={&(t):1>0} be the product system of a. Thus &,(7) is the intertwining
space

E(t)={TeB(H):o(x) T=Tx,xecB(H)}

which becomes a separable Hilbert space with respect to the inner product
defined by

(S, T>1=T*S, S, Tedt).
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ProrosITION 3.3.  For every t>0 and every operator Te é,(t), the sub-
space poH is invariant under the adjoint T*. The operator Se %B(p,H)
defined by

S* =T* erH
belongs to the space &p(t) and satisfies
(S8,8% 6oy SKTL T 4y (34)

Proof. The proof is a straightforward consequence of the fact that p, is
an increasing projection. Indeed, if we choose an orthonormal basis
{vy, v,, ..} for &(t) then we have

Z V(1 =po) v =a,(1—py) =1—a,(po) <1—p,.

P
It follows that v (1—p,) pf<1—p, for every k, hence v, leaves the
orthogonal complement of p,H invariant for every k, and hence
vEpoH = poH. Since the linear span of the {v,} is dense in &(¢) in the
operator norm, the assertion &,(¢)* poH < p,H follows.

Let S be the indicated operator in %(p,H). Since « is an E,-semigroup
the Hilbert space norm of an element of &,(¢) coincides with its operator
norm. Thus, in order to show that Se&p(¢) and satisfies the inequality
(3.4), it suffices to show that the operator mapping L of #(p,H) defined by

L(x) = T* P(x) — SxS*

is completely positive. Now by definition of S see that for every x € p, Mp,
we have

SxS8* =poTxXT*po=poa,(x) TT*p,.

Since TT* is a positive operator of norm | 7|? in the commutant of (M)
it follows that C=(|T||> 1 —TT*)"? is a positive operator in the commu-
tant of a,(M), hence

L(x)= HTH2 Po%X) po—poo(x) TT*po=poCa(x) Cp,

is obviously a completely positive mapping of p, Mp, into itself. ||

Proposition (3.3) implies that there is a natural mapping of the units of
o to the units of P, defined as follows. In this concrete setting we may con-
sider a unit of « to be a strongly continuous semigroup 7= {7(¢): 1>0}
of operators in M satisfying
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Choose such a T, and for every t>0 let S(¢z)e #(p,H) be the operator
defined by

S)*=T(t)* | poH. (3.5)
It is obvious that S={S(7):7>0} is a strongly continuous semigroup of
bounded operators on p,H for which S(¢) —» 1 strongly as t -» 0+, and we

have S(t)=p,T(t) po=poT(t) for every t. Proposition (3.3) implies that
S(z) belongs to &p(t) for every ¢t >0 and moreover

CS(0), SO gy < I T2
Because T is a unit of o we must have
IT()2=e“"D, 1>,

where C: %, x U, — C is the covariance function of «, and thus S is a unit
of P.

THEOREM 3.6. Suppose that o is minimal over P. Then the function
0: U, — Up defined by O(T)=S is a bijection.

Proof. 1In order to show that 8 is one-to-one, fix T, T, € %, such that

O(T,)=0(T>). Thus T,(1)* |, y=T5(1)* T, u, for every > 0. Noting that
o, (x) T,(t)=T,(t) x it follows that for every xe M and £ ep,H we have

Ti(t) oo (x) E=xT\(1)* E=xT5(1)* &= T5(1) o (x) <.

Letting ¢, be the projection on the subspace [a,(M) p,H] and taking
adjoints, the preceding formula implies that

q.T,(1)=q,T5(1), t>0.

Note too that the preceding formula implies that for every 0 <s <t we
have

qsas(qtfs) Tl(l) = qs“s(Qtfs) TZ(t) (37)
Indeed, the left side of (3.7) can be written

qso{s(qlfs) Tl(s) Tl(l_s) =45 Tl(s) qlfsTl(t_S) ={s T2(S) qlfsTZ(l_S)

= q.r(xs(qt—s) TZ(S) TZ(t _S)
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and (3.7) follows. By an obvious induction argument, it follows similarly
that if Z={0=1,<t,< --- <t,=t} is any finite partition of the interval
[0, ¢] and if g, , is defined as in the discussion above, then we have

qﬂ‘,tTl(l) =4, tTZ(l)'

Because of the minimality condition (3.2.2) we may take the limit on £ to
obtain 7T',(t) = T,(1).
In order to show that 6 is surjective following:

LemMmA 3.8. Let S={S(1):t>0} be a unit of P and for every t>0 let
q, be the projection onto [a (M) poH].

Then for every t >0 there is a unique operator v, € &,(t) satisfying the two
conditions q,v,=v,, and v} | poH=S}. Moreover, there is a real constant k
such that ||v,|| <e* for every t>0.

Proof. Let S={S(r):t>0} be a semigroup of bounded operators on
AB(poH) and let k be a real number with the property that for every ¢ >0,

zeB(poH) > " P,(z) — S(t) zS(1)* (3.9)
is a completely positive map. Let x,, x,, ..., X,, be a set of operators in the

larger von Neumann algebra M = %(H) and choose vectors &, &5, ..., &, € py H.
We claim

é‘ S(t)* &, kil o (xg) Ex ’ (3.10)
Indeed, the left side of (3.10) is
z CoeS* & xS0 &)
= TS0 poxtrepeS(0* & 6. Gan)

koj=1

Since the n x n matrix (a;) defined by a; = p,x;*x, p, is a positive operator
matrix with entries from p,Mp,, (3.9) implies that the right side of (3.11)
is dominated by

n 2

Z (X Po) Sk

k=1

Z Cal( Oxj*xkpo) S fj> = ek

k,j=1
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Since p, is an increasing projection and &, € p, H, we can write o (X, po) &, =
o (x) o (po) Ex=a,(x;) &, for each k=1, 2, ..., n, and hence the right side
of the previous formula becomes

2
ekr

Z a(xg) Ex
k=1

The inequality (3.10) follows.
From (3.10) it follows that there is a unique operator v, e #(H), having
norm at most ¢?, and which satisfies

v¥a,(x) E=xS(1)* ¢, xeHB(H), EepyH, and (3.12.1)
vF=v}kq,. (3.12.2)

We claim that v, € &,(¢) or equivalently, that
vFa,(x)=xv}, xeB(H). (3.13)

Indeed, because of (3.12.2) we have v}, (x)=v}*q,a,(x)=v}x,(x)q,, and
similarly xv* = xv*q,. Thus it suffices to show that the operators on both
sides of (3.13) agree on vectors in g, H=[o,(M) p,H]. If such a vector has
the form y=a,(y) & with ye Z(H) and & € p, H then we have

via(x) n=vFa(x) a(y) E=via(xy) {=xpS(1)* &= xvFa(y) <,

and (3.13) follows because such vectors # span the range of ¢,.

This proves the existence assertion of Lemma 3.8. For uniqueness, let
w, € 6,(1) satisfy g, w,=w,and w} [, ;= S(¢)*. Then for any vector # of the
form y=a,x) ¢, xe #(H), E€pyH we have

win=wi¥a(x) = xwF=xS()* E=vin,

so that w* and v}* agree on [a,(M) poH] =¢q,H, and hence w}* =w}*q, and
vF=v}q, agree. |

To complete the proof of Theorem 3.6, choose a unit S={S,:7>0} for
P and let {v,: >0} be the family of operators defined by Lemma 3.8. This
family of operators is certainly a section of the product system of «, but it
is not a unit because it does not satisfy the semigroup property v, ,=uv,v,.
In order to obtain a unit from this family {v,:#>0} we carry out the
following construction.

Fix > 0. For every finite partition Z={0=1,<?,< --- <t,=t} of the
interval [0, ¢], consider the operator

Uy, 1= Vs~ Vsy—ty" "V —u,
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It is clear that v, , belongs to &,(¢), and because of the growth condition
|v, | <e* for all positive s we have

v, Il < e

Thus #+— v, , defines a bounded net of operators belonging to the
o-weakly closed operator space &(f). We will show next that this net
converges weakly. The resulting limit

T,= 11/1}’1 Uz,

will satisfy the semigroup property 7T, ,= T,T,, but since the net of finite
partitions is uncountable, continuity (or even measurability) in ¢ is not
immediate. We then give a separate argument which guarantees that
{T,:t>0} is strongly continuous, and that the unit of « that it defines
maps to S as required.

LEMMA 3.14. For every t>0 and every finite partition 2 of [0, t], let
d»., be the projection defined in (3.1). Then for every pair of partitions
satisfying P, = %, we have

qgf}’l U!ﬂ;, t = Ufy’l“ -

Remark 3.15. We have already seen that the net of projections
P q, , is increasing in # and by minimality of « over P this net of
projections has limit 1 for every fixed ¢ > 0. Thus the coherence condition
asserted in Lemma 3.14, together with the fact that [jv, | <e*, implies
that the net of adjoint operators

P (vp,)*

must converge in the strong operator topology. In particular, the weak
limit

T,=limv,
2

exists for every ¢ and defines an element of &,(¢).

Proof of Lemma 3.14. We claim first that for every s, >0 we have

s+ VsV = V514 (316)

Indeed, because of the uniqueness assertion of Lemma (3.8), it suffices to
show that the operator w=gq,, 0,0, belongs to &(s+1¢) and satisfies
w* [, n==S(s+1)* The first assertion is obvious because v,v, € &,(s+1)
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and ¢, , commutes with o, (M). To see that w* restricts to S(s+ ¢)* on
poH, choose ¢ e pyH and note that

WA =0fvq 4 =0/ =vFS(8)* C=S(0)* S(s)* E=S(s+1)* &

Thus (3.16) is established.

In order to prove Lemma (3.14), it is enough to consider the case where
2 is obtained from # ={0=t,<t,<--- <t,=t} by adjoining to it a
single point 7, say

1 <t <l

for some k=0, 1,..,n—1. Now by (3.16) we see that

v v =0
qfkﬂ*fk Tl 1T ler1— 1

and if we make this substitution for v, | _, in the formula

v?/l,fz U’l*’o o U’/<+|*’/< o U’n*’n*I
we obtain

v, =0 ) v v v )
Pt =% ’k*’kfl(q’ml*fk T ’k+171) U2 et =l

=(qt|7tovt]7t0)” ) (qtk+17tkvrftkvtk+lfr)"' (qtuftnilutnftnil)'

[T L]

If we now move each of the “g” terms to the left, using the relation v,x =
oy(x) vy, x € B(H), that last expression on the right becomes

qtlftoazl(qtzftl)"'Oﬁtnfl(%frm) Utlfto'"Urftkvtk+|7t'"Ut”71n7]’
which is ¢, ,v, ,, as required in Lemma 3.14. |
2.1V,

It follows from Remark 3.15 that we have strong convergence of the net
of adjoints

T¥=lim (v, )%
P

for every positive ¢. Since multiplication is strongly continuous on bounded
sets we obtain T*T¥ as a strong double limit
TITY =

lim (v, )*(v, )*=lm (v, v, )*
7.2, U TS 2.2, TSIyt

Taking adjoints, we have the following weak convergence

T,T,=lm v, v, ,=lim v
7,2, 1

) f/fl,‘”/)., :Wlu(s+:’/’2),,\‘+t’
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where Z, U (s + %) denotes the partition of [0, s + ¢] obtained by first list-
ing the elements of % and then listing the elements of s+ %. Since the
right side is a limit over a cofinal subnet of partitions of the interval
[0, s+ 1], we conclude that T, T,=T,_, for every positive s, t.

We claim next that 77 [, ,=S(7)*. To see this, notice that since v
restricts to S(s)* for every positive s and {S(s): s=>0} is a semigroup, it
follows that (v, ,)* restricts to S(¢)* for every ¢>0. The claim follows
because the net (v, ,)* converges weakly to T*.

Finally, we show that the semigroup {77: 7> 0} is strongly continuous;
that is, we will show that

lim | T} —¢|| =0, (3.17)

for every £ e H. Indeed, (3.17) is certainly true in case & € p, H, because T}
restricts to S(¢)* and S is a continuous semigroup of operators on p, H. Let
K denote the set of all vectors ¢ e H for which (3.17) holds. K is clearly a
closed subspace of H which contains p,H. We assert now that for every
s> 0,

a(M)K<K. (3.18)

Indeed, if s >0 and xe M = #(H), then for sufficiently small positive ¢ we
have ¢ <s and hence

TFa(x) E=a,_[(x) v
So if £ e K then
[T7Fo(x) & —ay(x) Ell = floey — (x) v*¢ — o (x) £
< oty (x) 07*€ — oty (X)) & + o (x) & —a(x) <]l
< Il - o€ =&l + oy — (x) € —ar(x) £

Both terms on the right tend to 0 with ¢ because £ € K and a is a (con-
tinuous) E,-semigroup. Thus K contains every vector of the form a(x) p,&,
where xe #(H) and &€ H are arbitrary, and s is an arbitrary positive
number. Allowing s to tend to zero we find that a(x) tends strongly to x,
and hence

K2 [B(H) poH] = H.

Thus {T,: >0} is strongly continuous.
It follows that u={T,: >0} is a unit of « for which 6(u) =S, and the
proof of Theorem 3.6 is complete. |
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Remark 3.18. Notice that the semigroup 7T={T,:1>0} €, defined
by

T,=limuv, ,, t>0
2

projects as follows relative to any finite partition 2=
{0=ty<t,<--- <t,=t} of [0, 1]

qd, th: Vp, = Utl—tovrz—tl T vt”—tuil‘ (319)

4. THE COVARIANCE FUNCTION OF A CP SEMIGROUP

Let P={P,:t>0} be a unital CP semigroup acting on %(H,). By a
theorem of B. V. R. Bhat, there is a Hilbert space H containing H, and an
E,y-semigroup o= {a,: >0} acting on #(H) such that the projection p,
onto H, is increasing for « and P is obtained by compressing a to
PoB(H) po=HB(p,H) as we have described above [6.7]. Moreover, one
may also arrange (by passing to a suitable intermediate E,-semigroup if
necessary) that o is minimal over P [3]. Finally, any two minimal dilations
of P are conjugate.

The purpose of this section is to calculate the covariance function

Cp:Up X Up— C
of P in terms of the covariance function
Cot Uy x U, — C

of o when o is the minimal dilation of P. Indeed, letting 0: %, — %, be the
bijection defined by Theorem 3.6, we will show that

cp(0(uy), O(us)) = c(uy, us). (4.1)

Once one has (4.1), it is apparent that the bijection 0 gives rise to a natural
unitary operator from the Hilbert space associated with (%,, ¢,) onto that
associated with (%,, ¢p), and in particular, these two Hilbert spaces have
the same dimension. Hence, the numerical index d (P) of P must agree with
the numerical index d () of its minimal dilation a.

For every >0 and every partition Z={0=1t,<t,< --- <t,} let q,_,
be the projection defined by (3.1). Since ¢, _, belongs to the commutant of
o,(%A(H)) it follows that
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Thus we may consider the left multiplication operator
Q?}, t: X € é;([) = q#}, txe goc(t)

as a bounded operator on the Hilbert space &,(¢). O, is a self-adjoint pro-
jection in A(&,(t)).

PROPOSITION 4.2.  The projections Q. € B(&,(t)) are increasing in the
variable 2 and

1121 HQ;J/,[x_XHg;(;):Os xega(t).
Proof. These assertions are a simple consequence of the definition of
the inner product {-,-)> in &(t):
(S, TY1=T*S, S, Te&(t).

Indeed, if % and %, are two finite partitions of [0, 7] satisfying A =%,
then for every operator T e &,(¢) we have

<Q(J)]’[T> T> 1H= T*q,u)l,[Tg T*qyfz’[Tz <Q.7/2,tT7 T> 1H9

hence Q»,,,l,,< Q*”z»" Similarly, the fact that the net 2 Q. € #(&,(t))
converges to the identity of #(&,(¢)) follows immediately from (3.2.2). |

In Section 2, the covariance function of a CP semigroup P is defined in
terms of limits of certain finite products of complex numbers of the form

<Sl(t)’ S2(1)>¢5‘p(1) = <Sl(l)a SZ(Z)>

We now show how these products are expressed in terms of a.

THEOREM 4.3. Let S, and S, be two units of a unital CP semigroup P.
Let a be its minimal dilation to an E-semigroup and let T, T, be the unique
units of o satisfying O0(T,)=S,, k=1, 2.

Then for every t>0 and every finite partition P ={0=1t,<t; < --- <
t,=t} of the interval [0, t], we have

[T <Si(te—ti 1), St —t1)> =<0, Ti(1), To(1)),
k=1

the inner product on the right being relative to the Hilbert space &,(t).
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Proof. For each ¢ let g, be the projection onto the subspace
[a(#(H) poH]. Lemma 3.8 guarantees that there is a unique pair of
operators v,(t), v,(t) € &,(t) satisfying

thk(l) = Uk(l)a
S)* =v(0)* T poH, (44.2)

for every > 0. (4.4.3) implies that S,(¢)=pqv,(1).
We claim that

{84(2), SH(1 )>((p(t) Cuy(2), Uz(l)>gx(z)- (45)

To see this we appeal to Proposition 1.7, which expresses the inner product
of &p(t) in terms of the minimal Stinespring dilation of the completely
positive map P,. We obtain such a dilation

P,(x)=V*r,(x)V, xeAB(poH)

as follows.

For every xe %(p,H) let n,(x) be the restriction of o, (xp,) to the
invariant subspace K=/[a,(po,%(H) py) poH], and let V" be the inclusion
map of p,H into K. Then since P, is the compression of «, to #(p,H) we
see that

P(x)=V*rn,(x)V, xeHB(pyH),

and the latter is obviously a minimal Stinespring representation for P,.
Letting ¢, be the projection on [a,(%4(H)) p,H], we claim first that

K=o.po)q.H. (4.6)

Indeed, the two projections a,( p,) and ¢, must commute because ¢, belongs
to the commutant of o,(4(H)), and

K=[a(po#B(H) po) poH]=1[o/po) a(#A(H)) poH]=po) q,H.
For k=1, 2 we claim that the operator

=0(1) [ pyma
maps p,H into K and satisfies
Xix=m,(x) Xy, xeB(pyH).
For that, note that since v,(z) belongs to &,(¢) and satisfies (4.4.1) we have

Xipo=vi(t) po=q,v 1) po=q,2(Po) Vi Po=q, % Po) XiPo»
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and hence (4.5) implies that X, p,H < K. Similarly, for any operator x in
B(poH) we have X, x =X, xpy=a,(xpy) X, =7,(x) X;.
Finally, because of (4.4.2) we find that
Sk([)z V*chr kzl’ 2.

According to Proposition 1.7, the inner product {S,(¢), S,(¢)> is defined
by

(Si(8), Sao(t)) 1, = XFX,. (4.7)
We compute the right side of (4.7). Since v,(t) € &,(¢) it follows that
a(0)* vy(1) = <01(2), v2(1)) 5,0y L,
and thus for & 5 e pyH,
(XL Xon) =<ui(0) & oa(8) 1) = ui(0), v2(0)) g0y <& 1D
It follows that
XX =L 01(1), 02(0)) gy Ly s
and (4.5) follows.

Finally, letting 2 ={0=1¢,<t,<--- <t,=t} be a finite partition of
[0, t] we find that

[T <Site—te 1), St —t, 1)D
k=1

=[] <oalte—te1), va(te—ti_1)>
k=1
=ity —to) - v(t,— 1, 1), 2y — o) -+~ Uz([n*tn—1)>£a(t)~
Utilizing (3.19), the last term on the right of the above formula is

<(I.ﬂ/,tT1(I)9 4, th(l)>(€’a(t) = <Q%,IT1(I)9 Tz(l)>&(,),

and Theorem 4.3 follows. ||

COROLLARY 4.8. Let P be a unital CP semigroup with minimal dilation
o, and let 0: U, — Up be the bijection of Theorem 3.6. Then for any two units
Uy, u, of o we have

cp(0(uy), O(uy)) = c,(uy, uy).
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Proof. Let S;=0(u;)eUp, i=1,2. It is enough to show that

e[L‘P(Sl, S5) — et"ﬂ(“h u,)

for every ¢ >0. Now Theorem 4.3 implies that

e PSS =lim [ (Sy(tx—tp 1), Salti—tx 1))
27 il

=1i31 Oy ui(1), ux(1)) 41

On the other hand, Proposition 4.2 implies that the net of projections
05, ,€#B(6,(1)) increases with Z to the identity operator of #(é,(t)). Hence

li,gl Oy, uy (1), uz(t)>&(,) =uy(1), ”2(Z)>g1m-

By definition of the covariance function of a [ 1] we have

<H](l), uZ(l)> Ex(1) = ewi(ul’ uz)a
as required. ||

With Corollary 4.8 in hand, the remarks at the beginning of this section
imply the following,

THEOREM 4.9. Let P be a CP semigroup and let o be its minimal dilation
to an E,-semigroup. Then

d(P)=d (o).

Remark 4.9. If we are given two CP semigroups P and Q acting respec-
tively on #(H) and #(K), then there is a natural CP semigroup P® Q
acting on 4(H® K). For each 1>0, (P® Q), is defined uniquely by its
action on elementary tensors via

(PR®Q):xQ@y—P(x)®Q(y),  xeHB(H), yeHBK).

Now suppose that P and Q are unital CP semigroups. Using the mini-
mality criteria developed in [3], it is quite easy to see that if « and f are
respectively minimal dilations of P, O to E,-semigroups acting on %(H),
A(K) where A2 H and K=K, then a® f is a minimal dilation of the
tensor product P® Q to an E,-semigroup acting on Z(H® K).

Thus, from Theorem 4.9 together with (a) Bhat’s theorem [6, 7] on the
existence of E,-semigroup dilations of CP semigroups and (b) the addition
formula for the index of E,-semigroups [2], we deduce:
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COROLLARY 4.10. If P and Q are unital CP semigroups then

d*(P® Q) = d*(P) + d*(Q)
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