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Introduction

This paper is concerned with the relation between certain non-self-
adjoint algebras of operators on Hilbert space and their invariant subspace
lattices. Given an algebra @ of operators on a Hilbert space, the notation
lat @ will mean the lattice of all (self-adjoint) projections whose ranges are
invariant under every operator in @; dually, with every lattice £ of projec-
tions, one associates the algebra, alg £, of all operators which leave each
element of £ invariant. An algebra @ is called reflexive [16] if it satisfies
the condition @ = alg lat @ (lattices of projections with the corresponding
property, £ = lat alg £, are also called reflexive). It seems appropriate to

1 This research was supported in part by a grant from the N.S.F.
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think of this property as generalizing the “double commutant” property
of weakly closed self-adjoint algebras.

In practice, the knowledge that a given algebra @ is reflexive allows
one to reduce many questions about the algebra to questions about the
lattice, lat @. So one is lead to consider two general problems: first, how
does one determine if (@ is reflexive, and second, how does one approach the

analysis of lat ? This paper is the result of a study of these two problems
for a special class of operator algebras.

In Chapter I we discuss commutative subspace lattices, that is, lattices
of mutually commuting self-adjoint projections which are closed in the
strong operator topology. It is shown that such lattices are always
reflexive. This depends on a “spectral theorem” which gives a description
of such lattices in concrete terms, and on a procedure for constructing
certain types of operators associated with these lattices. Basic to the
results of Chapter I, and to much of the rest of the paper as well, is the
notion of a partially ordered measure space introduced in Section 1.1.

Chapter II concerns operator algebras which contain a maximal abelian
von Neumann algebra. This category of algebras can be regarded as dual
to the category of commutative subspace lattices in the sense that a pro-
jection lattice £ is commutative if, and only if, the corresponding operator
algebra alg £ contains a maximal abelian von Neumann algebra. It is
shown that every such algebra (@ (which is closed in, say, the weak operator
topology) is pre-reflexive in the sense that (0 and alg lat @ have the same
diagonal (Section 2.1); however (@ need not be reflexive in general (Section
2.5). The problem of determining when ( is reflexive can be reduced to a
problem about the commutative subspace lattice lat I, which, in turn, is
shown to be closely analogous to the problem of spectral synthesis in
commutative harmonic analysis (see Section 2.2). As it turns out, it is
possible to characterize the desired property in a usable way, and this
leads to a number of new results on reflexive algebras. Some further
applications of these techniques are given in Sections 2.3 and 2.4.

In Chapter III we discuss certain aspects of the general problem of
classifying (infinite) complete distributive lattices. This is closely connected
with the problem of classifying certain reflexive algebras with respect to
similarity; indeed, if @ and & are operator algebras whose invariant sub-
space lattices can be shown to be non-isomorphic as lattices, then of course
one concludes that (@ and & cannot be similar as operator algebras. The
main results are a unique factorization theorem (Section 3.3), and the
existence of a numerical invariant for these lattices which is somewhat
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reminiscent of the entropy invariant of ergodic theory (Section 3.5). These
results lead to the solution of classification problems for certain reflexive
operator algebras.

Finally, it is essential for the techniques of this paper that all Hilbert
spaces be separable or finite-dimensional. Throughout the paper, the
notation £(X) (resp. €(I()) denotes the algebra of all bounded (resp. compact)
operators on J(.

Thanks are due to Alan Hoppenwasser, who read the entire manu-
script, improved several proofs, and offered many helpful suggestions.

Chapter I. Reflexive Lattices

1.1. Partiallly ordered measure spaces

The theory of (commutative) Boolean o-algebras of projections on
Hilbert spaces is well understood, and is intimately connected with measure
theory. The standard technique for analyzing a Boolean algebra & of
projections on a Hilbert space J( is to realize JC as the space L*(X, m)
(where (X, m) is a positive measure space) in such a way that % becomes
an algebra of multiplications by characteristic functions of certain mea-
surable subsets of X. When J( is finite-dimensional, this procedure of
course amounts to nothing more than finding an orthonormal basis for JC
with respect to which the matrices of the projections in $ are all diagonal.
In general, the Boolean algebra may not be multiplicity-free, and therefore
the subsets of X that represent elements of @ may form a proper sub
o-field &F; of the o-field of all measurable subsets of X. In turn, this gives
rise to an equivalence relation in X:a ~ y iff y.(x) = y:(y) for all Ee ¥,
where %, denotes the characteristic function of E.

Now suppose that, instead of a Boolean c-algebra, one starts with a
commutative o-lattice £ of projections on J. We will see in Section 3 that
it is possible to introduce “coordinates” for JC with analogous properties,
except that in place of the equivalence relation ~ one ends up with a
quasi-ordering of the points of X. Now for most purposes, the equivalence
relation described in the preceding paragraph is more or less incidental to
the analysis of the Boolean algebra ®; for instance when 3 is multiplicity-
free then ~ is the trivial relation v ~ y iff # = y. On the other hand, in
the case of lattices the ordering is intimately connected with the structure
of the lattice, and it will occupy a central position throughout most of this
paper.

A partially ordered Borel space is a pair (X, <) consisting of a Borel
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space X (that is, a set X along with a distinguished o-field of subsets of X,
whose elements will be called Borel sets) and a relation < in X which is
transitive and symmetric, but we allow the possibility that « <y and
y < x for distinct elements  and y. This terminology is somewhat at odds
with [8] (in [8], < would be called a quasi-ordering), but it is convenient
for our purposes. Note for instance that an equivalence relation qualifies
as a partial ordering. If, on the other hand, < y < x does imply that
x =y, then < will be called strict.

A subset E < X is called increasing if, for each xe Fandye X, 2 <y
implies y € E; decreasing sets are defined in the obvious way. We define
L(X, <) to be the family of all increasing Borel subsets of X. L(X, =) is
a o-lattice of subsets of X in the following sense:

(i) @ and X belong to L(X, =).

(i) IfE, E,, --- ¢ L(X, £),thern U.E,c L(X, =) and N.E,.c L(X, =).
Note that o-lattices behave much like o-fields, the difference being that
one is unable to take complements in o-lattices. Note also that when =< is
the “indiscrete” partial order, in which 2 <y for all x, ye X, then
L(X, £)={w, X} is trivial. It can happen that L(X, <) is trivial for other
partial orderings as well; we now want to introduce a very tractable class
of partially ordered Borel spaces which, among other things, does not
exhibit this pathology.

DEFINITION 1.1.1. A partially ordered Borel space (X, <) ts called
standard if X is standard as a Borel space, and there exists a sequence
fis foy =+ of real-valued Borel functions on X such that, for all z, ye X,
v =y uf ful®) = fuy) for every n = 1,

Recall, incidentally, that a Borel space X is called standard if X is
(Borel) isomorphic to a Borel subset of some separable complete metric
space in its relative Borel structure (in this terminology we will follow
Chapter 3 of [3]).

Now if (X, <) is standard, then the o-lattice L(X, <) completely
determines the order relation < in the sense that x < y if and only if,
1) < 1:(y) for every Ee L(X, <). Indeed, if @ < y then by definition of
increasing sets we have y.(v) < xux(y) for every Ee L(X, <); and the
converse results from the following:

ProPOSITION 1.1.2. If (X, £) s standard, then L(X, <) contains a
sequence E\, E, «-- such that © <y iff %, (®) = %, (¥) for every n.

Proof. Let fi, fi, -+ be a sequence of functions satisfying Definition
1.1. Fix n = 1. For each rational real number », the Borel set A4, , =
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{e: fu(®) = »} is increasing, because if y =& and f,(x) = » then f.(y) =
fu®) = ». Thus A,,e L(X, <). On the other hand, for each n and for
every pair of points x, y € X, we have f,(z) < f.(y) iff Aa, (¥) = Xa,,.(y) for
every rational ». The required sets E,, E,, --- are obtained by enumerat-
ing the elements of {4, ,:n =1, re Q}. ]

Ezample 1.1.3. The simplest example of a standard partially ordered
Borel space is X = R", » = 1, with the partial order

(X, o+, @) =Yy -, va) iffw, Sy, forall i,
The required functions f;, ---, f, are of course the n coordinate functions.

Example 1.1.4. Let 2 = {0, 1} be the two element partially ordered set
with its usual ordering (0 <0 <1=<1), and let 22 =2 x 2 X ... be the
product of countably many copies of 2. With the usual produect Borel
structure, 2° becomes a standard Borel space. For every nonvoid set S
of positive integers, define a partial ordering <; by

(), Ty vo0) s Yy, Yoy +-+) iff w; < y, for every 1€ S .
Again, this order is standard since it is determined by the Borel functions
{fi: 1€ S}, where f; is the 7" coordinate function. In the case where S
consists of the even integers 2, 4, 6, ---, <, will be called the even ordering
on 2%,

Example 1.1.5. Let E be a (real) separable Banach space. Then the
Borel structure generated by its norm topology makes E into a standard
Borel space, and thus the Cartesian product X = E x R of E with the real
line is standard in its product Borel structure. For (z, s), (v, t) e X (with
®,ye E, s,tcR), define (v,s) <(y,t) to mean ||y —a||<t—s. The
required sequence f,, f,, --- is defined as follows. Since X is separable, the
unit ball of the dual of X is compact and metrizable in its relative weak*
topology, and thus has a countable dense set o, 0., ++-. Define f,, f, «--
on X by fu(x,s) = p.(») +s. Noting that sup,p.(x) =|/z||, a routine
verification will now show that (», s) < (v, ¢) if, and only if, f,(z, s) < f.(v, )
for all » = 1. Thus, (X, <) is standard. Of particular interest in special
relativity is the example obtained from E = R" with its Euclidean norm;
here the order (v, s) = (¥, t) expresses the fact that the vector (v, t) is
space-like relative to (v, s) and occurs later in time (this example is discussed
further at the end of Section 2.2).

Example 1.1.6. Let JC be a separable Hilbert space and let (X, <) be
the partially ordered set of all (self-adjoint) projections on JC. The unit
ball of £(7() is a separable complete metric space in the strong operator
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topology, the projections form a closed subspace, and therefore X is a
standard Borel space in the Borel structure generated by its relative
strong operator topology. To define the sequence f,, let &, &, --- be a
countable dense set in J(, and define f,(P) = (P&, &), n =1,2, ---, for
every projection P. Each f, is a Borel function (in fact, a continuous
function) on X, and clearly P < Q iff f,(P) < f.(Q) for every n. Thus,
(X, £) becomes a standard partially ordered Borel space. In this example,
X is even a complete lattice (though it fails to be a topological lattice [8]
since the lattice operations are not strongly continuous).

Remarks. The reader will be able to supply additional examples of
his own. We now want to illustrate the type of pathology that occurs with
non-standard partial orderings by giving two examples. The first simply
imitates the known misbehavior of equivalence relations, while the second

shows how even innocent-appearing (non-standard) partial orderings can
exhibit related pathology.

For the first example, let X be the real line with its usual Borel struec-
ture and define * <y to mean y — v is rational. Then < is an equivalence
relation and L(R, <) consists of all Borel sets which are invariant under
all rational translations. Since the rational translations act ergodically on
R with respect to Lebesgue measure, we see that for every Eec L(R, =),
either E or its complement has Lebesgue measure zero. Thus the partial
order < is trivial in the sense that the image of L(R, <) in the measure
algebra of Lebesgue measure is the trivial lattice {0, 1}; in other words,
L(R, <) is too “thin”. On the other hand, we note that < is not standard.
Indeed, the equivalence class {y € R: ¢ < y} of each x ¢ R is countable, and
therefore has Lebesgue measure zero. This, together with the preceding
observation and known results about Borel structures, implies that there
is no sequence E, E,, --- of Borel sets such that @ < y iff x, (¥) = X:,(¥)
for all n (e.g., [3, Theorem 3.3.5]).

As a second and more interesting example, let X = R? (usual Borel
structure) and define (z, y) < (2/, ¥’) in R* to be the dictionary order x < o/,
or v =2’ and y < y’. Note that this partial order is strict, and is in fact a
linear ordering of R*. We show first that (R?, <) is not standard.

By 1.1.2, it suffices to show that no sequence of sets in L(R, <) can
separate points. Let E, be such a sequence. A few moments, thought
shows that each F, must have the form E, = (z,, ) x RU{2,} x F,,
where F, is a Borel subset of R. So if » is any element of R such that
¢ = x, for every m, then no pair of points (x, y¥) and (w, z) can be dis-
tinguished by the E,.
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The reason this ordering of R? is not standard is essentially because
its vertical component is too “weak”. To illustrate this in concrete terms,
let m be two-dimensional Lebesgue measure. Define a new order, <,, of R?
by (x, ¥) <. (¢, ¥') iff © <2’. Then <, is clearly standard, <,, is a weaken-
ing of < in the sense that » < q implies » <,.q, and the preceding para-
graph shows that L(R? <) and L(R’ =,) determine the same lattice in
the measure algebra of m. Thus the vertical component of < isirrelevant
with respect to Lebesgue measure. Note that this “standardization” <,, of
<, relative to m, is uniquely determined by the third condition above in the
sense of the corollary of 1.1.11 below.

This standardization process can be carried out in general, in the
following way. Let X be a standard Borel space and let < be an arbi-
trary partial ordering of X. Suppose < is not standard. Then for every
o-finite measure m on X there is a standard ordering <, of X such
that # < y implies ¢ <, ¥, which is equivalent to < in the sense that
L(X, <) and L(X, <,) agree modulo m, and which is unique in the sense
of the corollary of 1.1.11 below (the existence of <, can be deduced by
the techniques employed later on in this chapter, the exact details of which
we omit). So in this sense one may regard non-standard partial orderings
as having been obtained from standard orderings by adding conditions
which are measure-theoretically irrelevant (note, however, that the
standardization <,, will in general depend on the particular measure m).
In any case, these remarks show that for measure-theoretic purposes all
partial orderings can be taken to be standard.

Finally, we remark that in the first example where X =R and v < y
means ¥y — v € Q, the standardization of < relative to Lebesgue measure
m is the indiscrete order, in which © <,, ¥ holds for all z, y € R.

We now return to the general discussion. By an order isomorphism of
one partially ordered Borel space (X, <) onto another (Y, <), we mean a
bijection ¢: X — Y such that:

() = =y uf () = 4(y), and

(i) ¢ induces an isomorphism between the Borel structures of Y and X.
(X, <) and (Y, <) are said to be order isomorphic whenever such a map ¢
exists. According to the following result, condition (i) above can usually
be replaced with an equivalent condition on the set mapping induced by ¢.

PROPOSITION 1.1.7. Let (X, £)and (Y, <) be standard partially ordered
Borel spaces, and let ¢: X — Y be a Borel isomorphism. Then ¢ is an order

isomorphism if, and only if it induces an isomorphism between the
a-lattices L(Y, £) and L(X, =).
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The proof, a routine application of Proposition 1.1.2, is left for the
reader.

A partially ordered Borel space (X, <) is called a subspace of (Y, <)
if X is a subspace of Y in the sense of Borel spaces, and the order on X is
inherited from that of Y.

LEMMA 1.1.8. Ewvery standard partially ordered Borel space is order
1somorphic to a Borel subspace of (2%, <), where < s the even order on 2.

Proof. By 1.1.2, we may find Borel sets E,, E,, --- in the given space
(X, =) such that » <y iff ¥ () < Xz, (v) foralln =1,2, ---. Moreover,
since the Borel structure of X is standard we may find a sequence F,, F}, -«
of Borel sets in X which generates the Borel structure of X and separates
points. Now define a map ¢: X — 2% by

3(®) = (Xr,(®), L5,(®), Ar(®@), Lay(®), <++) .

Letting C, = {(¥, ¥s, +++)€2”: y, = 1}, we have ¢7'(Cy) = E, and ¢ (Cy—,) =
F,k=12 -+, 80 that ¢ is a Borel map. Since the sets {F,} separate
points in X, ¢ is also 1-1. Thus, ¢(X) is a Borel subset of 2~ and ¢ is a
Borel isomorphism of X onto ¢(X) in its relative Borel structure (|3,
Theorem 3.3.2]).

Now by definition of the sets E; we have » <y in X iff 2,,(x) < x,,(v)
for all 4 = 1. This is equivalent to ¢(x) < ¢(y), by definition of ¢ and the
even order on 2%, N

If E is a subset of a partially ordered set (X, <), we will write E+
(resp. E7) for the set of all y € X for which there is an element z = z,e¢ E
with @ < y (resp. © = y). Note that F is increasing iff £ = E*, and similarly
for decreasing sets. The maps E+ E* and E+— E~ preserve arbitrary
unions, but not intersections. When E is singleton {x}, we will write E+ as
[#, + ) and E~ as (— o, z]; note that in general E+ is the union of all
“intervals” [z, + =) as @ runs over E.

The essential idea behind the proof of the following lemma is due to
Paul Chernoff, who kindly consented to its inclusion here.

LEMMA 1.1.9. Let (2, <) be the Cantor space with its usual Borel
structure and the even ordering. Let Ly(2%, <) be the o-lattice generated
by @, X, and the sets Cy, k = 1,2, «++, where C, = {(x,, ,, +++) €212, = 1}.

Then for every finite positive Borel measure p on 2° and every
p-measurable increasing set E = 27, there is an element F' € L,(2%, <) such
that F S E, and f(E\F) = 0, ¢ denoting the completion of .
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Remark. We have made use of the usual terminology above, in that
a ft-measurable set is one which differs from a Borel set by a subset of a
Borel set of /t-measure zero, and 7 denotes the usual extension of /¢ to the
o-field of /¢ measurable sets.

Proof. 2% becomes a compact metric space in its usual product topology.
Note that this topology generates the given Borel structure.

First, we claim that E~ is closed whenever E is a closed set in 2~.
Indeed, the set G = {(z, y) € 2° x 2=:y < a} is clearly closed in the product
topology of 2% x 2= and is therefore compact. Let P,(z, y) =« be the
canonical projection of 2° x 2 onto the first coordinate space. The con-
clusion follows since £+ can be expressed as the image of the compact set
G N 2° x E under the continuous function P,.

Second, we claim that every closed increasing set belongs to L,(2%, <);
equivalently, every open decreasing set belongs to the o-lattice generated
by @, 2%, and the complements of C,, C,, C;, ---. For that, fix U, a nonvoid
open decreasing set. Now for each n =1 and every sequence ¢ =
(e &, +++, &,) of 0’sand 1’s, let E(e) = {(x,, @y, +++)e2™i 0, =¢, 1 <1 < 2n}.
The family {E(¢)}, as ¢ runs over all such finite sequences with an even
number of terms, becomes a base for the topology on 2*. Now for ¢ =

’ (e, &, *+-, &,), note that

1.1.10 EE) ={ve2”ix, e s < € v 00, gy = €5 -

Indeed, the inclusion & is clear from the fact that the set on the right is
decreasing and contains E(¢). Conversely, if v €2~ is such that x,, < &,
for1<k < n,defineye2” by y, =¢ for1 <i=<2n, and y, = 1 for ¢+ > 2n.
Then ye E(¢), and x <y by definition of the even order; this proves
x € E(¢)". Note also that the set on the right is an intersection of n sets,
each of which is of the form 2% or 2*\C,,, 1 <k < n. We conclude that E(¢)~
belongs to the required o-lattice, for every such ¢. Returning now to the
open decreasing set U, we can find a sequence ¢, ¢, --- such that U =
U,;E(e;). Thus, U= U = U{E(,;)"), and the claim is immediate from
this.

Turning now to the proof of the lemma, let £ be a /t-measurable
increasing set in 2°. By regularity of %, there is a sequence of compact
sets K, such that K, < K,., & E and (E\K,) —0 as n— <. Since E
is increasing we have K, = E for every =n, and by the first claim, each
K isclosed. Since K, & K, we have Z(E\K,)— 0, and thus Z(E\U.K,) =
0. By the second claim, each K, belongs to L,(2~, <) and therefore so does
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their union. This proves that the set F' = |J,K, has all the stated pro-
perties. O

We come now to the central concept of this section. By a partially
ordered measure space we mean a triple (X, <, m) consisting of a partially
ordered Borel space (X, <) and a g-finite positive Borel measure m on X;
(X, <, m) is called standard if (X, <) is standard. Now with each measure
m on (X, <) we may define a new o-lattice L,(X, <) of subsets of X,
consisting of all Borel subsets £ < X which are almost tncreasing in the
sense that there is an m-null Borel set N & X (depending on E') such that,
forallz, ye X\N, xe E and y < ¢ imply y€ E. L,(X, =) clearly contains
L(X, =), and the inclusion may be proper.

On the other hand, suppose & is a countable subfamily of L(X, <) such
that @ < y iff y.(v) < x:(y) for all Ec&. Then we define L.(X, <) to be
the o-lattice generated by &, @, and X. We therefore have

and it will be useful for us to know when these three o-lattices determine
the same lattice in the measure algebra of m. According to the following
theorem, this is always true in the “reasonable” cases.

THEOREM 1.1.11 Let (X, <, m) be a standard partially ordered mea-
sure space, and let & = {E,, E,, ++-} be a countable subset of L(X, <) such
that © <y iff fr,(®) = %, () for all n. Then for every set Be L,(X, =),
there is an Ae Le(X, <) such that m(AAB) = 0.

Proof. Since the theorem only involves null sets of m and since every
o-finite measure is equivalent to a finite measure, there is no loss if we
assume m is finite.

Now consider the Cantor space 27, with the even partial ordering, and
let C, be the k* cylinder {(z, »,, -++)€2: 2, = 1}. By 1.1.8, there is an
order isomorphism ¢ of X onto a Borel subspace of (2%, <). Moreover, if
(E, E,, ---} is the given sequence in L(X, <), then the proof of 1.1.8
shows that ¢ can be chosen so that E, = ¢7(C,,) and ¢(&,) = Cyu N ¢(X).
So after the obvious identification, we may take X as a Borel subset of 2%,
E,as C,, N X, and < as the (relative) even ordering on X.

Now let B be a Borel set in X and let N be an m-null Borel set in X
such that a, ye X\N, 2€ B, y = « implies y € B. Now the mapping A &
2=+ A N X carries the o-lattice generated by », 2%, C,, C,, C,, - -+ onto the
o-lattice generated by ¢, X,C,N X,C,N X, C; N X, ---, namely L¢(X, <)
(this requires a very simple argument, which we leave for the reader).
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Thus the theorem will be proved if we produce a set A, in the o-lattice
generated by ¢, 2%, C,, C, C,, --- such that B and 4, N X agree almost
everywhere (dm).

A, is constructed as follows. Define B, =2~ as the set of all points y € 27
which are = some point of B\N. It is clear that B, is an increasing subset
of 2°. Observe next that BN X< BUN. For if ye B, N X then there
is an & € B\N such that v < y; if y does not belong to N then y € B because
of the properties of B and N. It follows that

BINS B,SBUNU@2"\X).

Thus, if we define a measure /¢ on 2% by #(S) = m(S N X), then the preced-
ing formula implies that B, differs from the Borel set B by a set of -
measure zero (note that /(N) = m(N) = 0 and /(2°\X) = 0), so that B, is
p-measurable. By Lemma 1.1.9 there exists 4, in the o-lattice generated
by @, 2=, C,, such that 4, = B, and B,\4, is contained in a Borel set of
t-measure zero. Clearly A, N X< BN X<E BUN, and the preceding
implies that the difference (B U N)\(4, N X) is a set of m-measure zero. [ ]

Problem. Let (X, <) be a standard partially ordered Borel space, and
let E, E, «-- be Borel sets such that « =< y if and only if x; (v) = Xxz,(¥)
for all n. Then does {®, X, E,, E,, ---} generate L(X, <) as a o-lattice?
This is a lattice theoretic counterpart of a known result about o-fields (e.g.,
see [21], or Theorem 3.3.5 of [3]). Note also that 1.1.11 above implies that
the answer is yes up to sets of measure zero (relative to any o-finite
measure on X).

If @ B are two families of Borel sets in a measure space (X, m), we
say that @ ~ B (mod m) if every element of @ differs by an m-null set
from some element of &, and vice versa.

COROLLARY. Let X be a standard Borel space, let <, and <, be two
standard partial orderings of X, and let m be a o-finite measure on X.
In order that L(X, <)) ~ L(X, =,) (mod m), it is necessary and sufficient
that there exist a Borel set N of measure zero such that, for all =, ye X\N,
=y e =,y.

Proof. For sufficiency, note that the hypothesis implies that L, (X, <,)=
L,(X, £,). From 1.1.11 we know that L(X, <,) ~ L,(X, =,) (mod m), for
1 = 1, 2, hence the desired conclusion.

Conversely, suppose that L(X, <) ~ L(X, <,) (modm). We will
produce a Borel set N of measure zero such that, for all z, ye X\N, 2 <,y
implies <, y (the full conclusion clearly follows from this by symmetry).
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Since <, is standard, there is a sequence F', F,, --- in L(X, <.) such that
v <,y iff 1, (@) = %, (y) for all n. By hypothesis, we can find E, € L(X, <))
such that m(E,AF,) = 0. Let N be the null set U, E,AF,, and note that

Xe, @) = %p, (&), n =1,2, -+, for every v X\N. Thus, if x, ye X\N and
¥ =,y, then for every » =1 we have x, (¥) = 1:,(®) = Xz, () = X, W),
hence » <, y. O

Remanrks. This corollary is false if one of the two orderings fails to
be standard. For example, let X = R? let (v, y) <, (¢, ¥’) mean < 2, and
let (z, y) <, (¢, ') be the dictionary order: x < &/, or ¢ =2’ and y < y'.
Then <, is standard while <, is not. Taking Lebesgue measure on R* as
m, we see from the remarks following 1.1.6 that L(R? =<,) ~ LR} =,)
(mod m). On the other hand, we claim that if E < R*? is a Borel set for
which <, and <, agree on E, then m(F) = 0. For that, consider the inter-
section of E with any vertical line L. Now <, identifies all points of
E N L, while <, is strict; since <, and <, agree on E we conclude that
E N L contains at most one point, and in particular has linear measure

zero. The conclusion m(E) = 0 now follows from Fubini’s theorem.

We conclude this section by describing a broad class of standard
partially ordered Borel spaces.

THEOREM 1.1.12. Let X be a separable locally compact metric space
and let < be a partial order on X whose graph G = {(z, y): y < «} is closed
in X x X. Then (X, <) is standard in the Borel structure gemerated by
its topology.

Proof. Since the Borel structure of X is clearly standard, it suffices to
produce a sequence F, F,, .- of increasing Borel sets such that y, (x) =
Xr, (), » = 1, implies @ < y.

Since the complement of G is open we may find, for each point (2, y) €
G, compact neighborhoods K, and L, of x and y, respectively, such that
K, x L, = X x X\G. By the Lindelof property, there is a subsequence of
{K, x L,} whose interiors cover X x X\G, and thus we obtain a sequence
of compact rectangles K, x L, whose union fills out the complement of G.

Now define F', = L, . Since X itself is o-compact, an argument very
similar to the first part of the proof of 1.1.9 shows that F, is o-compact,
and in particular is a Borel set. Choose 2, y € X such that 2 £ y; we want
to show that there is an n such that yx, () =1 and %, (y) = 0. Indeed,
since (y, ©) ¢ G there is an n such that ye€ K, and x€ L,. Noting that
K.N L, =@ (because K, x L, misses G), we see that ye L, and xe L;,
as required. |
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1.2. The subspace lattice £(X, <, m)

By a subspace lattice we mean a family of self-adjoint projections on
a Hilbert space which contains 0 and 1, is closed under the lattice opera-
tions V and A, and is closed in the strong operator topology. It is easy to
see that subspace lattices are complete as lattices, and that every reflexive
lattice is a subspace lattice (i.e., is strongly closed). A subspace lattice is
called commutative if its elements all commute with each other.

Throughout this section, (X, <, m) will be a fixed standard partially
ordered measure space. We shall introduce a commutative subspace lattice
associated with (X, <, m) and describe its relation to the partial ordering
on X. Let B(X) denote the o-field of all Borel sets in X. Each set E in
B(X) gives rise to a projection P, acting in L*( X, m), namely the operator
which multiplies functions in L*(X, m) by the characteristic function of E.
The map E+— P, is of course a projection-valued measure, and the family
{P,: Ec B(X)} is a maximal abelian family of projections, in the sense
that it coincides with the family of all projections which commute with
each of its members. In particular, {P,; E<c $B(X)} is closed in the strong
operator topology, and is therefore a commutative subspace lattice. We
define

X, =, m) ={P;: Ec L(X, £)}.
Clearly £(X, =, m) is a sublattice of {P,: Ec $(X)}, which contains 0 and 1.
ProrosiTION 1.2.1. £(X, <, m) 1s a subspace lattice.

Proof. We have to show that £(X, <, m) is strongly closed. Since
L*X, m) is a separable Hilbert space, we need only prove that if P, isa
sequence in £(X, <, m) which converges strongly to an operator T, then
Te L(X, =, m).

Clearly T must be a projection, and so the preceding remarks show that
there is a Borel set E such that 7' = P,. Let & be any strictly positive
function in L*X, m). Then the finite measure n(S) = (Ps&, &) is equivalent
to m, and moreover n(EAE,) = || P.s — P, %l —0 as n— . By passing
to a subsequence of {E,} we can assume that n(EAE,) <2, n =12, --..
Nowput E. =N _ U;_, E.. A familiar estimate shows that n(EAE.) = 0,
while clearly E_e L(X, <). This proves that P, = P,_c (X, <, m). []

The following result, closely related to the corollary of 1.1.11, will be
useful below.

THEOREM 1.2.2. Let & = {E, E,, -++} be a sequence of Borel sets in X
and let L5 be the subspace lattice generated by (Py: Ec &), 0, and 1. Then
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Le = X, £, m) if, and only if, there is a Borel set N of measure zero
such that, for all ©, ye X\N, © < y off 1x,(@) = %z, (y) for all n = 1,2, ---.

Proof. Define a new standard order =, in X by v <,y iff y; (v) =
%z, (y) for all n = 1. Assume first that £; = &(X, <, m). This clearly
implies that L(X, <,) ~ L(X, <) (mod m), so that the conclusion follows
by the corollary of 1.1.11.

Conversely, assume there is a null set N such that < and =, agree on
X\N. The same corollary implies that L(X, <,) ~ L(X, <) (mod m), and
hence £(X, <,, m) = £(X, =<, m). Byl.litself, we conclude that £(X, <,, m)
is generated as a o-lattice by 0, 1, and {P,: E<c &}, and in particular this
sequence of projections generates £(X, <, m)=L£(X, <, m) as a sub-
space lattice. J

COROLLARY 1. £(X, <, m) is linearly ordered iff there is a Borel set N
of measure zero such that < tnduces a linear ordering of X\N.

Proof. Let P, P,, -+ be a sequence of projections in £(X, <, m) which
is strongly dense in (X, =<, m) (here we again use separability of L*(X, m)).
Choose E, € L(X, <) such that P, = P, .

Assume that £(X, <, m) is a chain. Then we claim that the E,’s can
be chosen so as to form a chain of sets. Indeed, for each #, define F, =
U(E.: P, < P,). Clearly F,e L(X, <), E, & F, for every n, and P, = P,
implies ¥, & F, (hence {F,} is a chain). Moreover P, = V {P.: P, = P,} =
P, = P, . The claim follows by replacing E, with F',.

Now {P;:n =1,2, .-} clearly generates £(X, <, m) as a subspace
lattice, and the order » <,y iff ¥, (») =< xr (y) is clearly a linear ordering
on X. The conclusion now follows from 1.2.2.

The converse is routine, and is left for the reader. O

COROLLARY 2. £(X, <, m) is a complemented lattice iff there is a Borel

set N of measure zero such that =< induces an equivalence relation in
X\N.

Proof. Assume that £(X, <, m) is complemented. Now (X, <, m) is
a sublattice of the Boolean algebra {P,: E'c B(X)}, and recall that Boolean
algebras have unique complements. This implies that £(X, <, m) is closed
under the operation P, P.., where E° = X\FE.

As before, choose a countable strongly dense set P, P, --- in
L(X, =, m). Then the sequence P, P, P, P

2, +++ is also dense in
£(X, <, m). Now the partial order =, determined by the sets
{(E, E:, E,, E;, ---} is clearly an equivalence relation; indeed y. (%) = Xz,(¥)
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and XE;(“’) = XE;(?/) imply Xz, (%) = Xz, (y), so that » <,y iff x, (%) = 1z, (Y)
for every n = 1. Now apply 1.2.2 as in Corollary 1.
Again, the converse is left for the reader. M

Recall that a self-adjoint family of operators S is called muliiplicity-
free if the commutant of § is abelian (see Chapter 2 of [3], for example).
Since £(X, <, m) is contained in the multiplication algebra M of (X, m) (a
maximal abelian von Neumann algebra), £(X, <, m) will be multiplicity-
free iff it generates M as a von Neumann algebra. Now since the pro-
jection lattice in the von Neumann algebra generated by £(X, <, m) is the
complete Boolean algebra generated by L£(X, <, m) (this follows easily
from the lore of abelian von Neumann algebras, and we omit the proof),
it follows that £(X, <, m) ts multiplicity-free if, and only if, &(X, <, m) U
(X, =, m)* generates {Pg: Ec B(X)} as a subspace lattice. What follows
is a more useful criterion.

THEOREM 1.2.3. £(X, <, m) s multiplicity-free if, and only if, there
18 a Borel set N of measure zero such that < induces a strict partial
ordering on X\N.

Proof. Assume first that < induces a strict partial ordering on the
complement of a null Borel set N. Now if %, denotes the o-field generated
by L(X, <), then any operator which commutes with £(X, <, m) must
also commute with {P,: K€ $B,}. We will show that the latter contains all
projections P, where F'is an arbitrary Borel set. This will imply that
the commutant of £(X, <, m) is contained in the (abelian) multiplication
algebra of (X, m).

Choose a sequence K, E,, --- in L(X, m) such that 2 < y if and only if
Le, () = Yz, (y) for all n. Note that (E,} separates points of X\N; indeed,
if , ye X\N and x., () = 2z, (y) for all n, then o <y < =, hence x =y
since < is strict on X\N. By [3, Theorem 3.3.5], the sequence of sets
E, N (X\N) generates the full Borel field on X\N. Thus, for each Eec B(X)
there is an E, € @, such that £ N (X\N) = E, N (X\N). Since N has mea-
sure zero, we conclude that {P,: ' c B} contains {P,: Fe B(X)}, as required.

Conversely, suppose £(X, <, m) is multiplicity-free. Let E,, E,, --- ¢
L(X, £) be such that » < y iff ¥, (%) < xz,(y) for every n = 1. We will
produce a Borel set N of measure zero such that the sets {F,} separate
points of X\N (note that this implies < is strict on X\N).

Now 1.2.2 implies that £(X, <, m) is generated as a subspace lattice
by {P;, Pz, +++}. By the remarks preceding this theorem we know that
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X, <, m) U L(X, <, m)* generates {P,: Ec ®(X)} as a subspace lattice.
Thus, {P,: Ec $(X)} is generated by the sequence {P;, Py, Pp, Pr, «-+}.
We again apply 1.2.2, but this time to the (standard) ordering = <,y iff
x =1y, and to the sequence & = {FE, E{, E, E:, ---}. We conclude that
there is a Borel set N of measure zero such that, for x, y € X\N, 7, (¢) =
%z, (y) for every n = 1 implies @ <, y, i.e.,, ® = y. This proves that {E,}
separates points in X\N. O

Two partially ordered measure spaces (X, <, m) and (Y, <, n) are
sald to be isomorphic if there are Borel sets, M = X, N & Y, of measure
zero respectively, and an order isomorphism ¢: (X\M, <) — (Y\N, =) such
that m¢™ and » induce equivalent measures on Y\N.

THEOREM 1.2.4. Let (X, <, m) and (Y, <, n) be standard partially
ordered measure spaces. If (X, <, m) and (Y, <, n) are tsomorphic,
then there is a wunitary operator U:LX X, m)— LYY, n) such that
ULX, <, m)U™ = &Y, <, n).

Conversely, if £(X, <, m) and L£(Y, <, n) are unitarily equivalent
and, say, &(X, <, m) is multiplicity-free, then (X, <, m) and (Y, <, n)
are isomorphic.

Proof. Let M= X, N Y and ¢: X\M — Y\N satisfy the conditions
for an isomorphism of (X, <, m) on (Y, <, n).

Let m, be the restriction of m to X\M, and let <, be the restriction
of the partial order < (of X) to X\M. We claim first that £(X, <, m) and
L(X\M, <, m,) are unitarily equivalent. Indeed, the restriction map
f—=fyur defines a unitary map V of LX, m) onto L*(X\M, m,) (because
M has measure zero), and for every multiplication operator L, (where f is
a bounded Borel function on X) we have VL,V = L,, where g = f|y.x-
Let E, E,, ---e€ L(X, <) be such that {P;, P, ---}U{0, 1} generates
(X, <, m) as a subspace lattice. Then it suffices to show that
{(VP, V=, VP, V7, ---}U{0, 1} generates (X\M, <, m,) as a subspace
lattice. Now VP, V™' is multiplication by the characteristic function of
E, N (X\M); so the desired conclusion now follows by an obvious applica-
tion of 1.2.2 to both sequences {E,} (in (X, m)) and {E, N (X\M)} (in
(X\M, m,)).

By symmetry £(Y, <, n) is unitarily equivalent to the “relativized”
lattice &(Y\N, =,, n,), so we are reduced to proving that &(X\M, =, m)
and &(Y\N, =,, n,) are unitarily equivalent; equivalently, modulo a change
in notation, we may assume that M and N are empty, and ¢ is an order
isomorphism of (X, <) on (Y, =) for which m¢™" ~ n.
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Let w be the Radon-Nikodym derivative (dmg¢~'/dn). Then by a
familiar change-of-variables formula, the mapping Uf(y) = w(y)"*f(s'y)
defines a unitary operator from L*X, m) onto L*(Y, n). Moreover, for
every bounded Borel function f on X one has UL,U™" = L. Applying
1.1.7 to the inverse map ¢ ': Y — X, we see that the map F< X
#(E) € Y carries L(X, <) onto L(Y, £); it follows that UL(X, <, m)U* =
£(Y, =<, m), as required.

Conversely, suppose there is a unitary operator U such that
UL(X, <, m)U™ = &Y, <, n), and assume one of the two lattices (and
therefore both of them) is multiplicity-free. Let P(X, m) denote the family
{Pg: Ee B(X)} of all projections in the multiplication algebra of L¥(X, m),
and define P(7Y, ») similarly. By the remarks preceding 1.2.3, ?(X, m) and
P(Y, n) are, respectively, the subspace lattices generated by £(X, <, m) U
X, =, m)* and &Y, =<, n)UL(Y, <, n)*. It follows that UP(X, m)U "=
P(Y, n).

Now, in the terminology of [22], both P(X, m) and P(Y, ») are standard
g-Boolean algebras, and the map P — UPU™' is an isomorphism of P(X, m)
onto P(Y, n). Assume first that both spaces X and Y are uncountable.
Then from the argument on p. 130 of [22], it follows that there is a Borel
isomorphism ¢: X— Y such that UP, U™ = P;y, for every Borel set £ < X.

First, note that the measures » and mg¢~" are equivalent. Indeed, for
every Borel set F'< Y, we have n(F') = 0 iff P, = 0iff Py~ = U'P,U =
0 iff mg'(F) = 0.

Next, choose a sequence E,, E,, --- in L(X, <) which generates L(X, <)
as a o-lattice. By 1.2.2, (P;, P, ---} generates £(X, <, m) as a subspace
lattice, and therefore {Pys,, Psz,, *-*} = U{Pg, Py, ---}U"" generates
(Y, <, n) = ULX, <, m)U™* as a subspace lattice. Applying 1.2.2 again,
there is a Borel set N & Y of n-measure zero such that, on Y\N, w <z iff
sz (W) = Ygiz,(2) for every n=1,2, ---. Thatis, w=ziff g7'(w) < ¢7'(2),
for all w, ze Y\N. Now define M & X by M = ¢ '(N). Then m(M) =0
(because n(N) = 0 and mg™" is equivalent to n), and the preceding shows
that ¢ induces an order isomorphism of (X\M, <) onto (Y'\N, <), completing
the proof in case both X and Y are uncountable.

If, say, X is countable, then m is an atomic measure (it follows from
this that = is also atomic), and the conclusion follows from a rather trivial
adaptation of the preceding argument, which we leave for the reader. []

Remarks. The preceding two theorems show that, at least in the
case of strict partial orderings, the subspace lattices £(X, <, m) are
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classified to unitary equivalence in terms of the isomorphism type of their
associated partially ordered measure spaces (X, <, m). This conclusion
(and related ones) will be of considerable use for technical purposes.
However, it should not be regarded as a “classification theorem” for com-
mutative subspace lattices.

To see why, consider the case where (X, <) = (Y, <) are both the
unit interval with its usual order. Let m be Lebesgue measure, and let »n
be any nonatomic probability measure, singular relative to m. Then
L(X, <, m) and £(Y, <, n) are both totally ordered, and one might hope
to show that they are unitarily equivalent by exhibiting an isomorphism
of (X, =, m) onto (Y, =, ) (that &X, =, m) and £(Y, <, n) are unitarily
equivalent follows from some work of Kadison and Singer [17]). However,
while the identity map defines an order isomorphism between (X, <) and
(Y, =), it does not give rise to an isomorphism of the partially ordered
measure spaces (X, =, m) and (Y, <, n) because of the singularity of «.
Indeed, there is no “obvious” isomorphism of these spaces, and in particular,
1.2.4 does not readily lead to an alternate proof that £(X, <, m) and
L£(Y, =, n) are unitarily equivalent.

Here is an example of a more typical classification problem. As in the
preceding section, let 2 be the Cantor space of all sequences (x;) of zeros
and ones, and define (v;) < (y,) to mean x, < y, for every 1 =1, 2, ---. For
each real number p, 0 < p < 1, let m, be the infinite product measure
m, X m, X --+, where m, assigns mass p to {1} and mass 1 — » to {0}.
Since = is strict, we see from 1.2.3 that the subspace lattice £(2, <, m,
is multiplicity-free, 0 < p < 1. One might guess that (2%, <, m,) and
(2*, =<, m,) are isomorphic for all p, ¢ (and so the corresponding subspace
lattices would be unitarily equivalent). But again, while the identity
map defines an order isomorphism of (2%, <) onto itself, it does not give
rise to an isomorphism of (2%, <, m,) and (2%, <, m,) when p + q; because
in that case, the measures m, and m, are mutually singular. The solution
of this type of classification problem requires a deeper analysis of the
structure of subspace lattices, and will be taken up later in Chapter 3.
In particular, it turns out that £(2%, <, m,) and £(2%, <, m,) are not
unitarily equivalent (or even isomorphic as abstract lattices) when p == ¢
(see the discussion following 3.5.3).

1.3. A speectral theorem for commutative subspace lattices

In this brief section we show that, given a commutative subspace
lattice £ on a separable Hilbert space J(, it is always possible to introduce
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coordinates for J( in such a way that £ becomes the lattice £(X, <, m)
associated with a standard partially ordered measure space (X, <, m). This
is an appropriate analogue of the abstract spectral theorem, which asserts
that every commutative C*-algebra of operators on a Hilbert space is
unitarily equivalent to an algebra of multiplication operators acting on L2
of some measure space.

A partial ordering < of a topological space X is said to be closed if the
graph of <, G ={(y, ) e X x X: 2 < y}, is a closed subset of the Cartesian
product X x X. Recall that a closed partial ordering of a locally compact
separable metric space is always standard (1.1.12).

THEOREM 1.3.1. For every separably acting commutative subspace
lattice L, there 1s a compact metric space X, a closed partial order < on X,
and a finite Borel measure m on X such that £ is unitarily equivalent to
X, =, m).

Proof. Let JC be the underlying Hilbert space. Because J( is separable,
£ contains a strongly dense sequence {P, P, ---}. Now imbed £ in a
maximal abelian von Neumann algebra R, and choose a countable strongly
dense subset {Q, Q., - --} of the projection lattice of R (we may also assume
that {Q.} contains 1). Let @ be the C*-algebra generated by {P,} U {Q.}.
Then @ is a commutative C*-algebra with identity, which is separable in
its norm topology, and which is strongly dense in R. Finally, because R is
maximal abelian and JC is separable, there is a unit vector &e J such that
[RE] = I (see, for example, the corollary of 4.1.4 in [3] for a discussion of
this familiar result).

Let X be the spectrum of (. Then X is a compact Hausdorff space,
and is second-countable because (1 = C(X) is norm-separable. By a standard
theorem of Urysohn, X is metrizable. Let 7#: C(X) — @ be the inverse
Gelfand map. Then there are sequences {E,}, {F,} of closed and open sets
in X such that n(x;,) = P, and 7(};,) = Q., » =1, 2, ---. Define a partial
order = in X to mean ¢ =< y if and only if 7, (¢) = %, (y) for every n = 1.
Note that the graph G = {(y, ©): < y} is closed in X x X because its com-
plement can be expressed as a union |J _ (X\E,) x E, of open rectangles.
Thus, < is a closed partial ordering of X.

By the Riesz-Markov theorem, there is a Borel probability measure m
on X such that

| Fdm = (=% 9)

for every fe C(X). Define a linear map U, of C(X) into JC by U, f —



452 WILLIAM ARVESON

w(f)s. By definition of m, it follows that || U,f || = g | f [*dm, so that U,
extends uniquely to an isometry U of L¥X, m) on’cdX [(t5]. Because @ is
strongly dense in R and [RE] = I(, it follows that U is unitary. Thus, it
remains to show that UL(X, <, m)U ™ = £L.

Now by definition of U it follows (after a routine calculation) that
UL, U™ = zn(f) for every fe C(X), where L, as usual denotes “multiplica-
tion by f”. In particular, letting P(E) be multiplication by the charac-
teristic function of £ & X, we see that UP(E,)U™" =zn()z,) = P, # =
1,2, ---. Now by 1.2.2, £(X, <, m) is generated as a subspace lattice by
{P(E), P(E,), -++}. Thus, U-U™" carries £(X, <, m) onto the subspace
lattice generated by {P, P,, ---}. Since the latter is clearly £, we are
done. ]

Remarks. Since £(X, <, m) is isomorphic to the image of L(X, <)
(a o-lattice of sets) in the measure algebra of (X, m), it it “essentially” a
lattice of sets. Thus, one may regard this representation theorem as an
appropriate analogue, for subspace lattices, of a representation theorem
in lattice theory which asserts that every distributive lattice is isomorphic
to a lattice of sets ([8, p. 140]; also, see Section 3.4).

There is also a connection with ordinal products which seems worth
mentioning. Recall that the ordinal product Y of two partially ordered
sets (Y, <) and (X, £) is defined as the subset of the Cartesian product
YY consisting of all functions f: X — Y which are increasing in the sense
that @ < y implies f(x) < f(y). The partial ordering on Y~ is defined co-
ordinatewise: f < g iff f(») < g(x) for all xe X. Taking Y = 2, we see that
the map ¥, — E identifies 2° with the lattice of all increasing subsets of
X. Now if (X, <) and (Y, <) are partially ordered Borel spaces, we may
define an ordinal product Y¥ in a similar way except that now we only
admit Borel fumctions f: X— Y as points of Y¥. Note that 2¥ is now
identified as the o-lattice L(X, <). So given any o-finite measure m on X,
we may define an equivalence relation ~ in 2% by f~ g iff f(&) = g(x)
almost everywhere (dm). Thus, the subspace lattice £(X, <, m) is naturally
isomorphic with the quotient of the ordinal product 2% by the equivalence
relation ~.

1.4 The null set theorem
Until now, we have been concerned with the problem of representing

certain subspace lattices as the lattice £(X, <, m) associated with a
partially ordered measure space. In the remainder of this chapter we will
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take up the problem of constructing “enough” operators in alg £(X, <, m)

=

to prove that £(X, <, m) is reflexive. Ultimately, the solution of this
problem (as well as various problems of Chapter 2 concerning reflexive
algebras) depends in an essential way on a theorem which characterizes
certain types of null sets in the Cartesian product of two measure spaces.
The present section is devoted to a discussion and proof of this measure-
theoretic result.

Let (X, m) and (Y, n) be two measure spaces, and let S be a subset of
the Cartesian product X x Y. S is called marginally null if there are
Borel sets M = X and N < Y such that

(i) m(M) = n(N) =0, and

(i) S Mx YuX x N.

It is clear that the marginally null subsets of X x Y form a hereditary
o-ideal of sets. We will say that two functions f, g: X X Y — C agree
marginally almost everywhere (abbreviated m.a.e.) if {(x, y): f(», v) #
g(x, y)} is a marginally null set. Thus, f(z, y) = 0 (m.a.e.) iff one can modify
fin each variable separately, on sets of respective measure zero, so as to
make f vanish identically.

We first want to point out a simple description of the class of measures
on X x Y which annihilate the class of all marginally null sets. Every
finite positive measure ¢ on X X Y (the domain of ¢ is of course the
product sigma-field on X x Y) gives rise to measures g, 0, on X and Y
respectively, defined by

o(E) =0(E < Y),
o (F) =0(X x F),
where E (resp. F') is an arbitrary Borel set in X (resp. Y). These measures

o, will be called the marginal measures of ¢, by analogy with the marginal
distributions of pairs of random variables in probability theory.

ProposITION 1.4.1. Let (X, m) and (Y, n) be two measure spaces, and
let 0 be a finite positive measure on X x Y. Then d(S) = 0 for every
marginally null Borel set S & X x Y if, and only if, 0, K m and 0, & n.

Proof. Suppose first that ¢, K m and 0, < n. Let S be marginally
null. Then there are Borelsets M= X, N& Y suchthat SSE Mx YUXx N
and m(M) =n(N)=0. Then d(S)Z<o(Mx Y)+ (X x N) =0,(M) +
0,(N) =0+ 0 =0. The converse is equally trivial. ]

In regard to this class of measures, note first that any finite positive
measure ¢ on X x Y, which is absolutely continuous with respect to the
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product measure m X n, clearly satisfies 0, K m and g, € n. As a more
typical example, let X = Y = [0, 1] and take m = » to be Lebesgue measure.
Define o on the square X x Y to be o(S) = m{ze X: (x, )€ S}. Then o, =
o, = m, while on the other hand ¢ is concentrated on the diagonal
{(z, ): x e X}, a set of product measure zero. This example and variants
of it show that the structure of this class of measures is very complex.

Now fix SS X x Y. Then 1.4.1 implies that, if S is marginally null,
then o(S) =0 for every finite positive measure ¢ on X x Y having
absolutely continuous marginals. The main result of this section gives a
converse of that assertion, and can be regarded as a type of duality theorem
for marginally null sets. We begin by recalling some terminology. Let 4
be a linear subspace of the real Banach space C(X) of all real valued
continuous functions on a compact Hausdorff space X. We will always
assume that A contains the constants. Let ¢ be a state of A4, thatis, a
linear functional on A, satisfying || ¢ || = ¢(1) = 1; then M, will denote the
set of all norm-preserving linear extensions of ¢ to C(X). M, is a nonvoid
convex subset of the dual of C(X) which is compact in the weak* topology.
Moreover, the Riesz-Markov theorem allows us to identify M, with the
set of all representing measures of ¢, namely, all regular Borel probability
measures # on X which satisfy

o) =\ fan, fed.

Finally, for such a measure f, we will make the traditional abuse of
notation by using the same symbol for the linear functional determined by

2%
1(f) = Sfd#, feC(X).

The following lemma is a minor variation of the result on page 110 of
[14]. We sketch the proof for completeness.

LEMMA. Let X be a compact Hausdorff space, let A= C(X) be a linear
space containing 1, and let ¢ be a state of A. Then for every uc C(X):

sup {o(x): 0 € My} = inf {3(f): fe A, f = u}.
Proof. The inequality < is trivial, for if o€ M, and fe A dominates
u, then g(u) < o(f) = ¢(f). For =, let @ denote the right side of the
asserted equation. We want to construct o€ M, for which o(u) = a.

Define o, 0n {f + tu: fe A, t e R} by a,(f + tu) = ¢(f) + ta. The inequality
already proved implies that ¢, =0, so an extension theorem of M. G. Krein
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(25, p. 227]) provides a positive linear extension ¢ of g, to C(X). Clearly
o € M,, and o(u) = a by construction. O

THEOREM 1.4.2. Let X, Y be compact Hausdorff spaces, let m, n be
regular Borel probability measures on X and Y respectively, and let K be
a closed subset of X x Y. Assume d(K) = 0 for every regular Borel prob-
ability measure 0 on X x Y satisfying o, = m and o0, = n. Then K 1is
marginally null.

Proof. LetF ={uecC(X x Y): xx <u}. Then ¥ is a decreasing directed
subset of C(X) in the usual order, and every regglar Borel prob-
ability measure o on X x Y gives rise toa net ueF — | wdo. Note first
that, for fixed o, lim, S udo = o(K). Indeed, the limit on the left exists
because the net is monotonie, and clearly S udo = S Lxdo = o(K) for every
u€¥. On the other hand, for each ¢ > 0 we can find (by regularity of o)
an open set G containing K for which ¢(G) < 6(K) + ¢. Urysohn’s lemma
provides a function € C(X x Y) with u =1 on K, u =0 off G, and 0 <
% < 1in between. Thus u e F and

Sudaégxadoga(K)+s,

proving the claim.

Now let A = C(X x Y) be the space of all functions of the form
Mz, y) = f(x) + g9(), fe C(X), ge C(Y), and let ¢ be the state of A defined
by ¢(h) = S hdm x n. Noting that M, consists of all regular Borel prob-
ability measures ¢ on X x Y satisfying o, = m and ¢, = n, we see from
the hypothesis that ¢(K) = 0 for every 0 € M,. From the preceding para-
graph we conclude that lim, \ udo = 0 for every o€ M,. In fact, this
convergence to 0 is uniform over M,; for since M, is weak™ compact and
since the net (o) = \|udo of continuous functions on M, converges
monotonically to zero at every point of M,, Dini’s theorem implies that
SUD;, e 14 S u do tends to 0 as w e F decreases to Y.

Hence we may find a sequence u,, %, --- in C(X x Y) satisfying the
following conditions:

(1) Ax = Upsr = Uy

(i) SUp,eu, S w, do < 27+,

Now apply the lemma to obtain a sequence Z,(x, ¥) = fu(®) + g.(y) in 4
with u, < h,, and
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g fodm + Sgk dn = 6(hy) < 2+ |

Put a, = inf, f.(%), b, = inf, 9.(¥), fi = f. — a1, 9% = g — b,. Then fi and
g, are nonnegative, and we claim 0 < a, + b, < 27!, Indeed, choosing
z,€ X and y, € Y such that a, = f(z,) 2and b, = g(y,) we see that

0 = 2@y i) = u(®y, ¥2) S ap + b = f(2) + 9(y) ,
for all e X, ye Y, so the claim follows by integrating these inequalities

against the probability measure m < n. We conclude that y.(z, y) <
fi@) + g%.(y) + 2%}, and the nonnegative functions f;, g} satisfy

Sf,:dm, gg;dng Sf,idm+ Sg;dn

- g frdm + | gedn — (@, +b) < 27,

Now define nonnegative functions F, e L'(X, m) and G,c L'(Y, n) by
F,=37,f,G., =27, 0. Then we have

(i) SY F.dm, SY G, dn < 2°F,

(iv) F, =2 F..,, G, = Gysyy

(V) 1x(x, ) = Fi(x) + Guly) + 275
By (iv), the nonnegative limit functions F(x) = lim, F(z) and G(y) =
lim, G,(y) exist, and by (iii) and the monotone convergence theorem we
have S Fdm = S G dn = 0. In particular, if M = {re X: F(z)*0}and N =
{ye Y:G(y) = 0}, then m(M) =0 and n(N) = 0. On the other hand, (v)

implies that yi(x, y) < F(x) + G(y), from which we conclude that K =
M x YU X x N, as required. J

Problem. A natural question here is whether this theorem is valid for
more general subsets K of X x Y. In particular, if K is an arbitrary
Borel set in X x Y for which ¢(K) = 0 for every regular Borel probability
measure ¢ with g, = m and o, = n, does it follow that K is marginally
null? The theorem itself implies in this case that every compact subset of
K is marginally null, so that the answer is yes if K is sigma-compact. The
proof of the following theorem asserts that the answer is yes (in the
metrizable case) provided the complement of K can be expressed as a
countable union of Borel rectangles; that includes the case where K is
closed, and is quite adequate for our purposes here. However, the answer
for arbitrary Borel sets K is unknown to us.

NuLL SET THEOREM 1.4.3. Let X, Y be standard Borel spaces and let
1, v be sigma-finite measures on X and Y respectively. Let @ be the class
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of all Borel probability measures ¢ on X x Y for which there is a positive
constant ¢ = ¢, such that o, < ¢/t and g, < cv.

Let S X x Y have the form S = ,_ S,, where each S, belongs to the
Boolean algebra generated by all Borel rectangles E x F, ES X, F < Y.
If 6(S) = 0 for every g€, then S is marginally null.

Proof. We may clearly assume that neither ¢ nor v is zero. Because
!t is sigma-finite, an elementary argument shows that there is a Borel
function w: X — R such that o < w(x) < ¢ < <o for all x, and \ wdp = 1.
Thus m(E) = S w(x) d/(x) defines a probability measure on X such that
nHLm < e, Si?nilarly, we may find a probability measure » on Y and a
positive constant ¢’ such that vy €« » < ¢’v. Let @, be the class of all pro-
bability measures ¢ on X < Y for which o, = m and 0, = n. Then (, S,
so it suffices to prove the following assertion, for S = X x Y as above: if
0(S) = 0 for every oec @, then S is marginally null (relative to the
measures m, n).

First, write S = N, S,, where each S, belongs to the Boolean algebra
generated by Borel rectangles £ x F, E< X, F< Y. Now for each =,
X x Y\S, is a finite union of Borel rectangles, and thus we may find
sequences B, E,, --- < X, F,, F,, --- = Y of Borel sets such that X x Y\S =
U, E. x F,. We now map X x Y into the Cantor square 2% x 27 as
follows. Choose sequences 4, = X, B, & Y of Borel sets such that {4,}

(resp. {B,}) generates the Borel structure of X (resp. Y). Define f: X — 2
and g: Y — 2~ by

f@) = (Z‘il(x)y %e,(®), Y4 (®), Le (), -+ ) )
9@) = (Lo, W), L, W), AW, Ar W), - +) -

Then (see [3, Theorem 3.3.4 and its Corollary 2]) f(X) (resp. g( Y)) is a Borel
set of 2 and f (resp. ¢) is a Borel isomorphism of X (resp. Y) onto its range.
Note also that the product mapping f x g: X x Y — f(X) x g(Y) & 2” x 27
carries S onto K N (f(X) x 9(Y)), where K < 2% x 2~ is the set consisting
of all ordered pairs of sequences (%, %) satisfying Z,, = 0 or 7,, = 0 for every
n =12 ---. Finally note that K is closed (and therefore compact) in the
usual product topology on 2% x 2%,

Now define probability measures p, ¢ on 2 by p = mf ' and ¢ = ng™".
Let ¢ be a Borel probability measure on 2~ x 2% such that ¢, = p and g, = q.
We claim: 0(K) = 0. Indeed, since p(f(X))=m(X) =1 we see that
o(f(X) x 2°) = 0,(f(X)) = 1 and similarly (2" x ¢g(Y)) = 1. This implies
that ¢ is concentrated on
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AX) % a(Y) = (2° % g(V)) N (F(X) x 27) .

Now define a positive measure ¢’ on X x Y by 0'(4) = o(f xg(A4)). Then
for £ = X,

() = 0'(E < V) = o(f(E) * o(Y)) = o(f(E) x 2°) = p(f(E)) = m(E) .

Similarly, o)(F') = »n(F) for F = Y. Therefore ¢’ ¢ @i,, so by the hypothesis
on S we have ¢'(S) = 0. In terms of o, we conclude that

o(K) = o(K N (f(X) x 9(Y))) = a(f(S)) =a'(S) =0,
as asserted.

The compact set K = 2° x 2% therefore satisfies the hypotheses of
1.4.2 (relative to the measures p and ¢q), and we conclude that there are
Borel sets M, N < 2” such that p(M) = ¢(N) =0, and K& M x 2°U2" x N.
Pulling this back under (f x ¢)7!, we obtain S< f'(M) x YUX x g '(N),
where m(f~'(M)) = p(M) = 0 and n(9~'(N)) = ¢(N) = 0. Thus S is mar-
ginally null, and we are done. ]

1.5. Pseudo integral operators

Let (X, m) be a positive measure space. Then certain Borel functions
k: X x X — C give rise to (bounded) integral operators T, on the L” spaces
of (X, m), defined by

T.5) = | o, i @m@y) ve X

(it will be covenient in this section to use the notation m(dy) rather than
dm(y), in such integrals). For instance, if ke L¥(X < X, m x m), then T,
defines a Hilbert-Schmidt operator on L* X, m). In this section we want
to introduce a considerably broader class of operators associated with
measures, rather than functions, defined on X x X.

Let (X, m), (Y, ) be two positive measures spaces, and give X x Y
the product Borel structure. For every complex-valued Borel measure /
on X x Y of finite total variation, let | /¢|(E) denote the variation of f¢ on
the Borel set ¥ = X < Y. Then || is a finite positive Borel measure
and, in turn, we obtain marginal measures ||, | /¢|, on X and Y, defined
by [#|(E) =[p|(E < Y) and [p|(F) =|p¢|(X x F). AX x Y, m, n)
will denote the set of all such measures /£t on X x Y, for which there is a
positive constant ¢ (depending on ) satisfying

[t (E)=em(E), E< X, and
[t (F)Zen(F), FS Y.

Thus, the marginal measures of | /¢| are absolutely continuous with respect
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to m and n, and have bounded Radon-Nikodym derivatives. For pe
A(X x Y, m, n), we define || ¢£]| as the smallest constant ¢ satisfying the
above inequalities. A trivial verification shows that || - || is a norm on the
vector space A(X x Y, m, n). Note also that there is no relation between
this norm and the variation norm | ¢#|(X x Y), for elements ¢ in this vector
space of measures.

THEOREM 1.5.1. Let (X, m), (Y, n) be sigma-finite measure spaces, fix
p,1 < p< oo, and let q be the conjugate index of p, p* + q* =1. Let
pre A(Xx Y, m,n). Then for each fe L*(Y, n), g€ L (X, m), the function
h(x, ¥) = f(y)g9(x) belongs to L'(X x Y, | ¢t|). Moreover, there is an operator
T, from L*(Y, n) into L*(X, m) satisfying

@ N Tull = ] 2ell

(@) <t 0 = || foo@uds, dy,  fe LAY, n), ge L(X, m),
where {-, > denotes the canonical pairing of L*(X, m) and LY(X, m).

Proof. Now for every bilinear form [-, -] on L*(Y, n) x LY(X, m)
satisfying |[f, gl =< al| fllllg]l|, there is an operator T from L*(Y, n)
into L?(X, m), of norm at most a, satisfying [f, g] = (T, ¢) (this is a
simple consequence of the canonical identification of L?(X, m) as the dual of

LY(X, m)). Thus, all of the assertions will follow if we prove that, for
fe LY, n), g€ LY(X, m),

1. 151 19@) 11 1, dy) < 1 ell-1£ 1 L -

Applying Holder’s inequality to the left side, we obtain
SSXXY I f@) |-19(@) -] £ 1(dw, dy)
< (. o e ) (5. 1 )

= (1, r@ i e1@) (] 1e@1 #@)

s el n el g lle = el f il lg lle
because | ¢ |,(dy) = || ¢#]| n(dy) and | ¢t |(dw) = [] ]| m(de). 0

1/q

/g

Remarks. We will give a more concrete expression for these operators
T, below. While one is primarily concerned with the case p = 2, it is of
interest to consider other values of p. To see why, consider the case where
both measure spaces (X, m) and (Y, n) are standard, and # is a posttive
measure in A(X x Y, m, n). If we let || T, ||, denote the norm of T, as an
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operator from L”(Y, n) into L?(X, m), then the preceding theorem implies
that sup,.,<..!/| T ||, = || £¢]]. It is not hard to see that this inequality is actu-
ally equality, that T, defines an operator in the two extreme cases p =1 and
» = + =, and moreover || /¢|| is the larger of|| T\||, and || T,||.. (the latter can
be deduced from the Riesz convexity theorem). Moreover, T, is positive in
the sense that it maps nonnegative functions in N, <,<. L(Y, ) to non-
negative functions in ,c,<. L?(X, m). Conversely, it can be shown that
every positive linear transformation 7 of M, L°(Y, ») into N, L(X, m),
for which ¢ = sup, || T'||, < <=, determines a positive measure fton X x Y
via ng(y)g(x)/t(dm, dy) = {Tf, g>. Moreover, it can also be shown that
satisfies ¢, < em and g, < en. Now if m, say, is a finite measure, then
the condition /¢, < e¢m implies (X X Y) < em(X) < oo, so that pe
A(X x Y, m, n). So in this case, we infer that the operators from L* Y, n)
to L*X, m) which come from positive measures in A(X x Y, m, n) are
precisely those operators which map positive functions to positive functions,
and which also determine bounded operators from L”(Y,n) to L?(X, m) for
every value of p, 1 < p < 4 co.

In the remainder of this section, we will consider the case where
(X, m) is a standard (sigma-finite) measure space, ¥ = X, and » = m. In
place of A(X x X, m, m), we will employ the shorter notation A(X x X, m).
We first want to define a multiplication in A(X x X, m) which will make it
into a normed algebra, and which is appropriately related to operator multi-
plication. In the special case where X is a set with = elements, say X =
{1, 2, ---, n}, and m({i}) = m, > 0, then the elements /¢ of A(X x X, m)
are identified with n x m matrices (a,;) via

US) = > {a.t (4, 5)e S}.
Here, the marginals | /¢|, and | z¢|, are given by
el ({3) = 220 Tass |
I jas lz ({.7}) = E:;l I ai:’] .
and the norm ||/ is the larger of the two numbers max, (1/m,) 3, | ai;|

and max; (1/m;) 3 . |a;;|. In this case, the product of /¢t~ (a;;) and v~ (b))
will turn out to be the matrix (c,;),

n 1
Cij = Ek=1 —,),n/_aikbkj .
k

Thus in the case where m, =1 for all 7, we have the usual algebra of
n X m matrices.



OPERATOR ALGEBRAS 461

In order to define this “matrix” multiplication of measures, we shall
have to make use of the following bit of lore on the disintegration of
positive measures.

LEMMA. Let X be a standard Borel space, let pt be a finite positive
measure on X x X, and let t(F) = p(E x X) be the first marginal of (.
Then there is a map x+— L of X into the space of all Borel probability
measures on X satisfying

(i) x> p*(E) is a Borel function, for every Borel set £ = X,

(i) (S) = S (S vs(@, y)y’(dy))yl(dw) for every Borel set S< X x X.

Since we do rfot flrave a reference for this result, we will sketch how it
can be deduced from a result in [9]. Since every standard Borel space is
Borel isomorphic to a compact metric space (see [21]) and since (i) and (ii)
involve only measures and Borel structures, we may assume that X is a
compact metric space and the Borel structure on X is generated by its
topology. Since the projection p,(x, ¥y) =« of X x X onto its first co-
ordinate space is continuous and since g, = upr', we may infer from page
59 of [9] that there is a map z+ ¢ of X into the set of probability
measures on X for which

(i) z— SXf(y);ﬁ(dy) is a Borel function for every fe C(X),

(i) S hdp = SS h(z, y)p(dy)m(dz) for every he C(X x X) .
Since theXcX:f:a,ss of all Borel functions f (resp. k) for which (i) (resp. (ii))
holds is closed under bounded pointwise sequential convergence, it follows
that (i) (resp. (ii)) holds for arbitrary bounded Borel functions f (resp. h).
The required assertions are now immediate. ]

The disintegration formula (ii) will be expressed by the notation
r(dz, dy) = p*(dy)m(de). There is a similar disintegration of # relative to
the second marginal ,(F') = (X x F'), written p(dx, dy) = p,(dz)p.(dy).

Now let (X, m) be a standard sigma-finite measure space and let p¢
A(X x X, m). We want to employ related disintegrations of &, except
that in place of the marginals of ¢ (or | #]|), we will use the measure m.

PROPOSITION 1.5.3. For every pe A(X x X, m), there exist maps
=, y— ¥, of X into the set of all complex Borel measures on X of finite
total variation, such that

@) [ (X)) = [l el [0 (X)) < ] 2]l forallx,ye X,

(ii) ¢°(E) and p,(E) define Borel functions for every fixzed Borel set
Ec X
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(iii) p(dw, dy) = r#(dy)m(dz) = pe(de)m(dy),

(iv) [¢ldw, dy) = | 17 [(dy)m(de) = | 2, [(dw)m(dy).
Moreover, if v* and v, are two other families of measures satisfying (i), (ii),
and (iii), then v° = p* a.e. (m) and v, = f, a.e. (m).

Proof. For existence, let ¢ = |/¢| be the variation measure of .
Applying the lemma to o, we obtain disintegrations o(dz, dy) =
o*(dy)o,(dz) = o,(dx)o(dy), where each ¢” and g, is a probability measure
on X. Since e A(X x X, m), we have o, < || ¢||-m and o, < || t]|-m.

So by the Radon-Nikodym theorem there are Borel functions w, w, on X
such that 0 < w,(x) < || ||, x€ X, and o,(d®) = w(x)m(dx). Now since ¢
is the variation of /¢, we may find a Borel function # on X x Y such that
|u(x, y) | =1 for all @, y and p«(dx, dy) = w(x, y)o(dx, dy). Finally, define
1 and /¢, by

1 (dy) = u(w, y)w (x)o*(dy)
1,(dx) = u(x, y)wy(y)o,(dw) .

A routine check shows that these measures satisfy (i) and (ii), and since
0,(dz) = w,(2)m(dz), we see that o(dz, dy) = w,(2)o*(dy)m(dx) = wy(y)o (dx)
m(dx), from which (iii) is evident. Finally, since % has unit modulus, the
measure | /¢° | is given by | 17 |(dy) = w,(2)o*(dy), so that

|1 [(dy)m(de) = wi(@)o*(dy)m(de) = o*(dy)o.(dr) = a(dx, dy) .

Similarly, |z, [(dx)m(dy) = o(dz, dy), proving (iv).

For uniqueness, let v be a family of measures having the same pro-
perties (i), (ii), (iii) as £*. We will produce a Borel set N & X such that
m(N) = 0 and v* = £¢* for all x¢ N. Choose a countable Boolean algebra
{F, F,, +--} of Borel sets in X which generates the Borel structure on X.
Now fix 7 =1,2, ---, and consider the bounded Borel functions f;(x) =
1(F;) and g,(x) = v*(F;). Because

e (dy)ym(de) = vi(dy)m(de) (= (dw, dy)) ,
we see that, for every Borel set F S X with m(E) < oo,

| fi@ma) = | a@mida) = (B < F).

Thus f; = ¢; a.e. (m). Let N; be an m-null set so that f;(x) = g;(x) for all
x¢ Nj, and put N = U7, N;. Then for x¢ N, we have ¢*(F;) = v*(F;) for
every j =1,2 --.. Because both p* and v* are countably additive (for
fixed x) and because the Boolean algebra {F, F),, ---} generates the Borel
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field on X, we conclude that p* = v* for every x e N. The uniqueness of
the o, constituents follows by symmetry. ]

We can now define the product =y of two measures /¢, ve A(X x X, m)
when (X, m) is a standard sigma-finite measure space. Choose disinte-
grations

r(de, dy) = rt,(dx)ym(dy) and v(dx, dy) = v (dy)m(dx)

according to 1.5.2. For each ze X, p, x v* defines a complex measure on
X x X of finite total variation. We claim first that there is a nonnegative
function w in L'(X, m) such that |z, x v(S)| < w(z) for every Borel set
S < X x X. For that, put w(z) = || #]]-|v*|(X). Then clearly w =0, w is
measurable, and w is integrable because

S w(z)m(dz) = ll#!l'g v [(X)m(dz) = [[¢][-[ v [(X % X) < ==

(here we use | v* [(dw)m(dz) = |v|(d, dz) and the fact that v has finite total
variation). Moreover, for every Borel set S X x X,

1 x v(S)| =[] x [V I(S) = [ [(X)-[ v [(X) = [ ][ v* [(X) = w(z) ,
as asserted. In particular, the function 2z p, x v*(S) is in L'(X, m) for
each Borel set S & X x X, and we may define a complex valued set func-
tion ftxy by

1=9(S) = S 1, < vi(S)m(dz)

R

for every Borel set S & X < X. The fact that p=v is a measure of finite
total variation also follows from the preceding claim, along with the
dominated convergence theorem. Note finally that, by the uniqueness
statement of 1.5.2, the possible arbitrariness in the choice of f¢, and v,
does not affect ft=v, so that pt=v is well-defined by /¢ and v.

PROPOSITION 1.5.3. The multiplication ttxy makes A(X x X, m) into a
normed algebra.

Proof. We shall only verify that p+v belongs to A(X x X, m) and
satisfies the inequality || p#=v|| < || 2¢]|-]]v|]. For this, note that by defini-
tion of s+ we have |(S)| = S |1e] % | v*|(S)m(dz), so that | psy]| is

dominated by the measure p(S) = g [, | x |v*|(S)m(dz). Hence it suffices
to show that p,(dw) < || £¢]]-[| v ||- m(d) and p(dy) < || ££]]- |V [|- m(dy). Now
for E < X, we have
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p(B) = p(E < X) = | 118 1»1(Om@) = 211 | (Bym@)
= 2| U8 X) = 1211 (E) < 911l ) m(E)

because |v*|(X) < ||v]] for all z and |p|(E) < || ¢]l-m(E). Similarly
D = Il 11w ]]-m. O

Now let G be a Borel subset of X x X. A(G, m) will denote the sub-
space of all measures ¢ which are concentrated on G. We will be most
concerned with those G’s for which A(G, m) is also closed under multipli-
cation. To this end, given G & X x X, we define GoG as the set of all pairs
(®, y)e X x X for which there is a ze X such that (v, 2) € G and (z, y) € G.
To say that GoG = G means that G is the graph of a transitive relation R
on X: G = {(», v): yRa}. Hence, in order that a subset G of X X X be the
graph of a partial ordering of X, it is necessary and sufficient that G
should contain the diagonal A = {(», ®): ® € X} and satisfy G-G < G.

PROPOSITION 1.5.4. Let G be a Borel set in X x X such that A =G and
GoG=G. Then A(G, m) is a subalgebra of A(X x X, m). If 0 <m(X) < oo
then A(G, m) contains a multiplicative identity of unit norm.

Proof. Choose fte A(G, m), and let p(dz, dy) = p.(dy)m(dx) be the
disintegration of /¢ via 1.5.2. For each xc¢ X and ES X, let E, =
{ze X: (v, 2) e E}. We claim that |f | is concentrated on G, for almost
every a(m). Indeed, by 1.5.2 we know that |/t|(dz, dy) = | 1t |(dy)m(dw),
so that if A = X x X\G, then

=11 = {2, w1 @, ) = | (| 76 0111 @) i)

X

= | 1l (ymaz) .

This implies that | ¢, | (A,) = 0 for almost every x, hence the assertion.

Now choose /¢, ve A(G, m). We want to show that /xv belongs to
A(G, m). Write ((dx, dy) = p(dy)m(dw), v(dz, dy) = v'(de)m(dy). We want
to show that pxy = S 1. < v'm(dz) is concentrated on G; it is clearly
sufficient to prove that | | x |v*| is concentrated on G for almost every
2. Now by the preceding paragraph we can find an m-null set M= X
such that, for all e M, |, | lives in G,. Similarly, there is an m-null set
N < X such that |v'| lives in GY = {2: (2, y) € G} for every ye N. We
conclude that if z¢ MUN, then |/, | x |v*|lives in G, x G* S GG & G, as
required.

Finally, assume 0 < m(X) < oo. Define a positive finite measure ¢ on
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X x X by 6(S) = m{w: (v, ) € S}. Clearly 6,=0,=m, sothat d ¢ A(Xx X, m),
and ||d|| =1. Moreover, since ¢ is concentrated on A = G, we have
0 € A(G, m). The canonical disintegrations of ¢ (see 1.5.2) are given by
o(dw, dy) = o*(dy)m(dx) = d,(dx)m(dy), where §, = 6 can be taken as the
unit point mass at {z}. So for any measure ve A(X x X, m), say v(dz, dy) =
v*(dy)m(dx), and any pair E, F of Borel sets in X, we have

3x(E x F) = SX 3,(E)W(F)m(dx) = SE v(F)m(dz) = w(E x F) .

Since d+v and v agree on all Borel rectangles in X x X they must be
identical measures. The proof that v = v« is similar. O

For p fixed, 1 < p < <=, and for te A(X x X, m), we will write T,
for the bounded operator on L?(X, m) determined by ¢ asin 1.5.1. Let ¢
be the conjugate index of p, p™* + ¢7' =1, and let T, be the adjoint of
T,, defined as an operator on LYX, m) by <Tf, g> =<{f, T'g), fe L?, ge L-.
We want to remark that 7, = T, where /I is the “transposed” measure
2 = pg, ¢ denoting the reflection ¢:(z, y)—(y, ®) in X x Y. Indeed,
g fi defines an isometric anti-automorphism of the normed algebra
A(X x X, m); we omit these routine verifications.

We also want to point out a rather more transparent formula for
T.f, fe L (X, m), re A(X x X, m). For this, write p(dx, dy) = p*(dy)m(dx)
as in 1.5.2. Then we claim:

T./@ = | rwway,

for almost every € X. For by definition of 7. we have, for every g¢
LY(X, m),

<1, o> = || o) @nm@s

and the above formula follows by a routine application of Fubini’s theorem.
As for T, we see either by a direct verification or by the preceding para-
graph that, for every ge LY X, m),

Tio@w) = |_o@)(do) .
PrOPOSITION 1.5.5. Fiz p, 1<p< . Then T., = T.T, for all
U, ve A(X x X, m).
Proof. Fix fe L*(X, m), ge L(X, m). Then we have (T..f, ¢ =
“f(y)g(x)p*v(dx, dy). Using Fubini’s theorem and the definition of pxv
we can write
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(T f, 9> = ||| f)0@ @0 @ym@z) = <F, 6,

where F(z) = Sf(y)v‘(dy) and G(z) = S 9(x)¢.(dx). Note that, by the preced-
ing remarks, FF = T,fe L? and G = T/ge L*. It follows that (T..f, 9> =
{T.f, Tig> =<T.T,f, 9>. Since fe L? and ge L* were arbitrary, we are
done. O

For each function fe L”(X, m) and each p,1 < »p < «, we write L,
for the bounded operator on L?(X, m) given by (L9)(x) = f(x)9(x), x € X.

THEOREM 1.5.6. Let (X, m) be a sigma-finite standard measure space
and let G be a Borel set in X X X which contains the diagonal and
satisfies GoG = G.

Then for every p, 1 < p < o, pr— T, defines a contractive representa-
tion of A(G, m) onto an algebra of bounded operators on L*(X, m), whose
range contains all multiplication operators Ly, fe L(X, m) N LY(X, m).

Proof. The only assertion that remains to be proved is that every

multiplication operator L;, fe LN L', belongs to the range of
{T,: re A(G, m)}. Fix such an f, and define a measure ¢ on X X X by

wS) = | _xs(e, D)f@ym(da) .

Clearly | ¢£] (X x X) < SX | (@) | m(dz) < <, and

[£](d?) = | pt](d2) = | f(2) | m(dz) .
Thus p¢e A(X x X, m) and, moreover, ||| < || f|l.. The canonical de-
composition of ¢ can be expressed as p(dzx, dy) = f(x)o*(dy)m(dz), where
0% is the unit point mass at {x}. By the remarks preceding 1.5.5, we see
that, for ¢g in L?(X, m),

T.a@) = | @i @dy) = fe))

for almost every x € X, so that T, = L, as required. O

1.6. Commutative lattices are reflexive

We now assemble some of the results of the preceding sections into a
proof that every separably acting commutative subspace lattice is reflexive.
Let (X,, <, m) be a standard sigma-finite partially ordered measure space.
Let £(X, <, m) be the subspace lattice (acting on L*X, m)) defined in

Section 1.2. We also want to define an operator algebra on L*X, m), as
follows.
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Let G ={(», ¥): y <} = X x X be the graph of the given partial order
on X. We define G...(X, <, m) to be the ultraweak closure of the set of
operators {T,:pre A(G, m)}. By 1.5.6, Quu(X, <, m) s an algebra of
operators on L} X, m) which contains the multiplication algebra of L™(X, m).
The reason for the subscript min in this notation is explained in remark
1.6.2. We first want to point out an alternate description of the pseudo-
integral operators in Gnin(X, <, m) (also, see 2.2.6).

Proposition 1.6.0. Let pte A(X x X, m), and let T, be the correspond-
ing pseudo-integral operator. Then T, € alg &(X, <, m) if, and only if, ¢
18 concentrated on G.

Proof. Assume first that ¢ lives on G, and let £ = X be an increasing
Borel set. We have to show that T leaves the range of the projection P;
invariant; equivalently,

(Tf,0) = | _f@a@aiu, ») =0

for all f, ge L¥X, m) such that f lives in E and ¢ lives in X\E. But
(X\E) x E is disjoint from G (because E is an increasing set), and supports
the function f(y)g(x). The assertion follows since / lives on G.

Conversely, assume T,calg £(X, <, m). By 1.1.2, we may find a
sequence FE, of increasing Borel sets such that the complement of G is the
union {J, (X\E,) x E,. So to prove that re A(G, p), it suffices to show
that | ¢ | (X\E, x E,) =0, n =1, or equivalently,

(6,0 = | f@a@da, v) =0

for every pair f, ge L(X, m) N L™(X, m) such that f lives in E, and ¢
lives in X\E,. This clearly follows from the fact that each projection Py,
is invariant under 7.,. O

THEOREM 1.6.1.
X, =, m) =lat Quin (X, =, m) .

Proof. The inclusion & follows from the preceding proposition. Con-
versely, let P be an invariant projection for the algebra Q..(X, <, m).
We have to produce an increasing Borel set E such that P = P,. Because
Amin(X, <, m) contains the multiplication algebra M, a maximal abelian
von Neumann algebra, it follows that Pe M, and hence there is a Borel set
A < X such that P = P,. We claim that there is a Borel set N < X such
that m(N) = 0 and, for all @, y¢ N, € A and y = « imply y € A (from this
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and 1.1.11, it will follow that there is an Fe L(X, £) such that P, = P;,
as required).

To prove the claim, consider the set S=GN(X\4) x A< X x X.
We will show that S is marginally null. Note first that the complement
of G is a countable union of Borel rectangles; for if we choose E,, E,, - --
in I(X, <) such that < y iff 5 (¥) < %z,(y) for all w = 1 (cf. 1.1.2), then
X x X\G has the form J_ (X\E,) x E,. Thus S satisfies the structural
hypothesis of the Null Set Theorem 1.4.3. So by that theorem, to prove S
is marginally null, it suffices to show that the space of measures A(S, m)
contains only the zero measure. For that, choose e A(S, m). Because
S = G, the associated operator T, belongs to @.i.(X, <, m), and therefore
T, leaves P = P, invariant. Note that this imples ¢ annihilates every
Borel rectangle C x D contained in (X\A) x A satisfying m(C), m(D) < <.
Indeed, the functions f = ¥, and g = ¥, belong to LXX, m), f is in the
range of P,, and g is orthogonal to the range of P,, so that #(C x D) =
(T.f, 9) = 0. It follows that g vanishes on the sigma ring generated by
such rectangles; i.e., #(H) = 0 for every Borel set H< (X\4) x A, or
equivalently, | #£|((X\4) x A) = 0. Because / is concentrated on the subset
S of (X\A) x A, the claim ¢ = 0 follows.

Therefore S is marginally null, and we can find Borel sets N,, N, such
that SS N, x XU X x N, and m(N,) = m(N,) = 0. This means that, if
2, y¢ N,UN, ye A, and y < x, then necessarily x€ A. The null set N =
N, U N, therefore has the desired property. 0

Remark 1.6.2. We will see later in Chapter 2 that the algebra
Quin(X, <, m) has a crucial minimality property, namely that for every
ultraweakly closed algebra @ of operators on L* X, m) such that

(i) @ contains the multiplication algebra of (X, m), and

(i) lat B = (X, =, m),
then B necessarily contains @ni(X, <, m). Thus, Quin(X, =, m) is charac-
terized abstractly by the fact that it is the smallest ultraweakly closed
algebra having properties (i) and (ii). On the other hand, the algebra
alg (X, <, m) is weakly closed and is clearly the largest algebra having
these properties; we conclude that all such algebras $ are trapped between
Quin(X, <, m) and alg £(X, <, m). We will also see in Chapter 2 that

= =

Guin(X, <, m) is not necessarily weakly dense in alg £(X, =, m).

THEOREM 1.6.3. Ewvery separably acting commutative subspace lattice
18 reflexive.

Proof. By the spectral Theorem 1.3.1, such a lattice is unitarily
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equivalent to the lattice £(X, <, m) associated with a standard sigma-
finite partially ordered measure space (X, <, m). Now apply 1.6.1. Il

Problem. Let us call a subspace lattice £ (acting on a Hilbert space
IC) strongly reflexive if there is a set S of compact operators on I such that
£ = latS. It would be of considerable interest to have a characterization
of the separably-acting commutative subspace lattices which are strongly
reflexive. For example, under what conditions on the standard partially
ordered measure space (X, <, m) will £(X, <, m) be strongly reflexive?
When do there exist no nonzero compact operators in alg £(X, <, m)? Asa
more concrete question, let p be a positive real number less than 1 and let
(2=, <, m,) be the partially ordered measure space described in the last para-
graph of Section 1.2. Then it is easy to see that the graph G =2 x 2 of the
partial order < has measure zero relative to the product measure m, x m,;
from this it follows easily that there are no Hilbert-Schmidt operators in
alg £(2%, <, m,). But we do not know if alg £(2*, <, m,) contains more
“singular” compact operators; in particular, is there a single nonzero
compact operator in alg £(2%, <, m,)?

Problem. The above proof of 1.6.3 used the properties of partially
ordered measure spaces in an essential way. Naturally, one would prefer
a “coordinate-free” proof. Presumably, this would involve constructing
the operator algebra (1..(X, <, m) in an abstract manner, and there
seems to be no obvious way to go about doing this. As a test problem for
such techniques (of minimal intrinsic interest, perhaps), we pose the
following: Is 1.6.3 valid for inseparable Hilbert spaces?

Chapter 2. Reflexive Algebras

2.1. The minimal algebra of a partially ordered measure space

Let (X, <, m) be a partially ordered standard sigma-finite measure
space, which will be fixed throughout this section. We have already
encountered the operator algebra (1,:.(X, <, m) in Section 1.6, defined as
the ultraweak closure of the algebra of all pseudo-integral operators T,,
where /¢ runs over the appropriate class of all measures on X x X which
are concentrated on the graph of the given partial order on X. Unless
there is cause for confusion, we will employ the shorter notation (., for
this algebra; (..;, will be called the minimal algebra of (X, <, m).

We have also shown in Section 1.6 that (1..;, contains the multiplication
algebra of (X, m), and has £(X, <, m) as its invariant projection lattice.
The principal result of this section implies that @,.;, is the smallest ultra-
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weakly closed operator algebra on L*(X, m) which has these two properties,
a fact which leads to a number of general conclusions about operator
algebras on Hilbert spaces.

At this point, we feel that a word of explanation may be in order
concerning our use of the “ultra” topologies rather than the more tradi-
tional weak and strong operator topologies. Perhaps the main benefit of
this formulation is that theorems about utraweakly closed operator algebras
usually have interesting corollaries about norm-closed algebras of compact
operators (see Corollary 2 of 2.1.8 for an illustration of this). This bonus
is not available if one works with weakly closed algebras. As another
important, though less tangible reason, one knows that the full algebra
L(I() is the dual of a certain Banach space (namely the space of all ultra-
weakly continuous linear functionals), and the canonical pairing of £(7K)
with its predual identifies the ultraweak topology with the weak™ topology.
So in this sense the ultraweak topology is a very natural one. In any case,
the principal results of this chapter all have counterparts in the smaller
category of weakly closed algebras.

We begin by restating some familiar facts about the ultraweak topology
in a form convenient for our purposes. Let X be a separable infinite-
dimensional Hilbert space, which will be fixed throughout this section.
We shall realize the Hilbert space tensor product K & LXX, m) as the
space of all weakly measurable functions F: X — X for which the norm

1E1 = ([ 117 Fdm@)

is finite (one of course identifies functions which agree almost everywhere).
Note first that a linear functional p on £(L*X, m)) is ultraweakly con-
tinuous if and only if it has a representation o(T) = ((I, ® T)F, G), where
I; denotes the identity operator on K and F, G € K @ LXX, m). Indeed,
the fact that the linear map T+ I;,-® T is ultraweakly continuous
insures that every such functional T+ (I ® TF, G) is ultraweakly
continuous. Conversely, every ultraweakly continuous linear functional
o on £(LX(X, m)) admits a representation

o(T) = 327 (Tf., 9.)
where f,, g, € LA X, m) satisfy > || f,]]* < <= and 3=l g, |[* < <= ([10, p. 38]).
So if we choose an orthonormal basis ¢, ¢,, - -+ for K then we may define
functions F, G in K Q LA X, m) by

F(x) = 357 ful@)e. ,

G() = 227 g.()e,
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(note, for example, that F(z) is well-defined almost everywhere because
the condition S 2 @) Fdm(w) = 37 |1F, 1P < oo implies that 3~ | fu(x) [P <
e almost evérywhere). Equivalently, one has F =) "¢,®/f, G=
Y. e, X9, In either case, a simple computation shows that o(T) =
((Ix ® T) F, G), as asserted.

Now let @ be an arbitrary algebra of operators on L X, m) which
contains the identity, and let T'e &(L*(X, m)). Then notice that 7 belongs
to the ultraweak closure of & if, and only if, lat (I; ® B) is contained in
lat (I;; ® T'). Indeed, suppose I & T leaves every element of lat (I, ® B)
invariant. To see that Te &, choose any ultraweakly continuous linear
functional o which annihilates B, say o(4) = (I, ® A)F,G), F, Ge
K ® LAX, m). Then G is orthogonal to [I5; ® BF], an I; Q) B-invariant
subspace. Since B contains the identity, F' must belong to [I, ® BF], so
by hypothesis Iy & TFel[l; Q@ BF]. The required conclusion o(T) =
(Ix ® T)F, G) = 0 is now evident. The converse implication is trivial.
The point is that, if one is able to determine the invariant subspaces of
I; @ from the information given about $, then one knows the ultraweak
closure of 3.

The following simple result gives a convenient representation for
operators I, ® T when T is a pseudo-integral operator.
ProrosiTION 2.1.1. Let te A(X, m) and let F, Ge KX Q L(X, m). Then
the function Mz, y) = (F(y), G(x)) is | 1t |-integrable over X x X, and
(L@ TIF, G) = | (Fw), 6@)ants, v) .

AxX

Proof. Since | (F(y), G(z))| = || F(y) ||| G(z) ||, the estimate used in the
proof of Theorem 1.5.1 shows that

| (F@, @)zl = | 2I-IFIIG]

The integrability of & is immediate from this, and in fact
F, 6=\ (Fw), G@)dns, v)

defines a sesquilinear form on K & L*X, m) of norm at most || z¢||. Let
{+, +> be the bounded sesquilinear form {F, G) = (I, ® T.F, G). In order
to show that these two forms agree, it therefore suffices to show that they
agree on the fundamental set of all functions of the form (e ® f)(x) =
f(@)e, eec X, fe L(X, m). But if ¢, €€ X and f, f e LYX, m), then
e®f Q) =(e®T.f, e ) = (e NT.S, f7), while
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L®F ¢ D7 = | (Fwe F@)duw, ») = 6 ) | F0TF@de, )
= (e, NT.S, 1)-
The conclusion follows. ]

Remark. In the remainder of this section, M will denote the usual
multiplication algebra {L,: fe L”(X, m)} of operators on L (X, m) associated
with bounded complex-valued Borel functions on X. Then I;, @ M is a
commutative von Neumann algebra acting on X & L (X, m), and we want
to summarize briefly a convenient (and well-known) description of
lat (I ® M). Let F: X— £(X) be a bounded operator-valued function
which is such that @ — (F(x)e, ¢') is a Borel function, for each ¢, ¢’ in &
(we shall refer to such an F' simply as an operator-valued Borel function).
F gives rise to a bounded operator L, on K @ L¥(X, m) defined by (L,G)(x)=
F(2)G(x), Ge XQ LY(X, m). Clearly L, commutes with the algebra I, QM
of all scalar-valued multiplications. Conversely, it is a familiar fact that
every operator in the commutant of I @ M has this form L, for some
bounded Borel function F: X — £(X) (e.g., [3, Section 4.2]). Moreover, if
L, is a projection then one may choose F' so that F(z) is a projection in
L(X) for every x € X. Now since I.- Q M is a self-adjoint algebra, each of
its invariant subspaces is a reducing subspace, and therefore the corre-
sponding projection must commute with I, Q M. We conclude that
lat (I @ M) consists precisely of all multiplications L,, where P: X— £(X)
is a projection-valued Borel function.

The following result describes a broad class of invariant subspaces for
the algebra I ® (. A function F' from X into some other partially
ordered set (for example, the self-adjoint operators on K with the usual
ordering) is said to be essentially tncreasing if there is a Borel set N & X
of measure zero such that, for all 2, y € X\N, ¢ < y implies F(z) < F(y).

ProrosITION 2.1.2. Let P: X — L2(X) be a projection-valued Borel
Sfunction which is essentially increasing. Then Ly e lat (I & Amin).

Proof. Let P- be the projection valued Borel function P+(z)= I, — P(x),
x€ X. Then clearly L,. = (L;)", and it suffices to show that, if F, Ge
K ® L}X, m) are such that F(2) = P(x)F(x) and G(z) = P*(x)G(x) for all x,
then (I, @ TF, G) =0 for all Te @,,;,. Since the pseudo-integral operators
T,, tre A(G, m) (G denoting the graph {(z, ¥): y < a} of <) are utraweakly
dense in @y, it suffices to show that (I, ® T.F, G) = 0 for every /e A(G, m).
But by 2.1.1 we know that
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(Ix ® T,F, 6) = | (FW), 6@)d(s, 1)

(the integration is extended over G rather than X x X because y is con-
centrated on G). Now since P is essentially increasing, we may find a
Borel set N= X such that m(N) =0 and P restricted to X\N is increasing.
So if (z, ¥) e G\(X x N UN x X), then y <z and P(y) < P(x); in particular,
P'(x)P(y) = 0. It follows that (F(y), G(z)) = (PW)F(y), P (x)G(x)) =0
everywhere on G except perhaps on X x NUN x X. Since the latter-set
has | 2 |-measure zero (because || has absolutely continuous marginals),
we conclude that

| (F@), 6@)ane, v = 0,
as required. U

We remark that 2.1.2 actually gives a complete description of
lat (I @ @niw); see Corollary 1 below. We come now to the principal
considerations of this section.

ProposITION 2.1.3. The weakly closed convex hull of £(X, <, m) con-

ststs of all multiplications L, such that f is an essentially increasing Borel
Junction with 0 < f < 1.

Proof. Let C be the weakly closed convex hull of £(X, <, m), and
choose an operator A in €. Clearly A belongs to the multiplication algebra
M, and 0 < A < I. Thus there is a function fe L*(X, m), 0 < f < 1, such
that A = L,. We want to show that f is essentially increasing.

Now since the weak and strong operator topologies have the same con-
tinuous linear functionals, they also have the same closed convex sets.
Moreover, since L*(X, m) is separable, the strong topology on the unit ball
of £(L*X, m)) is metrizable. We conclude that there is a sequence 4,
of operators, each of which is a convex linear combination of elements of
£(X, =, m), which converges strongly to L,. By definition of £(X, <, m),
each A, has the form L, , where each f, is a finite convex combination of
characteristic functions of increasing Borel sets; in particular, each f, is
an increasing function.

Now since L, — L, strongly, we have

[1£.@ = @) 196@) Fdm() —> 0

for every nonvanishing function g e L X, m); fixing such a function g, a
familiar argument shows that we may extract a subsequence f, of f,

which converges to f on the complement of some m-null set N. Now if
x, y€ X\N and « < y, then
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S(@) = lim,. [, () = lim, f,.(y) = f(v) ,
which shows that f is essentially increasing.

Conversely, let f be an essentially increasing Borel function for which
0=f=1. To show that L,e(C, we make use of the spectral theorem as
follows. For every Borel set E in the unit interval, let P(E) be the pro-
Jection of L*X, m) onto the subspace of all functions which live in
{x: f(v) e E}. Then the spectral theorem asserts that L, = Sl tP(dt), in the
sense that (L,$, 7) = glt(P(dt)E, 7) for all &, e LY(X, m). Now fix :
and consider the compléx measure ¢ on [0, 1] defined by a(dt) = (P(dt), 7).
Since the function ¢ — o([0, t)) is bounded and left-continuous, the usual
integration-by-parts formula implies that

Slto(dt) + Slo([O, B)dt = o([0, 1) ;
or equivalently, Slta(dt) = Sla([t, 1])dt. We conclude that

(Lo, m) = | (P(1e, 1), m)ae
for every &, 7e LA X, m). A standard separation theorem now shows that
L; belongs to the weakly closed convex hull of the set of projections
{P([t, 1]): 0 < ¢t < 1}.

Thus, it suffices to show that each projection P([¢, 1]) belongs to
(X, =, m), But since f is essentially increasing, there is a nullset NS X
such that, for all », ye€ X\N, 2 < y implies f(x) < f(y). Fixingt, we see
that if @, ye X\N, @ <y, and e {f = t}, then ye {f =t}. By 1.1.11, the
projection defined by the set {f =t}, namely P([¢, 1]), belongs to
(X, <, m). O

Remarks. The above convex set is weakly compact, and therefore it
is of interest to know its extreme points. Clearly every projection in
(X, =, m) is extreme (as it is an extreme point of the entire unit ball of
M), and conversely it is not hard to see that these are the only extreme
points. It follows that the extreme points of the convex set of all es-
sentially increasing functions f'e L=(X, m), for which 0< f <1, are precisely
the characteristic functions of increasing Borel sets. We shall return to
these and related considerations in Chapter 3 (Section 3.5).

LEMMA 2.1.4. Let @ be an algebra of operators on L¥X, m) such that
MGM < @ and which satisfies lat @ = £(X, <, m). Then for every func-
tion fe L™(X, m), 0 =< f =< 1, the following are equivalent:
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(i) f is essentially increasing,
(i) TL;T* < Ly for every T in the unit ball of Q.

Proof. (i) implies (ii). Let f be essentially increasing, 0 < f<1. Now
the set of all operators 4, 0 £ A < I, for which TAT* < A for every T in
the unit ball of @, is clearly weakly closed and convex. By 2.1.3, to show
that L, belongs to this set it suffices to show that TPT* < P for every
Pe &(X, <, m), Teball @. But such a P is @-invariant, so that TPT* =
PTPT*P < || T|*P* £ P, as required.

(ii) ¢mplies (i). Let fe L™(X, m) satisfy the condition (ii). First, we
claim that TL,,T* < L/ for every integer n = 1. For that, choose ¢ > 0,
and put g(¥) = (f(x) + ¢€)2. Then L, is a positive invertible element of the
multiplication algebra, and for each Te @, ||T|| <1, we assert that
|L;*TL, || < 1. Indeed, TL:T* = T(L; + e[)T* < L; + eTT*< L, + el =
L, so that L;*TL:T*L;' < I; i.e., L;'TL, is a contraction. Of course,
L;'TL, also belongs to @. Now replace T with L;'TL, and argue the same
way to deduce that L;*TL? is a contraction in @. Continuing in this way
inductively, we see in particular that ||L;"TL?|| <1 for every = = 1;
equivalently, L;"TL:T*L;" < I. Multiplication on left and right by L?
gives TL,,, T* < L,,,, or TL;,.,,T* < L,.,,, for every » = 1. The claim
follows by allowing ¢ to decrease to 0.

We claim next that, for each ¢ > 0, the set {z:f(x) >t} defines an
(-invariant subspace of L* X, m); or, what is the same, that the space of
all L*(X, m) functions which live in {f < t} is invariant under @*. For that,
choose g € L*(X, m) such that g = 0 off {f < t}. Then |f(x)"g9(x)| < t*|g() |
for every m =1, xe X, so that by the preceding paragraph we have
NLHWT*gIF < || Lpg P < t™||g]l’, »n=1,2, ---. Thus, dividing by #** and
taking n'® roots of both sides we obtain

(1, (Z2)"1 700 pamea)) " < n1g 1

n=12 +--. As n— oo, the right side tends to 1 (or 0 if ¢ = 0), and the
left side tends to the essential supremum of the function (f(x)/t)* relative
to the finite positive measure | T*g(x) |*dm(x). Thus (f(z)/t) < 1 for almost
every « in the set {xe X: | T*g(x) | ++ 0}; equivalently, T*g lives essentially
in the set {f < t), which is what we wanted to show.

We can now show that fis essentially increasing. Let R denote the
countable set of all positive rational real numbers. For each te R, the
projection in M determined by the set {f >t} is (@-invariant, so by
hypothesis it belongs to £(X, <, m). By definition of £(X, <, m) there is
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an increasing Borel set E, & X which gives rise to the same projection,
and therefore the symmetric difference N, = E,A{f > t} has measure zero.
Thus, N = U..x N, is a Borel set of measure zero. We claim: if 2 < y and
neither ¢ nor y belongs to N, then f(x) < f(y) (this will complete the
proof). Indeed, suppose f(x) > f(y). Then we may choose t € R such that
f(®) >t > f(y), and hence xc {f >t} while ye {f >t}. But {f > t)\N =
E\N. Since x belongs to the left side and y = x we have y ¢ E,, and thus
ye E\N = {f > t)\N < {f > t}, contradicting the preceding sentence. []

Remark. It may be of interest to isolate a fact contained in the proof
of the above two results. Let @ be an algebra of operators on a Hilbert
space JC and let A e ©(K) be such that 0 < A < I. Let A = S tP(dt) be
the spectral resolution of A. Then the second half of the preceziing proof
that (ii) = (i) shows essentially that if TA"T* < || T'|[PA" for every T € @ and
every n = 1, then every projection P([t, 1]), 0<t<1, belongs to lat @
(the converse is also true, and follows from a minor variation of the
“integration by parts” device in the proof of 2.1.3). But more significantly,
the proof also implies that if the operator A happens to belong to (1, then
the same conclusion follows from the much weaker hypothesis that
TAT* < || T|PA4, for every Te @. This stronger form is essential for the
proof of the following key theorem.

THEOREM 2.1.5. Let @ be an algebra of operators on LY X, m) which
contains the multiplication algebra and satisfies lat@ = (X, <, m).
Then every element of lat (I ® Q) has the form Lp, where P: X — £(X)
is an essentially increasing projection-valued Borel function.

Proof. Now lat (I;y ® @) is contained in lat (I ® M) (because Q@
contains M), so by the remarks preceding 2.1.2, every element of
lat (I, @ @) has the form L,, where P: X — £(K) is a projection-valued
Borel function. We have to produce a Borel set N = X of measure zero
such that, for all z, y € X\N, x < y implies P(z) < P(y).

Fix ¢e X, ||¢]] =1. We claim first that the scalar valued function
f@) = (P(®)§, &) is essentially increasing. For this, it suffices to show that
TL;T* < L; for every contraction Te @, by the preceding lemma. So
choose a function g € L X, m) and a contraction T¢ @. Then

(TL;T"g, 9) = (L;T*g, T*9)
= | (P2, 9)1(T*9)@) Fam() .

R

We may write the integrand as || P(#)Z|*+| T*g(x) |, which is the square of
the norm of the value of the (K-valued) function L,(I;® T*):® g at the
point « (indeed, the latter is simply
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P@)(Ix® T*): @ gl(x) = P(®)E @ T*9)(w) = T*g(x)-(P(x)3)) .
Thus, we see that
(TL;T*g, 9) = | Le(Ix @ T*): R g |I* .
Now since L, is invariant under I, ® T, we have L,([;,, ® T*) =
Lp(Ix @ T*)Lp, so that the right side of the preceding formula is at most
N Lp(Ise @ TPl Le(¢ @ ) [P = || Lp(f ® 9) |I°. Noting finally that

HLA(E@ 9P = SX I P@): (1" [ g() [* dm()

- S (P@)3 €) | 9(@) [ dm(w)

X
= (L9, 9) ,

we obtain the asserted inequality (TL,T*g, ¢) =< (L;g, 9).

We now prove that P is essentially increasing. Let &, &,, --- be a dense
sequence in the unit sphere of K. By the preceding paragraph, we may
find for each » =1 a Borel set N,, such that m(N,) = 0, and such that
the restriction of the function f,(z) = (P(z)é,, &) to X\N, is increasing.
Let N be the null set N = J7_ N,. Choose @, y € X\N such that & =< y;
then note that P(x) < P(y). Indeed, since every f, is increasing on X\N
we have (P()&,, &) < (P(y)é,, &) for every n = 1, therefore (P(), &) =

(P(w)s, &) for every & e K of unit norm, because of the density of &, &, «--.
This clearly implies P(x) < P(y), completing the proof. N

COROLLARY 1. lat (I & @uin) comsists precisely of all multiplications
Ly, where P: X — L£(K) 1is an essentially increasing projection-valued
Borel function.

Proof. We already know that (., contains M and has £(X, <, m) as
its invariant projection lattice. So the conclusion is immediate from 2.1.5
and 2.1.2. O

COROLLARY 2. Let @ be any ultraweakly closed algebra of operators on
L} X, m) which contains the multiplication algebra and has (X, <, m)
as its invariant subspace lattice. Then @ contains @yin.

Proof. By 2.1.5 and 2.1.2, we know that lat (I, ® @) is contained in
lat (I @ @min). By the remarks preceding 2.1.1, this implies that (..., is
contained in the ultraweak closure of @, namely Q. O

Corollary 2 will enable us to draw a number of general conclusions
about operator algebras. First, we need to identify the diagonal of the
algebra @,,.,(X, <, m) (recall that the diagonal of an algebra @ is the self-
adjoint subalgebra @ N @*). Let us define an equivalence relation @ ~ y in
Xtomean x <y and y < x. Since < is a standard partial ordering, so is ~
(indeed, if the functions f,, f,, --- determine < in the sense of 1.1.1, then
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the sequence f,, —f, f,, —f, - determines the partial ordering ~). More-
over, observe that the graph of ~ is the “diagonal” G N G of the graph G
of <, where G denotes the image of G under the canonical reflection (z, y)—
(y, ) of X X X; in particular, @,;.(X, ~, m) is a subalgebra of (,...(X, <, m).
Now the mapping ft+— * of measures on X x X, defined by p*(dw, dy) =
f(dy, dz), induces an isometric involution of the algebra A(G N G, m) which
satisfies T,.. = (T,.)* (see the discussion following 1.5.4). It follows that the
set of operators {T,: pte A(G N G, m)} is a self-adjoint algebra, and thus its
ultraweak closure (,..(X, ~, m) is a von Neumann algebra, which of
course contains the multiplication algebra.

PROPOSITION 2.1.6. The three von Neumann algebras (Qn.(X, ~, m),
the diagonal of Q..(X, <, m) and the commutant of L(X, <, m), are
identical.

Proof. From the preceding remarks we see that @,.(X, ~, m) is
contained in the diagonal of (,..(X, =<, m) which, in turn, is reduced by
every projection in (X, <, m). Thus, it suffices to show that £(X, <, m)
is contained in (@,.(X, ~, m); and by the double commutant theorem for
von Neumann algebras, this reduces to showing that lat Q..(X, ~, m) is
contained in the double commutant of £(X, <, m).

Now by 1.6.1, we know that lat Qui(X, ~, m) = £(X, ~, m); and we
claim that £(X, ~, m)is contained in the von Neumann algebra generated by
L£(X, <, m). For that, choose a sequence E,, E,, --- of Borel setsin X such
that « =y if and only if y, (%) < 1z, (y) for every n =1 (cf. 1.1.2). Letting
E, denote the complement of E,, then note that v ~ v if and only if
22,(®) = Y, (y) and Yz (¥) < %r (y) for every m = 1. By 1.2.2, the projec-
tions {Py, P, Py, P, ---} generate £(X, ~, m) as a subspace lattice.
Since each P, and P,,," = I — P;, belong to the von Neumann algebra
generated by £(X, <, m) (indeed, P, € £(X, <, m) for every n), we con-
clude that £(X, ~, m) is also contained in the latter. O

The following property of operator algebras will prove to be useful
in the sequel.

DEFINITION 2.1.7. An operator algebra @ is called pre-reflexive if
ana* = (atQy.

Note that the commutant of lat @ is simply the diagonal of the algebra
alg lat @, so that @ is pre-reflexive if and only if it has the same diagonal
as alglat @. By 1.6.1 and 2.1.6, we see that the algebras Q..(X, <, m)
are always pre-reflexive (though they are not always reflexive, see Section
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2.5). We are now in position to draw two general conclusions about operator
algebras.

THEOREM 2.1.8. (i) Every ultraweakly closed algebra which contains
a maximal abelian von Neumann algebra is pre-reflexive.

(i) Let £ be a commutative subspace lattice, and let € be the class of
all wltraweakly closed pre-reflexive algebras (0 which satisfy lat @ = £.
Then € has a smallest element @i, (as well as a largest element alg L),
relative to inclusion.

Proof. For (i), let @ be an ultraweakly closed algebra which contains
a maximal abelian von Neumann algebra M. By a simple adaptation of the
proof of 1.3.1, there is a standard partially ordered sigma-finite measure
space (X, <, m) and a unitary operator from the underlying space for @
onto L*X, m) which carries M to the multiplication algebra of (X, m) and
carries lat @ (a sublattice of the projection lattice in M) to £(X, <, m)
(i.e., just take M for the maximal abelian algebra occurring in the proof of
1.3.1). Letting @, be the image of @, we know from Corollary 2 that
(X, =, m) S @, S alg £(X, <, m), so that the three diagonals are
related in the same way: {..(X, <, m) N Qun(X, <, m* S A NAF S
L£(X, =, m)’. But by 2.1.6, the two extreme members are the same, and
hence @ N * = (lat @)'.

For (ii), let M be any particular maximal abelian von Neumann algebra
which contains the lattice £. As in the preceding paragraph, we may
assume that the Hilbert space is L*X, m), that £ = £(X, <, m), and
that M is the multiplication algebra of (X, m). Note first that since
lat 0L (X, =, m) = X, £, m) and Qun(X, <, m) N Quin(X, <, m)* =
(X, =, m) (by 1.6.1 and 2.1.6), (1,,;,(X, <, m) belongs to €. On the other
hand, if @ is any other element of €, then M S (X, =<, m) = AN A* <= A.
By Corollary 2 we conclude that @, (X, <, m) & @, hence A,.(X, <, m)

=

is the smallest element of €. ]

Remarks. Part (ii) of this theorem describes the precise sense in which
the algebra (,,;,(X, <, m) is independent of the representation implicit in
the symbols (X, <, m). The theorem also suggests what will prove to be
a useful division of the problem of determining when a given algebra @ is
reflexive. One first determines whether or not (@ is pre-reflexive. Granting
that, one then seeks to prove that there is a unique pre-reflexive (ultra-
weakly closed) algebra which has lat @ as its invariant subspace lattice.
If the answer is yes, then @ must be reflexive. While the second step asks
for more than we actually need, it has the advantage that, since it involves
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the lattice lat @ rather than the algebra ®, it is frequently more con-
venient to deal with. These matters will be taken up in the following
section.

The next result strengthens a theorem of [24] (in the case where the
underlying space is separable).

COROLLARY 1. Let (1 be an ultraweakly closed algebra which contains a
mazimal abelian von Neumann algebra, such that every A-invariant sub-
space reduces (0. Then (A is self-adjoint.

Proof. Because lat @ is closed under orthocomplementation, alglat @ =
(lat ()" is self-adjoint. The conclusion now follows from part (i) of 2.1.8. []

Remark. This corollary can be used to strengthen a density theorem
of [1] in the following way: every transitive subalgebra of L(JF) which
contains a maximal abeltan von Neumann algebra is ultraweakly dense
in £(J). Indeed, letting @ denote the ultraweak closure of the given
algebra, we see from the corollary that @ = @* is an irreducible von
Neumann algebra, so that @ = £(3() (by the double commutant theorem).

The following application to algebras of compact operators would not
have been available had we worked with weak, rather than ultraweak,
operator topologies. First, a simple observation.

LEMMA. Let B be an algebra of operators on a Hilbert space such
that every cyclic invariant subspace of B reduces B, which has trivial null
space. Then &€ [B:] for every &e IC.

Proof. Choose ¢ JC. The hypothesis means that the subspace [B3]
reduces @. Let P be the projection onto [BZ]. Then P commutes with 3,
and for every Be$ we have B( — P3) = BP-2 = P-B: =0, since P-
annihilates [83]. We conclude that & — P: = 0 because @B has trivial null
space. H

COROLLARY 2. Let @ be a norm-closed algebra of compact operators on
a Hilbert space I such that @ = C(IC). Suppose there is a commutative
x-qlgebra D such that D 1s commutative and DAD < A. Then @ has a
proper closed invariant subspace.

Proof. Contrapositively, suppose (@ is transitive. We may clearly
assume that 9 contains the identity, and therefore the ultraweak closure
D, of D is a maximal abelian von Neumann algebra. Let (@, be the ultra-
weak closure of @. Note that (1, has trivial null space (because of the
transitivity hypothesis), and we have 9,09, < @,



OPERATOR ALGEBRAS 481

We claim first that (&, contains the identity. For that, let X be a
separable infinite-dimensional Hilbert space. Then the claim amounts to
showing that e [I5 ®Q @] for every £ KX ® I . Since Iy ® @, has trivial
null space, the lemma leaves us to prove that every subspace [I; ® @.&]
reduces Iy ® @,. Now as before, we may assume that J = L*(X, m),
where (X, m) is a standard measure space and 9, is the multiplication
algebra of (X, m). Because @, is transitive we have lat @, = £(X, <, m)
where < is the indiscrete order, in which # <y for all z, ye X. Now
since 9,@, < @, it follows that, for each ¢e X & L*(X, m), the subspace
[I5 ® @] is invariant under I ® 9,. We may now argue exactly as in
the proof of 2.1.5 to conclude that the projection onto [I5 ® @,¢] has the
form L,, where P: X — £(J() is an essentially increasing projection-valued
Borel function. Since the ordering on X is indiscrete, this means that P(x)
is essentially a constant P,; i.e., L, = P,&® Iy. The latter projection is
invariant under I Q) £(J(), so in particular it reduces I Q Q.

Now because Ie @, and 9,@, < @,, it follows that @, contains 9,. By
the remark following Corollary 1 of 2.1.8, &, = £(J().

Finally, we claim that @ = C(J() (this contradiction will complete the
proof). Let p be a bounded linear functional on C(J) which annihilates (.
We will show that o = 0. Indeed, it is well known that o extends (uniquely)
to an ultraweakly continuous linear functional 0 on £(X) ([11, §4.1]).
Since O(@) = p(@) = 0, it follows by ultraweak continuity that 0(@,) = 0.
But @, = £(J(), by the preceding paragraph, and therefore 0 = 0. Hence
o = 0, as required. ]

We conclude this section with some applications to the triangular
algebras of Kadison and Singer [17]. Recall that an operator algebra @ is
called triangular if @ N @* is a maximal abelian von Neumann algebra.
Triangular algebras are related to the algebras studied here. For example,
let (X, <, m) be a partially ordered measure space whose ordering is
strict. By Theorem 1.2.3 and Proposition 2.1.6, we see that @..(X, <, m)
(as well as alg £(X, <, m)) is triangular.

It was pointed out in [17] that if @ is a triangular algebra on a finite
dimensional space JC, then there is an orthonormal basis for JC with
respect to which the matrices of the operators in @ are all upper triangular
(@ need not contain all upper triangular matrices, but it does contain all
diagonal matrices). By analogy with this property, we will say an operator
algebra @ is hyperintransitive if lat @ contains a linearly ordered subset
whose generated von Neumann algebra is maximal abelian in £(J). Kadison
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and Singer also gave an example of a triangular algebra on a separable
space which is not hyperintransitive (in fact, which has no nontrivial
invariant subspaces whatsoever). Their example, however, is not closed
in any of the natural operator topologies. In [2, p. 101] (also see [4]), some
related examples of triangular algebras are described, which have no
invariant subspaces and are closed in the norm topology. Thus, the follow-
ing result would seem to be the best possible generalization of the finite-
dimensional result cited above.

COROLLARY 3. Ewvery ultraweakly closed triangular algebra on a
separable space is hyperintransitive.

Proof. Let @ be the given algebra. By part (i) of 2.1.8, we know that
(lat @) = @ N @* is a maximal abelian von Neumann algebra. Therefore,
by the double commutant theorem, the von Neuman algebra generated by
lat @ is the maximal abelian von Neumann algebra @ N @*.

Thus it suffices to establish the following assertion. Let £ be a sub-
space lattice on a separable space which generates a maximal abelian von
Neumann algebra M; then £ contains a linearly ordered subset £, which
generates M as a von Neumann algebra. For the proof, let {P, P, ---} be
a countable subset of £ which contains 0 and I and is strongly dense in £.
By adjoining all finite unions and intersections, if necessary, we may assume
that {P,} is closed under the lattice operations \/ and A. We assert: there is
an increasing sequence £, £,< - - - of finite linearly ordered subsets of {P,}
such that the Boolean algebra generated by £, contains 0, P, P,, - - -, P,, I, for
every n =1. Granting that, the linearly ordered set £ =U,_, £, clearly
generates the same Boolean algebra as {P,}, so that the von Neumann
algebra generated by £, is simply M, as required (see the discussion
preceding 1.2.3).

L, is constructed inductively as follows. Let £ = {0, P, I}. Given
Ll .- =8, all satisfying the stated property, let0=E, < E, < --- <
E, = I be the elements of £,. Foreachk,0<k<r —1, put F, = E, V
(Posi A\ E,.). Then for each k <r we have E, < F, < E,,,, so that
L =1{E, -+, BE,JU{F, -+, F,_} is a linearly ordered subset of {P;}
which contains £,. Let 3,,, be the Boolean algebra generated by £,.,.
For each k, 0<k<r—1, we have F, — E, = P,., \ (B, — E.), and
therefore V_ (F, — E,) = P,., because {E,,, — E,:0 < k < r — 1} forms
a partition of I. This proves that $%,., contains P,.; that it contains
0, P, ---P,, Iis a consequence of the induction hypothesis on £,. O

Remark. Corollary 2 of course implies that every (separably acting)
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weakly closed triangular algebra is hyperintransitive, answering affirma-
tively a conjecture of Peter Rosenthal [27], [24]. This is of interest
because such algebras need not be reflexive in general (see Section 2.5), so
that the technique of [27] cannot be applied.

Though Corollary 3 is stated in an abstract form, it can be combined
with some results of ]17] to give a very concrete infinite-dimensional
analogue of the finite-dimensional result which asserts that every tri-
angular algebra is unitarily equivalent to an algebra of upper triangular
matrices. For that, let 9[0,1] denote the algebra of all operators on L*[0, 1]
which leave all of the subspaces L0, t], 0 < ¢ < 1, invariant. J7[0, 1] is a
hyperintransitive maximal triangular algebra, and occupies a position
analogous to that of the algebra of all upper triangular n x » matrices.

THEOREM. Every ultraweakly closed triangular algebra having a
nonatomic diagonal is unitarily equivalent to a subalgebra of I [0, 1].

Proof. Let @ be the given algebra. By Corollary 2, we may find a
linearly ordered subset £ of lat @ which generates @ N @* as a von Neu-
mann algebra. Let @, = alg £. By [17, Theorem 3.1.1] @, is a hyperintransi-
tive maximal triangular algebra (which of course contains (), and its
diagonal is & = (lat @) = @ N @*, a nonatomic von Neumann algebra. By
[17, Theorem 3.3.1], (1, is unitarily equivalent to [0, 1]. The assertion
follows. O

2.2, Synthetic lattices

We now introduce a property of subspace lattices which will turn out
to have a useful connection with the problem of determining which alge-
bras are reflexive.

DEFINITION 2.2.1. A reflevive lattice £ is called synthetic tf the only
ultraweakly closed pre-reflevive algebra (@ satisfying lat @ = £ is the
algebra @ = alg L.

The connection with reflexive algebras arises through the observation
that if one is able to prove that a given ultraweakly closed algebra @ is
(a) pre-reflexive and (b) its lattice lat (@ is synthetic, then one concludes
that (@ is reflexive.

We shall be concerned mainly with the question: which commutative
subspace lattices are synthetic? Now if £ is a commutative subspace lattice
then one knows from 2.1.8 (ii) that there is a smallest ultraweakly closed
pre-reflexive algebra (1, having @ as its invariant subspace lattice. Thus
¢ is synthetic if and only if G, = alg @ is reflexive. Furthermore, by the
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preceding results we may assume that & = (X, <, m) is the lattice
associated with a standard partially ordered sigma-finite measure space,
and that Q.. = Quin(X, <, m) is the (closure of the) algebra of all pseudo-
integral operators associated with (X, <, m). Thus, the problem is to
characterize the partially ordered measure spaces (X, <, m) for which
Amin(X, =<, m) is reflexive. We will see that such a characterization exists,
and involves a property of the graph of the relation < which is very
closely akin to the sets of spectral synthesis of commutative harmonic
analysis (this also explains the choice of terminology in definition 2.2.1).

First, we want to present a result that describes a wide variety of
commutative synthetic lattices. Given a family {€,} of subspace lattices on
a Hilbert space J(, the notation V@, denotes the subspace lattice
generated by U, £, and £* will denote the lattice {I — P: Pc &}. By a
chain we mean a subspace lattice with the property that any two of its
elements are comparable.

DEFINITION 2.2.2. A subspace lattice £ is said to have finite width if
there is a finite set of chains C, ++-, C, such that  =C V -+ YV C,. The
width of £ is defined as the smallest such integer n, when £ has finite
width, and is defined as = otherwise.

Remarks. Every finite lattice of course has finite width. We also
want to point out that every (separably acting) commutative Boolean
algebra has width 2 (provided the underlying space has dimension at least
2). To sketch the proof briefly, let B be a countable Boolean algebra
which is strongly dense in the given Boolean algebra. Then it is known
that B contains a linearly ordered subset £ which generates $ as a Boolean
algebra (this also follows from the more general construction in the proof
of Corollary 3 of 2.1.8). If C denotes the strong closure of £, it follows
that the two chains C and C* generate the given Boolean algebra as a sub-
space lattice, from which the assertion is evident.

THEOREM 2.2.3. Every commutative subspace lattice of finite width
18 synthetic.

It is convenient to divide the proof into two lemmas. We shall write
Amia(®) for the smallest ultraweakly closed pre-reflexive algebra having a
given commutative subspace lattice £ as its invariant subspace lattice.

LEMMA 1. Let £ be a synthetic commutative subspace lattice and let C
be a chain which commutes with'®. Then for every PeC, P(alg )P+ <

Auin(® V ©).
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Proof. Introduce coordinates so that £V C becomes the lattice
(X, <, m) associated with a standard sigma-finite partially ordered
measure space. Choose sequences E, (resp. F',) of increasing Borel sets
such that the projections {P, } (resp. {P;,}) are strongly dense in the sub-
lattice 2 (resp. €) of ¢V C = ¢(X, =, m). We may now define weaker
partial orderings =<, and =, on X by » <,y if and only if 1, (¥) = Xz, (v) for
all », and « <, y if and only if 7, (¥) < %, (y) for all n. By construction, we
have ¢ = (X, <,, m) and € = (X, <,, m). So by 1.2.2 and its first corollary
(and by discarding a null set if necessary), we may assume <, and <, satisfy
r<y—=2=<,yand x <, y, and moreover that <, is a linear ordering of X.

Now choose PeC = ¢(X, <,, m). Then there is an increasing set
(relative to =<,) such that P = P,. Because £(X, =, m) is assumed
synthetic, we know that alg £ = @,...(?) = @.i(X, <, m) is the ultraweak
closure of all pseudo-integral operators T,., where /¢ lives on the graph
{(z, y)e X « Xiy =,2} of =,. So to prove P,(alg £)P; is contained in
Auin (L V O) = Q1. (X, £, m), it suffices to show that, for every such
1, P,T.P; has the form T, where ve A(X x X, m) is concentrated on
the graph of <. For that, define a measure v on X x X by u(S) =
MSNE < E. Then clearly ve A(X x X, m), and since v(dz, dy) =
1) (W) r(d, dy) it is evident that P,T.P; = T,. Moreover, if G,
denotes the graph of <,, i« = 1, 2, then v is concentrated on G, N (£ x E°).
Now since E is increasing relative to =<,, no point (v, y) of £ x E° can
satisfy @ <,y; and since <, is linear we must therefore have y <,x.
Thus E x E° < G,, and we deduce that v is concentrated on G, N G,, the
graph of <, as required. O

Remark. Let £, £, be commutative subspace lattices on J such that
L, < ¥, Then we claim: @.,.(L;) S Q@ni(L). One way to see this is to
introduce coordinates for J in such a way that £, becomes the lattice
(X, <,, m) associated with the usual sort of partially ordered measure
space. Arguing as in the proof of the preceding lemma, we may assume
that @, has the form £, = &(X, <,, m) where <, is a second standard
partial ordering which, because £, = £,, can be chosen weaker than <, in
the sense that v <,y = v <, y. This means that the graph of <, is con-
tained in the graph of <,, so by definition of the algebras A...(X, <,, m),
we see that (i (X, <, m) S Quin(X, <, m), as asserted.

We do not know if it is possible to give a “coordinate-free” proof of
this assertion.

LEMMA 2. Let £ be a commutative subspace lattice and let C be a
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chain which commutes with L. Assume that both £ and LY CV C* are
synthetic. Then £ Y C is synthetic.

Proof. Choose Te alg (£ V C©); we will prove that Te @,..(2 V €). For
that, let {E,, E,, ---} be a countable strongly dense subset of C, with £, =
0, E,=1I. Fix n = 1. For each n-tuple a« = («,, - - -, a,) of =1’s, define E° =
EnEyp ... Eoy where Ef is defined as E, if ;= +1 or E; if a;, = —1.
As « runs over all such n-tuples, £ runs over the atoms of the Boolean
algebra generated by {E, ---, E,} (some of the E“s may be 0, but each
nonzero atom appears exactly once.) Thus, we may write 7= R, + S,,
where

R,= Y E'TE-,
S, =Y., E“TE" .

We claim first that S, € Ani(£ V €). It suffices to show that, for all « = 3,
E“TE?e @yi(£ V €). Now since a # 8 we must have «a, # 3, for some 1,
1<i<mn. Ifa,=-—1and B,= +1, then E“TE*? has the form FE;TE.G =
0, since T leaves E, invariant. On the other hand, if &, = +1 and B, = —1,
then E<TE°* has the form FE,TE; G, where F, G are projections in CY €C-.
By Lemma 1 we know that E,TE;c {.(2V €), and since CVY C- =
(VO C Anu(lV 0), the claim follows.

Next, observe that R, commutes with each atom E~, and thus R,
commutes with {E, ---, E,}. We also have R, calg £ for every n. Since
lR]| <] T|l, we may (by a standard compactness argument) extract a
weakly convergent subsequence R,; and since these operators are uni-
formly bounded, we in fact have R, — R in the ultraweak topology. It
follows that S,. = T—R,. converges ultraweakly, to S, say, and T = R+S.
Because (1,,;,(£ V C©) is ultraweakly closed, we have Se (,:.(L VY €), and
clearly Re ' Nnalg & =alg (LY CVC). But by hypothesis, LY CV C-
is synthetic, so that R belongs to ({,,i.(£ VYV €V €*) which, by the preced-
ing remarks, is contained in (,..(LV €). We conclude that T=R + S
belongs to (.,i(L V ©). O

Turning now to the proof of 2.2.3, it suffices to prove the following as-
sertion: If £ is any commutative subspace lattice of finite width, then LV &
is synthetic for every commutative Boolean algebra $ such that $|J &
is commutative. The proof uses induction on the width of £. Assume first
that £ has width 1, i.e., is a chain. Then since both } and B Y £V £
are commutative Boolean algebras, they are synthetic (this is a trivial
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consequence of the definition of synthetic lattices). So by Lemma 2, 3V £
is synthetic.

Assume the assertion is true for lattices of width n, let £ be a com-
mutative lattice of width » + 1, and let & be a commutative Boolean
algebra commuting with ¢. Then we can write & = ¢, Y € where £, has
width # and C is a chain. By the induction hypothesis, both ¢, YV % and
VBV CV C' are synthetic. So again we conclude from Lemma 2 that
VABY C =2V Bis synthetic. O

Problem. It seems reasonable to conjecture that if €, and €, are
(mutually commuting) commutative subspace lattices such that £, is syn-
thetic and £, has finite width, then ¢, V &, is synthetic. Note that Lemma
2 reduces this problem to the case where £, is a Boolean algebra.

It is known that if (1 is a weakly closed algebra containing a maximal
abelian von Neumann algebra, and if lat @ is either a chain [23], or a
necessarily commutative Boolean algebra [24], then (1 is reflexive. Since
both chains and Boolean algebras have finite width, the following improves
on both of these results.

COROLLARY. Ewery ultraweakly closed algebra (@ which contains a
maximal abelian von Neumann algebra, and for which lat (0 has finite
width, is reflexive.

Proof. By 2.1.8 (i), (1 is pre-reflexive, and by 2.2.3, lat (1 is synthetic.
The conclusion (¢ = alg lat (7 is therefore immediate. ]

In order to study (commutative) synthetic lattices of infinite width,
one must look further into the structure of the lattice (X, <, m).
Throughout the remainder of this section, (X, m) will denote the standard
space consisting of a separable locally compact metric space X together
with a sigma-finite Borel measure m on X; we shall consider only partial
orderings of X whose graph is closed in X x X (note that by 1.1.12, all
such orderings are standard). While this additional topological structure
is not actually necessary for carrying out the analysis, the topology
provides an extremely convenient context for these somewhat awkward
measure-theoretic considerations. Moreover, a simple device allows one to
reduce the study of general standard partially ordered measure spaces to
this setting.

DEFINITION 2.2.4. The support of an operator T on LX(X, m) (written
sup (1)) is defined as the set of all points pe X x X with the following
property: for every rectangular open neighborhood U x V of p, there exvist
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functions f, ge L(X, m), supported in U, V respectively, such that
(Tyg, 1) + 0.

Remarl;. Note that sup (T) is a closed subset of X X X; and in the
special case of a pseudo-integral operator T,, 1€ A(X x X, m), sup(T.) is
simply the closed support of the measure ..

Now let F be an arbitrary closed subset of X x X. We associate two
linear spaces of operators with F' as follows:

@min(F) = {Tr’l: # € A(F7 m)}_ ’
Qe F) = {T:sup (T) S F}

where the bar denotes ultraweak closure. A simple argument shows that
(max(F) is an ultraweakly (in fact, weakly) closed linear space of operators.
Note also that, in general, neither (@...(F') nor (...(F') is an algebra.
However, both are bimodules over the multiplication algebra M =
(L, fe L°(X, m)} in the sense that MQ....(F)M S Qnin(F) and MQu.(F)M S
Qo (F).

Now suppose we are also given a partial order < on X whose graph
G = {(x, y):y < 2} is closed. Then (1,w(G) coincides with the minimal
algebra (0,,.,(X, <, m) defined already (the slight difference in the two
notations is no cause for alarm). In this case, we first want to identify
(mas(G) with the algebra alg &(X, =<, m). As above, for every Borel set
E < X, the notation L E) denotes the space of all functions fe L (X, m)
which live on E.

PROPOSITION 2.2.5. Let T be an operator on LY(X, m) and let E x F
be a Borel rectangle in X x X disjoint from sup (T). Then P,TP, = 0.

Proof. Now m is mutually absolutely continuous with a finite measure
on X; and since finite Borel measures on locally compact metric spaces are
always inner regular, it follows that we may find compact sets K, =
K, ,<E, L,<L,., S F such that m(E\U, E,) = m(F\U., L,) = 0. The
sequences P, and P, of projections therefore converge strongly to P, and
P, respectively, so that Py TP, — P,TP, strongly. Thus, it suffices to
show that P, TP, = 0 for every =; equivalently, we may assume that
both E and F are compact.

First, fix x€ E. We claim that there are open sets U,, V,, in X such
that xe U,, F = V, and TLXV,) L L*U,). Indeed, for each y € F' the point
(2, y) does not belong to sup(7) so by definition of sup(7T) there is a
rectangular open neighborhood U, x V, of (x, ) for which TL*V,) L L*(U,).
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By compactness, we may find v, ---, ¥, € F such that F < V,U---uvV,.
Define

U.=U,n---0U, and V, =V, U---UV,,.

Then LXU,) < LX(U,) N --- N LXU,,) and L*V,) is the space spanned by
LXV,), ---, LXV,), so that TLXV,) L L*(U,), as required.

To complete the proof choose, for each x¢ E, a pair U,, V, of open
sets having the property asserted above. Again, we may cover E with a
finite union U = U, U --- U U,,, and, if we define V=V, n---nV,,
then EC U, F < V, and TLXV) L L¥U) follows by the argument of the
preceding paragraph. Since LXE) & L¥U) and L¥(F') < L¥V), the desired
conclusion P,TP, = 0 is immediate.

THEOREM 2.2.6. Let F be a closed subset of X x X. Then the following
are equivalent, for every bounded operator T on L*(X, m):

(i) Tfe|Quun(F)f], for every fe LAX, m),

(ii) sup(T) € F.

Proof. (i) implies (ii). Let pe X x X belong to the complement of F.
We claim that p e sup (7). Because F'is closed, we can find a rectangular
open neighborhood U % V of p which is disjoint from F. Let fe LXV),
g€ L}(U). Then the function f(y)g(x) vanishes on F, so for every measure
te A(F, m) we have

(L1, 9) = | F@adte, ») = 0.

This implies that g L [@,...(F)f], and since Tf €[Qni(F)f], we conclude
that (T'f, g) = 0. Thus, pesup (7).

(ii) ¢mplies (i). Assume that T is supported in F, and let f, g € L¥(X, m)
be such that ¢ I [Qni(F)f]- Then we claim that (7'f, g) = 0. Indeed, by
hypothesis the function ¢(x, ¥) = f(¥)7(®) x-(x, ¥) has integral zero relative
to every measure in A(X x X, m). By 1.4.3, the set {¢ # 0} must be margi-
nally null, so that there are Borel sets M, N < X of measure zero such that

g0} x{f 0N FSMx XUX X N.

Define A = {g + O}\M, B = {f = 0}\N. Then A x B is disjoint from F, so
by 2.2.5, P,TP,=0. Since f= P,f and g = P,g, we conclude that (T'f, g) =
(PATPBf, g)::O, il

COROLLARY. Let < be a partial ordering of X whose graph G is closed
m X x X. Then

@nmx(G) = a'lg *Q(Xy é’ m) M
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Proof. By 2.2.6 we know that T'e€ (,...(G) if and only if Tf € [Amin(G)Sf]
for every fe L X, m). But this simply means that T < alg lat @,.(G); and
since lat (1,,,.,(G) = &(X, <, m), the conclusion follows. O

We conclude that the problem of determining when the lattice
£(X, <, m) is synthetic is a special case of the problem of determining when
a closed subset F' of X x X has the property that Qni.(F') = Qum.(F);
equivalently, when can every operator T which is supported in F' be
ultraweakly approximated by pseudo-integral operators supported in F'?

We now want to reformulate some known results from harmonic
analysis so as to emphasize an analogy with this problem; in one form or
another, this material all can be found in [28]. Let G be a locally com-
pact abelian group and let {f, g> = S f(®)g(x)dx be the canonical pairing
of L=(G) and L(G). Let S be a nonvoid set of functions in L=(G). We
define the spectrum of S to be the set of all points we G such that, for
every neighborhood U of w, there is a function g € L'(G) whose Fourier
transform lives in U and which satisfies <S, g) # {0}; the spectrum of S is
written sp(S), or sp (f) if S isa singleton {f}. If the functionsin S happen
to be integrable, then sp (S) is simply the closed support of the set of
Fourier transforms of the functions in S. Traditionally, sp (S) is defined
as the set of all characters contained in the weak*-closed span of the set
of all translates of the functions in S; and it is a nontrivial fact that the
two definitions are equivalent. The above definition, however, is far better
suited for our purposes here.

Now let F be a closed subset of G. Then we may associate two sub-
spaces Spin(F'), Snax(F) of L=(G) with F as follows. S.u.(F) is defined as
the weak*-closed linear span of all characters of F, and S...(F) =
{f e L*(G):sp (f) & F}. Using the above definition of sp (f) it is easy to
see that S,...(F") is weak*-closed, contains S,,;,(F'), and of course both sub-
spaces are translation invariant. Let I,.(F) = S..:(F)* and I...(F)=
Smin(F)" be the respective annihilators of these subspaces in L'(G). The
latter are norm-closed translation-invariant subspaces of L'(G), and there-
fore they form ideals in L'(G) (regarding L'(G) as a Banach algebra
relative to convolution). It is clear that I,..(F) consists precisely of all
functions fe LY(G) whose Fourier transform f vanishes on F; moreover,
using the definition we have given for the spectrum, it is not hard to see
that I,,,,(F) is the norm-closure of all functions fe LY(G) for which f = 0
on an open neighborhood U; of F. The first nontrivial facts about these
subspaces are the following:
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() sP (Sww(F)) = SP (Swax(F)) = F, and if S is any other weak*-closed
tramslation invariant subspace of LT(G) satisfying sp(S) = F, then
Suw(F) & 8 S Suux(F).

Dually, we have

(1)’ Both ideals I, (F') and I...(F) have kernel F, and if J is any
other closed ideal in LNG) satisfying ker (J) = F, then I..(F)=JS
I (F).

Now a basic problem of harmonic analysis is to determine which
bounded measurable functions on G can be “synthesized” from their pure
harmonic constituents. More precisely, fix fe L=(G), let S be the weak*-
closed linear span of the translates of f, and let K be the set of all
characters in S. The problem is to determine conditions under which f
belongs to the weak*-closed span of K or equivalently, when S = S.;.(K).
Now it is easy to see that sp(S) = K, so by (i) above we know that, in
general, Sp,(K) & S & Sp.:(K). Therefore the synthesis problem has an
affirmative solution provided the set K has the property that S..(K) =
Sax(K).

More generally, a closed set FF < G is said to admit spectral synthesis
if Suin(F) = Sumex(F); equivalently, I.(F) = I...(F) in L'(G). From (i) and
(i)’ we see that F' admits synthesis if and only if there is a unique closed
ideal I in L'(G) (resp. weak*-closed translation invariant subspace S in
L=(G)) satisfying ker (I) = F (resp., sp(S) = F). This ideal-theoretic
property is the traditional definition of sets of spectral synthesis. The two
equivalent forms which are technically easiest to work with are the
following:

(i) Ewvery function fe L*(G) satisfying sp(f) S F can be weak*-
appoximated by finite linear combinations of characters in F.

(i) Every function fe LNG) such that f=0 on F can be norm-
approvimated by a sequence f, € L'(G) such that f, = 0 on a neighborhood
U, of F.

Let us now return to the case of a locally compact separable measure
space (X, m), and let JC be the Hilbert space L X, m). Inplace of the func-
tion algebra L=(G) we have the operator algebra ©(J(), and in place of LY(G)
we have the Banach space of all ultraweakly continuous linear functionals
on £(X). The latter is naturally identified with the space £'() of all
nuclear (i.e., trace-class) operators on J(, so that it is in a sense a non-
commutative L' space. Note also that, as in the case of L*(G) and L'(G),
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the canonical pairing of 2(J() and £'(7() identifies £(7(C) with the dual of
£'(KC), and the ultraweak topology with the weak*-topology. Finally, in
place of weak*-closed translation invariant subspaces of L™(G), we consider
ultraweakly closed subspaces of @(H) which are bimodules over the
multiplication algebra of (X, m).

It will also be convenient to regard functions on X x X as being
analogous to functions defined on the dual of G; in particular, we first want
to identify £'(7() with a space of functions of X x X, which will occupy a
position very similar to that of the space of all Fourier transforms of
functions in L'(G). Recall first that the projective temsor product E’® F
of two (complex) Banach spaces E, F is the completion of the algebraic
tensor product F Q F in the greatest cross norm || -||;, defined on an
element z€ E R F by

Wzl =1inf 320 ll@ll-llyell
the infimum extended over all representations of z as a finite sum z =
2 T QY v € E, y, e F (see [29]). Every element z in the completion

can be represented as an absolutely convergent series z =)~ «, ® ¥,
where Y || @, ||| ¥. || < <=, and the norm of z is given by

lz]l; =inf 3 [l@ell- [l ye |l

where again the infimum is taken over all such expressions for z.

Now it is known that the Banach space of all nuclear operators on
LX(X, m) is identifiable with the projective tensor product L*X, m)®
L*(X, m) (see [29]; here we will employ the shorter notation L? & LY, and

what we need to do is identify L? ® L*? with a certain space of functions on
X x X.

PROPOSITION 2.2.7. Let f,, 9. € LX(X, m) be such that 3. || f. |-l g.1| <
o, Then the infinite series o(x, y) = :Zlf,‘(y)gz,(—x) 18 absolutely con-
vergent (m.a.e.) on X x X. Moreover, the function ¢ is | tt|-integrable for
every measure pe A(X x X, m), and ngd# =3 (Tufu 9.). The ultra-
weakly continuous linear functional o: Ae (L) — 3, (Af., 9.) vanishes
if and only if the function ¢ vanishes marginally almost everywhere.

Proof. Let S be the set of all points (z, y)e X x X for which
o 1@ 1 9.x)] = + 2. We claim first that S is marginally null. For
that, define

L) = (g 1L 1D u(y)

g.@) = (| £ /11 9. 1) Fg.(x) .
Then
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15w ) = S0 g 1150 < <

and similarly

2 L’gm) fFdm@) = A1 gall < o=

It follows that there are Borel sets M, N = X of measure zero such that

2 AW P < oo for all y¢ N, and Y, | g.(@) P < o for all x¢ M. So by
the Schwarz inequality, we have

2L @)0.@) | = X, 1 1) || gh(@)
= (2, @) P2, Lgn@) 1),
which is finite whenever (z, y) does not belong to the marginally null set
Mx XUX x N.
For the second assertion of the proposition, choose £ in A(X x X, m).

Then |p¢|e A(X x X, m), so that the pseudo-integral operator T, is
bounded, and we have

|, Jsldlel = 20 | 15.0) 1 o.@ dl gl

= E:=1(Tlllllfn Iy 'gn ')
STl 2, 0011 1gall < o=y

which proves that ¢ is | ¢ |-integrable. The fact that g édrt =33 (Tufnr 92)
follows from a simple application of the dominated convergence theorem.

Now let o(4) = > (Af., 9.) be the associated ultraweakly continuous
linear functional on (L?). Assume first that ¢(x, ¥y) = 0 m.a.e. Then
Sgﬁdﬂ =0 for every measure e A(X x X, m), so by the formula just
proved we conclude that

AT = T, (Tufy 0.) = s = 0.

Since the pseudo-integral operators are obviously ultraweakly dense in
£(L?) (e.g., every Hilbert-Schmidt operator whose kernel function k(zx, y)
satisfies g | k(z, ) | dm(z) < M <  for all y and g |k, v) | dm(y) < M
for all « isXa pseudo-integral operator), it follows thaA‘; o0 = 0. Conversely,
agsume o =0. We want to show that the set R ={(z, y)e X x X:
#(x, y) # 0} is marginally null. First, we claim that R is a countable union
of Borel rectangles. Let f,, g, be the functions defined in the first part of
the proof, satisfying Y |fi|’< e and ) [g.|"< = a.e. (m), and
é(x, ¥) = 3. fi(y)gu(x). Define functions F, G: X — I* by
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F(x) = (fi(@), £iz), --+) and G(2) = (9i(®), gi(®), ---) .

If [ is given its usual Borel structure, both F and G become Borel func-
tions, and we have ¢(x, ¥) = (F(y), G(x)> where (-, -> denotes the inner
product in I*. Now the set of all pairs {(§, ) € I* x I*: {§, 1> + 0} is an open
set in I* x [?, and therefore it is a countable union |, U, x V, of open
rectangles in [* x [*. So if we define the Borel sets

F,={yeX:F(y)e U,} and E, ={rec X:G)c V.},

it follows that R = J, E, x F, has the asserted form.
Next, we claim that m x m(R) = 0; equivalently, S [é]dm > m =0

for every pair of Borel sets A, B < X for which m(4) < « and m(B) < oo.
For that, fix A and B, and define a measure ¢ on X x X by

da, dy) = 'ZE“ y; 12@ D1y oy amym(daym@dy) ,

where the quotient is defined as 0 whenever ¢(z, ¥) = 0. Then x belongs
to A(X x X, m), and we have

SA><B]¢Idm me= SXXX¢d‘u - E"(T“’f”’ g”) = IO(T#) =0 ’

as asserted.

In particular, we have m(E,)m(F,) = m x m(E, x F,) =0, for every
n =1, so that either m(%,) =0 or m(F,)=0. If m(E,)=0, then E, X F,&
E, x X is marginally null, and if m(F,) = 0 then E, X F, & X X F, is also
clearly marginally null. Thus, R = J,_ E, X F, must be marginally null,
and the proof is complete. I

Let us agree to identify two functions on X x X which coincide
marginally almost everywhere. Then the preceding proposition implies
that L*® L* may be taken as the space of all functions ¢: X x X—C

which admit a representation
6@, ¥) = 2o, Fu(4)9.()
where f., g.€ L(X, m) satisfy > [|full-ll9.]| < . Moreover, the
L? ® L*-norm of such a function ¢ is
ol =inf 327 N full-llgall s
the infimum taken over all such sequences f,, g, for which >~ Fu¥)ga(x) =

é(x, ¥) (marginally almost everywhere). The duality between L? ® L? and
(L) is defined by <s, T)> = Y (Tf,, 9.), where f,, g, satisfy the above
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conditions, and if 7T happens to be a pseudo-integral operator T,,
pre A(X x X, m), the pairing takes the more convenient form

G Ty = sdn.

XxXY

The following notation will be useful. Let F be a closed subset of
X x X. Z(F) will denote the space of all functions ¢eL2®L2 which
vanish on F' (m.a.e.), i.e., such that ¢y, = 0 (m.a.e.). Itis clear that Z(F)
is a linear subspace of L* & L?, and 2.2.8 below implies that Z(F') is closed
in the norm || - ||,. If & is a set of operators on L* X, m), S* will denote its
annihilator {¢ € L* & L g, 8 = {0}}.

THEOREM 2.2.8. Let F'< X x X be closed. Then Qni(F)- = Z(F), and
Qmax(F)* ts the norm closure of the union U Z(E), where E runs over all
closed sets in X x X which contain F in their interiors.

Proof. We first identify Quin(F")*. If ¢ € Z(F'), then for every measure
e A(F, m) we have Sgédﬂ - S%dy — 0, since gy, = 0 (m.a.e.). This
implies <{¢, T> = 0 for every pseudo-integral operator Te Q...(F'), and
since the latter are ultraweakly dense in (,..(F"), we see that ¢ L Q..(F).
Conversely, choose ¢ @,.i(F)'. Then ggédﬂ =0 for every pe A(F, m),
and this clearly implies that | |¢|dpg =0 for every positive measure
pre A(F, m). Hence {¢ = 0} N F is a null set for every positive measure in
A(X x X, m). Now the proof of the preceding proposition shows that
{$ # 0} has the form U _ FE, x F,, where E,, F, are Borel sets in X, and
so for each fixed n =1, W(E, x F,N F) =0, re A(X x X, m). By the
null set theorem (1.4.3), E, x F,N F is marginally null, so that {¢ = 0}N F =
U.(E, x F,N F)is marginally null. This proves that ¢ € Z(F).

Next, let £ = X x X be a closed set containing F'in its interior. We
claim: Z(F) & @n.(F)*. Choose ¢€ Z(E), and let T be an operator
supported in F. By o-compactness of X, we may find an increasing sequence
K,= X of compact sets such that U, K, = X. It follows that the
sequence P, of projections (on LA(X, m)) converges strongly to the
identity, so that the sequence of operators Py TP, converges ultraweakly
to T. Thus it suffices to show that {4, Px,TP,> = 0 for every =; and
since Py TPy, is supported in the compact set F'N K, x K,, we are
reduced to proving that if ¢e Z(F) and T has compact support contained
in the interior of E, then {4, T) = 0.

For that, we may cover the support of T with a finite union
U’_, U; X V; of open rectangles, all contained in E. By the usual “dis-
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jointing” process, we may write J}_, U; x V; as a finite disjoint union of
Borel rectangles J;_ A, x B,, and its complement X x X\U; U; x V; as
a similar union J;_, C; x D,. Now we have

Ek XAkXBk + El XC[XDZ = 1 ’ on X X X,
¢ = Ek ¢'XAkXBk + E[ ¢'XC;><DI

(there is of course no problem of convergence, since all sums are finite).
Note that ¢-%4,.5, =0 (m.a.e.), because ¢ =0 on E. Hence (g, T) =
2. ¢, Py, TPy). But for each I, we see from 2.2.5 that P, TP, =0. It
follows that (g, T)> = 0, as required.

Finally, we claim that the union U; Z(¥), as E runs over all closed
sets containing F in their interior, is dense in Q,..(F)* in the norm || - ||;.
Let f be a bounded linear functional on L*&) L* which annihilates U: Z(E).
We want to prove that f(@u..(F)*) = {0}. Now since £(L* is the dual of
L2®L2, f must have the form f(¢) = (4, T) for some operator T on
L*X, m), and it suffices to prove that Te Q...(F), i.e., sup(T) <= F. So
choose any point p not in F. We claim; p¢sup (7). Indeed, since F is
closed, we may find an open rectangular neighborhood U x V of p whose
closure is compact and is disjoint from F. Put £ = X x X\U x V. Then
E is closed, and F' is contained in the complement of (U x V)™, an open
subset of the interior of E. Note now that P,TP, = 0. Indeed, for every
¢ L* ® L?, the function ¢- Yvxv belongs to Z(E), so that by the hypothesis
on f we have (¢, Py TPy = {é*Yvxv, T = f(¢-Avxv) = 0. Because ¢ was
arbitrary it follows that P,TP, = 0. Since U x V is a neighborhood of p,
we conclude that p ¢ sup (7T'), by definition of the support of an operator. []

so that

2.2.8 implies that the following two conditions are equivalent, for
every closed subset F' of X x X:

2.2.9. (i) Ewvery operator T supported in F can be ultraweakly approxi-
mated by pseudo-integral operators supported in F.
(ii) For every function ¢ L* @ L* which vanishes on F (m.a.e.),

there is a sequence ¢, € L* @ L?, each term of which vanishes (m.a.e.) on a
closed neighborhood E, of F, such that ||¢ — ¢, ||, =0 as n — oo.

In condition (ii), a closed metghborhood of F' of course means a closed
set which contains F'in its interior.

DEFINITION 2.2.10. A closed set FF'< X x X is called synthetic (relative

to the stgma-finite measure m) tf it satisfies the equivalent conditions of
2.2.9.
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THEOREM 2.2.11. Let < be a partial ordering of X whose graph G is
closed in X x X. Then the lattice &(X, <, m) is synthetic if and only if
G 1s a synthetic set in X x X.

Proof. According to 2.2.6, (1,...(G) = alg &(X, <, m), while of course
Anin(G) = Guin(X, <, m). We already know that £(X, <, m) is a synthetic
lattice if and only if @,...(X, <, m) = alg (X, <, m), i.e., @i(G) = Q. (G),
so the assertion is evident. 1

We now want to illustrate how 2.2.11 can be used to establish that
certain lattices of infinite width are synthetic. Let I' be a separable
locally compact abelian group (written additively), and let £ be a closed
subset of I' which contains 0 and satisfies X + X & X. X determines a
partial ordering of I' in the obvious way: ¢ £ y =y — € X. Note that
this order is translation invariant (i.e., s <y=2 + 2=y + 2z for all
zeTl), and its graph G = {(z, y): @ — y € Z} is clearly closed in I" x T". Let
m denote Haar measure on I'.

THEOREM 2.2.12. If 0 belongs to the closure of the interior of T, then
the lattice &(T, <, m) is synthetic.

Proof. By 2.2.11, we need to prove that G = {(v, y):x —yec X} is a
synthetic set in I' x T'; for that, we will verify the condition 2.2.9 (ii).

Let g€ L2® L* be such that ¢ = 0 m.a.e. on G. Note first that, if ¢
belongs to the interior of X, then ¥ — ¢ is a closed neighborhood of X.
Indeed, if U is any open neighborhood of 0 in I" such that ¢ + U < X, then
U< X —t henceX + UZ X — ¢, and of course T + Uis open. It follows
from this remark that G — (¢, 0) = {(z, y): @ — y€ £ — ¢t} is a closed neigh-
borhood of G.

Now let U, be the regular representation of I' on L*I'), defined by
U,f@@) = f(& + t). U, ® I determines an action of I on L* &) L?, defined by
U, Q Iy(x, y) = (@ + t, ¥), ve L* @ L*. Because U is strongly continuous
on L?, the representation t — U, X I is strongly continuous on the Banach
space L2C>A<)L2 (this routine verification is left for the reader). Now choose
a sequence t, in the interior of X such that ¢, — 0, and put ¢.(x, ¥) =
¢(x + t,, y). Then g, = (U,, ® I)g, so that ||¢ — ¢,]|;—0 as n— < because
t,—0. On the other hand, ¢, = 0 (m.a.e.) on G — (t,, 0), because ¢ =0
(m.a.e.) on G, and by the preceding paragraph G — (t,, 0) is a closed neigh-
borhood of G. Condition 2.2.9 (ii) follows. ]

As a special case of particular interest, let I' be the vector group
R*x R ={(x,t):xecR", teR}, m =1, let m be Lebesgue measure on
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R” x R, and let | 2| denote the euclidean norm of a vector x € R*. We have
already discussed the partial ordering (x, s) < (y, t) of R® X R defined by
|y — «| =t — s (see example 1.1.5). We shall refer to its associated lattice
(R” x R, £, m) as the Causal Lattice. Note that the operators in
alg ¢(R” x R, <, m) are very closely related to the causal operators of
Segal and Foures [13] (we are indebted to Arlan Ramsay for calling our
attention to this reference), and the following result may be of interest
for related questions in special relativity.

COROLLARY. For each n =1, the Causal Lattice £(R" X R, <, m) s
synthetic.

Proof. Let Z be the set of all pairs (x, t) € R* x R satisfying |z ]| < ¢.
% satisfies the hypotheses of 2.2.12, and we have (z, s) < (v, t) if and only
if (y, t) — (x, s)e Z. Thus the conclusion is immediate from 2.2.12. O

There are a number of results in Harmonic analysis which suggest
conjectures about subspace lattices. For example, Herz ([28, p. 166]) has
proved that the Cantor ternary set in the real line admits spectral synthesis.
This suggests the following:

Problem. Let < be the “product order” on the Cantor sequence space
2=, defined by (x,) < (y;) =u; <y, forevery 1 =1,2, ---. Fixp, 0<p <1,
and let m, be the product measure JJ, #; on 2*, where each /¢, assigns mass
» to {1} and 1 — p to {0}. Is the associated subspace lattice £(2=, <, m,)
synthetic? The case p = 1/2 may be special, since m,, is invariant under
the usual group operation in 2~.

Another natural class of problems concerns the relation between
synthetic lattices and compact operators. As a sample, we state the
following:

Problem. Let (X, m) be a sigma-finite locally compact separable
measure space, and let < be a strict partial ordering of X having closed
graph. Assume that (X, <, m) is strongly reflexive in the sense of the
discussion following 1.6.3, i.e., &(X, <, m) = lat C, where C is the algebra
of all compact operators in alg &(X, <, m). Then is &(X, <, m) necessarily
synthetic?

We conjecture, incidentally, that alg £(2=, <, m,) contains %o nonzero
compact operators, £(2%, <, m,) being the lattice of the preceding problem.

2.3. Generators

A subset & of an ultraweakly closed operator algebra @ is said to
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generate @ if @ is the ultraweak closure of the algebra generated by S.
W. E. Longstaff [20] has proved that every reflexive algebra @ for which
lat @ is a chain is generated (as a weakly closed algebra) by two operators.
On the other hand, Peter Rosenthal [20] has given an example of a reflexive
algebra which is not finitely generated (even relative to the weak operator
topology). Thus it is of interest to determine which reflexive algebras are
finitely generated.

In this section we prove that every reflexive algebra @, for which lat @
is commutative and synthetic, is doubly generated. Note that this improves
Longstaff’s result because, by 2.2.3, lat @ is synthetic whenever it is
commutative and has finite width.

Throughout this section, (X, m) will be a standard sigma-finite measure
space, and M will denote the multiplication algebra acting on L* X, m).
The following result gives a generalization of Corollary 2 of 2.1.5 to linear
spaces of operators on L* X, m) which are bimodules over M.

LEMMA. Let S be an ultraweakly closed linear space of operators on
LY (X, m) satisfying MOSM =< S, and let T be a pseudo-integral operator on
LY X, m) such that Tf e [Sf] for every fe LXX, m). Then TeS.

Proof. This may be deduced from Corollary 2 of 2.1.5 by means of the
following device.

Let (X;, m;), 1 =1, 2, be two (disjoint) copies of the measure space
(X, m). Then the Hilbert space direct sum L*X, m) P L*(X, m) can be
realized as the function space L X, P X,, m, € m,) (here, the symbol P
has the obvious meaning), so that the family @ of all operators on L¥( X, m)P
L*¥X, m) having a 2 X 2 matrix representation

T
(A ) A, BeM, Tes,
0 B/,

becomes associated with an ultraweakly closed linear space of operators on
L{X, @ X,, m, P m,), which contains the multiplication algebra of
(X, B X,, m, P m,). Note also that @ is in fact an algebra, because
MSM < S.

Now let T,, pre A(X x X, m), be a pseudo-integral operator on
LA X, m) for which T,f € [Sf], fe L}(X, m), and define

~ (0 T,
T, =
0 0/.
The reader may easily verify that 7T, satisfies T.g e [@Rg] for every ge
LA X, @ X, m, @ m,), so that ’T‘,, leaves every element of lat @ invariant.
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Now T, is clearly a pseudo-integral operator on L X, & X, m, @ m,) (it
arises from a measure which is a copy of /¢ on the subset X, x X, of
(X, P X,) X (X, X,)). So we see from Proposition 1.6.0 that T, belongs
to the minimal algebra associated with lat @. By Corollary 2 of 2.1.5, it
follows that T, e @, hence T, € S. O

Now assume, further, that X is a separable locally compact metric
space, and let F be a closed subset of X x X. The following result asserts
that @...(F) is singly generated as a bimodule over M.

THEOREM 2.3.1. Let FF= X x X be closed. Then there is a measure

o€ A(F, m) such that Qu.(F) 1s the ultraweakly closed linear span of
MT,M.

Proof. Let ball A(F, m) denote the unit ball in the normed linear
space A(F, m) (cf. Section 1.5), so that {T,: ztc ball A(F, m)} is a set of
operators on L*X, m) of norm at most 1. Because L* X, m) is separable,
the unit ball of (L*(X, m)) is separable in the weak operator topology,
and we may find a sequence f, ft, --- in ball A(F, m) such that {T,: rte
ball A(F, m)} is contained in the weak closure of {7, :n = 1}.

For each =, let a, = max(1, | 22, [(X x X), || ¢4 ]), and define a finite
positive measure ¢ on X x X by o =" (2"a,)”'| ¢t.|. Clearly o lives on
F,and in terms of the norm on A(Xx X, m)wehave||o|| =3 (2"a,) || t]I=
Y..2" =1. Hence o belongs to A(F, m).

To complete the proof, we claim that (...(F) is contained in the
ultraweakly closed span & of MT,M; by the lemma, this will follow if we
can prove that, for each ¢t e A(F, m), T.f € [Sf] for every fe L¥(X, m). So
choose f, ge L¥X, m) such that ¢ L §f. Consider the finite (complex)
measure ¢’ on X x X defined by do'(z, y) = f(¥)g(x)do(x, y). Then by
definition of S§ we see that, for every pair u, ve L™(X, m),

S“X w(y)v(x)do'(z, y) = (L, T,L.f, 9) =0,

because L,T,L,c MT,M = &. From this we infer that ¢’ is the zero

measure, and hence f(¥)g9(x) = 0 almost everywhere (do). Since each
measure | 2, | is absolutely continuous with respect to o, we conclude that

(T,,1,9) = | F@i@3dm, v) =0

for every n =1, 2, ---. It follows from the choice of |x,| that g L T.f
for every e ball A(F, m), and the assertion is now evident. O

COROLLARY 1. Let £ be a commutative subspace lattice and let (1y:.(L)
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be the minimal algebra of £, in the sense of 2.1.8 (ii). Then @min(L) 1s doubly
generated.

Proof. By 1.3.1, we may assume that ¢ = (X, <, m) is the lattice
associated with a standard partially ordered measure space (X, <, m).
Note that we may even assume that X is the Cantor space 2~ and < is the
even order on 2%, defined by (x;) < (y;) = x; < y, for every even i = 2.
Indeed, 1.1.7 implies that (X, <) is isomorphic (as a partially ordered Borel
space) to a Borel subspace X’ of (2%, <,) (£, denoting the even ordering of
2%), so that we may transfer m to a measure m’ on 2%, concentrated on X,
in such a way that (X, <, m) and (2%, <,, m’) are isomorphic as partially
ordered measure spaces. The assertion now follows from 1.2.4.

In particular, we may represent £ as the lattice &(X, <, m), where X
is a compact metric space and < is a partial ordering of X whose graph G
is closed in the product topology of X x X. 2.3.1 now implies that there
is a measure o in A(G, m) such that @, (&) = Qui(X, =, m) is the ultra-
weakly closed span of MT,M. Finally, a familiar theorem of von Neumann
asserts that there is a self-adjoint operator Ae M (M denoting the multi-
plication algebra of (X, m)) such that M is the ultraweak closure of all
polynomials in A. It follows that the ultraweakly closed algebra generated
by the pair {4, T,} contains M, therefore MT,M, and therefore it contains
Gmin(X, =, m). The opposite inclusion is obvious. 1

COROLLARY 2. Ewvery reflevive algebra @, such that lat @ ©s commuta-
tive and synthetic, 1s doubly generated.

Proof. Because ( is reflexive, we have @ = alg lat @, and since lat @
is commutative and synthetic, alglat @ = Q.i.(lat @). Therefore, @ =
Qumin(lat @) is doubly generated by Corollary 1. O

Remarks. Since every commutative subspace lattice of finite width is
synthetic (2.2.3), we see in particular that every reflexive algebra @, for
which lat @ is commutative and has finite width, is doubly generated.

2.4 A Tauberian-type theorem, and smooth integral operators

Let G be a locally compact abelian group. Weiner’s Tauberian theorem
asserts that the translates of an integrable function f on G will span
L'(G) provided that the Fourier transform of f never vanishes [28]. This
follows from a more general result which, stated contrapositively, asserts
that every closed ideal I in the convolution algebra L'(G) which is not all
of L'(G) must have nonempty kernel. By considering annihilators relative
to the canonical pairing of L*(G) and L'(G), one arrives at the following
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equivalent result: every nonzero weak*-closed translation tnvariant sub-
space of L™(G) contains a character of G (the theorem was formulated in
this way by Beurling [5], [6]).

The purpose of this section is to present an analogous result about
ultraweakly closed linear spaces of operators, and to point out how it
leads to the existence of integral operators (in certain linear spaces of
operators on L*(R"), say) whose kernel functions are infinitely differentiable.

In the following two results, (X, m) will denote a standard sigma-finite
measure space.

LEMMA. Let @ be an ultraweakly closed algebra of operators om
L(X, m) which contains the multiplication algebra M. Assume that the
subalgebra of @ comsisting of all pseudo-integral operators is self-adjoint.
Then @ is self-adjoint.

Proof. 1.6.0 and Corollary 2 of 2.1.5, we know that every pseudo-
integral operator in alglat®@ must already belong to @ Thus, the
hypothesis amounts to saying that the algebra (@, of pseudo-integral
operators in alglat @ is self-adjoint. Now Q@.i.(lat @) is the ultraweak
closure of (,, and has the same invariant subspace lattice as @. Hence
lat @ = lat @,, being the lattice of a self-adjoint algebra, must be ortho-
complemented. Now apply Corollary 1 of 2.1.8. ]

THEOREM 2.4.1. Let & be a nonzero ultraweakly closed linear space of
operators on LY X, m) such that MSM = S, M denoting the multiplication
algebra. Then S contains a nonzero pseudo-integral operator.

Proof. Asin the proof of the lemma preceding 2.3.1, we may realize
L¥X, m) @ L(X, m) as the space LYX, P X,, m, P m,) associated with
two disjoint copies (X;, m,), ¢ = 1, 2, of (X, m), and the ultraweakly closed
algebra (@, defined as the set of all operators on L*X, m) @ L*(X, m)
which admit a 2 X 2 matrix representation

(A S> A, Be M, Ses,
0 B

becomes an ultraweakly closed algebra on LX X, P X,, m, P m,) which
contains the multiplication algebra of (X, P X,, m, @ m,). Since & +# {0},
@ is not self-adjoint, so by the lemma & must contain a pseudo-integral
operator R such that R*¢ @. Now R must have the form

R_(Ta T,,)
~\o T
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where (¢, 0, T are measures in A(X x X, m); and since R* does not belong
to @ we must have T, = 0. Therefore, T, is the required pseudo-integral
operator in 8. N

In the remainder of this section, G will denote a separable locally
compact abelian group, with Haar measure m.

DEFINITION 2.4.2. A bounded operator T on L*G) s called a smooth
integral operator of there is a bounded continuous function k on G x G
such that

(17, 9) = | F@@htz, im@in)

Sfor every pair f, g of continuous functions with compact support. In the
special case G = R", m = 1, k 1s required to be infinitely differentiable.

Note that the function % is uniquely determined by 7, when it exists.
In the following, U, t€ G, will denote the regular representation of G on
L}G): U,f(x) = f(x + t), fe LY(G).

COROLLARY. Let & be a monzero ultraweakly closed linear space of
operators on LXG) such that USU, =& for all x, ye G. Then S contains
a nonzero smooth tntegral operator.

Proof. Let W be the unitary map of L*G) onto LZ(@) (G denoting
the dual of G) determined by the Fourier transform, and let & =
WSW-'. Then S is a nonzero ultraweakly closed linear space of operators
on LXG). The condition U,SU, < S, =, y € G, becomes Lf$Lg < S, when-
ever f and ¢ are characters of G. Since the weak*-closed linear span of
the characters of G exhausts L”(@), it follows that the multiplication
algebra M of LZ(@) is the ultraweakly closed span of the set of multiplica-
tions by all characters of G. We may therefore conclude that MSM =S.
2.4.1 now implies that S contains a pseudo-integral operator T, == 0, where
He A(é % G, m) (i denoting Haar measure on G). By replacing ¢ with
the measure fx(S) = (K x KN S) for K an appropriate compact subset
of G, we may even assume that (¢ has compact support (note that T, =
L, T.L, €& for every compact set K = G).

Now put A = W'T,W. For any functions f, g € LXG), we have

(18, 0) = |, , Fa@ane 7).

A straightforward computation (which we leave for the reader) shows that
A therefore satisfies
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“Af,9) =\ F@)a@his, vdm(z)dm(y)

for continuous functions f, g on G of compact support, where

G, u) = |, S, 1)

is the inverse Fourier transform of the compactly supported measure f¢
(whose domain is the group GxG = (G x G)"). Clearly k is continuous
and bounded by the total variation of g. Finally, in the case G =R",
ke C(R™ x R") follows from the well-known fact that the Fourier trans-
form of a compactly supported measure on R” x R is infinitely differ-
entiable (in fact, real-analytic). ]

Remarks. There are a number of other results that one can prove along
similar lines. For example, any wultraweakly closed algebra @ of operators
on L¥G), which contains all translations {U,: x € G} and for which lat @ is
synthetic, contains an algebra @, of smooth integral operators which is
wltraweakly demse tn @. This may be regarded as a non-commutative
generalization of the fact that the convolution operators C, on L*G),
associated with continuous functions k€ L'(G) by

Cuf@) = | fo — A, feLAG)

are ultraweakly dense in the von Neumann algebra generated by {U,: « € G}.
The proof, which uses the fact that @ is reflexive along with the Fourier

transform device of the preceding corollary, is left for the interested
reader.

2.5. A non-reflexive operator algebra

In this section we give an example of a weakly closed operator algebra
(@ which contains a maximal abelian von Neumann algebra, but which is
not reflexive; since @ is necessarily pre-reflexive (2.1.8(i)), lat @ also
provides an example of a commutative (reflexive) lattice which is not
synthetic. This construction is related to an example of L. Schwartz [30]
which asserts that the 2-sphere in R? is not a set of synthesis for the group
algebra L'(R?). We begin with a simple result which provides a useful
reduction. X will denote a separable locally compact metric space and m is
a sigma-finite measure on X.

ProPOSITION 2.5.1. Let F S X X X be closed, and suppose there is a

bounded operator T on L*(X, m) which is supported in F but which does
not belong to the weak closure of Quni(F). Let B denote the weakly closed
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algebra of all operators on LA X, m)@ L*(X, m) which admit a 2 X 2 matrix

representation
A S
0 B/,

where A, B belong to the multiplication algebra and S belongs to the weak
closure of @nin(F). Then B is not reflexive.

Proof. Choose an operator 7 on L* X, m) such that sup (7)) < F and
T¢ (min(F)~ (where the bar denotes weak closure). Then of course

()
00

does not belong to . On the other hand, we claim that lat $ < lat 7'
Indeed, by 2.2.6 we know that T'fe[Qnin(F)f] for every fe L(X, m), and
this implies that 7% e [BZ] for every &e L¥(X, m) @ L*X, m). The latter
condition implies lat $ < lat 7. O

Therefore, to produce an example of a weakly closed non-reflexive
algebra which contains a maximal abelian von Neumann algebra, it suffices
to establish the following. Let dx denote Lebesgue measure in the space
X = R? and define the closed subset £ of R® x R® by

L ={y:le—yl=1},

where |z| denotes the Euclidean norm of the vector ze R. We will
describe an operator T on L*R®) with the following properties:
2.5.2. (i) sup(T) < %,

(ii) T does not belong to the weak closure of @umin(Z).
The device of 2.5.1 will then produce the required example. We define T'
initially as a bilinear form on the space C, of all compactly supported
infinitely differentiable functions on R® as follows:

(17, 9) = |, 2(fDe)dalz) ,

where S® = {xeR%|xz| =1} denotes the 2-sphere, da(x) represents the
usual surface area on S?, 0/0n denotes differentiation along the outward

normal on S?% §(x) = g(—=), and finally f*g is the usual convolution
fra@) = | Ao — Ot .

That T is bounded is immediate from the following result. We will employ
the usual notation
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@) = @y e enfe)ds

for the Fourier transform of an integrable function f on R?.

ProPOSITION 2.5.3. Define ke L™(R®) by

J(Z) = cos |&| — Slcos(lé‘lt)dt .
0

Then there is a positive constant ¢ such that (Tf, g) = e(L.f, §), for all
f, g€ Cy.

Remark. If we let W be the closure of the operator defined on the
dense subspace L'(R?) N L¥R?) by f+ f, then of course W is unitary, and
2.5.3 implies that T and ¢cW*L,W determine the same bilinear form on

Cy x Cy. Since the multiplication operator L, is clearly bounded, the same
is true of T.

Proof of 2.5.3. Fix f, g in C;. Then by Green’s theorem we have
(17, 9) = | 2 (F0)da = | Aoz,
s2om lzl<1
where A = Y} (0°/02?) denotes the Laplacian. Now if & e Cy, then
(AR)"(§) = —|£]R(3) .
Applying this to & = f+§ we see that the Fourier transform of A(f*§) is
the function —|&[)F(8)G(5), where F =f, G =§. So if y denotes the

characteristic function of the set {x e R* |2 | < 1}, then the right side of
the displayed equation can be written

(A, 2) = | 1 FFOGOT @ = | woFEGE:

where u(¢) = —|£]%(¢). It remains to show that u has the required form
(i.e., is a scalar multiple of k).

The transform of x has the form
2 =& S Tl & [P)yrde |

where J,;, denotes the Bessel function of order 1/2 ([12, p. 203]). Since J,/.(s)
has the form c¢s™'/*sin s, where ¢ is a positive constant, an integration by
parts yields

|, Fu € e = ol ¢ sin (1% )y ar

=c|é ]—m(S:cos (¢ 1t)dt — cos | ¢ |> = | 7R
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The assertion follows. O
ProrosITION 2.5.4. sup(T) & Z.

Proof. Let U be an open set in R®. Then the space of all functions
feCy which live in U is dense in L*U) (in the L*norm). So it suffices to
verify the following: For every p¢ X, there is a rectangular open neigh-
borhood U x V of p such that (Tf, g) = 0 for every pair of functions
f, 9€ C> which live in V, U respectively. Indeed, for every such p, choose
open precompact sets U, V in R® such that pe U x V and the closure of
U x V is disjoint from the closed set X. Now if f, g Cy live in V, U
respectively, then f*§ lives in V— U< V — U. Since the latter set is
compact and disjoint from the 2-sphere S? f*§ vanishes on a neighborhood
of S% Hence

2 (D @)da@) = 0,
n

(77, 9) = |,

as required. |

It remains only to show that T satisfies property 2.5.2(ii).

ProrosITION 2.5.5. T does not belong to the weak operator closure of
Qmin(Z).

Proof. We will exhibit a finite set of functions f,, g,, « -+, f., 9. € LA(R?)
(in fact, n = 10) such that Z,(TYf;, ¢9.) # 0 but Z,(T.f; 9:) = 0 for every
measure ¢ A(Z, dx).

Fix a function « in C3(R?), and define a complex-valued function ¢ on
R® x R® by

o(@, y) = wy)u@)(|z —y[* —1).

¢ may be rewritten in the form

$(@, ¥) = 20, wly)aii(e) + 30, yiu(y)u(@)—2 350 yauly)ea(x) — uw(y)a() ,
so that it has the form ¢(x, y) = Y_." fi(y)g«(x) for appropriate f;, g; € LR
(which, of course, depend on ). In particular, ¢ ¢ LZ(R3)®L2(R3). We will
show that Sgédy =0 for every e A(Z, dz), and that if the function u is
appropriately chosen, then Z,(Tf,, 9;) # 0.

The first assertion is clear; for ¢ vanishes indentically on X, and there-

fore g oédtt = 0 for every finite measure ¢ on R* X R® which is concentrated
on X.

For the second assertion, we claim that
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(27, 9) = 2 || wd@da@) .

The desired conclusion follows from this, since one may obviously find
% € Cy° for which ux# is strictly positive on S? and therefore S wxida > 0.

Now the functions f,, g; appearing in the formula ¢(x, y) = E F.(y)g.(x) be-
long to C;°, so that by definition of T we have

TTf 09 = T, A (fig)@)dal)

= | (. fite))daz) -
Now write

Do fedil@) = T f0ae - ot
= |, T At — mpat

_ SR3¢(t — 2, t)dt

so that by interchanging the order of integration and differentiation we
have

2 (TS, 99 = Sszg%gmg&(t — w, t)dtda(x)

A
SSZSth‘ E’CII lxl axk Q(t X, t)dtda(oc) .
Now ¢(t — w, t) = u(t)a(t — x)(J* — 1). So if ¢ is fixed and || = 1, then

O 5t — , t) = u(tyut — )20, ,
0x,

and therefore

zkl_xk_l T¢(t — w, t) = 2u(t)ult — o) ¢| = 2ult)ult — ) .

It follows that
S(Tf,, 9.) = 2 SSZ S w@)a(t — x)dt da(z) = 2 LZ wxii(z)da(z) ,

as required. O

Chapter 3. Lattice-theoretic invariants for reflexive algebras

Let (X, <, m) and (Y, <, n) be two standard partially ordered measure
spaces; for simplicity, assume both partial orderings are strict. Then the
reflexive algebras alg &(X, <, m) and alg &(Y, <, n) are unitarily equivalent
if and only if there is a unitary operator U such that US(X, <, m)U™" =
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(Y, =, n). In turn, the results of Section 1.2 show that this reduces to
the problem of determining whether (X, <, m)and (Y, <, n) are isomorphic
as partially ordered measure spaces. As we have pointed out in Section 1.2,
this characterization is not a useful one for dealing with even the most
common special cases. The purpose of this chapter is to make a coordinate-
free analysis of the structure of the lattices £(X, <, m) which will enable
one to deal with classification problems of this type.

Two operator algebras @, B (acting on different spaces perhaps) are
said to be stmilar if there is an invertible operator V such that VRV~ =
B. It is easy to see that the mapping of subspaces, 9N — VI, induces a
bijection of lat @ onto lat $ which preserves the lattice operations \/ and
/A; 80 to prove that @ and $ are not similar, it suffices to show that lat @
and lat @ are not isomorphic as lattices.

We shall consider the following two test problems. Let N be an
integer, N = 2, and let N be the finite chain {0, 1, 2, ---, N — 1}. N~ will
denote the infinite Cartesian product N x N x --- with its obvious product
Borel structure, and < will denote the (strict) product order on N, defined
by (x) = (y;) = o, = y; foreveryt=1,2, ---.

Example 3.0.1. For each N =2, let p, be the product measure
vy X v x --- on N”, where each factor v assigns uniform mass 1/N to each
point in the coordinate space N. Let @, be the reflexive algebra
alg (N, <, tty). A natural question here is, can @, and @, be similar if
M+ N?

Example 3.0.2. For each p, 0 < p <1, define m, as the product
measure % X n X --- on 2%, where each factor » assigns mass p to {1} and
1 — p to {0}. Here one asks can alg £(2*, <, m,) and alg £(2%, <, m,) be
similar if p # q?

As we will see, these two problems illustrate different phenomena, and
the answers to both are no. The solution of 3.0.1 depends on a unique
factorization theorem for certain distributive lattices (Section 3.3), while
3.0.2 involves a numerical invariant introduced in Section 3.5.

3.1. Primes and Generators

In this chapter, we are concerned with certain properties of commuta-
tive subspace lattices which are most conveniently discussed in a more
general context. The appropriate setting is a class of distributive lattices,
described as follows. Recall [8] that a valuation of a lattice L is a real-
valued function v defined on L with the property
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v VoY) +o@ Ay) = o@) + oY),

for all =, ye L. v is positive if v(x) < v(y) whenever x <y, x = y. A
metric lattice is a pair (L, v), consisting of a lattice L with a distinguished
positive valuation v; we will usually not refer to v explicitly unless there
is cause for confusion. In any metric lattice L, we may define a distance
function d on L in terms of the distinguished valuation v by

oz, y) = v(@ V y) —v@ Ay).
This makes L into a metric space, in which the lattice operations x—a V@
and x —a A, for fixed a € L, are contractions ([8, p. 77]). A metric lattice
L having a 0 and 1 is complete as a metric space if and only if L is a
complete lattice and its valuation v is normal in the sense that, for every
increasing sequence x, with least upper bound z (this is written «, | «), one
has

v(z,) 1 v(@) ,

and dually, z, | « implies »(x,) | v(2) ([8, pp. 80-81]). Such an L is called a
complete metric lattice.

Throughout this section, L will denote a distributive complete metric
lattice (we require that L contain a 0 and 1); moreover, the main results
will require that L be separable in the sense that it is generated, as a
complete lattice, by a countable subset (equivalently, L is separable as a
metric space). Such an L is the lattice-theoretic counterpart of a finite
measure algebra, the only difference being that one may not be able to take
complements in L. For our purposes, the main examples are the sub-
space lattices L = £(X, <, m), where the valuation is defined by

v(Pp) = n(E) ,
n being a distinguished finite positive measure on X which is mutually
absolutely continuous with m.

A nonzero element p of a lattice L is called a prime if, for any two
elements z, y € L, @ \V y = p implies = p or y = p. Note that if the positive
integers are regarded as a lattice, relative to the partial ordering m < n—=m
divides 7, then the primes are the elements of the form ¢", where ¢ is an
ordinary prime and n is a positive integer. On the other hand, observe
that a nonatomic Boolean algebra has no primes whatsoever. A simple
argument also shows that in a finite lattice, distributive or not, every
element is a finite union of primes ([8, p. 20, Ex. 4]. Note also that [8] uses
the term join-irreducible; we feel, however, that the above terminology
is better suited for our purposes).
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For any subset S < L, the notation [S] will denote the complete
sublattice generated by S, 0, and 1. Equivalently, [S] can be described as
the metric closure in L of the sublattice generated by S, 0, and 1 (see [8]).

DEFINITION 3.1.1. By a generator for L we mean a countable subset G
of L which contains 0 and 1 and satisfies [G] = L.

If we enumerate the elements of G, say G = {a,, a,, ---} (it is not
necessary that G or L be infinite, but we shall always require that the
labeling satisfy a, = a; if 1 = j), then we may define a “tail” sublattice G
of L as follows: G, = N.. [@., @y, +--] if G is infinite, and G = {0, 1} if G
is finite. We leave it for the reader to check that G. does not depend on
the particular enumeration of the elements of G.

We come now to the main result of this section, which is basic to much
of this chapter

THEOREM 3.1.2. Assume L ts infinite, and let G be a generator for L.
Then every prime in L has a representation p = p, A\ P., where p, is an
wntersection of certain elements of G, and p.. belongs to G...

Proof. Let p be a prime in L, and define p, = A {a € G: a = p}. Write
G ={a,a, ---}. Thenfor eachn =1 wedefine anelement q, € [a,.,,Fpis -]
by

qdn = A {xe [an+1y Wprgy *° ] x = p} .

We will prove that »p = p, A q,. Granting that for a moment, note that
the conclusion follows. Indeed, we have ¢, < ¢,.,, so that if p. denotes
V.4, then g, converges to p. in the metric of L. Since the map z+—
», A x is continuous, we see that p, A p. = lim, », A ¢, = p; the theorem
follows because p.. belongs to (). [@nsy, Apssy, * ] = G

Fixing n, by definition of p, and ¢, we have p < p, and » < q,, so
that p < p, A ¢.. Hence, we need to prove that » = p, A ¢,. For that we
require a few preliminaries.

LEMMA 1. Let p be a prime tn L. Then p < a,V a,V - \V a, implies
» < a; for somer =1,2, -+, n.

Proof. We repeat this simple argument ([8, p. 139]) for completeness.
Since L is distributive, the condition p < Y] a; implies p = p A V. a; =
Vi (p Aa;). Since p is prime, we must have »p = p A a; for some ¢; that is,

P = Q. O
For any nonvoid subset S < L, write S, (resp. S;) for the set of all
elements of L of the form V.  w, (resp. A ), where u, x, --- is an

arbitrary sequence in L, perhaps with repetitions.
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LEMMA 2. Let G be a generator for L, and let H be the set of all finite
wntersections of elements of G. Then L = H,,.

Proof. H contains G, and is clearly closed under (finite) intersections.
Since L is distributive, this implies that the set H’ of all finite unions of
elements of H is also closed under finite intersections (this routine detail is
left for the reader). Therefore H’ is the sublattice generated by G.

Next, note that H' is dense in L. For the closure of H' is metrically
complete, therefore lattice-theoretically complete ([8, p. 82]; recall that H’
contains the 0 and 1 of L), and therefore it contains [G] = L.

Finally, to prove that L = H,;,, we show equivalently that L = (H’),,.

Choose we L. Then there is a sequence z, € H' such that d(x,, x) < 27". It
follows that

a(xnﬂ Ve V Lt iy x) é Ef a(xn—{*j’ x) é Ef 2-—(n+j) é 2™ 4

for every k= 1. Soput v, = @0, V @ V o oo = 1lim, (€ppy V o0 V Zyr)-
Then y, € (H')o, and the preceding shows that d(y,, ) < 2. This implies
that y, — « metrically. On the other hand, since ¥, is a decreasing sequence,
it must converge to its greatest lower bound. Thus, * = A ¥, € (H ). [

Returning to the proof of 3.1.2, we have to show that » = », A q..
For that, define a subset S of L as follows:

S={rxeL:x=p implies © = p, A q,},

i.e., xe Sif and only if 2 », or x = p and « = p, A q,. It suffices to
show that S = L (for then p» will belong to S and, since p = p, we must
therefore have p = p, A ¢,). Note that Sis closed under arbitrary inter-
sections. So if we let H be the set of all finite intersections of elements of
G, then it suffices to show that S contains H,; for we know by Lemma 2
that L = H,;, and so this will imply that L = H,, =& S; & S.

To this end, choose an element v ¢ H,. Let B, (resp. C,) be the set of
all finite intersections of elements of {1,a,a,, - - -,a,} (resp., {1,0,00,00 10 * -}).
Since B, is a finite set, we may enumerate its elements as 8, -+, 8;. We
claim first that * must have the form x = V;Zl (B; N ¢;), wheree, +--, ¢,
belong to (C,),. Indeed, since every element of H has the form B; A ¢, for
some 7 =1, ---, [ and some ce C,, and since v is a countable union of such
elements, the assertion follows from the infinite distributivity property
VI (B Ae) = BAV, ¢ (8 pp. 82, 146]).

To see that & = V,_ (B; A ¢;) belongs to S, assume & = p; we have to
show that * = p, A ¢,. By Lemma 1, thereis a j, 1 < j <1, such that
B; N\ ¢; = p,i.e., B; = p and ¢; = p. Since B;is an intersection of certain
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elements of {1, a, - --, a,}, all of which dominate p, we must have 8; = p,.
On the other hand, since c; € [@,:1, @yis - -] and ¢; = p, we have ¢; = q,.
Therefore x = B; A ¢; = », A q,, as required. I

Remark. There is a simpler variant of 3.1.2 which applies to the case
where L is finite; that is, every prime is an intersection of certain elements

of any given generator G for L. We leave it for the reader to extract the
proof from the above.

DEFINITION 3.1.3. A basts for L is a generator G, all of whose elements
(other than 0 or 1) are primes, which satisfies G, = {0, 1}.

Most of the results to follow are applicable to lattices with a basis, for
instance, the lattices described in the introduction to Chapter 3. The
following corollary describes a sense in which bases are unique.

COROLLARY. Let G, and G, be two bases for an infinite lattice L. Then
every element of G, 1s an intersection of elements of G,, and vice versa.

Proof. Choose ac G, a0, 1. Since a is prime, 3.1.2 implies a = b A ¢,
where b is an intersection of elements of G, and ce(G,).. = {0,1}. The
only possibility for ¢ is ¢ = 1, hence a = b has the asserted form. The
cases a = 0 or ¢ = 1 are trivial. ]

3.2. Primes and factorizations

In this section we introduce the notion of an infinite factorization for
a distributive metric lattice, and we identify the primes in such lattices.

Throughout the section, L will denote a separable distributive com-
plete metric lattice. By a sublattice of L we mean a subset of L which is
closed under the lattice operations, and which contains both the zero and
unit of L. 2 will denote the trivial sublattice {0, 1}.

DEFINITION 3.2.1. L is called primary if its unit is a prime.

Remarks. Thus, L is primary if and only if @ \V b = 1 implies a = 1
orb =1, forall a, be L. In particular, no nontrivial element of a primary
lattice can have a complement in L, so that primary lattices represent an
opposite extreme from Boolean algebras.

Note also that a finite distributive lattice is primary if and only if it
contains a largest non-unit ¢ (i.e., ¢ # 1 and ¢ dominates every other
element a ## 1). Equivalently, suppose L is the lattice L(X, <) of all
increasing subsets of a finite partially ordered set (X, <) (for simplicity,
assume the ordering < is strict). Note then that L(X, <) is primary if and
only if the set X has a smallest element. More generally, it is not hard to
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see in this case that the primes of L(X, <) are precisely the “intervals”
[a,1] = {ye X:y = a}, a being an arbitrary point of X. Finally, note the
connection between primes and primary lattices: an element p € L is prime
of and only if the ideal p AL = {p Nx:x€ L} is a primary lattice in its
owmn right.

Given a family {L,} of sublattices of L, we write Y, L, for the complete
sublattice generated by \J. L.. If the family is a sequence L,, L,, «---, we
write L., for the “tail” sublattice N._ (L, V L.+ V ---). Here, it will be
convenient to allow repetitions in the sequence {L,}; nevertheless, the tail
sublattice is independent of the enumeration in the sense that if M, = L.,
where 7 is any permutation of the positive integers, then M = L.

THEOREM 3.2.2. Let L,, n =1, be a sequence of sublattices of L such
that L = VY, L, and which satisfy

(i) L, contains a largest non-unit e,, and

(i) forallxe L, yeV,_ .., L, xVy=1impliesx=1ory=1.
Then L is primary if and only if L., is primary.

Proof. The “only if” part is trivial, since every sublattice of a primary
lattice must be primary.

So assume L, is primary, and choose a, be L such that a Vb = 1. Let
A be the sublattice generated by U,_ L,.. We deal first with the special
case where both a, b belong to A, (see Section 3.1). Letting H denote the
set of all finite intersections #, A - -+ A%n, 2,€ U,_, L., then every element
of A is a finite union of elements of H, so that ¢ and b must have the form
a=V. a,b=V__ b, wherea,, b,c H.

Now let ¢, be the latgest non-unit in L,. We associate two sequences
a,, a, with a as follows:

a,=Vi{:a, =eV - Ve},
a,=Via£e V- - Vel.

It is clear that a = «, V «,, that a, < a..,;, and that a, = a,.,. Note also
that a, e V;_ .. L;. Forif a,e H is such that a, £¢,V -+ Ve, say a, =
TN 0 A%, &€ UL, then a, < 2, for all 7 and hence x;, £e, V --- Ve,
1 <1 < r. Now if z; is a2 non-unit then it cannot belong to L, U --- U L,,
by definition of e,, - --, e,, and therefore x,e U;_,,, L; S V., Li. Ifa, =
1 the same conclusion is evident. We conclude that a,e V_,,, L;, and
since a), is a (countable) union of such elements a,, the claim follows.
Similarly, we may write b = 8, \VV 8., where B, < B.+1, Bn = B, and

Br.e V.., L. Sowe can write
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l=aVb=(@VE)V@VB)=eV - Ve, Va,V s,

and hencee, vV --- Ve,V a,V B,=1for every n =1. By the hypothesis
(ii) we see that e,V ++- Ve, V a, V B, = 1 and, continuing inductively,
we arrive at the conclusion «a, \V 8, = 1. Put a. = A. &l B. = A.B..
Since both sequences «),, B, are decreasing, they converge to ., B.
respectively in the metric of L; and since the map z, y—x \/ ¥ is metrically
continuous ([8]), we conclude that «. \/ 8. = 1. Finally, note that since
., B, belong to V7 L; and decrease to their limits, it follows that both
a’, and B, belong to L_ (see the proof of 3.1.2).

Since L., is assumed to be primary, we must have o, =1l or 8., =1,
say a., = 1. Since al, < a), < a, we conclude that ¢ = 1, as required.

Consider now the case of general elements a, be L with a \Vv b = 1.
Since L = A,; (see Lemma 2 in the previous section), there exist a,, b, € A,
such that « = A,a,, b = A.b,. Because A, is closed under finite inter-
sections, we may assume that a, = a,,,, b, = b,.,. Henceavd=<a, Vb,
for every =, so that a, \V b, = 1. By the argument already given, we
must have @, = 1, or b, = 1, for every n = 1. So one of the two sequences
{a,}, {b,} must take on the value 1 infinitely often, say {a,}; this, however,
implies that ¢ = lim, a,, = 1, completing the proof. ]

DEFINITION 3.2.3. By a factorization of L we mean a sequence L,
n =1, of finite sublattices of L having the properties:

(i) L =V.L,.

(ii) (¢ndependence) For all a, a’€ L,, b, '€ Vju, L;, a N Za' Vb
implies a < a’ or b <V, for every n = 1.

(iii) (zero-ome law) L., = 2.

This will be expressed by the notation L = @, L,. Of course, there
exist lattices of the type discussed here which have no factorizations
(example: the unit interval). However, there are many that do; a class of
examples is described after 3.2.4 below. There is a similar definition of
factorizations of finite distributive lattices L = L, ® -+ ® L,, obtained by
simply deleting condition (iii) from 3.2.3.

Suppose now that L has a factorization L =@, L,, and that
{E,, E,, ---} is a partition of the set of positive integers into finite subsets
E.. For each n = 1, define a finite sublattice M, = L by

Mn = e.’ieEn LJ' .

Then a routine (though somewhat tedious) argument establishes that {},}
is another factorization of L. This proof will be left for the reader, since
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the result is not required below.

We come now to the main result of this section, which identifies the
set of primes in any factorable lattice L = @, L,. The notation P(L) will
denote the set of all primes in L. Itis well to keep in mind that if M is a
sublattice of L, elements of P(M) need not be primes in the larger lattice
L, in general.

THEOREM 3.2.4. Assume that L admits a factorization L = @, L,.
Then the primes of L are precisely the monzero elements of the form
q = A.D. where p,, p,, - -+ is any sequence such that p, € P(L,) for every n.

Proof. First, let p be a prime in L. To produce a sequence », € P(L,)
such that p = A, p., we utilize 3.1.2 as follows. Let G = J._ L,. Then
G is a (countable) generator for L. Note also that G, = 2. For if we

enumerate G = {g, ¢,, --+}, then for each % there is a %k such that
{9k, Gir1, -+ -} contains no element of the (finite) set L, U --- U L,. There-
fore {gi, 94+, *--) S U;.,., Lj, and the claim G. < L. = 2 follows. By
3.1.2, we conclude that there is a sequence a, @, ---€G such that
D= A

Now define p, = A {a,: a,€ L,} (if {a,} contains no element of L,, put
p,=1). Note that p= A’  »,, and it remains to show that »,c P(L,). So
fix n, and choose a, b€ L, such that p, = a\Vb. Writing q, = A, 0;, We
may write p =9, A g, = @V Ag,=(@ANq,) V(bAg,). Since p is prime
we must have either p=a Aq, or p =0 Aq,, suppose p=a A q,. Since
aNqg,ZaV0, we may write p = p, A¢.=a Nq,=<a\0. Since p,, ac L,
and q,, 0€ V.., L,, we see from property 3.2.3(ii) that p, < a (the case
q, < 0 is impossible, since 0 = p < q,), and since a < a \V b = p, we have
p, = a. The other case, p = b A q,, leads to p, = b in the same way.

Conversely, let p, », --+ be a sequence such that p,eP(L,) and
» = A.D,is not 0. Define a new lattice M =p AL ={p A x:xe L}. We
have to show that M is primary (note that p is the unit for M). This is
deduced from 3.2.2 as follows.

For each n > 1, let M, = p A L,. Then M, is a finite sublattice of M.
Moreover, since the map xe L+—p A axe M is a lattice homomorphism
preserving arbitrary unions and intersections ([8, pp. 82, 146]), it follows
that M is complete and, since L = V, L,, we have M =V, M,. To check
the other hypotheses of 3.2.2, suppose xe M, and ye M,,,. V M,..V ---
satisfy « Vy=1,=p. Then x =p Aa and y = »p A b for appropriate
elements aec¢L,, beL,,,VL,.VY ---. Thus p=®Aa)V (p Ab) =
»p A(aVb), or p=aVb Again, writing q, = A,z »;, the preceding
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becomes p, A ¢, =p < a \V b. Since p,,ac L, and q,, be V,., L;,, we see
from property (i) of Definition 3.2.3 that either p, <a or ¢, <b. If p,Zaq,
then p < p, < a so that x = p A a = p = 1,, as required. If ¢, < b, the
same reasoning shows that y = p = 1,,.

Next, note that M, is primary. Forif x, ye M, satisfy x Vy = 1,, = p,
say x=pAa, y=PAb, a,be L,, then as in the preceding paragraph
we deduce that p, Ag,=p=aVb=(aVb)\V0. Again, since p,,a\Vbe L,
and ¢,, 0¢ V.., L;,, we deduce from 3.2.3(ii) that p, < a \V b (since the
other alternative, ¢, < 0, is impossible because 0 = p < q,). Because p, is
prime in L,, Lemma 1 of the preceding section implies p, < a or p, = b.
Thus,x=p Aa=p=1,0ry =p A b=p =1,, as required.

Since each M, is finite, as well as primary, it must contain a largest
non-unit. Therefore, all the hypotheses of 3.2.2 are satisfied. Therefore to
show that M is primary, it suffices to show that M is primary.

In fact, we claim that M, = {0, p}. Indeed, if & belongs to M, =
N.ip Na:ae L,V L,., YV ---}, then for each n we can write v = p A a,,
a,¢L,VL, .V ---. Byreplacing a, witha, V a,;, V -++, we can assume
a, = a,.,; and therefore a, converges to its limit a, = A. a, in the metric
of L. By continuity of the map z+ p A z, we conclude that x = p A a..
Since a.. belongs to L., = 2, © must be either 0 or p, as required. ]

We conclude this section with a discussion of a class of examples. For
each n = 1, let (X,, <) be a finite partially ordered set (for simplicity we
assume the ordering is strict), and let m, be a probability distribution on
X, which assigns positive mass to every point. Define X to be the product
X, X,, with the obvious Borel structure; define a probability measure m
on X by m = X, m,; and define a (strict) partial order on X by (z,) < (¥,) =
z, < y, for every coordinate n = 1. Finally, let L be the subspace lattice
(X, <, m). We obtain a positive normal valuation v on (X, <, m) by

v(Pp) = m(E) ,
for every increasing Borel set E = X, and this makes £(X, <, m) into a
complete separable distributive metric lattice.

We associate with the coordinate spaces {X,, <) of (X, <) a natural
sequence of sublattices L,, where L, is defined as the set of all projections
P,, where E is an increasing Borel set which depends only on the =t
coordinate (more precisely, E has the form {(x,) € X: z,€ A} where A is an
arbitrary increasing subset of X,). It is easy to see that {J, L, generates
L (this follows from 1.2.2, for example), and the fact that L, = 2 is a con-
sequence of the Kolmogorov zero-one law ([19], [15]) for measure algebras
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based on product measures.

We claim now that L =@, L,. We only need to verify property
3.2.3(ii). For that, let 3, denote the (finite) sigma-field of all Borel sets F
in X of the form E = {(x;)e X:»,€ F} where FF< X,. We claim that if
A, A'eSB, and if B, B’ belong to the sigma-field generated by ... B,
then AN BS A’ U B’ implies m(A"\A) = 0 or m(B"\B) = 0 (the assertion
follows from this). Now (A4\A’)N (B\B') = AN B\(4' U B’) is empty, so
that m((A\A") N (B\B’)) = 0. Because of the way m was defined as a
product measure, the sets A\A’ and B\B’ are (probabilistically) independent,
so that

m(A\A")Ym(B\B') = m((A\4") N (B\B')) = 0;

hence either m(4\A4’) = 0 or m(B\B') = 0, as required.

We can now describe quite explicitly the primes of L. For every
sequence ¢ = (x;) in X, we write [«, 1] for the interval {(y,)e X: vy, = =,
for every n}. Clearly, [z, 1] is an increasing Borel set, and so it determines
a projection P, ;€ &(X, <, m) = L. Note, however, that P, ,; = 0 when-
ever [, 1] has measure zero. We assert: The primes of L are the pro-
Jections P, ., where & runs over all points tn X for which m([z, 1]) > 0.
We merely sketch how this is deduced from 3.2.4. For x = (x,) fixed, we
may write [», 1] = N_ A,, where 4, = {(y)e X:y, = x,}, and therefore
P, = AN.P,,. By 3.2.4, it suffices to verify that the primes of L, are
just the projections P,, where A has the form A = {(y.): ¥. = a}, a being
an arbitrary point in the »'® coordinate space X,. This, however, follows
from the discussion after Definition 3.2.1, and the natural identification of
L, with the lattice L(X,, ).

We have already pointed out that a nonatomic Boolean algebra has no
primes whatsoever. Thus, it is of interest to determine when one of these
lattices contains no primes. This can also be dealt with in terms of 3.2.4,
and we now outline the argument very briefly. For each n = 1, define an
invariant v, associated with the “coordinate” measure space (X,, <, m,) as
follows:

7, = max {m,([a, 1]):a € X,} .

Alternately, 7, can be defined in terms of the distinguished valuation v on
L as

7. = max {v(P): Pe (L,)} .
Now for any sequence P,c P(L,) we have v(A, P,) = I _, v(P,) (reflect-
ing the fact that m = X, m, is a product measure). Recalling that, for
any sequence ¢, of real numbers, 0 < ¢, < 1, the infinite product IJ, ¢, is
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positive if and only if the series ), (1 — ¢,) converges, we arrive at the
following characterization: In order that L contain at least one prime, it
18 necessary and sufficient that the series E:;l 1 — v,) should converge.

Finally, let us consider the special case where each (X,, <) is a fixed
finite partially ordered set (X,, =), and m, = m, for each n. Assuming
that X, has a smallest element, it follows that L(X,, <) is primary, hence
each L, is primary and so L is primary by 3.2.2. For any sequence x =
(x,) € X, one sees easily that m([z, 1]) > 0 if and only if x, = 0 for all but
a finite number of coordinates n. Let X, be the (countable) subset of all
such points € X. We conclude that the map xe X,— P, ,; is a bijection
of X, onto 9(L). Moreover, one may also verify that this map is an order
anti-isomorphism relative to the ordering that X, inherits from X. In
particular, every prime in L is a finite intersection P, A P, A --- A P,,
where P,c P(L,). Of course, these remarks apply to the lattices discussed
in the introduction to Chapter 3.

3.3. A unique factorization theorem

We now investigate the problem of uniqueness for factorizations of a
given lattice L; as in the preceding section, all lattices are assumed to be
separable distributive complete metric lattices having a 0 and 1.

We first want to relate this problem to some known results in the case
of finite lattices. Suppose L is realized as the lattice L(X, <) of all in-
creasing subsets of a finite partially ordered set (X, <). Then a known
theorem asserts that L has a decomposition into a cardinal product
L.L,---L,, where each L, has trivial center, and moreover this decomposi-
tion is unique up to the order of the factors ([8, PD. 26—27]). In terms of
the underlying set (X, <), there is a natural equivalence relation ~ in X
defined by x ~ y if and only if there is a sequence x = ¢, t,, -+, ¢, = ¥ in
X such that for all ¢, either ¢, < ¢,., or ¢,,, < t,. Letting X, X,, ---, X,
be the associated equivalence classes and <, the ordering that X, inherits
from X, then the factors L, appearing in the cardinal product L =
L.L,--- L, may be taken as L, = L(X,, <,). In particular, a factorization
of L(X, <) into a cardinal product corresponds to partitioning the space
X into disjoint subspaces of a certain type.

Here, on the other hand, we are interested in factorizations of the
type L=L, ® --+- Q L,. In the case L = L(X, £) (for finite X), this
amounts to realizing (X, <) as a Cartesian product of spaces (X,, <,.), in
the sense that X = X7_, X, and (x,, ---, ©,) =< (¥, ---, ¥,) if and only if
x, =,¥, for every k=1,2 ---,n. So far as we can determine, the
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following material gives new results even in the case of finite lattices
(though in that case, needless to say, one may give much simpler
arguments).

A finite lattice L is said to be indecomposable if the only factoriza-
tions of L, of the type L = L,® L, have the property that L, =2
or L,=2. A factorization of a (perhaps infinite) lattice L = @, L. is
called indecomposable if each factor L, is an indecomposable lattice,
and is not the trivial sublattice 2. It is natural to ask the extent to
which indecomposable factorizations of a given infinite lattice are unique.
Unfortunately, nothing can be said in general. To illustrate this, we
consider the case where L is the measure algebra of the unit interval.
Let (X, m) be the standard measure space consisting of the Cantor space
X = 2~ and the measure m = X, m,, where m, assigns mass 1/2 to each
element 0, 1 of 2. Then the measure algebra of (X, m) admits a correspond-
ing factorization @, L,, where each factor L, is a four-element Boolean
algebra (note therefore that each L, is indecomposable in the above sense).
Because the measure algebra of (X, m) is separable and nonatomic it must
be isomorphic, as a complete Boolean algebra, to L (see [15, p. 173]).
Therefore, L admits an indecomposable factorization L = @, L, into
four-element Boolean algebras L,. Now in a similar way, by considering
the measure space (Y, n), where Y = 3~ is an infinite Cartesian product of
three-element sets and where n = X, n,, %, assigning uniform mass 1/3
to each point of 3, we arrive at the conclusion that L also admits an
indecomposable factorization L = @, M, into eight-element Boolean
algebras M,.

Thus, it may be unexpected that unique factorization does hold for
primary lattices L, even in the case of lattices £(X, <,m) which are based
on nonatomic measures m. This is a consequence of the following result.

REFINEMENT THEOREM 3.3.1. Assume that L 1s primary, and let L =
®. L, = Q. L, be two factorizations of L. Then there is a double sequence
L., m, n =1, of finite sublattices of L having the properties:

(1) For each m (resp. n), L,, = 2 for all but finitely many values of n
(resp. m), and

(i) Ln= @ Lnu L\, = @n Lns-

Proof. Simply put L,., = L, N L. Because of the properties of {L.,},
it is clear that {L,,:m =1} forms a factorization of Y _ L,, for each

fixed n, i.e., Vn Luy = @n L., and similarly for the other variable (by
symmetry).
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Note next that L, N L; = 2if 7 = j. Indeed, if a € L, N L;, then since
a AN1=0V a, it follows from the “independence” property of factoriza-
tions that ¢ <0 or 1 < a, as asserted. Now for fixed n» =1, this implies that
the sets L, N L,, m = 1, induce a partition of L,\2. Since L/ is finite, we
conclude that L,, = L, N L, =2 for all but finitely many values of m.
The property (i) follows by symmetry.

For (i), we only need to show that L), = V' _ L,, the remainder
following by symmetry. So fix » = 1. Since the inclusion 2 is obvious and
since L’ is generated by its primes, it suffices to show that (L)) S U _, L.
Choose pe P(L,), and we may assume that p = 1. First, we claim that
p is a prime in L. Since L is primary, so is each L}, and therefore 1 e P(L})
for every ¢ # n. Thus p has the form p = A, p. where p,e P(L}) for
every r. By 3.2.4, p must be prime in L.

Since L, is generated by P(L,), U,_ P(L,) is a generator for L. By
3.1.2, there exist elements q,, q,, --- € U, P(L,) such that p = A, q. (we
may also assume that ¢, = 1 for each k). Now fix k. The argument of
the preceding paragraph shows that q, is prime in L, so that we may repeat
the same argument with the generator U, <%(L}) to obtain a sequence
Qisy Qrzy ++ - € U:P(L7) such that ¢, = A, ¢, and ¢, # 1 for each [. Now we
claim that each ¢,, belengs to P(L.). Indeed, if q,; € P(L;) for some 7 = n,
then because p < q, < ¢q,, we see that p A1 <0V q,. By the “independ-
ence” property of factorizations, we conclude that p < 0 or 1 < q,;, both
of which are false.

It follows that ¢, = A.q. belongs to L), = [P(L})], for every k. But
we also know that ¢.e U, P(L;), so in particular there is a value of j
(depending on k) such that ¢, e P(L,)N L, S L;N L, = L;,. Thus q,¢
V; L;, for every k, and we may now conclude that p = A, q, belongs to
V; L;., as required. ]

UNIQUE FACTORIZATION THEOREM 3.3.2. Suppose L is primary. Then
for any two indecomposable factorizations L = @, L, = @, L, of L, there
18 a permutation T of the positive integers such that L), = L., for every n.

®.. L...- By the indecomposability property, it follows that the doubly
infinite matrix (L,.,) has exactly one nontrivial entry in every row and in
every column. Thus there is a permutation = of the positive integers such
that L,.-1,, is the nontrivial entry which occurs in the »n' row, n = 1.
Thus, L,=V;L,; =L, and so L., = L., = V;L;, =L,, as
asserted. O]

Proof. By the preceding result, we may write L,, = @, L., and L, =
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Discussion of Example 3.0.1. Let N be an integer, N = 2, and let N
be the chain {0,1,---, N —1}. Consider the subspace lattice L, = ¢(N~, <,m)
defined in Section 3.0. Then L, admits an obvious factorization L, = @; L
where each L; is a chain consisting of N + 1 elements. By the unique
factorization theorem every indecomposable factorization of L consists of
factors which are chains containing N + 1 elements, and in particular, the
integer N is an isomorphism invariant of the lattice L,. Hence, L, and L,
cannot be isomorphic if N == M. Since, as subspace lattices, L, and L, are
reflexive (1.6.3), we conclude that the operator algebras alg £(N=, <, m)
and alg eM~, =<, m) are not similar if N = M.

We also point out, however, that this argument does not distinguish
between the lattices £(2%, <, m,), 0 < p < 1, of problem 3.0.2, since they
all admit indecomposable factorizations of the form @; L; where each L;
is a chain of length 3. The latter problem is taken up in Section 3.5 below.

3.4 A representation theorem

In order to establish a key result in the following section, it is necessary
to realize a given lattice in an appropriate way as a subspace lattice. The
purpose of this section is to present a suitable representation theorem.

It is well-known that every separable complete Boolean algebra B,
which admits a positive finite sigma-additive “measure,” is isomorphic to
the measure algebra of a (finite) standard measure space. The main result
below gives a strengthened generalization of this theorem to separable
complete distributive metric lattices. Given such a lattice L, we shall
make use of the following notation. Recall ([8, p. 74]) that the variation
of a valuation ¢t of L is defined as follows:

[[ee]] = sup 200, | t(an) — t(ar) |,
the supremum taken over all finite chains 0 = ¢, < a, < -+- Za,=11in L.
We shall write val (L) for the real vector space of all valuations ¢t on L
satisfying £4(0) = 0 and || ¢||] < . It is very easy to see that the norm
|| - || makes val (L) into a Banach space. Moreover, if we define lattice
operations \V and A in val (L) by

1V V(@) = sup 3o, max (f(ar) — ta), Y(ar) — v(ai_))
where the supremum is taken over all finite chains 0 =g, < a, < --- <
@, = « connecting 0 and x (¢ A v is of course defined dually), then val (L)
becomes a Banach lattice (i.e., a vector lattice in which |#| < |v| implies
leell = lvll, | 1] being defined as ¢tV (— ) (see [8, pp. 84, 246]; indeed, this
all remains true for arbitrary lattices L). We shall be concerned primarily
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with the following two subspaces of val (L).

Note first that an element z e val (L) satisfies ¢# = 0 (in the natural
order of val(L)) if and only if ¢ < b implies g(a) < t4b) for all a, be L.
Given , v e val (L) such that £ = 0 and v = 0, we shall write £ < v if, for
every ¢ > 0, thereis a 6 > 0 such that for every finite chain of the form
0=a,<b=<a,=0b<---<b,=1 for which Y (v(by) — v(a,)) =9,
one has Y, (r(b,) — t(ay)) = e. L,(v) will denote the space {st€ val (L):
[#¢] € v}, where v denotes the distinguished valuation giving rise to the
metric on L. Itis easy to see that L,(v) is closed under the lattice opera-
tions, the vector space operations, and is closed in the norm of val (L), so
that L,(v) is a Banach lattice (these routine verifications are left for the
reader).

The second subspace of val (L) (which we write as L,) is defined as the
space of all elements f¢te val (L) whose modulus | /¢| satisfies the condition
lim, | ¢¢](@,) = | #|(a) for every increasing sequence a,<€ L with V,a, = a,
and dually for decreasing sequences (i.e., | ¢¢| is normal in the terminology
of 3.1). Now since the map g+ | z¢| of L into itself is uniformly norm-
continuous, it can easily be seen that L, is closed in the norm of val (L);
moreover, another series of simple arguments shows that L, is also a
Banach sublattice of val (L).

Now it is almost obvious that L,(v) & L,; however, the inclusion is
usually proper. We want to digress momentarily to discuss this significant
point. Note first that, while L, is defined purely in terms of the lattice-
theoretic properties of L, L,(v) depends on the pair (L, v). Thus L, is an
isomorphism invariant of the lattice L, while L,(v) is not; in particular,
while every lattice automorphism « of L onto itself must carry L. onto
itself, it can happen that L,(vo«) is not contained in L,(v), so that L,(voa) +
L,(v). This phenomenon is illustrated by the following simple example.

Example. Let L be the complete chain consisting of the unit interval
[0, 1] with its usual ordering, and let v be the valuation v(z) =2, 0= =1.
Let ¢ be any probability measure on [0, 1] which is singular relative to
Lebesgue measure m, is nonatomic, and assigns positive mass to every
interval (a, b), @ <b. Then the function a: L — L defined by a(z) = ([0, «]),
0 < 2 <1, is a continuous strictly increasing function mapping [0, 1] onto
itself. Thus, « is an automorphism of L. On the other hand, the condition
L,(voa) = L,(v) would imply p is absolutely continuous relative to m, an
absurdity; indeed, the singularity of g is reflected by the fact that
L,(v) N L(vecx) = {0}.
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The existence of such “singular” automorphisms (and isomorphisms) in
this class of distributive lattices is a phenomenon that does not occur in
the special case of Boolean algebras. Indeed, one can show that L,(v) =L,
when L is a Boolean algebra (the proof of this can be based on the device
used in the lemma on p. 253 of [8]). We now state the result of this section.

THEOREM 3.4.2. Every separable distributive complete metric lattice
1s 1somorphic to a complete sublattice of the measure algebra M(X, m) of
o standard finite measure space (X, m) which generates M(X, m) as a
complete Boolean algebra. Moreover, if v is the valuation associated with
the metric of L, then the isomorphism implements an isometric lattice
iwsomorphism ptt— f. of L,(v) onto L'(X, m), in which t(a) = Sf,,x,,dm,
where A = X is the set corresponding to a € L.

The quickest way to a proof is via the following theorem of Kakutani
([18], [8]) concerning (L)-spaces (recall that an (L)-space is a real Banach
lattice in which ||z + y || = [|«]|| + ||y || for allx = 0, y = 0).

THEOREM. Let E be an (L)-space which contains an element e such
that, for all mommnegative xe E, v AN e =0 tmplies v =0. Then E s

isomorphic (as a Banach lattice) to LY(X, m), where (X, m) is some
probability space.

To prove 3.4.2, we observe first that L,(v) is an (L)-space. For that, it
suffices to show that the larger space val (L) is an (L)-space, i.e., satisfies
e+ vl =|lell + ||v]] for all ¢, v = 0. But in this case, the definition of
|| ££]] implies that || #|| = £(1), so that

lee+ vl = (¢ +v)Q) = (1) + Q) = [[ ]| + [| ]|
is obvious.

Next, note that the element ¢ = v satisfies the “weak unit” hypothesis
of Kakutani’s theorem. Indeed, let pte L,(v), # = 0, be such that £ A v =
0, and choose any positive number «. Then since ¢t € v one may choose 9,

0 <0 < a, so that for every chain a, <5, <a,<b, < --+- <b, in L with
2. (v(by) — v(ay)) = 0, one has Y, (14b,) — (ar)) < a. Now £ A (1) =0,
so by definition of ¢ A v there is a chain 0 = ¢, <¢, < --- <¢,=11in L
such that

4

o min (¢(c;) — ples), v(ey) — vle;_)) £ 0.

Divide {1, 2, - - -, p} into two disjoint subsets 4, B such that p(c;) — pt(c;) <
v(e;) — v(e;_,) if and only if je A. Then we have

Siealtes) — te;in)) + o0, (ves) — v(e;_)) = 6,

and in particular, each of these two sums is < §. By the choice of 9,



OPERATOR ALGEBRAS 525

25 (v(e) — v(e;m)) < 6 implies Y, (#(c;) — p(c;_)) < @. Adding this to
>, = 0 we obtain
Y (£2€es) — e )) S0+ a = 2a .
and since the series telescopes to (1) — #(0) = (1), we conclude that
|| ]l = #(1) = 2a. Since a was arbitrary, the conclusion ¢ = 0 follows.
Before invoking Kakutani’s theorem, we want to collect a few results
concerning a natural action of L on val (L), defined for a € L, p£€ val (L), by

a-p(z) = tla A\ ) .

Because L is distributive and g is a valuation, it is clear that a.x is a
valuation. Moreover, if ¢ = 0 then for all x < y we have 0 < (e A y) —
a A z) = p(y) — () ([8, p. 76]); therefore 0 < a-p2 < . It follows from
the Jordan decomposition ([8, pp. 83-84]) that ||a- || < || ¢|| for arbitrary
reval (L).

LEMMA. For all g, ve val (L) with g, v = 0, and for all a, be L, one
has

i apA@—av)=0,

(i) a-(x Av)=(a-p) \v,

(iii) (@ AD)-pt=a-p A b-p, and dually.
Moreover, a-L(v) S L\(v), and a-0 = lim, ., (na-v) A o strongly, for every
ge L,(v), 0 = 0.

Proof. (i) Since both a-z¢ and v — a-y are isotone, according to the
definition of A in val (L), a-p¢ A (v — a-v) = 0 will follow if we can exhibit
achain0 =¢, =<¢, £ -+ £¢, =1in L such that, for all 1 < j < n, either
a-pe;) — a-p(e;n)) =0 or (v — a-v)(c;) — (v — a-v)e;—) = 0. Now simply
consider the chain 0 < a < 1.

(i) Since a-(# Av)=<a-¢t and a-(2 Av) = ¢ Av =y, the inequality
a- (L AY)=Z(a-¢) Av is obvious. On the other hand, the linear map
M a-n of val (L) into itself is clearly idempotent, and therefore so is the
map P:x— X\ — a-An. Moreover, the preceding remarks show that x = 0
implies Px = 0. Hence, 0 < P(a-¢t A V) =< P(a-p) =0, so that a-pt A v =
a-(a-pt A v). Since the last term is dominated by a-(¢ A v), the assertion
follows.

(iii) Utilizing (ii), we can write a-pt A b-pt = a-(t A b-t) = a-(b-p) =
(a A b)-z¢. The dual relation follows from this because, for each x € L,

(@ Vb)) = (@ VD) ANa)=a AxVbAw)
=pma Nx)+ pbAx)—t(a ANbA2).
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Hence, (aVVb) -t =a-pt+b-t—(@Ab)-pt=a-pt+b-pt—a-tANb-t =0a-ptV
b- ¢, where the last equality uses the formula ¢ \/ 7 + ¢ AT = ¢ + 7, valid
in any vector lattice.

Note that if ¢ < v, then a-¢t < ¢t € v implies a-¢t € v; i.e., a-L,(0) &
L,(0). Finally, we claim that lim, (na-v) A ¢t = a-ft, whenever pte L,(v).
Indeed, since we have previously shown that v is a weak unit for L,(v)
(i.e., M A v =0 implies » = 0, for all ve L,(v) withx = 0), the sequence
nv A ft must converge strongly to 4([18, Lemmas 3.3 and 3.9]). So from
(ii) we conclude that a-p¢ = a-lim, (nv A g) = lim, (na-v) A £, proving
the lemma.

Recall now from [18] that in any (L)-space F having a weak unit ¢ (one
assumes that || e || = 1), the set B of all elements « in E satisfying « = 0 and
x A (e — z) = 0 is a complete Boolean algebra relative to the lattice opera-
tions inherited from L and the complementation x+—e¢ — x. Moreover,
w(x) = ||2|| defines a positive normal valuation on B. So assume v(1) =1,
and let B be the corresponding Boolean algebra in L (v).

Now imbed L in B as follows: for a € L, put @ = a-v. Taking g =v =
v in part (i) of the lemma, we see that @ e B, and (iii) asserts that ¢ —a is
a lattice homomorphism of L into B, which carries unit to unit. Since
[la|| = a(l) = v(a), we see that the map is an isometry of (L, v) into (B, w).
Since both (L, v) and (B, w) are complete metric lattices, a standard
argument shows that, in fact, a — @ is an isomorphism of L onto a complete
(therefore closed) sublattice of B.

Now Kakutani’s theorem implies that there is a probability space
(X, m) and an isometric lattice isomorphism of L,(v) onto L'(X, m) taking
v to the function 1, which carries B onto the measure algebra M(X, m)
(regarded as the set of all characteristic functions in L'(X, m)), such that
the functional g +— z(1) carries over to integration against the measure m
(see [18]). In particular, L becomes identified with a complete sublattice
L' of M(X, m).

Of course, v(a) = S X.dm, where ¥, € L’ is the image of a€ L. We now
observe that this holds more generally; i.e., for every g€ L,(v) and ac L,
one has p(a) = X fr.dm, where fe L'(X, m) is the image of . To see this,
we may clearly assume ¢ = 0. Then by the lemma, we have

@) = (@ )(1) = Tim, nd A (1) = Tim, | (wg) A fdm = | y.pdm

as asserted.
One can now deduce that L'(X, m) is the closed linear span of L’;
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equivalently, we assert that if fe L=™(X, m) is such that S frdm = 0 for
all y,e L', then f = 0 almost everywhere. Indeed, since f is integrable it
corresponds to some element pte L(v). We have p(a) = \ y.fdm = 0 for
every a € L (using the preceding), so that ¢« = 0 and hence f =0 as an
element of LY(X, m).

It follows easily from the preceding paragraph that L’ generates the
full measure algebra of (X, m) as a complete Boolean algebra.

Finally, we claim that L'(X, m) is norm-separable. For if {a, a, ---}
is a (metrically) dense subsequence of L, then {x,, X, - -} is metrically
dense in L’. By the preceding paragraph, then, the (countable) Boolean
algebra generated by {x., X4, -} is dense in M(X, m) in the usual metric
of M(X, m). This clearly implies that L'(X, m) is separable.

Because of this, we may replace (X, m) with an equivalent measure
space (X', m’) such that X' is a standard Borel space. That completes the
proof of 3.4.2. 1

Remark. By an obvious construction based on the device used in the
proof of 1.2.2, we may also assume that there is a standard partial ordering
=< of X (which may be chosen to be strict, see 1.2.3), such that the image
of L is precisely the lattice of (equivalence classes of) increasing Borel sets
in X. Noting 1.2.1, we deduce the nontrivial half of the following lattice-
theoretic characterization of commutative subspace lattices.

COROLLARY. In order that a complete distributive lattice L be tso-
morphic to a separably acting commutative subspace lattice, it is necessary
and suffictent that L be countably generated (as a complete lattice) and
hawve a positive normal valuation.

This result suggests a much broader, and undoubtedly more difficult,
question.

Problem. Characterize the class of (countably-generated, complete)
lattices whice are isomorphic to separably-acting subspace lattices.

What we have in mind here is something perhaps analogous to the
characterization of von Neumann algebras as those C*-algebras which are
“complete” (i.e., closed under the operation of taking bounded monotone
limits), and admit a faithful family of “normal” states. Note that the
above corollary is analogous to this in the commutative case.

Non-distributive lattices may still admit isotone valuations (consider
the dimension function on the projection lattice of a finite factor), but as
this example suggests, valuations correspond to traces on von Neumann
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algebras, not states. Thus, a first step in attacking the above problem

might be to introduce a lattice-theoretic counterpart of normal states on
von Neumann algebras.

3.5. Numerical invariants

We now introduce a numerical invariant which is capable of dis-
tinguishing between the lattices (2>, <, m,), 0 < » < 1, of example 3.0.2.
The reader may note some formal similarity between this quantity and the
Kolmogorov-Sinai invariant of ergodic theory [7], in spite of the fact that
the two are based on quite different principles.

Throughout this section, L will denote a distributive separable complete
metric lattice; for convenience, we require L to be infinite. By a state of
L we mean an isotone valuation g which is normalized so that £(0) = 0,
¢#(1) = 1; the convex set of all states is denoted by . X, will denote the
subset of X consisting of all normal states; thus, £, = {#eL,:p =0,
¢(1) = 1}. A generator G of L will be called proper if G, is the trivial
sublattice 2. Now given any state ¢ and any generator G = {a,, a,, ---},
we define the number

a(G, p) = lim sup, t(a,) -

Note that a(G, #t) does not depend on the particular enumeration of the
elements of G (so long as a; +# a; for © = j). Finally, define

a(L) = inf; . a(G, 1) ,

where the infimum is extended over all proper generators G and all normal
states pe 2, (if L has no proper generator, a(L) is taken to be 1).

Since the definition of X, makes no reference to the distinguished
valuation of L it follows that a(L) depends only on the structure of L as
a (complete distributive) lattice, and thus a(L) s an isomorphism tnvariant
of L. We now establish some results which will make the computation of
a(L) very easy in certain cases.

THEOREM 3.5.1. Let B be a basis for L and let G be any proper
generator. Then a(B, ) < a(G, ) for every state fL.

Proof. By definition of a(B, £t) there is a sequence p,€ B such that
p; #= p; if © # 7 and lim, p(p,) = «(B, #). Since each p, is a prime we know

from 3.1.2 that there exist elements a,, a,, ---€G such that p, =
Ay NGy N\ ++y,m =12 --.. We claim that there is a sequence 1 =
n, < m, < --- of positive integers and a sequence b, € G such that p, = b,

for all k, and b, == b; if 7 = j. Indeed, choose b, to be any element of
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{ay, @y, -++}. Givenn, <.-- <m,andb, ---, b, as above, the set {a,;: n>n,,
j = 1} must be infinite (since the complete lattice it generates contains
Day+1s Pnya, -+ +), and therefore it contains an element a,; which does not
belong to {b,, ---, b,}. Now put n,,, = r and b,,, = @,; to complete the
inductive step.

We now have

a(B, p) = lim, p(p,,) < lim sup, 1(b,) < a(G, 1),
as required. |

THEOREM 3.5.2. Let {M,: n =1} be a sequence of complete sublattices of
L such that M, 2 M,.,, and put M, = (N, M,.

Then for every pte L., the sequence sup {| p(x)|: x € M,} decreases to
sup {| i(x) |: @ € M.}

Proof. Let v be the distinguished valuation of L, and put w = v + | ¢|.
Then w is a positive valuation of L, which is normal because pre L,. It
follows that the pair (L, w) defines a complete metric lattice ([8, p. 80]).
Note also that, since | ¢£| =< w implies | ¢£| € w, we have e L,(w).

By 3.4.2 and the remark following it, we may assume that L is the
subspace lattice £(X, <, m) associated with a standard partially ordered
finite measure space (X, <, m), and that g has the form p(Py) = S Aghdm,
where & belongs to L'(X, m). Writing % in the form i(x) = f(x)g(x) with
f, qe L(X, m) we see that p(P) = (Pf, 9), for every projection Pe L =
(X, =, m).

For each n = 1, we may find a standard partial ordering <, of X such
that M, = &X, =,, m) (i.e., for n fixed, choose a sequence E,, E,, --- in
L(X, <) such that {P;, P, ---} generates M, as a subspace lattice, define
* =,y to mean () = xz(v) for every i =1, 2, ---, and now apply 1.2.2).
To prove the theorem, let A, =sup {| #(P)|: Pe M,} for n =1, and put A, =
sup {| #(P)|: Pe M,}. Itis clear that A, = A, for every =, and )\, decreases
to its limit A» = lim, \,.

To see that A < A, choose, for each %, a projection P,e M, such that
A — 1n < | (P,)| £ N,. Let X, denote the closure of {P,, P,., ---} in
the weak operator topology. Because the unit ball of £(L* X, m)) is compact
in the weak operator topology and the sets X, have the finite intersection
property, we may find an operator A in (), X,. Clearly | #(4)| = A, and
we claim that A belongs to the weakly closed convex hull of M, (since the
the linear functional T+ (Tf, g) is weakly continuous and coincides on
(X, £, m) with g, it will follow that » = | p(A4)| < sup {| (P)|: Pe M.} =
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M., as required). Let ke L=(X, m) be such that A = L,; since 0 < A< T
we may also assume that 0 < k(x) < 1 forall xe X. Foreach t,0 <t <1,
let E, be the projection corresponding to the Borel set {x: k(x) = t}. Fix
n = 1. Then since X, is contained in the weakly closed convex hull of
M, = &(X, <,, m), it follows from 2.1.3 that the function k is essentially
increasing relative to the ordering =,. This implies that {x:f(x) = t}
differs from a set in L(X, <,) by a set of measure zero (1.1.11), and there-
fore E, e &(X, =,, m) = M,. Because n is arbitrary we have E,c N, M, =
M,. Now the argument in the second part of the proof of 2.1.3 shows
that A = lEtolt, from which it follows that A belongs to the weakly
closed conveozx hull of {F,:0 <t <1} & M,... The claim follows. O

It does not appear to be possible to prove 3.5.2 without utilizing the
additional structure granted by 3.4.2. Our principal need for this result is
through the following.

COROLLARY 1. Let G be a proper generator of L. Then for any two
normal states tt, v of L, one has a(G, ) = a(G, v).

Proof. Enumerate the elements of G, say a,, a,, ---, where a, # a; if
1+ j. It clearly suffices to show that lim,|/(a,) — v(a,)| = 0. Define
o(b) = tub) — v(b), be L. Clearly o< val (L). Moreover, since |0 | < pt + v
and both ¢+ and v are normal, it follows that |o| is normal, i.e., o€ L,.
Now let M, be the complete sublattice generated by {a,, @,., ---}. Since
G is a proper generator, we have N, M, = {0, 1}; and because (0) = ¢(1) =0,
we see from 3.5.2 that sup {|o(b)|: be M,} tends to 0 as w — . It follows
in particular that | /«(a,) — v(a,)]| = | o(a,)]| tends to 0 as n — . O

COROLLARY 2. Assume that L has a basts B. Then for every mormal
state [t,
a(L) = a(B, 1) .
Proof. Fix rteX,. We want to show that for every ve £, and every
proper generator G, a(B, t) = a(G, v). But 3.5.1 implies a(B, 1) = a(G, 1v),
and the preceding corollary asserts that a(G, ¢) = a(G, v). O

The main application will be in terms of the following result. Recall
that for a sublattice M S L, $(M) denotes the set of primes of M.

THEOREM 3.5.3. Assume that L admits a factorization L = @, L, into
primary sublattices L,. Then B = U, 9P(L,) is a basis for L, and a(L) =
a(B, p) for every pex,.

Proof. It suffices to show that U,P(L,) is a basis for L. It is clearly
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a generator (since P(L,) generates L,), and from property 3.2.3(iii) of
factorizations it follows easily that |J, P(L,) is proper. Finally, tosee that
each pe P(L,) is prime in L one simply uses 3.2.4, noting that 1e P(L,)
for k& # m because L, is primary. il

Discussion of Example 3.0.2. Now consider the lattices L, =
£(2~, £, m,), 0 < p <1, of Problem 3.0.2. We have already seen at the end
of Section 3.2 that L, has a factorization @, L, , into three-element chains
L,,=1{0, a,, 1}, and clearly P(L,,) = {a,, 1}. Taking B = {1, a, a, ---}
and the normal state v determined by the measure m,, we see that v(a,) =
p for every n, so by 3.5.3 we conclude that a(e(2~, =, m,,)) = p, for every
0 < p < 1. In particular, £2%, <, m,) and £(2%, <, m,) are not isomorphic

y =

if » # q. Since these lattices are always reflexive, we conclude:

COROLLARY. If p +# q, then the operator algebras alg £(2%, <, m,) and
alg £(2%, <, m,) are not similar.
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