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The main result of this paper is a theorem which allows one to determine
when a finitely generated left ideal in certain reflexive operator algebras is
trivial (i.e., contains the identity). This is based on a formula which expresses
the distance from such an algebra to an arbitrary operator on the underlying
Hilbert space. As an application, we are able to deduce an operator-theoretic
variant of the Corona theorem. Some applications of the distance formula to
quasitriangular operators are given, and we present some new ‘‘inner—outer’
factorization theorems along the way to the main result.

1. THE Distance Formura

Let (Z be a (perhaps non-self-adjoint) algebra of operators on a
Hilbert space 5, and let T be an arbitrary bounded operator on 5.
If P is a (self-adjoint) projection whose range is invariant under 7,
then for each A e one has (1 — P) AP =0, hence | T — 4| >
(1 — PT — A)P|| = ||(1 — P) TP||. It follows that

4(T, &) = sup (1 — P) TP,
P

where d(T, (7) is the distance from T to ¢ and where the supremum is
taken over the lattice lat (7 of all (Z-invariant projections. The purpose
of this section is to prove that equality holds for a certain class of
reflexive operator algebras. This distance formula is essential for the
results of Section 4, and appears to be useful in other contexts as well;
for instance, some applications to quasitriangular operators and
algebras are presented in the following section.

Every set £ of projections in () determines an algebra alg %,
consisting of all operators A satisfying (1 — P) AP = 0 for every
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P e %, and as usual an algebra (7 is called reflexive if it arises in this
way; equivalently, (7 = alglat (7 [9]. We begin with two general
lemmas.

LemMa 1. Let 00 C L () be a reflexive algebra and let T € L ().
Then
d(T, (%) = sup d(T, alg F),
z

where F ranges over all finite subsets of lat (7.

Proof. If F is any finite subset of lat (7, then alg # contains
alg lat (7 = (7, so that d(T, (7) == d(T, alg &), proving the inequality >.

For the opposite inequality, let « denote the right-hand side of the
asserted formula and choose ¢ > 0. For each finite subset & C lat (7
choose Az ealg F such that | T — Agz| < a4 e The Azg’s are
bounded in norm (because || Azl < | T — Azl + T <o+
€ + || T'|)) so that the sets of operators Sz = {Ag: ¥ D F}eak gre
compact in the weak operator topology. Moreover, these sets have the
finite intersection property because the finite subsets of lat 7 form an
increasing directed set relative to the usual set inclusion. Hence we
may find an operator 4, in the intersection & Y% .

Now since the norm is lower semicontinuous in the weak operator
topology it follows that | T — X || < « + € for every X € ¥, for
each &, and in particular | T — 4| < « + e. Finally, we claim
that 4, € (Z (since ¢ is arbitrary, this will complete the proof). Because
(1 is reflexive, this is the same as proving A4, € alg lat 7. But for every
Pelatl, we have Aye ¥, Calg{P}; hence (1 — P) AP =0, as
required. |

We shall write [2&Q # for the Hilbert space direct sum
H DA @ - of denumerably many copies of #, and for each
operator T'€ (), 1 Q T will denote the operator TR T @ - €
ZL(I2 @ o). It is well known that the map X+ 1 ® X is an ultra-
weakly continuous *-isomorphism of Z(5#) into L(I* K #). More-
over, every ultraweakly continuous linear functional p on #(5#) can
be expressed in the form p(T) = ((1 @ T)é, n), where & and 7 are
vectors in 12 Q) # of norm || p ||}/ (see [7]).

We shall also make use of the following bit of lore from the elemen-
tary theory of Banach spaces, which we merely state for the reader’s
convenience. If M is a weak*-closed linear subspace of the dual E' of a
Banach space E, then for every f € E’ one has

inf I f— gl = sup{l f(x)}: x € By w L M, | v < 1},

580/20/3-3
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LemMmA 2. Let (X be an arbitrary ultraweakly closed subalgebra of
L(H) containing 1, and let T € L (). Then

d(T, ) = sup{|[(1 — PY1 ® T)P|: Pelat(l ® ()}

Proof. 'The inequality > is trivial, and follows from the argument
given at the beginning of this section, provided one observes that
dT,0)=d1 T, 1R 7).

For the opposite inequality, we make use of the fact that £ (#) is
the dual of the Banach space £(#), of all ultraweakly continuous
linear functionals on Z(s#’), via the duality [p, T'] = p(T). Since &
is ultraweakly closed, the inequality < will follow from the remarks
preceding the lemma provided we can prove that, for every p € Z(¢),
satisfying || p|| < 1 and p | ¢, one has

| p(T) < sup{li(1 — P)(1 ® T)P||: Pela(l @ )}

For that, choose such a p. As we have already observed, there exist
vectors £,nelP Q@ H, (€]l <1, |In]l <1, such that p(X) =
((1 ® X)¢, ) for every X € (). The condition p() = 0 becomes
the condition n | [(1 ® )£)]; so if P denotes the projection onto
[(1 ® )€], then clearly P e lat(l Q ) and » € range(l — P). More-
over, since (7 must contain the identity it follows that £ € range(P).
Hence,

(D) = (1 ® T)é, )l = (1 ® T) P¢, (1 — Py
<X =PYAQTHP[-[1€ll- NIl
< sup{l(1 —O)1 ® T)Q|I: Q e lar(1 ® )},

as required. ||

The preceding result indicates that, in order to compute d(T, (Z),
one should examine the structure of lat(1 @ ¢¥). This program was
carried out in detail for a broad class of operator algebras in [4], and
in fact one may give a proof of Theorem 1.1 below based on the results
of [4]. However, for the algebras of interest in this paper (i.c., nest
algebras), Lemma 1 provides enough of a reduction that an elementary
analysis of the structure of lat(l @ () can be made. This is the
content of the following two results.

LemMA 3. Let (X be a reflexive subalgebra of £() such that lat (7
contains an element P % 1 which dominates every projection in lat (7
other than 1.
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Then every projection E elat(l Q () has a decomposition
E = R + E,, where R commutes with 1 R £(#), E, <1 Q P, and
R | E,.

Proof. Assume first that the largest subprojection of E which
reduces 1 ® Z(#) is 0. We will prove that E < 1 Q P.

First, note that X(1 — P)e for every X € L(). Indeed, if
Ocelatdl, QO %~ 1, then O < P so that (1 — Q) X(1 — P)O = 0.
Hence, X(1 — P)ealglat ¥ = (I, as asserted.

In particular, (1 — P), and therefore P itself, belongs to ¢Z. There-
fore E is invariant under 1 ® P, and we conclude that £ commutes
with 1 ® P.

Let F=(1&®(l — P)E. Since Z(H#)1 —P)CU and E is
invariant under 1 ® &, it follows that (1 — E)1 Q L(#))F = 0;
1.e., the closed span of the ranges of all operators of the form (1 @ X)F,
X e ZL(), 1s contained in E. The latter subspace clearly reduces
1 Q Z(s), so by the assumption on E we conclude that (1 & X)F = 0
for every X € Z(#). In particular, F = (1 — 1 @ P)E = 0, giving
the desired conclusion E < 1 ® P.

In the case of a general F €lat(l ® &), let R be the largest sub-
projection of E which reduces 1 ® £(5#), and put E, = E — R.
Clearly E,elat(l ® Z), and E, satisfies the assumption at the
beginning of the proof. We conclude from the above that
E,<1®P. |

In the following lemma, we shall realize I? ) 5# (defined as a direct
sum of copies of ) as the Hilbert space tensor product of [* with 7.
Thus for each bounded operator 4 on [? and each B e Z(#), we
may form the operator 4 & B on [2 X) o in the usual sense of tensor
products; and of course the two definitions of 1 ¥ B agree under the
natural identification.

Lemma 4. Let (0 C L(H) be a reflexive algebra such that lat (7
is a finite chain {0 = Py << P, < -+ < P, = 1}. Then every element
of lat(1 @ (¥) admits an expression

E=4, QP+ +4,P,,

where A, ..., A, are mutually orthogonal projections in L(I*) having
sum 1.

Proof. We use induction on n# >> 1. The case n = 1 is trivial.
For then, & = #(), and the expression above follows from the
familiar fact that the commuting projections for 1 Q) Z() are all
of the form A4, ® 1, where 4, is a projection acting on 2.
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Assume now that the lemma is true for 2 <\, and suppose
lat @ = {0 = Py, < P, < - < P,_, = 1}. The projection P,, satis-
fies the hypothesis of the preceding lemma, and thus E decomposes
to the form E = R + E;, where R reduces 1 & Z(#) and
E, <1®P,. Since every operator commuting with 1 & Z(H#)
must have the form X & 1, it follows that R must have the form
A1 ®1=4,,RP,,,, where 4, is a projection acting on /2.

Consider now the algebra (7, = (7 | range P,, . It is easy to see that
lat 0y = {0 = P, < - < P, = 1}, and (7, is reflexive because 7 is.
Moreover, if we consider the Hilbert space ¢ = (1 — 4,.,) %,
then the range of E, is contained in 4 & range P, (because
Ey | A,,®1land Ey <1 P,), and is invariant under the algebra
1l ® A, . So by the induction hypothesis we conclude that there are
mutually orthogonal subprojections 4,,..., 4, of 1 — 4, ; = 1,4,
having sum 1 — 4, ,, such that E, = 4 Q Py + - + 4, ® P,
(strictly speaking, we have only stated the induction hypothesis for
the case where /" =~ I? is infinite dimensional; however, the arguments
given apply to arbitrary Hilbert spaces). The required formula
E=4,QPy+ -+ A, ,; ® P, is now immediate. |

We come now to the main result of this section, which applies to
nest algebras [11] (i.e., reflexive algebras ¢ such that lat (7 is totally
ordered).

TrEOREM 1.1. Let (7 be a nest algebra on a Hilbert space # , and
let Te #(#). Then

(T, 0t) = sup{||(1 — P) TP||: Pelat (7).

Proof. As we have already pointed out, we need only prove the
inequality <C.

Suppose first that the theorem has been proved for the special case
where lat (7 is finite. Then for every finite chain % of projections we
have d(T, alg %) < sup{l[(1 — E) TE||: E € #} (here we have used
the fact that latalg & = % U {0, 1}, which can easily be proved
directly, or found in [4] or [11]). The theorem now follows from an
application of Lemma 1.

To deal with the case wherelat (7 = {0 = Py < P, < -+ < P, =1}
is finite, we see by Lemma 2 that it suffices to prove that, for every
Eelat(l ® ), one has (1 — EY1 ® T)E| < sup,|(l — P,) TP, |.
So choose such an E. By Lemma 4, there exist mutually orthogonal
projections 4g ..., A, € L(I®) withYy 4, = land E =3, 4, ® P,,.
Noting that | — E = Y; 4, & (1 — P,) (the easiest way to see this
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is to check that the projection F = Y, 4, ® (I — P,) satisfies the
conditions EF = 0 and E + F = 1), we have

(- EXI @ T)E =Y 4,4, @ (1 P) TP,
=Y 4 ® (= PY TPy,

using the fact that 4, | A; if i 4. Thus, (1 — E)Y1 Q T)E is a
direct sum of the operators 4, Q (1 — P)TP,,... 4, Q® (1 — P,)TP,,
and we conclude that

Il —E)1 ® TE| = sup | A @1 — Py TP || < sup (1 — Py) TPy,

as required. |

Remarks. 1t is instructive to examine the content of this theorem
in the finite-dimensional case. Let ¢ ,..., ¢, be an orthonormal base
for a Hilbert space S, let P, be the projection on [e,..., ],
1 < k< n and let Z = alg{P,,..., P,}. Relative to the basis (e),
(¢ becomes the algebra of all upper triangular » X n matrices (a;),
a; =0 for i >j. If T = (t;) is an arbitrary n X n matrix, then
(1 — P,) TP, has a matrix of the form

0 0
. R+ 1, B ),

and the theorem asserts that the distance from 7T to the upper
triangular matrices is the largest of the norms of these block lower
triangular submatrices. One might expect that a more likely measure
for d(T, (7) would be || T_||, where T_ = (s;;) is the lower triangular
part of T, defined by s;; = t,;if i > j and s;; = 0 if 7 < j. However,
this conjecture fails in an extreme way; it is not very hard to show
that if 7, is the linear mapping of n X 7 matrices given by =,: T~ T _,
then || 7, || tends to + o0 as #n — co.

2. AppPLICATIONS TO QUASITRIANGULAR OPERATORS AND ALGEBRAS

Let 4 be a separable Hilbert space. An operator 4 € L(¥) is
called quasitriangular [8)] (resp. quasidiagonal) if there is an increasing
sequence P, of finite dimensional projections, such that P, * 1, and
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i1 — P,) AP, || — O (resp. || P,A — AP, || — 0). In this section we
want to consider the algebra of all operators which are quasitriangular
or quasidiagonal relative to a fixed sequence P, . More specifically,
we are interested in the four sets of operators

I = alg{Py},

9 = {Pn}’)
2T ={4eZL(H):|(1 — P,) AP, | — 0},
29 = {4 e L(¥):|| P,Ad — AP,| — 0},

where, throughout this section, it will be understood that the sequence
{P,} is fixed.

Obviously 7 is a weakly closed algebra containing 1, and
9 = J N J *is its diagonal. Similarly, it is easy to see that 27 is a
norm closed algebra containing 1, and 29 = (27 )N (29 )* is a
C*-algebra (the proof that 27 is a Banach algebra is contained
in the proof of the main result of [12]). Moreover, since
lim,, |(1 — P,) KP, || = 0 for every compact operator K, we see that
both 29 and 22 contain the C*-algebra %(5#) of all compact
operators on 5.

It follows from these remarks that the algebra J -+ %(#) of all
compact perturbations of operators in J is contained in 2.7 ; and the
first nontrivial fact that we shall require 1s that this perturbed algebra
is closed in the norm topology.

ProposiTioN 2.1. T + €(#) is norm-closed, and moreover the
natural isomorphism of T |T N EG(H) onto T + C(H)EC(H) is
isometric.

Proof. Let g be the natural projection of Z(5#) onto the Calkin
algebra L(#)[€ (). Since I + €() is a subalgebra of Z(5¢),
we may regard ¢(F + () = T + C(HK)/€(H) as a subalgebra
of the Calkin algebra.

There is a natural homomorphism o of 7|7 N €(#) onto
T + G(#)[€(H), defined on cosets as a: 4+ T NE(H)—
A+ ¥(#), Ae T . Clearly the map is norm-decreasing, and we
claim now that it is isometric. Indeed, if 4 is any operator on 5,
then the norm of ¢(4) is given by lim, ||(1 — P,) A(l — P,)|
(see [3, Lemma 1, p. 292]). So that if 4.7 then each operator
(1 — P,) Al — P,) can be written 4 + K, , where each K, =
—P,A— AP, + P,AP, is 2 finite rank operator in J . This implies
that || g(4)] = inf{]] 4 + K ||: K e .9 N €(5#)}, and the claim follows.
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Now since .7 /7 N ¥(H) is a quotient of a Banach algebra by a
closed ideal, it is complete as a Banach space. Since « is isometric,
T+ C(H)|€(H#) is also complete, and therefore closed in the Calkin
algebra. It follows that F + G(H) = ¢ T + €(F)/€(H#)) 1s
closed. |

We remark that the corresponding properties for 2 + %(#) are
also valid, and are well known in the theory of C*-algebras (see
[1, 1.8.4]).

It is known that if 4 is an operator which is quasitriangular
relative to the sequence P, , then there is an infinite subsequence
P, , P, ,... which is left fnvariant under some compact perturbation
of A (see [9], there, the subsequence is chosen to be sparse enough
that the corresponding series of norms 3 [((1 — P, ) AP, || 1s
convergent). We will prove here that it is always possible to find a
compact perturbation of 4 which leaves the entire sequence Py , P, ,...
invariant. This is a consequence of the following variation on the
distance formula of the preceding section.

THEOREM 2.2. Let B e F(#). Then
d(B, T+ €(#)) = lim sup (1 — P,) BP, |
Proof. For the inequality >, choose 4 €. and K € €(s). Since
(1 — P,) AP, = 0 for every n and ||(1 — P,) KP, || — 0, we have
limsup (1 — P,) BP, || = limsup (1 — P,)(B + 4 + K) P, |
' <IB+4+K|.

The inequality follows by taking the inf over 4 and K.

For the opposite inequality, let ! denote lim sup, |(1 — P,) BP, |
and choose € > 0. Now find n, such that |1 — P,)BP,|| <[+ e
for every n > n,. The distance formula implies that there is an
operator Ainalg{P, , P, .y, P, 1s,-jsuchthat|{ B — A <1+ 2e
Since one can write 4 in the form 4, + F, where 4,€.7 and F is
finite rank (for example, one may take 4, = A(1 — P, )), we con-
clude that d(B, I 4 €(s#)) < I+ 2e. The theorem follows because ¢

was arbitrary. |}

CoroLrLARY. 29 = 9 + €(#).
Proof. If Ac 27, then
d(4,T + €(H)) = limsup|[(1 — P,) 4P, | =0,
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and the required conclusion AeJ + €(#) follows because
J + €(H) is norm-closed. |

Remarks. As we have already pointed out, this theorem can be
regarded as a strengthening of the result which asserts that every
quasitriangular operator is a compact perturbation of a triangular
operator. Since there is an analogous decomposition for quasidiagonal
operators, one might expect the corresponding result to be true for
29, namely, 29 = 2 4 €(s). It is interesting that this fails:
Joan Plastiras has shown that 22 is always larger than & + %(5¢).
Thus, while every operator 4 € 29 can be written simultaneously
in the foorm A = B -+- K = C* + L, where B,Ce 7 and K, L are
compact, it may not be possible to choose B € J N .7 *. At this point,
the structure of the class of C*-algebras 22 seems quite mysterious.

Finally, we remark that the lim sup appearing in the preceding
theorem cannot be replaced with lim; the reader can easily find
unilateral weighted shifts B for which lim, (1 — P,) BP,|| fails
to exist.

3. FacTtorizaTioN THEOREMS

It is known that every nonzero bounded analytic function in the
open unit disc has a factorization f = «F, where » and F are, respec-
tively, inner and outer functions. A closely related theorem asserts
that every real-valued bounded measurable function on the unit
circle is the boundary value (almost everywhere) of a function of the
form log | f |, where f and its reciprocal are bounded analytic functions
in the open unit disc. We shall require analogous factorization
theorems relative to nest algebras, and the present section is devoted
to this discussion.

We consider only nest algebras of the simplest type, namely,
algebras of the form (7 = alg{.#,}, where .#,, neZ, is a doubly
infinite sequence of closed subspaces of a fixed Hilbert space J#,
satisfying 4, C M .1, N, #, = 0, and [, #,] = S (it will be
convenient in this section to deal with subspaces rather than
projections). Thus we allow the possibility that .#, = 0 for n < 0,
or #, =H for n >0, and M, © .H,_, may be O-, finite-, or
infinite-dimensional. All of this structure is fixed throughout the
section. P, will denote the projection on .#, , and for an arbitrary
operator 4 € £(#°), R, will denote the projection on the closed
subspace [A5#].



INTERPOLATION PROBLEMS IN NEST ALGEBRAS 217

DeriniTION 3.1. (i) An operator Ae (¥ is called outer if R,
commutes with every P, , and A4, is dense in [A#] N A, for
every n € Z.

(ii) An operator U € (7 is called inner if U is a partial isometry
whose initial projection U*U commutes with every P, , ne Z.

We will be mainly concerned with outer operators, and it seems
appropriate to illustrate the scope of the definition with a few examples.
Note first that if 4 is an operator in (7 which is invertible in £ (),
then A4 is outer if, and only if, A#, = #, for every n € Z, which
asserts simply that 4! belongs to (7. In particular, every operator in
0L 0 1 1s outer. Similarly, it is easy to see that every operator in the
diagonal 7 N (Z* of (1 is outer, regardless of its invertibility properties.

Consider now the Hardy space H?, let ¢, e, ,... be the usual
orthonormal base ¢, = 2", n >0, and let (7 be the nest algebra
alg{[e, , €,.1,..-]: = 0}. Thus, (7 consists of all operators on #
whose matrix relative to {e,} is lower triangular (to fit ¢ into the format
of the preceding discussion, just notice that (7 = alg{#,:neZ},
where A, = H? for n > 0 and A, = [e_, , e_,.y,...] for n < 0).
Now each function fe H® gives rise to an analytic Toeplitz operator
T,, and clearly T, belongs to (7. We claim: T} is an outer operator if
and only if f is an outer function in the traditional sense of the word
[10]. Indeed, if f is an outer function, then f- H? is dense in H?2,
hence f - 3" - H? is dense in 2™ - H? for every n > 0, and this implies
the conditions 3.1(i) and (ii). Conversely, suppose T, is an outer
operator and let f = u - F be the factorization of f into its inner part «
and outer part F [10]. Then the closed range of T, is simply u - H?,
and the only way the projections on u - H2 and 5" - H? (n > 0) can all
commute is for # to be a monomial in 2: u = A", r = 0, 1,..., AeC,
| A1 == 1. This implies that T, maps [e, , €, ,...] Int0 [€,1,, €pipiq ey
which cannot be dense in [e,, e, ,...] unless r = 0. We conclude
that u is a constant, and hence f is an outer function.

As a final example, consider the algebra (7 = algi[e,, e, ,..., €,]:
n > 0}, where ¢, , e, ,... is the orthonormal base for H?2 of the preceding
paragraph. While this algebra is simply the adjoint of the preceding
example, its outer operators behave rather differently. While a
complete discussion of the situation would take us too far afield,
we feel it is worthwhile to state at least some of the facts without proof,
for the interested reader (we remark that none of this makes essential
contact with the rest of the paper). Let 4 be an operator in & and let
(a;;) be the matrix of A relative to the base {e,}. Then of course (a;))
is upper triangular, and it can be shown that 4 is outer if and only if
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this matrix has the following property: whenever a diagonal term of
(a;;) 1s zero (say ay; = 0), then the entire row through that entry is
zero (i.e., ap; = Oforj = k + 1, k 4 2,...). In particular, every upper
triangular 4 ~ (a;;) whose diagonal terms a; are all nonzero is
necessarily an outer operator. (7 also contains the coanalytic Toeplitz
operators I* = T;, fe H®; and in contrast with the preceding
example, we see that, for a nonzero function f€ H®, T,* is an outer
operator if and only if £(0) 5= 0.

Returning to the main discussion, we begin with a lemma which
exhibits the most useful technical feature of outer operators.

Lemma. Let A € (¥ be outer and let V be an arbitrary operator in
L(H) such that VAe X and V = 0 on [AS#)-. Then V belongs to (1.

Proof. We have to show that V.#,C .#, for every neZ.
Fix n, and decompose .#, as an orthogonal sum /%, = [A.#,] D
(M, ©[AA,]). Now since the projections on the two spaces .#,
and [A5#] commute and since [AH#]| N M, = [A#,], it follows
that #, © [A4#,] is orthogonal to [A#7] as well as [4.4#,]. This
implies that V' = 0 on #, © [4.#,], so that V.#, is contained in
ViA#,] = [VAM,] C #, , as asserted. ]

The following result asserts that outer operators, like outer
functions, are essentially uniquely determined by their “modulus.”

TueoreM 3.2. Let A, B be outer operators in (I such that
A*A = B*B. Then there is a partial isometry V in O N OU* such that
V¥V =R,,VV* =Ry, VA = B.

Proof. The hypothesis on 4 and B implies that || Ax| = || Bx||
for every x € . Thus we may define a partial isometry V' as the
closure of the operator V: Ax > Bx, x € 5#, where of course V is
defined as 0 on [AS#]L. Clearly V satisfies VA = B, and has the
right initial and final spaces.

The equation VA = B, together with the preceding lemma, implies
that Ve; and since V*B = V*VA4 = A, the same reasoning
shows that I7* € (7. Hence, V belongs to the diagonal Z N 7*. ||

Let T be an arbitrary operator on 5. We shall be concerned with
the possibility of expressing T in the form T = UA, where 4 is an
outer operator in ¢ and U is a partial isometry satisfying U*U = R, .
Note that a necessary condition for such a factorization is
No [T#,] = 0. To see this, note that T.#, = UA#,C UMA,,
n € Z, so that N,[T.#,] C N,[UA#,]. But if x belongs to ), [UA#,],
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then for every n we have U*x e UXUM, C M, because U*U = R,
commutes with the projections {P,}, and hence U*x e, .#, = 0.
It follows that x = UU*x = 0, as asserted.

The main factorization result of this section asserts that this necessary
condition is also sufficient. Before stating this formally, we collect
an elementary fact, for which we have been unable to find a convenient
reference.

Lemma. Let M be a closed subspace of a Banach space E, and let T
be a bounded operator from E info a Banach space F such that TE is
dense in F. Then

codim[TM] < codim M.

Proof. To prove that the dimension of the Banach space F/[T'M]

does not exceed that of E/M, it suffices to exhibit a bounded operator =
from E/M into F/[TM], which has dense range. For that, define

(% + M) = Tx + [TM], xe k.

It is clear that = is well defined and linear, and a simple estimate
(which we leave for the reader) shows that || =|| < || T'||. That the
range of = is dense follows from the corresponding property of 7. |

‘THEOREM 3.3. Let T be an operator on S such that (, [T#,] = 0.
Then T admits a factorization T = UA, where A € (1 is outer and U is
a partial isometry such that U*U = R, .

If UA = VB are two such factorizations of T, then there is a partial
tsometry Win 00 N (0* such that W*W = R,, WW* = R, , B = WA,
and V = UW*.

Proof. We first dispose of the uniqueness assertion. Suppose that
UA = VB satisfy the above conditions. Then A4*4 = B*B, so by
the preceding theorem there is a partial isometry W in (Z N (7* such
that W*W = R,, WW* = R,, and W4 = B. We have VB =
VWA = UA, so that VW = U on [A#]; and since both
W and U vanish on [45#]L, this implies VW = U. Thus,
V=VWW* = UW*

Turning now to existence of the factorization, let #, denote the
subspace [T.#,], n € Z. Clearly, Z, C#,,,, , U, %, is dense in [TH#],
and by the hypothesis on 7' we have (N, #, = 0.

Note first that dim(Z%, © #,,_;) < dim(#,, © #,_,) for every n;
this is immediate from the lemma by considering 7T'|.#, as an
operator from .#, into [T.#,]. Thus there exists a partial isometry V
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on # which maps %, © #,_; isometrically into #, © 4, , for
every ne€Z, and which vanishes on the orthocomplement of
Zn (‘%n @ '%n—l)'

Note that the range projection VV* of V' must commute with
each P,, and moreover we claim that V%, = Vo# N #,, ncZ.
After the preceding observation, this follows immediately from the
obvious formula V(%, © #,,_,) = Vo O (M, © M_,) by summing
over all k& <{ n, noting that 3., (%, © %;_,) = %, .

Now define the operator 4 = VT. Since the initial space of V is
Yu &y O R,y) = [TH], it follows that [4#] = Vi#, and in
particular R, = VIV* commutes with {P,: n € Z}. By the preceding
paragraph we see that [A#,] = VR, = VA N M, = [AHX] M, .
Hence, 4 is an outer operator in (7.

Finally, the required formula ' = U4 follows by taking U = V*
and noting that T = V*VT = V*4. |

CoroLLARY 1. Ewvery operator T in (¢ has a factorization T = UA,
where U is inner and A is outer.

Proof. Note first that every operator T € (7 satisfies (},, [T#,] = 0
(an immediate consequence of the fact that 7.#, C .#, and
N #, = 0). So the theorem implies that T has a factorization
T = UA where Ac(l is outer and U is a partial isometry with
U*U = R, . R, commutes with each P,, by definition of outer
operators, and the lemma preceding Theorem 3.2 implies that U e (7.
Hence, U is inner. ||

Remarks. 1t 1s well known [10] that H* is a logmodular algebra of
functions on the unit circle. Equivalently, every positive measurable
function on the unit circle which is bounded above and away from 0 is
the boundary value of a function of the form | f|%, where f and 1/f
are analytic and bounded in the open unit disc. The following
corollary is an exact analog of this theorem for certain nest algebras.
First, we need a lemma which asserts that every outer operator in &/
which is left-invertible is related in a very simple way to an operator
which is invertible in (f.

LemMA. Let Al be an outer operator which is bounded below.
Then there exists an isometry U in 0/ N (U* and an operator Be 0 N (1
such that A = UB.

Proof. Because 4 is bounded below, it induces in the obvious way
an invertible operator from .#, © .#,_; onto [AM4,] © [A#,_,],
and in particular the subspaces #, © A&, _, and [A#,] O [A#,_]
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have the same dimension, # € Z. Thus we can find an isometry U on J#
which takes each space #, © .#,, onto [AM,] O [AH, ]
Because ), [44,]C N, #, = 0, it follows that U maps .#, =
Sicn (My, © My_y) onto Tpc, ([AM,] © [AM 1)) = [AA,], and
in particular UU* = R, . Define B = U*A4. The above implies that
[BA,) = [#,), so that B e, has dense range, and of course B is
bounded below. Hence B is invertible. The formula [BA,] = 4,
now implies B-Y#, = .#, , so that Bt e (1.

Muttiplication of B = U*4 on the left by U gives 4 = UB, and
now these two formulas, together with the lemma preceding

Theorem 3.2, imply that Ue I n (7*. |

CoRroLLARY 2. Ewvery invertible positive operator on H can be
factored in the form A*A, where A belongs to (/ M (172,

Proof. Let H be an invertible positive operator on #. Then the
same 1s true of its positive square root H'/2, so that (), [HY24#,] = 0.
Theorem 3.3 implies that there is an outer operator A€
and a partial isometry U with U*U = R, and H'/2 = UA. Hence,
H = (HY%)? = A*4. Now A is bounded below because H is
invertible, so the lemma implies that there is a B in N (7! and an
isometry V such that 4 = VB. The required factorization H = B*B
follows. |

Remarks. 'The reader may have noticed that the proofs of
Theorem 3.3 and its corollaries used the discrete nature of the chain
{#,} in an essential way, and a natural question here is whether
factorization results like these are valid for more general next algebras.
In particular, is Corollary 2 valid for the nest algebra (I = alg{.#
0 <t < 1} acting on L¥0, 1], where M , stands for the closed subspace
L?[0, ] of L?[0,1]? This question is closely connected with the
known problem which asks if the multiplicity of a nest must be
preserved under similarity. Rather than enter a lengthy discussion
of this relationship, we will merely indicate the connection with a
very specific question. Let (7 = alg{.# } be the nest algebra on L2[0, 1]
described immediately above, and define a nest algebra % on the direct
sum L[0, 11 @ L0, 1] as follows: & = alg{#, D # ;0 <t < 1}.
It is easy to see that N (¥* is a maximal abelian von Neumann
algebra, while Z N #* is a (noncommutative) von Neumann algebra
of type I,. Thus (Z and # cannot be unitarily equivalent. It is not
known, however, if 7 and & can be similar. Equivalently, is there an
tnvertible operator X from L0, 1] to L?[0, 1] &P L?[0, 1] which maps
the family {.# } of subspaces onto the family {4, D A }?
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We want to point out that if the answer to the latter question is
yes, then Corollary 2 must fail for the nest algebra (7. To see this, let
X be as above, with X(ZX~! = 4, and suppose to the contrary that
Corollary 2 is valid for the positive invertible operator X*X on L?[0, 1].
Thus we may write X*X = A*A4, where Ae N . It follows
that U = XA~ is a unitary operator from L2[0, 1] to L2[0, 11 @D
L?[0, 1], and satisfies UZU = 2, a state of affairs which was shown
to be impossible in the preceding paragraph.

It seems very likely, of course, that the algebras ¢ and # are not
similar; but while this latter problem has been circulating for several
years and makes important contact with other parts of operator theory
(e.g., the problem of whether every compact operator is hyper-
intransitive), no one has made significant progress on it.

4. THE INTERPOLATION THEOREM

Let A, ,..., Ay be operators on a Hilbert space 5. It is an elementary
exercise to prove that there exist operators B, ,..., By on 5 satisfying
B4, 4 - + ByAy =1 if, and only if, the set {4,,..., Ay} is
bounded below in the sense that there exists € > 0 such that
| A ll + = -+ | Awx || = €| ||, for every xe#. For instance,
if the latter condition is satisfied, then one may choose B, = H1A4,*,
where H is the positive invertible operator 4,*A4, + --- + Ay*A4y .

Now if the given operators A4, ,..., Ay belong to a given Banach
subalgebra 7 of £ (5#), then one often wants to know if it is possible
to solve the equation B4, + - + ByAy = 1 with operators B,
in . If % is a C'*-algebra the problem becomes trivial: a few moments’
thought shows that the solution is completely described by the
criterion of the preceding paragraph. Certain commutative algebras
of normal and essentially normal operators were considered in [6],
where it was shown that the same criterion (together with a similar
condition on the adjoints of the A4,’s) is again sufficient.

In this paper, however, we are concerned with nest algebras, which
are neither self-adjoint nor commutative. In this case the hypothesis
| 4yx{ 4+ -=» 4+ || Ayx || = €|l #|| is not enough, a phenomenon best
illustrated by the following simple example. Let e, e,,... be an
orthonormal base for 5, and let (7 be the nest algebra alg{[e, ,..., ¢,]:
n = 1, 2,...}. We consider a pair of operators {4, , 4,} in (7, where A,
is the “backward shift” (defined on {e,} by 4,¢; = 0 and Aye, = ¢,_,
for n > 1), and 4, is the projection onto the one-dimensional space
[e,]. A simple computation shows that || Ax |2 4 || Apx ]2 = || » ||
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for every x € #, so that || Ayx|| + || Apx || = €| x| with € = 271/2,
On the other hand, we claim that there do not exist B, , B, € (7 such
that B;4, + B,4, = 1. For if such B, did exist then we could apply
this identity to the basis vector e, (noting that A,e, = e; and
Ase, = 0) to obtain B,e; = e, , contradicting the fact that B, leaves
[e,] invariant.

A more stringent necessary condition can be expressed in terms of
the invariant projections of the algebra 7. Indeed if 4, ,..., Ay e’
are operators such that the equation B4, + - + ByAy =1 is
solvable with B;, in (Z, then since (I — P)B;,, = (1 — P) B)(l — P)
holds for every projection P € lat (7, one may multiply the preceding
equation on the left by 1 — P to obtain Y, (1 — P) B,(1 — P) 4, =
1 — P, and hence

YL — P) Ax|| = e|(1 — P) x| (4.1

k

for every xe# and every Pelat(f, where ¢ may be taken as
min(}| B, [|7%,..., || By |™Y). It will turn out to be more convenient to
deal not with this inequality but with the equivalent one,

LI =Py dyx|? = |1 — P)xl|?, (4.2)
:

assumed to hold for every x € o, P € lat (7. The equivalence of (4.1)
and (4.2) simply reflects the equivalence of the /! and /? norms on C¥;
and of course one needs to adjust e in passing from one to the other.
The main result of this section asserts that if (7 is a nest algebra of a
certain type and A4,,..., 4y belong to 7 and satisfy (4.2), then
conversely there exist B, ,..., Bye (Z with ¥ B4, = 1. As in [6],
this type of result will be called an interpolation theorem, by virtue
of the analogy with certain interpolation problems in algebras of
bounded analytic functions. Indeed, in Section 6 below we will use
this theorem to deduce an operator-theoretic variant of the corona
theorem.

For an arbitrary operator 4 € £ (5#’), the projections onto (ker A)*
and [4.57] will be denoted, respectively, by D, and R, . Suppose now
that (7 1s a reflexive algebra and A is a partial isometry in (I with
nontrivial kernel. Then A cannot be left-invertible, and the best one
can hope for is an operator B e (¥ satisfying BA = D, . Of course
the operator B = A* satisfies the equation, but usually it fails to
belong to (7. However, if such a B does exist then the projection D,
must belong to (7 (which, since 7 is reflexive, simply means that
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D, = D * commutes with every projection in lat (¥), and A4 itself must
satisfy an inequality analogous to (4.1):

[(1—P)dx|l = |1 — Px|,  x€Dy#,

for every projection P in in lat Z. Our first result asserts that these
two conditions are sufficient as well, at least in case (7 is a nest algebra.,

THEOREM 4.3. Let A be a partial isometry in a nest algebra (I,
whose initial projection D, commutes with lat (7, and assume a positive
number € exists such that

(1 — P) Ax|| = €|(1 — P)x|l,

for every x€ D, # and Pelat (I. Then there is an operator B e/
satisfying BA = D, , and || B|| < 4/e%.

Proof. Clearly, e <1 except in the trivial case where A = 0.
We first want to approximate 4* as nearly as possible with an operator
from (. For that, we claim |[(1 — P) A*P|| < (1 — €%)'/2, for every
Pelat Z; equivalently, || PA(1 — P)x|? < 1 — &* for every xe#
satisfying [| # || <C 1. But for each x in D5, we have

(1 — P)A(l — Py |}t = e[i(1 — P)x|?
by hypothesis, so that

| PAQ1 — P)x|? =|| A1 — P)x|* — Ji(1 — P) A(1 — P)x|?
<401 — Pk | — e [[(1 — P)x|?
ST =)0 — P < (1 — &) [P

Since PA(1 — P) vanishes on (D 3#)+, the assertion follows.

From the distance theorem (1.1), we may conclude that d(4*, (7) <
(1 — €?)'/2, This distance is actually achieved (essentially because of
weak compactness of the unit ball of (7, an elementary argument
which we omit), and thus we may find an operator C € Z such that
| A* — C|| < (1 — €%)'/2. By multiplying on the left by D, if neces-
sary, we may assume C = D,C, and clearly, | C|| <[] A*[| +
1C—A* <1+ (1 — N2

Now recall that if T is an element of any Banach algebra (7 with
identity satisfying || 1 — 7T'|| << 7 < 1, then familiar manipulations
with the Neumann series show that T is invertible in &7 and, moreover,
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| T2} < (1 — r)~L. Applying this to the operator T = 1 — D, + C4
in & and noting that

[1—T[=[Dy— CA| =] 4%4 — C4|
<[4* = Cll < (1 — e,

we conclude that 77! e (7 and satisfies || T7'| < (1 — (I — €%)1/23)~L
Finally, put B = T-'C. Then B belongs to (¥ and has norm at most

FCN-NTH < (1 + (1 — @)1 — (1 — &))< 4/
Moreover, B4 = (1 — D,) + CA)* CA = D,, as required. |

TurorReM 4.3 (Interpolation Theorem). Let {#,:ncZ} be an
increasing sequence of subspaces of a Hilbert space # satisfying
Ny, =0 and [U, #,] = H#, and let O be the nest algebra
alg{P,: nc Z}, where P, is the projection on M, . Let A, ,..., Ay (¥
satisfy

T — Py dgr |2 = (L — Py ?
k

for every neZ, x € #. Then there exist operators By ,..., By € O such
that ByA; + -+ + ByAy == 1. If the A)’s are normalized so that
| 4,1l < 1 for each k, then the B,’s may be chosen so that || B,,|| < 4Ne3,

Proof. By adjusting € if necessary, we may assume || 4, | < 1
Consider first the positive invertible operator Y, 4,*A4, . By
Corollary 2 of Theorem 3.3, there is an operator C in (7 N (7* such
that 3, A,*A4, = C*C. Evidently, the operators 4;" = A4, C—! belong
to (7 and have the property that 3, 4;%4," = 1.

We claim that the operators {4’} satisfy (4.2) with constant
eN71/2. Note first that for every Pelat(f and xe #, one has
(1 — P)Cx|| = N-12{(1 — P)x||. Indeed, we have 1 — P =
(1—P)CC? = (1 —P)C(1 — P)C, and since

ICIP <Y I4l? <N,
we conclude that ’
(1 — P )l < (1 — P)C- (1 — P) Clx || < NV2|((1 — P) Cx ],
as asserted. Now for each n € Z, we can write
%H(l — P A/ | = % I(1 — P,) A,C'x |
=z e[[(1 — P,) C% P = EN7H(1 — P)x [P

580/20/3-4
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Thus, (4.2) holds for every projection in lat ¢ of the form P, , ne Z.
Since lat 7 = {P,: ne Z} U {0, 1}, and since P, tends strongly to 0
(resp. 1) as n tends to —oo (resp. + c0), the preceding inequality
yields (4.2) with constant eN-1/2,

Now consider the algebra # = My @ I of all N X N matrices
over (I, regarded as an algebra of operators on the Hilbert
space direct sum A = # @ - @ H of N copies of #. Writing
0,=P, D ®P,, ncZ (alternately, O, is the N X N matrix
whose entries are P, along the diagonal and zeros elsewhere), it is a
simple computation to see that # is a nest algebra whose invariant
projection lattice is simply {Q,: n € Z} U {0, 1}. We will consider the
operator U in & defined as

4 0 - 0
v=|% ©° T 0}
4, 0 - 0

From the properties of {4,'} it follows that U*U is the diagonal
projection

I 0 0
0 0
O «+ v e 0

so that U is a partial isometry in & whose initial projection belongs
to #. Note next that U satisfies [[(1 — P) Ux| = (eN12)[(1 — P)x]||
for all x4 and every Pelat#. A moment’s thought and the
preceding remarks show that we need only consider P’s of the form
0, =P, D P P,, and then the above inequality simply becomes
the inequality proved in the preceding paragraph.

Thus we may conclude from Theorem 4.3 that there is an operator
V € % such that VU = Dy and || V|| < 4Ne=2. If we denote the first
row of the N X N matrix for V as B, ,..., By, then in patricular we
have B;A4," + -~ + ByAy' = land || B, || < 4Ne2fork = 1,..., N.
If we define B, = C-'B,, then multiplication of the preceding
formula on the right by C and on the left by C-1 yields
B/A, + - + By Ay = 1.

Clearly || B, || < | C7*|| -i| Byll, so the required estimate on || B, ||
follows from the observation that || C—! || << €7, a consequence of the
inequality || Cx [ = S, || Agx |? = (| = (2. |
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Let P, << P, < -*- be an increasing sequence of finite dimensional
projections in Z(s#) with P, 41, and let 27 be the associated
quasitriangular algebra discussed in Section 2:

2T ={Ae L(H): lim|(1 — P,) AP, | = 0}.

Let ¢ be the canonical projection of #() onto the Calkin algebra
L(H)[€(H). 1t follows from Proposition 2.1 that the image of the
nest algebra J = alg{P,} under ¢ is a Banach subalgebra of
L(H)|€(#), and moreover, the corollary of Theorem 2.2 implics
that ¢(7") = ¢(27). Now let a, ,..., ay belong to ¢(7"). The inter-
polation problem here asks for conditions under which there will exist
byse.., by €9(T ) such that bya, + - + byay == 1. If operators 4, € L(#)
are chosen such that ¢g(4,) = g, , then 4, € T 4 €(#) = 27, and
what is required is a set of operators By ,..., By € 2.7 such that
1 — Y% B, A4, is compact. This is characterized in the following.

ToEOREM 4.4. Let A,,.., Ay 27 . In order that there exist
operators By ..., By € 27 with 1 — Y, B, A, compact, it is necessary
and sufficient that there should exist € > 0 and ny > 1 such that

LI = P,y Az |2 = e ||(1 — Pyp)x
k

for every x € H# and n = ny .

The proof of necessity is a simple exercise, and sufficiency follows
from a routine though somewhat tedious variation on what was done in
proving Theorem 4.3 (making use of the distance formula Theorem 2.2
rather than Theorem 1.1). Both are left for the reader.

5. Two ProjecTION MAPPINGS

In this section we work in the Hilbert space 5# = L¥'T, m), where T
denotes the unit circle with normalized linear measure m. {¢,: n € Z}
will denote the usual orthonormal base for L¥T, m) (viz ¢,(z) = 2",
zeT, neZ), and P, will denote the projection onto the subspace
fe, , 4.1 5.--], € Z. Each function ¢ € L® = L*(T, m) gives rise to a
multiplication operator on 5#, which we denote L, . The associated
Toeplitz operator T, is defined as the compression of L, to the subspace
H? = [ey, e,,...]1: Ty = Pyl g2 . It is known that the multiplication
algebra # = {L,: ¢ €L} is a maximal abelian von Neumann sub-
algebra of Z(5#), and that the set {T4: ¢ € L} of Toeplitz operators



228 WILLIAM ARVESON

1s a weakly closed self-adjoint linear space of operators on H2 The
purpose of this section is to construct projections of #(H#°) anc
#(H?) onto the multiplication algebra and {T}: ¢ € L*}, respectively.
which have certain properties we will make use of in Section 6. We
deal first with the multiplication algebra.

Let # be a C*-algebra with unit and let € be a C*-subalgebra suck
that 1 € €. Recall that an expectation of % on % is a positive linear mar
w: B — € satisfying (1) = 1, and #n(BC) = =(B)C for every Be &,
Ce¥%. There is a known method for constructing expectations of
Z(#) onto maximal abelian subalgebras such as .#: one defines
m(X) as the “‘average” of the function U+ UXU* (U ranging over
the unitary group of .#) relative to a Banach mean. Here we make a
similar construction, but some care must be exercised in order to
bring out the desired properties. As usual, H* will denote the
(weak*-closed) subalgebra of L® consisting of all functions ¢ €L~
with [2%(2) dm(z) = 0, n = 1,2,....

ProrosiTION 5.1. There exists an expectation w: L(H)— M
having the properties
(1) =(P,) = 1 for every n€Z,
(if) m(alg{P,}) C{Ls:¢ € H*}.
Remarks. Condition (i) asserts that in a sense the mapping = is
supported at + co. Condition (ii) asserts that if 4 is an operator on #

whose matrix relative to {e,: n € Z} is lower triangular, then =(4) is a
multiplication operator having the same property.

Proof. Let N be the additive semigroup of all positive integers and
let 4 be a Banach limit on N. Thus 4 is a state on the commutative
C*-algebra I”(N) (whose value at a bounded sequence (a,),>, is
denoted A,a,) which has the additional property 4,4, ., = 4,a,,
(a,) € I=(N).

Let U denote the “bilateral shift,” defined on the basis {¢,} by
Ue, = e,.,, neZ. It is well known that U is a unitary operator
which generates the multiplication algebra .# as a von Neumann
algebra. Fix 4 € Z(5#). Then for x, y € £, we may define the form
[#, ] = A (U**4AU"x, y), and a straightforward application of the
Schwarz lemma yields a unique operator w(A) e #(#°) such that
(m(A)x, y) = A, (U**AU%x, ).

It is routine to verify that = is a positive linear map, and moreover
a standard separation theorem implies that ={4) belongs to the
weakly closed convex hull of the set {U*A4AUn =1,2,.},
A e L(). An application of translation invariance of /A shows that
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U*n(A)U = n(A), i.e., mn(A) commutes with U (and therefore with
U* = U~1) and since .# is the von Neumann algebra generated by U,
we see that w(A)e #' = M. The facts that =»(1) = 1, and that
m(AB) = w(4)B when Be.#, are simple consequences of the
definition. Thus, 7 is an expectation of £ () on /4.

To wverify (i), fix meZ. Then for each neN we have
U*p, U* = P,_., and as n — + o0 the projections P,,_,, increase
and tend strongly to the identity. So for each x,ye # we have
lim, (U*"P, U"x, y) = (x, y). Since Banach limits must take convergent
sequences in [®(N) to their limits, we conclude that (=(P,)x, y) =
A (U**P, Urx, y) = (x, v), and hence n(P,) = 1 because x and y
were arbitrary.

Finally, to verify (ii), it suffices to show that # maps alg{P,} into
itself. But if 4 € alg{P,}, then so does U**4U" for every n > 1. The
assertion now follows from the fact that alg{P,} is a weakly closed
algebra and n(4) e co{U*"AU™: neN}. |

Remarks. We see in particular that there is a projection of norm 1
from the algebra alg{P,} of all lower triangular operators onto the
subalgebra {L,: ¢ € H*} of all lower triangular multiplication operators,
having the property n(AL,) = n(LyA) = n(A)L,, Acalg{P,},¢c H*.
It is curious that the finite-dimensional analog of this conclusion
fails. Indeed, if we denote by (7, the algebra of all lower triangular
n X n matrices (endowed with the operator norm) and by 4, the
commutative subalgebra of all matrices of the form

a
4 ay

0

a, a, a,

@y, @y »..., @, € C, then it is not very hard to show that for any sequence
of projections =,: (¥, — %, with the property =, (AB) = m,(4)B,
Aell,, BeZ,, one necessarily has || 7, || — + 0 as n tends to 0.

Finally, we remark that property 5.1(i) implies the stronger con-
dition =(P,A4) = n(AP,) = n(A4), for every Ae L (#), neZ. By
taking adjoints, if necessary, it suffices to show that n(A4(1 — P,)) =
7(A) — m(AP,) = 0. But by the Schwarz inequality for completely
positive maps (see [2]), we have

BA(L — PYY$(A(1 — P,)) < (1 — P,) A*A(1 — P,)
< 4IFé(1 — Py) = 0,
as asserted.
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We turn now to the Hilbert space H2. For each n > 0 let P, be the
projection onto the subspace [e,,e,.;,..]. We shall require a
projection ¢ of norm 1 from the algebra alg{P,} of all lower triangular
operators to the algebra {T,: ¢ € H*} of all analytic Toeplitz operators,
which satisfies o(T,4) = Tyo(4), ¢ € H*, Aealg{P,}. This is
accomplished in the following.

PROPOSITION 5.2.  There is a positive linear projection o of L(H?)
onto the space {T,: ¢ € L™} of all Toeplitz operators satisfying

) ol)=11oh=1,
(1) o(T,A) = o(AT,) = o(A) Ty, for every Ac L(H#),$c H®,
(1ii) o(alg{P,}) C{T,: ¢ € H}.
Proof. Regard H? as a closed subspace of L¥T, m). Then P, is the
projection of L? on H?, and we may compose an operator A on H?

with P, to obtain an operator AP, on L2 We define o in terms of the
expectation 7 of Proposition 5.1 as follows.

o(d) = Pyr(AP,) | A e L(H?).

H?>

It is clear that o is a positive linear mapping of norm 1, which
carries 1 to 1. Since the range of 7 is # and Py# |, is contained in
{T,: ¢ € L™}, it follows that the range of o is contained in {T},: ¢ € L*}.
We claim first that o(T,) = T,, for every ¢ € L*. Indeed, since
T,Py = PyL,P,, we see from the remarks following Proposition 5.1
that #(T,Py) = w(L;) = L4, so that o(T,) = P,L, |4 = T,. This
implies in particular that o Z(H?)) = {Ty:d€L*},and 6o 0 = 0.

To verify (ii), choose ¢ € H*, A € £(H?). Then AT,P, = AP,L,P,,
so as in the preceding paragraph we have #(AT,P;) = n(AP,L,) =
7(APy) Ly . 1t follows that o(AT,) = Pym(APy) L, |y = o(4) T, ,
where in the last equality we use the fact that T, = L, |4 for ¢ € H*,
Similarly,

T(TeAPy) = m(PoLyAPy) = m(LsAPy) = Lym(APy) = (AP L, ,

and we conclude that o(T,4) = o(4) T, .
The property 5.2(iii) is a simple consequence of its counterpart

5.1(11). |
6. AN APPLICATION

The corona theorem asserts that the open unit disc is dense in the
maximal ideal space of H*. This is equivalent to the assertion that if
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fi - [n are bounded analytic functions in the open unit disc which
satisfy

AR+ + 1@l 2 e >0, 2] <1, (6.1)

then there exist similar functions g, ,..., gy such that fig, + - +
fnvgn = 1. This was proved in 1962 by Carleson [5], who also obtained
estimates on || g; ||, in terms of € and || f; || -

The work behind the present paper was begun partly in the hope
of giving a relatively natural operator-theoretic proof of Carleson’s
theorem. While this has not been completely successful, the inter-
polation theorem of Section 4 does lead to the following operator-
theoretic variant. Suppose that, instead of (6.1), the N functions

f1 s [ satisfy
| TRl 4 o I Thl > exl, ve M (6.2)

where T; is the Toeplitz operator on H? associated with f. Then
Theorem 6.3 below asserts that there exist g, ,..., gy € H such that
fig1 + -+ fvgny = 1. Moreover, the estimate we obtain on || g, ||..
seems considerably better than that of [5].

The relationship between (6.1) and (6.2) deserves a few comments.
For each AeC, |A] < I, we may form the H? function x,(2) =
(I — Az)™. Now it is easy to see that T/*x, = f(X)x,, for each
fe H®, so by taking x = x, in (6.2) we see immediately that (6.2)
implies (6.1). Conversely, one can utilize the Corona theorem to
deduce (6.2) from (6.1) (the € of (6.2) has to be made smaller than the
€ of (6.1)); however, we do not know if the latter implication can be
proved directly. Needless to say, such a proof would be very desirable.

Finally, we want to acknowledge that Theorem 6.3 appears as one
of the results of [6]. But the proof in [6] makes use of the Corona
theorem itself, and so is not related to the present discussion.

THEOREM 6.3. Let f, ..., fn € H* and € > 0 be such that
| Tix|® + o )| ThalP = el x|

or every x € H2 Then there exist functions g, ,..., gy € H* such that
y 51 g

figr + o+ fegy = L If|| fillo <1 for each i, then g, ..., gy may be
chosen so that || g; ||, << 4Ne™3.

Proof. Let ¢, ey ,... be the usual orthonormal base for H? (i.e.,
e, = 2*), and let P, be the projection onto [e,, ¢ ,..., €,]. Then the
algebra {T,*: f € H*} of all coanalytic Toeplitz operators is a commu-
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tative subalgebra of the nest algebra alg{P,: n > 0}. The idea of the
proof is the following. The hypothesis of f, ,..., fy implies (and in fact
is equivalent to) the fact that there exist bounded operators B, ,..., By
on H? with 3 B, T} = 1 (see the opening paragraph of Section 4).
We first use the interpolation theorem to conclude that the B;’s can
be found within alg{P,}. By making use of the projection mapping of
Proposition 5.2, we can then find By’s of the form 7, g, € H*, and
the required relation Y f,.g, = 1 will follow
In order to apply Theorem 4.3, we claim that for each » > 0,

LA = P) Tix | = i1 — Pxl, xeH

For that, let S = 7, be the unilateral shift. Then 1 — P, = S»S*n,
n > 0, and since S* commutes with 7* for each f € H®, we have

(1 — Pp) Ty*x | = || S"S**T % ||
= [ §*Ti¥x || = | T;*S*"x].
Hence,

I — P Tix P = L) T58*s P
* k
> | S |f = e SnS*nx|t = (1 — P,

as asserted. So by Theorem 4.3 we may find operators B, ,..., By €
alg{P,} such that 3 B, 7T} = 1. Moreover, if [ f;]lo < 1 for each 4
then || T# || < 1, and we may even assume || B; || < 4Ne™2

By taking adjoints we obtain 7} B\ * + -+ + Ty, By* = 1, and B.*
leaves [e, , €,,1 ,...] invariant, for every 1 <A< N, n >0.50if o
is the projection mapping of Proposition 5.2, then o(B,*) must have
the form T, , g, € H®, and we have || g, [lo = || Ty, || = || o(B,*)l| <
| By |l- Applying o to the above formula we obtain

1 =o(l) = Y o(7,,B:")

k

= Z O(Bk*) Tflc = Z Tﬂkak = Z TfkTﬂk .

The desired conclusion ¥ f,.g,. = 1 is now immediate from the fact
that the map f e H® > T is an algebra monomorphism. ||

Note added in proaf. Since this paper was written, the author has heard from C. F.
Schubert, and later from William Helton, that the application to Toeplitz operators
(Theorem 6.3) can also be deduced from results associated with the lifting theorem
for pairs of commuting contractions. While these methods do lead to a shorter proof
of Theorem 6.3 itself, they are closely tied to properties of unilateral shifts, and hence
do not apply to the more general interpolation theorems of Section 4.
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