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 Introduction

 This paper is concerned with -the relation between certain non-self-

 adjoint algebras of operators on Hilbert space and their invariant subspace

 lattices. Given an algebra (T of operators on a Hilbert space, the notation

 lat (d will mean the lattice of all (self-adjoint) projections whose ranges are

 invariant under every operator in a; dually, with every lattice 2 of projec-
 tions, one associates the algebra, alg 2, of all operators which leave each

 element of 2 invariant. An algebra a is called reflexive [16] if it satisfies

 the condition CT = alg lat (d (lattices of projections with the corresponding

 property, 2 = lat alg 2, are also called reflexive). It seems appropriate to

 I This research was supported in part by a grant from the N. S. F.
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 think of this property as generalizing the "double commutant" property

 of weakly closed self-adjoint algebras.

 In practice, the knowledge that a given algebra d is reflexive allows

 one to reduce many questions about the algebra to questions about the

 lattice, lat (J. So one is lead to consider two general problems: first, how

 does one determine if Cd is reflexive, and second, how does one approach the

 analysis of lat d? This paper is the result of a study of these two problems
 for a special class of operator algebras.

 In Chapter I we discuss commutative subspace lattices, that is, lattices

 of mutually commuting self-adjoint projections which are closed in the

 strong operator topology. It is shown that such lattices are always

 reflexive. This depends on a "spectral theorem" which gives a description

 of such lattices in concrete terms, and on a procedure for constructing

 certain types of operators associated with these lattices. Basic to the

 results of Chapter I, and to much of the rest of the paper as well, is the

 notion of a partially ordered measure space introduced in Section 1.1.

 Chapter II concerns operator algebras which contain a maximal abelian

 von Neumann algebra. This category of algebras can be regarded as dual

 to the category of commutative subspace lattices in the sense that a pro-

 jection lattice 2 is commutative if, and only if, the corresponding operator

 algebra alg2 contains a maximal abelian von Neumann algebra. It is

 shown that every such algebra CT (which is closed in, say, the weak operator

 topology) is pre-reflexive in the sense that d and alg lat (J have the same

 diagonal (Section 2.1); however a need not be reflexive in general (Section

 2.5). The problem of determining when a is reflexive can be reduced to a

 problem about the commutative subspace lattice lat CA, which, in turn, is

 shown to be closely analogous to the problem of spectral synthesis in

 commutative harmonic analysis (see Section 2.2). As it turns out, it is

 possible to characterize the desired property in a usable way, and this

 leads to a number of new results on reflexive algebras. Some further

 applications of these techniques are given in Sections 2.3 and 2.4.

 In Chapter III we discuss certain aspects of the general problem of

 classifying (infinite) complete distributive lattices. This is closely connected

 with the problem of classifying certain reflexive algebras with respect to

 similarity; indeed, if Cd and I are operator algebras whose invariant sub-

 space lattices can be shown to be non-isomorphic as lattices, then of course

 one concludes that Cd and 3 cannot be similar as operator algebras. The

 main results are a unique factorization theorem (Section 3.3), and the

 existence of a numerical invariant for these lattices which is somewhat
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 reminiscent of the entropy invariant of ergodic theory (Section 3.5). These

 results lead to the solution of classification problems for certain reflexive

 operator algebras.

 Finally, it is essential for the techniques of this paper that all Hilbert

 spaces be separable or fitite-dimenrsionral. Throughout the paper, the

 notation 2(2C) (resp. C(QC)) denotes the algebra of all bounded (resp. compact)
 operators on XC.

 Thanks are due to Alan Hoppenwasser, who read the entire manu-

 script, improved several proofs, and offered many helpful suggestions.

 Chapter I. Reflexive Lattices

 1.1. Partiallly ordered measure spaces

 The theory of (commutative) Boolean u-algebras of projections on

 Hilbert spaces is well understood, and is intimately connected with measure

 theory. The standard technique for analyzing a Boolean algebra $ of

 projections on a Hilbert space XC is to realize XC as the space L2(X, m)

 (where (X, m) is a positive measure space) in such a way that $3 becomes
 an algebra of multiplications by characteristic functions of certain mea-

 surable subsets of X. When >SC is finite-dimensional, this procedure of

 course amounts to nothing more than finding an orthonormal basis for XC

 with respect to which the matrices of the projections in $ are all diagonal.

 In general, the Boolean algebra may not be multiplicity-free, and therefore

 the subsets of X that represent elements of $ may form a proper sub

 u-field 2TjA of the u-field of all measurable subsets of X. In turn, this gives
 rise to an equivalence relation in X: x - y if XE(x) = ZE(y) for all E ARCS
 where XE denotes the characteristic function of E.

 Now suppose that, instead of a Boolean u-algebra, one starts with a
 commutative u-lattice ? of projections on XC. We will see in Section 3 that

 it is possible to introduce "coordinates" for XC with analogous properties,

 except that in place of the equivalence relation - one ends up with a

 quasi-ordering of the points of X. Now for most purposes, the equivalence
 relation described in the preceding paragraph is more or less incidental to

 the analysis of the Boolean algebra $3; for instance when $ is multiplicity-

 free then - is the trivial relation x - y if x = y. On the other hand, in
 the case of lattices the ordering is intimately connected with the structure

 of the lattice, and it will occupy a central position throughout most of this
 paper.

 A partially ordered Borel space is a pair (X, <) consisting of a Borel
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 space X (that is, a set X along with a distinguished u-field of subsets of X,

 whose elements will be called Borel sets) and a relation < in X which is

 transitive and symmetric, but we allow the possibility that x < y and

 y < x for distinct elements x and y. This terminology is somewhat at odds

 with [8] (in [8], < would be called a quasi-ordering), but it is convenient

 for our purposes. Note for instance that an equivalence relation qualifies

 as a partial ordering. If, on the other hand, x < y < x does imply that

 x = y, then < will be called strict.

 A subset E ' X is called increasing if, for each x e E and y e X, x < y

 implies y e E; decreasing sets are defined in the obvious way. We define
 L(X, <) to be the family of all increasing Borel subsets of X. L(X, <) is

 a u-lattice of subsets of X in the following sense:

 (i) 0 and X belong to L(X, <).

 (ii) If E1, E2, . . . e L(X, <), then UnE, e L(X, <) and nflEn e L(X, <).
 Note that a-lattices behave much like u-fields, the difference being that

 one is unable to take complements in u-lattices. Note also that when < is

 the "indiscrete" partial order, in which x < y for all x, ye X, then

 L(X, <) = {0, X} is trivial. It can happen that L(X, <) is trivial for other

 partial orderings as well; we now want to introduce a very tractable class

 of partially ordered Borel spaces which, among other things, does not

 exhibit this pathology.

 DEFINITION 1.1.1. A partially ordered Borel space (X, _) is called

 standard if X is standard as a Borel space, and there exists a sequence

 fg, f2, * of real-valued Borel functioms om X such that, for all x, y E X,
 x < y iffJfn(x) < f.(y) for every n > 1,

 Recall, incidentally, that a Borel space X is called standard if X is

 (Borel) isomorphic to a Borel subset of some separable complete metric

 space in its relative Borel structure (in this terminology we will follow
 Chapter 3 of [3]).

 Now if (X, <) is standard, then the a-lattice L(X, <) completely

 determines the order relation < in the sense that x < y if and only if,

 XE(X) < XE(y) for every Ee L(X, <). Indeed, if x < y then by definition of
 increasing sets we have ZE(X) < XE(Y) for every E e L(X, <); and the
 converse results from the following:

 PROPOSITION 1.1.2. If (X, <) is standard, then L(X, <) contains a

 sequence E1, E2, * * * such that x < y iff XE_(x) < ZEI(y) for ever y n.

 Proof. Let , f2, . . . be a sequence of functions satisfying Definition

 1.1. Fix n > 1. For each rational real number r, the Borel set Anr
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 {x: f(x) > r} is increasing, because if y > x and fj(x) > r then fn(?j) >
 fn(x) > ri Thus Anr e L(X, <). On the other hand, for each n and for

 every pair of points x, , E X, we have fn(X) < fn(YJ) ]ff XAnr(,X) < ZA__(i) for
 every rational r. The required sets E1, E2, *. are obtained by enumerat-
 ing the elements of {An r: n > 1, r C Q}. D

 Example 1.1.3. The simplest example of a standard partially ordered
 Borel space is X= Ri, n > 1, with the partial order

 (X1, ... tz2z XJ (01, yJ, iff xi < yi f or all i .

 The required functions fi, *.*, fi are of course the n coordinate functions.

 Example 1.1.4. Let 2 {0, 1} be the two element partially ordered set

 with its usual ordering (0 < 0 < 1 < 1), and let 2 = 2 x 2 x .. be the

 product of countably many copies of 2. With the usual product Borel
 structure, 2' becomes a standard Borel space. For every nonvoid set S
 of positive integers, define a partial ordering ?s by

 (xi, x2, ** * ) < s (i, y2 * * *) iff x < yi for every i e S .

 Again, this order is standard since it is determined by the Borel functions

 {If: i e S}, where fi is the itl coordinate function. In the case where S
 consists of the even integers 2, 4, 6, ***, ? will be called the even ordering
 on 2??.

 Example 1.1.5. Let E be a (real) separable Banach space. Then the
 Borel structure generated by its norm topology makes E into a standard

 Borel space, and thus the Cartesian product X = E x R of E with the real

 line is standard in its product Borel structure. For (x, s), (iy, t) E X (with
 x, ye E, s, teR), define (x, s) < (y, t) to mean y-xII < t - s. The
 required sequence f1, f2, * * is defined as follows. Since X is separable, the
 unit ball of the dual of X is compact and metrizable in its relative weak*

 topology, and thus has a countable dense set p1, P2, * A. Define f1, f2, . .
 on X by fj(x, s) = p(x) + s. Noting that sup, pj(x) = II x II, a routine
 verification will now show that (x, s) < (y, t) if, and only if, fn(x, s) < fj(yj t)
 for all n > 1. Thus, (X, <) is standard. Of particular interest in special

 relativity is the example obtained from E = Rn with its Euclidean norm;

 here the order (x, s) < (y, t) expresses the fact that the vector (y, t) is
 space-like relative to (x, s) and occurs later in time (this example is discussed
 further at the end of Section 2.2).

 Example 1.1.6. Let SC be a separable Hilbert space and let (X, <) be

 the partially ordered set of all (self-adjoint) projections on XC. The unit
 ball of t?(C) is a separable complete metric space in the strong operator



 438 WILLIAM ARVESON

 topology, the projections form a closed subspace, and therefore X is a

 standard Borel space in the Borel structure generated by its relative

 strong operator topology. To define the sequence fE, let s, 2, *. be a

 countable dense set in SC, and define fn(P) = (Pn ), n = 1, 2, *., for
 every projection P. Each fn is a Borel function (in fact, a continuous

 function) on X, and clearly P < Q iff fn(P) < fn(Q) for every n. Thus,

 (X, <) becomes a standard partially ordered Borel space. In this example,

 X is even a complete lattice (though it fails to be a topological lattice [8]

 since the lattice operations are not strongly continuous).

 Remarks. The reader will be able to supply additional examples of

 his own. We now want to illustrate the type of pathology that occurs with

 non-standard partial orderings by giving two examples. The first simply

 imitates the known misbehavior of equivalence relations, while the second

 shows how even innocent-appearing (non-standard) partial orderings can
 exhibit related pathology.

 For the first example, let X be the real line with its usual Borel struc-

 ture and define x < y to mean y - x is rational. Then < is an equivalence
 relation and L(R, <) consists of all Borel sets which are invariant under

 all rational translations. Since the rational translations act ergodically on

 R with respect to Lebesgue measure, we see that for every Ee L(R, <),

 either E or its complement has Lebesgue measure zero. Thus the partial

 order < is trivial in the sense that the image of L(R, <) in the measure

 algebra of Lebesgue measure is the trivial lattice {0, 1}; in other words,

 L(R, <) is too "thin". On the other hand, we note that < is not standard.

 Indeed, the equivalence class {l e R: x < y} of each x E R is countable, and
 therefore has Lebesgue measure zero. This, together with the preceding

 observation and known results about Borel structures, implies that there

 is no sequence E1, E2, ... of Borel sets such that x < y if XE_(X) < ?EJY)
 for all n (e.g., [3, Theorem 3.3.5]).

 As a second and more interesting example, let X = R2 (usual Borel

 structure) and define (x, y) < (x', y') in R2 to be the dictionary order x < x',
 or x = x' and y < y'. Note that this partial order is strict, and is in fact a
 linear ordering of R2. We show first that (R2, <) is not standard.

 By 1.1.2, it suffices to show that no sequence of sets in L(R, <) can

 separate points. Let En be such a sequence. A few moments, thought

 shows that each En must have the form En = (xn, co) x R U {xl} x Fn,

 where Fn is a Borel subset of R. So if x is any element of R such that

 x xon for every in, then no pair of points (x, y) and (x, z) can be dis-
 tinguished by the E,,.
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 The reason this ordering of R2 is not standard is essentially because

 its vertical component is too "weak". To illustrate this in concrete terms,

 let m be two-dimensional Lebesgue measure. Define a new order, <m of R2

 by (x, y) <m (x', y') iff x < x'. Then <m is clearly standard, Am is a weaken-
 ing of < in the sense that p < q implies P <m q, and the preceding para-
 graph shows that L(R2, <) and L(R2, <m) determine the same lattice in

 the measure algebra of m. Thus the vertical component of < is irrelevant

 with respect to Lebesgue measure. Note that this "standardization" <m of

 <, relative to m, is uniquely determined by the third condition above in the
 sense of the corollary of 1.1.11 below.

 This standardization process can be carried out in general, in the

 following way. Let X be a standard Borel space and let < be an arbi-

 trary partial ordering of X. Suppose < is not standard. Then for every

 a-finite measure m on X there is a standard ordering <A of X such

 that x < y implies x <m y, which is equivalent to ? in the sense that

 L(X, <) and L(X, <m) agree modulo m, and which is unique in the sense

 of the corollary of 1.1.11 below (the existence of <m can be deduced by

 the techniques employed later on in this chapter, the exact details of which

 we omit). So in this sense one may regard non-standard partial orderings

 as having been obtained from standard orderings by adding conditions

 which are measure-theoretically irrelevant (note, however, that the

 standardization <m will in general depend on the particular measure m).
 In any case, these remarks show that for measure-theoretic purposes all
 partial orderings can be taken to be standard.

 Finally, we remark that in the first example where X = R and x < y

 means y - x e Q, the standardization of < relative to Lebesgue measure
 m is the indiscrete order, in which x <_m y holds for all x, y e R.

 We now return to the general discussion. By an order isomorphism of

 one partially ordered Borel space (X, <) onto another (Y, <), we mean a
 bijection I: X - Y such that:

 (i) x < y if f (x) < 0(y), and
 (ii) 0 induces an isomorphism between the Borel structures of Y and X.

 (X, <) and (Y, <) are said to be order isomorphic whenever such a map 5.
 exists. According to the following result, condition (i) above can usually
 be replaced with an equivalent condition on the set mapping induced by 0.

 PROPOSITION 1.1.7. Let (X, <) and (Y, <) be standard partially ordered

 Borel spaces, and let A: X-) Y be a Borel isomorphism. Then 0 is an order
 isomorphism if, and only if it induces an isomorphism between the
 6-lattices L(Y, <) and L(X, <).
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 The proof, a routine application of Proposition 1.1.2, is left for the

 reader.

 A partially ordered Borel space (X, <) is called a subspace of (Y, ?)
 if X is a subspace of Y in the sense of Borel spaces, and the order on X is

 inherited from that of Y.

 LEMMA 1.1.8. Every standard partially ordered Borel space is order

 isomorphic to a Borel subspace of (2T, _), where _ is the even order on 2T.

 Proof. By 1.1.2, we may find Borel sets E1, E2, *& in the given space
 (X, <) such that x < y iff XE_(x) < XE_(y) for all n = 1, 2, *--. Moreover,
 since the Borel structure of X is standard we may find a sequence F1, F2, . . .

 of Borel sets in X which generates the Borel structure of X and separates

 points. Now define a map a: X > 2' by

 O(x) = (XZF(X), XEI(X), XF2(X), XE2(X) )

 Letting Ck = {(y1, y2, *.*) e 2?: y, = 1}, we have -'(Clk) = Ek and -1(C2k_) =

 Fk, k = 1, 2, ..., so that 5 is a Borel map. Since the sets {Fk} separate

 points in X, s is also 1-1. Thus, (X) is a Borel subset of 2T and 5s is a

 Borel isomorphism of X onto O5(X) in its relative Borel structure ([3,
 Theorem 3.3.2]).

 Now by definition of the sets Et we have x < y in X if XE/(X) < XEZ(Y)
 for all i > 1. This is equivalent to e(x) < sz5(y), by definition of 0 and the
 even order on 20. [

 If E is a subset of a partially ordered set (X, <), we will write E+

 (resp. E-) for the set of all y C X for which there is an element x = xy e E
 with x ? y (resp. x > y). Note that E is increasing iff E = E+, and similarly

 for decreasing sets. The maps E V E+ and E E- preserve arbitrary

 unions, but not intersections. When E is singleton {x}, we will write E+ as

 [x, + cx) and E- as (- oA, x]; note that in general E+ is the union of all
 "intervals" [x, + Ac) as x runs over E.

 The essential idea behind the proof of the following lemma is due to

 Paul Chernoff, who kindly consented to its inclusion here.

 LEMMA 1.1.9. Let (2?, <) be the Cantor space with its usual Borel

 structure and the even ordering. Let L0(2-, <) be the c-lattice generated
 by 0, X, and the sets C2k, k = 1, 2, * * , where Ck = {(x, x2, * * *) e 2-:Xk = 1}-

 Then for every finite positive Borel measure pce on 2T and every
 p-measurable increasing set E c 2T, there is an element Fe L,(2??, <) such
 that F c E, and P(E\F) = 0, f denoting the completion of p.
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 Remark. We have made use of the usual terminology above, in that

 a immeasurable set is one which differs from a Borel set by a subset of a

 Borel set of e-measure zero, and R denotes the usual extension of /t to the
 a-field of "e measurable sets.

 Proof. 2T becomes a compact metric space in its usual product topology.

 Note that this topology generates the given Borel structure.

 First, we claim that E+ is closed whenever E is a closed set in 2-.

 Indeed, the set G = {(., y) e 2' x 2': y < x} is clearly closed in the product

 topology of 2" x 2", and is therefore compact. Let P1(x, y) = x be the
 canonical projection of 2' x 2' onto the first coordinate space. The con-

 clusion follows since E4- can be expressed as the image of the compact set

 G n 2 x E under the continuous function P1.

 Second, we claim that every closed increasing set belongs to LO(2", <);
 equivalently, every open decreasing set belongs to the a-lattice generated

 by 0, 2', and the complements of C2, C4, C6, * .. For that, fix U, a nonvoid
 open decreasing set. Now for each n > 1 and every sequence s =

 (zSi S2 *** 'S2.) of O's and l's, let E(s) {(X1,2 ***) 2: x si, 1 < i ? 2}.
 The family {E(s)}, as s runs over all such finite sequences with an even

 number of terms, becomes a base for the topology on 2'. Now for s=

 (S1, S2, * S2.), note that

 1.1.10 E(s)- ={x e 20: x2< ? 2, X4 < * * , X2n < $ 2n}

 Indeed, the inclusion c is clear from the fact that the set on the right is

 decreasing and contains E(s). Conversely, if x e 2T is such that X2k < '2k

 for 1 < k < n, define y e 2- by yi- si for 1 < i < 2n, and yi - 1 for i > 2n.
 Then ye E(s), and x < y by definition of the even order; this proves

 x e E(s)-. Note also that the set on the right is an intersection of n sets,

 each of which is of the form 2- or 2-\C2k, 1 < k < n. We conclude that E(s)-

 belongs to the required a-lattice, for every such s. Returning now to the

 open decreasing set U, we can find a sequence S1 S2, ... such that U=
 UjE(sj). Thus, U= U- = Uj(E(sj)-), and the claim is immediate from
 this.

 Turning now to the proof of the lemma, let E be a f-measurable

 increasing set in 2O. By regularity of 71, there is a sequence of compact

 sets Kn such that K_ z Kn _ E and f(E\Kn) 0 as n- C. Since E
 is increasing we have K z E for every n, and by the first claim, each

 K+ is closed. Since Kn z K- we have R(E\K;) 0, and thus ft(E\UK;) =
 0. By the second claim, each K.' belongs to L0(2', <) and therefore so does
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 their union. This proves that the set F = UnK- has all the stated pro-

 perties. D1

 We come now to the central concept of this section. By a partially

 ordered measure space we mean a triple (X, <, m) consisting of a partially

 ordered Borel space (X, <) and a a-finite positive Borel measure rn on X;
 (X, <, in) is called standard if (X, <) is standard. Now with each measure

 mn on (X, <) we may define a new a-lattice Lm(X, _) of subsets of X,

 consisting of all Borel subsets E '- X which are almost increasing in the

 sense that there is an m-null Borel set N ' X (depending on E) such that,

 for all x, y e X\N, x e E and y < x imply y e E. Lm(X, <) clearly contains
 L(X, <), and the inclusion may be proper.

 On the other hand, suppose 6 is a countable subfamily of L(X, <) such

 that x < y iff ZE(X) < XE(Y) for all E C 6. Then we define L-(X, <) to be
 the a-lattice generated by 6, 0, and X. We therefore have

 L &, (X, _) -- L (X, <) ' L .(X, < ),

 and it will be useful for us to know when these three a-lattices determine

 the same lattice in the measure algebra of m. According to the following

 theorem, this is always true in the "reasonable" cases.

 THEOREM 1.1.11 Let (X, <, m) be a standard partially ordered mea-

 sure space, and let 6 - {E1, E2, *.} be a countable subset of L(X, <) such

 that X < Y iff ZE,(X) < ZE(Y) for all n. Then for every set B e Lm(X, <),
 there is an Ae L,(X, <) such that m(AAB) = 0.

 Proof. Since the theorem only involves null sets of mn and since every

 a-finite measure is equivalent to a finite measure, there is no loss if we

 assume m is finite.

 Now consider the Cantor space 2', with the even partial ordering, and

 let Ck be the kth cylinder {(x1, x2, * *) e 2: xk 1}. By 1.1.8, there is an

 order isomorphism 5 of X onto a Borel subspace of (2w, <). Moreover, if

 {E1, E2, ... } is the given sequence in L(X, <), then the proof of 1.1.8

 shows that 5 can be chosen so that Ek = -`(C2V) and 9(Ek) = C2k n (X).
 So after the obvious identification, we may take X as a Borel subset of 2w,

 Ek as C2k n X, and < as the (relative) even ordering on X.
 Now let B be a Borel set in X and let N be an m-null Borel set in X

 such that x, y E X\N, x e B, y > x implies y e B. Now the mapping A '

 2 A n X carries the a-lattice generated by 0, 2-, C2, C4, C6, * * * onto the
 a-lattice generated by 0, X, c2 n x, c4 n x, c0 n x, ..., namely LE(X, <)
 (this requires a very simple argument, which we leave for the reader).
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 Thus the theorem will be proved if we produce a set A1 in the a-lattice

 generated by 0, 2-, C2,, C4, QC, such that B and A1 n X agree almost
 everywhere (dim).

 Al is constructed as follows. Define B1, 2 as the set of all points y e 2-
 which are > some point of B\N. It is clear that B1 is an increasing subset

 of 2". Observe next that B1 nX Dx B UN. For if ye B1 nX then there

 is an x e B\N such that x < y; if y does not belong to N then y e B because

 of the properties of B and N. It follows that

 B\N - B, - B U N U (2\X).

 Thus, if we define a measure pt on 2- by ji(S) = m(S n x), then the preced-
 ing formula implies that B1 differs from the Borel set B by a set of pe-
 measure zero (note that e(N) -im(J) = 0 and pe(2"\X) = 0), so that B1 is
 s-measurable. By Lemma 1.1.9 there exists Al in the a-lattice generated
 by 0, 2-, C2k such that A1 - B, and B1\A1 is contained in a Borel set of

 4a-measure zero. Clearly A1 n X s B1 fl xc B U N, and the preceding

 implies that the difference (B U N)\(A1 n x) is a set of m-measure zero. D1

 Problem. Let (X, <) be a standard partially ordered Borel space, and

 let E1, E2, *. be Borel sets such that x < y if and only if XE_(x) < XEQ(y)
 for all n. Then does (0, X, E1, E2, ... } generate L(X, <) as a a-lattice?

 This is a lattice theoretic counterpart of a known result about a-fields (e.g.,

 see [21], or Theorem 3.3.5 of [3]). Note also that 1.1.11 above implies that

 the answer is yes up to sets of measure zero (relative to any u-finite

 measure on X).

 If U, 3 are two families of Borel sets in a measure space (X, m), we

 say that a -33 (mod m) if every element of (a differs by an m-null set
 from some element of 3, and vice versa.

 COROLLARY. Let X be a standard Borel space, let ?1 and <2 be two

 standard partial orderings of X, and let m be a u-finite measure on X.

 In order that L(X, <,) - L(X, <2) (mod m), it is necessary and sufficient
 that there exist a Borel set N of measure zero such that, for all x, y e X\N,

 X <1Y iff X -<2 Y.

 Proof. For sufficiency, note that the hypothesis implies that Lm(X, < ) =

 Lm(X, ?<2). From 1.1.11 we know that L(X, If) - Lm(X, < i) (mod m), for

 i = 1, 2, hence the desired conclusion.

 Conversely, suppose that L(X, <1) - L(X, < 2) (mod m). We will

 produce a Borel set N of measure zero such that, for all x, y e X\N, x <1 y
 implies x <2 Y (the full conclusion clearly follows from this by symmetry).
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 Since <2 is standard, there is a sequence F1, F2, *. in L(X, <2) such that

 x < 2y iff Z_(,x)< ? ,n(y) for all n. By hypothesis, we can find E7, e L(X, <
 such that m(EAFn) = 0. Let N be the null set U> , EnAFn, and note that
 XlEn(X) = XF,, (X) n = 1, 2, ** , for every x e X\N. Thus, if x, y e X\N and
 x <? y, then for every n > 1 we have XF.(X) = F_(X) < XE,(Y) =XF(Y),
 hence x-<2 ?

 Remarks. This corollary is false if one of the two orderings fails to

 be standard. For example, let X -R2, let (x, y) <1 (x', y') mean x < x', and

 let (x, Y) <2 (x', y') be the dictionary order: x < x', or x = x' and y < y'.

 Then <, is standard while ?<2 is not. Taking Lebesgue measure on R2 as

 rn, we see from the remarks following 1.1.6 that L(R2, <?) - L(R2, <2)

 (mod in). On the other hand, we claim that if E ' R2 is a Borel set for

 which <, and <2 agree on E, then m(E) = 0. For that, consider the inter-

 section of E with any vertical line L. Now <1 identifies all points of

 En L, while <2 is strict; since <, and <? agree on E we conclude that

 En L contains at most one point, and in particular has linear measure

 zero. The conclusion m(E) = 0 now follows from Fubini's theorem.

 We conclude this section by describing a broad class of standard

 partially ordered Borel spaces.

 THEOREM 1.1.12. Let X be a separable locally compact metric space

 and let < be a partial order on X whose graph G = {(x, y): y < x} is closed

 in X x X. Then (X, <) is standard in the Borel structure generated by

 its topology.

 Proof. Since the Borel structure of X is clearly standard, it suffices to

 produce a sequence F1, F2, ... of increasing Borel sets such that XF_(x) <

 XF,(ty), n > 1, implies x < y.
 Since the complement of G is open we may find, for each point (x, y) ,

 G, compact neighborhoods K, and L, of x and y, respectively, such that
 K, x L_ z X x X\G. By the Lindelkf property, there is a subsequence of
 {K, x Ly} whose interiors cover X x X\G, and thus we obtain a sequence
 of compact rectangles Kn x L, whose union fills out the complement of G.

 Now define Fn = Lo Since X itself is a-compact, an argument very

 similar to the first part of the proof of 1.1.9 shows that F. is a-compact,
 and in particular is a Borel set. Choose x, y E X such that x S y; we want

 to show that there is an n such that XF,(X) = 1 and XF,(YI) 0. Indeed,
 since (y, x) i G there is an n such that y e K. and x e L,. Noting that
 K, , L; - 0 (because K, x L, misses G), we see that y e Lt and x E L+
 as required. EL
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 1.2. The subspace lattice ?(X, <, m)

 By a subspace lattice we mean a family of self-adjoint projections on

 a Hilbert space which contains 0 and 1, is closed under the lattice opera-

 tions V and A, and is closed in the strong operator topology. It is easy to
 see that subspace lattices are complete as lattices, and that every reflexive

 lattice is a subspace lattice (i.e., is strongly closed). A subspace lattice is

 called commutative if its elements all commute with each other.

 Throughout this section, (X, <, m) will be a fixed standard partially

 ordered measure space. We shall introduce a commutative subspace lattice
 associated with (X, <, m) and describe its relation to the partial ordering
 on X. Let @(X) denote the a-field of all Borel sets in X. Each set E in

 @(X) gives rise to a projection PE acting in L2(X, in), namely the operator
 which multiplies functions in L2(X, m) by the characteristic function of E.

 The map E 1-~ PE is of course a projection-valued measure, and the family
 {Pk: Ec {33(X)} is a maximal abelian family of projections, in the sense
 that it coincides with the family of all projections which commute with

 each of its members. In particular, {PE; Ec @3(X)} is closed in the strong
 operator topology, and is therefore a commutative subspace lattice. We
 define

 J(X, A, m) = {PI: E E L(X, <)}.

 Clearly ?(X=, <, m) is a sublattice of {PE: Ee @3(X)}, which contains 0 and 1.

 PROPOSITION 1.2.1. J(X, <, m) is a subspace lattice.

 Proof. We have to show that 2(X, <, m) is strongly closed. Since

 L2(X, qn) is a separable Hilbert space, we need only prove that if PEn is a
 sequence in 2(X, <, m) which converges strongly to an operator T, then
 T e 2(X, <, m).

 Clearly T must be a projection, and so the preceding remarks show that

 there is a Borel set E such that T= PE. Let e be any strictly positive

 function in L2(X, in). Then the finite measure n(S) = (Pu ) is equivalent
 to m, and moreover n(EAEJ) = 11 PE" - PE H2 0 as n - By passing
 to a subsequence of {EJ} we can assume that n(EAE.) < 2-% n 1, 2,
 Now put EO. = fnl> U> . E, A familiar estimate shows that n(EAE4) = 0,
 while clearly E. e L(X, <). This proves that PE= PE, C ?(X, <, m). D

 The following result, closely related to the corollary of 1.1.11, will be
 useful below.

 THEOREM 1.2.2. Let = {E1, E, ... } be a sequence of Borel sets in X
 and let 2s be the subspace lattice generated by {PE: E e &} 0, and 1. Then
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 St, - T(X, <, m) if, and only if, there is a Borel set N of measure zero

 such that, for all x, y E X\N, x < y iff XE (x) < XE,(y) for all t = 1, 2,

 Proof. Define a new standard order <2 in X by x ?2 y if XE,(x) <
 XEn(?y) for all n > 1. Assume first that Q, = J(X, <, m). This clearly
 implies that L(X, < 2) L(X, <) (mod in), so that the conclusion follows

 by the corollary of 1.1.11.

 Conversely, assume there is a null set N such that < and< 2 agree on

 X\N. The same corollary implies that L(X, < 2) L(X, <) (mod m), and

 hence _T(X, < 2, m) =m(X, ?, m). By 1.1 itself, we conclude that 2(X, < 2, m)
 is generated as a a-lattice by 0, 1, and {PE: Ee S}, and in particular this

 sequence of projections generates 2(X, _< 2m) = 2(X, <, m) as a sub-
 space lattice. D

 COROLLARY 1. 2(X, <, m) is linearly ordered if there is a Borel set N

 of measure zero smch that < induces a linear ordering of X\N.

 Proof. Let P1, P2, ... be a sequence of projections in 2(X, <, m) which

 is strongly dense in 2(X, <, in) (here we again use separability of L2(X, in)).

 Choose E. E L(X, <) such that P. PEn.
 Assume that 2(X, <, m) is a chain. Then we claim that the En's can

 be chosen so as to form a chain of sets. Indeed, for each n, define Fn =

 U {Ek: Pk < P}. Clearly F7n E L(X, <), E,, - F_ for every n, and Pk,< P,
 implies Fk SC- Fe, (hence {FJ} is a chain). Moreover PF, =V {Pk: Pk < P} =
 Pit = P,1,. The claim follows by replacing En with Fn.

 Now {PF,: n = 1, 2, ... } clearly generates 2(X, <, m) as a subspace
 lattice, and the order x ?2 Y iff XFi(X) < XF(IY) is clearly a linear ordering
 on X. The conclusion now follows from 1.2.2.

 The converse is routine, and is left for the reader. D

 COROLLARY 2. 2.(X, <, mn) is a complemented lattice iff there is a Borel
 set N of measure zero such that ? induces an equivalence relation in

 X\N.

 Proof. Assume that 2(X, <, m) is complemented. Now 2(X, _, m) is

 a sublattice of the Boolean algebra {PE: E e @B(X)}, and recall that Boolean

 algebras have unique complements. This implies that 2(X, <, m) is closed
 under the operation PE I-> PE', where EC = X\E.

 As before, choose a countable strongly dense set PE1, PE2Y ... in
 2(X, ?, A). Then the sequence PE1, PE , PE2, PE'y ... is also dense in
 ?I(X, <, in). Now the partial order <2 determined by the sets

 {E1, E1', E2, E2, ... } is clearly an equivalence relation; indeed XE_(X) < XE(EY)
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 and ZE'G~) - ZEC(Y) imply XEG(X) = XEn((Y), so that x <, y iff XE(X) XE (Y)
 for every n > 1. Now apply 1.2.2 as in Corollary 1.

 Again, the converse is left for the reader. D

 Recall that a self-adjoint family of operators 3 is called multiplicity-
 free if the commutant of 3 is abelian (see Chapter 2 of [3], for example).

 Since 2(X, <, m) is contained in the multiplication algebra M of (X, m) (a

 maximal abelian von Neumann algebra), 2(X, <, m) will be multiplicity-

 free if it generates M as a von Neumann algebra. Now since the pro-

 jection lattice in the von Neumann algebra generated by 2(X, <, m) is the

 complete Boolean algebra generated by S(X, <, m) (this follows easily
 from the lore of abelian von Neumann algebras, and we omit the proof),

 it follows that 2(X, ?, m) is multiplicity-free if, and only if, 2(X, <, m) U
 S(X, <, m) generates {PE: E E @3(X)} as a subspace lattice. What follows

 is a more useful criterion.

 THEOREM 1.2.3. 2(X, <, m) is multiplicity-free if, and only if, there

 is a Borel set N of measure zero such that ? induces a strict partial
 ordering on X\N.

 Proof. Assume first that ? induces a strict partial ordering on the

 complement of a null Borel set N. Now if 93 denotes the a-field generated

 by L(X, <), then any operator which commutes with ?S(X, <, m) must

 also commute with (PE: Ec @0}. We will show that the latter contains all

 projections PF, where F is an arbitrary Borel set. This will imply that
 the commutant of 2(X, <, m) is contained in the (abelian) multiplication

 algebra of (X, m).

 Choose a sequence E1, E2, ... in L(X, m) such that x < y if and only if

 ZE_(X) < xEJ(y) for all n. Note that ({E} separates points of X\N; indeed,
 if x, y e X\N and XEJ(X) XE (Y) for all n, then x ? y < x, hence x = y
 since < is strict on X\N. By [3, Theorem 3.3.5], the sequence of sets

 E, n (X\N) generates the full Borel field on X\N. Thus, for each E @ ?(X)
 there is an E, e 3, such that E n (X\N) 0E. (X\N). Since N has mea-
 sure zero, we conclude that {PE: E e3O} contains {PE: FE @3(X)}, as required.

 Conversely, suppose 2(X, <, m) is multiplicity-free. Let E, F2, --- G

 L(X, <) be such that x < y if XE_(X) < XEJ(Y) for every n > 1. We will
 produce a Borel set N of measure zero such that the sets {FE} separate

 points of X\N (note that this implies < is strict on X\N).

 Now 1.2.2 implies that S(X, <, m) is generated as a subspace lattice

 by {PES PE2, * }. By the remarks preceding this theorem we know that
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 P2(X, ?, m) U -I'(X, ?, in)' generates {PE: E @ (X)} as a subspace lattice.

 Thus, {P,: EG @i(X)} is generated by the sequence {PE1, PET, PE2, PEE, ...
 We again apply 1.2.2, but this time to the (standard) ordering x <? y iff

 x =y, and to the sequence = {E1, Er, E2, Ec, . }. We conclude that

 there is a Borel set N of measure zero such that, for x, y c X\N, XEI(x)

 XE,(Y) for every n > 1 implies x <, y, i.e., x = y. This proves that {En}

 separates points in X\N. D
 Two partially ordered measure spaces (X, <, m) and (Y, <, n) are

 said to be isomorphic if there are Borel sets, M C X, N C Y, of measure

 zero respectively, and an order isomorphism 6: (X\M, <) (Y\N, <) such
 that m'- and n induce equivalent measures on Y\N.

 THEOREM 1.2.4. Let (X, <, m) and (Y, <, n) be standard partially

 ordered measure spaces. If (X, <, m) and (Y, <, n) are isomorphic,

 then there is a unitary operator U: L2(X, m) L2( Y, n) such that

 U__~X <, M)U-i =S~(Y, <, n).
 Conversely, if 2(X, <, m) and S(Y, <, n) are unitarily equivalent

 and, say, 2(X, <, m) is multiplicity-free, then (X, <, m) and (Y, <, it)

 are isomorphic.

 Proof. Let Ml c- X, N c Y and 9: X\M-) Y\N satisfy the conditions
 for an isomorphism of (X, <, m) on (Y, <, n).

 Let m, be the restriction of m to X\M, and let ?O be the restriction
 of the partial order < (of X) to X\M. We claim first that 2(X, <, m) and

 2(X\M, <0, MO) are unitarily equivalent. Indeed, the restriction map

 f f,-\,, defines a unitary map V of L2(X, m) onto L2(X\M, in) (because
 M has measure zero), and for every multiplication operator Lf (where f is

 a bounded Borel function on X) we have VLfV' = Lg, where g = f lx\1I.
 Let E, E2, ... e L(X, <) be such that {PE1, PE2, ... } U {O, 1} generates

 2(X, <, m) as a subspace lattice. Then it suffices to show that

 {VPE1V-1, VPE,2V-', '''} U {0, 1} generates 2(X\M, <o, mO) as a subspace
 lattice. Now VPEnV' is multiplication by the characteristic function of
 En f (X\M); so the desired conclusion now follows by an obvious applica-

 tion of 1.2.2 to both sequences {En} (in (X, in)) and {En f (X\M)} (in

 (X\M, MJ)).
 By symmetry S?(Y, <, n) is unitarily equivalent to the "relativized"

 lattice 2(Y\N, <O, n0), so we are reduced to proving that 2(X\M, <O, m)
 and 2(Y\N, <O, inO) are unitarily equivalent; equivalently, modulo a change
 in notation, we may assume that M and N are empty, and ' is an order
 isomorphism of (X, <) on (Y, <) for which mea' - f.
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 Let w be the Radon-Nikodym derivative (dmo-'/dn). Then by a
 familiar change-of-variables formula, the mapping Uf(y) = w(y)"'2f(o-Iy)
 defines a unitary operator from L'(X, m) onto L (Y, n). Moreover, for

 every bounded Borel function f on X one has ULf U' = Lf,,-. Applying
 1.1.7 to the inverse map -1: Y SEX, we see that the map Eu X

 O(E) c Y carries L(X, <) onto L(Y, <); it follows that US(X, < m) U` =
 2(Y, <, m), as required.

 Conversely, suppose there is a unitary operator U such that

 US(Xy , nm) U` = 2(Y, , _n), and assume one of the two lattices (and
 therefore both of them) is multiplicity-free. Let 9)(X, m) denote the family

 {PE: Ee $(X)} of all projections in the multiplication algebra of L'(X, m),
 and define 9P(Y, n) similarly. By the remarks preceding 1.2.3, 9P(X, m) and

 9(Y, in) are, respectively, the subspace lattices generated by S(X, <, m) U
 S(X ?, nm)I and 2(Y. _, n) U (Y. <, n)'. It follows that UP(X, m) U-1=
 91( Y, n).

 Now, in the terminology of [22], both ?P(X, m) and )( Y, n) are standard
 g-Boolean algebras, and the map P a UPU-' is an isomorphism of 9i(X, m)
 onto P( Y, n). Assume first that both spaces X and Y are uncountable.
 Then from the argument on p. 130 of [22], it follows that there is a Borel

 isomorphism s: X - Y such that UPEU-1 = Po(E), for every Borel set E ( X.
 First, note that the measures n and mr-1 are equivalent. Indeed, for

 every Borel set F C Y, we have n(F) = 0 iff P = 0 iff PO-'(F) = U-PF U =
 o iff mo-'(F) = 0.

 Next, choose a sequence El, E,, * in L(X, _) which generates L(X, <)
 as a u-lattice. By 1.2.2, (PE,, PE2, ...} generates 2(X, <, m) as a subspace
 lattice, and therefore {P.(E), P .(E2), * } = U{PE1, PE, ... } U-' generates
 2( Y, , in) = U2(X, <, m) U-' as a subspace lattice. Applying 1.2.2 again,
 there is a Borel set N - Y of n-measure zero such that, on Y\N, w < z iff

 XZ(E_)(W) < XO(E,)(z) for every n = 1, 2, * .. That is, w < z if 01(w) < sz-'(z),
 for all w, z e Y\N. Now define M c X by M = 0-1(N). Then m(M) = 0

 (because n(N) = 0 and m-' is equivalent to n), and the preceding shows

 that 0 induces an order isomorphism of (X\M, <) onto (Y\N, <), completing
 the proof in case both X and Y are uncountable.

 If, say, X is countable, then m is an atomic measure (it follows from

 this that n is also atomic), and the conclusion follows from a rather trivial

 adaptation of the preceding argument, which we leave for the reader. D

 Remarks. The preceding two theorems show that, at least in the

 case of strict partial orderings, the subspace lattices 2(X, <, m) are
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 classified to unitary equivalence in terms of the isomorphism type of their

 associated partially ordered measure spaces (X, <, in). This conclusion

 (and related ones) will be of considerable use for technical purposes.

 However, it should not be regarded as a "classification theorem" for com-

 mutative subspace lattices.

 To see why, consider the case where (X, <) = (Y, <) are both the

 unit interval with its usual order. Let en be Lebesgue measure, and let iX

 be any nonatomic probability measure, singular relative to mn. Then

 ,2(X, <, m) and .2(Y, <, i) are both totally ordered, and one might hope

 to show that they are unitarily equivalent by exhibiting an isomorphism

 of (X, <, m) onto (Y, <?, n) (that &(X, <, m) and 2(Y. <, n) are unitarily

 equivalent follows from some work of Kadison and Singer [17]). However,

 while the identity map defines an order isomorphism between (X, <) and

 (Y, <), it does not give rise to an isomorphism of the partially ordered

 measure spaces (X, <, m) and (Y, <, n) because of the singularity of n.

 Indeed, there is no "obvious" isomorphism of these spaces, and in particular,

 1.2.4 does not readily lead to an alternate proof that 2(X, <, m) and
 2( Y, <, im) are unitarily equivalent.

 Here is an example of a more typical classification problem. As in the

 preceding section, let 2- be the Cantor space of all sequences (xi) of zeros

 and ones, and define (xi) < (y2) to mean xi < yi for every i = 1, 2, *.. For
 each real number p, 0 < p < 1, let mnp be the infinite product measure

 m, x m0 x ..., where nt0 assigns mass p to {1} and mass 1 - p to {0}.
 Since < is strict, we see from 1.2.3 that the subspace lattice 2(2, <, rn)

 is multiplicity-free, 0 < p < 1. One might guess that (2, <, mp) and
 (2T, <, lftl) are isomorphic for all p, q (and so the corresponding subspace

 lattices would be unitarily equivalent). But again, while the identity

 map defines an order isomorphism of (2', _) onto itself, it does not give

 rise to an isomorphism of (2-, _, mp) and (2-, <, mO) when p o q; because
 in that case, the measures mP and mq are mutually singular. The solution
 of this type of classification problem requires a deeper analysis of the

 structure of subspace lattices, and will be taken up later in Chapter 3.

 In particular, it turns out that 2(2-, <, mp) and 2(2", <, mq) are not
 unitarily equivalent (or even isomorphic as abstract lattices) when p #o q

 (see the discussion following 3.5.3).

 1.3. A spectral theorem for commutative subspace lattices

 In this brief section we show that, given a commutative subspace

 lattice S on a separable Hilbert space SC, it is always possible to introduce
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 coordinates for XC in such a way that 2 becomes the lattice 2(X, <, m)

 associated with a standard partially ordered measure space (X, <, m). This

 is an appropriate analogue of the abstract spectral theorem, which asserts

 that every commutative C*-algebra of operators on a Hilbert space is

 unitarily equivalent to an algebra of multiplication operators acting on L2

 of some measure space.

 A partial ordering < of a topological space X is said to be closed if the

 graph of <, G = {(y, x) E X x X: x < y}, is a closed subset of the Cartesian

 product X x X. Recall that a closed partial ordering of a locally compact

 separable metric space is always standard (1.1.12).

 THEOREM 1.3.1. For every separably acting commutative subspace

 lattice 2, there is a compact metric space X, a closed partial order < on X,

 and a finite Borel measure m on X such that 2 is unitarily equivalemt to

 2(X, <, m).
 Proof. Let XC be the underlying Hilbert space. Because XC is separable,

 2 contains a strongly dense sequence {P1, P2, * * *}. Now imbed ?Q in a

 maximal abelian von Neumann algebra Ak, and choose a countable strongly

 dense subset {Q1, Q2, . * } of the projection lattice of fR (we may also assume

 that {QJ} contains 1). Let d be the C*-algebra generated by {PJ} U {Qm}.
 Then d is a commutative C*-algebra with identity, which is separable in

 its norm topology, and which is strongly dense in 1R. Finally, because fR is

 maximal abelian and XC is separable, there is a unit vector d E XC such that

 [As*~] =SC (see, for example, the corollary of 4.1.4 in [3] for a discussion of
 this familiar result).

 Let X be the spectrum of (i. Then X is a compact Hausdorff space,

 and is second-countable because d -C(X) is norm-separable. By a standard

 theorem of Urysohn, X is metrizable. Let w: C(X) d Ct be the inverse

 Gelfand map. Then there are sequences {EJ}, {FJ} of closed and open sets

 in X such that 17(XEZ) = P, and 17w(/F,) = Qn, n = 1, 2, * . .. Define a partial
 order < in X to mean x < y if and only if ZE.(x) < XF_(Y) for every m > 1.
 Note that the graph G = {(y, x): x < y} is closed in X x X because its com-

 plement can be expressed as a union U> 1 (X\En) x En of open rectangles.
 Thus, < is a closed partial ordering of X.

 By the Riesz-Markov theorem, there is a Borel probability measure m

 on X such that

 fdrn d ((fjm, m)

 for every fE C(X). Define a linear map U0 of C(X) into St by UO: f
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 w(f)i-. By definition of m, it follows that 11 Uf 2 I f 12 dm, so that U0
 x

 extends uniquely to an isometry U of L2(X, m) onto [if]. Because a is

 strongly dense in RK and [9Th] = SC, it follows that U is unitary. Thus, it

 remains to show that U2(X, <, m)U` = U.

 Now by definition of U it follows (after a routine calculation) that

 ULf U` = r(f) for every fE C(X), where Lf as usual denotes "multiplica-

 tion by f". In particular, letting P(E) be multiplication by the charac-

 teristic function of E = X, we see that UP(En) U-' = (XEn) = Pns I, =

 1, 2, *... Now by 1.2.2, 2(X, <, m) is generated as a subspace lattice by

 {P(E,), P(E2), ** .}. Thus, U. U' carries 2(X, <, m) onto the subspace

 lattice generated by {P1, P2, * * }. Since the latter is clearly 2, we are

 done. D

 Remarks. Since 2(X, <, m) is isomorphic to the image of L(X, <)

 (a a-lattice of sets) in the measure algebra of (X, m), it it "essentially" a

 lattice of sets. Thus, one may regard this representation theorem as an

 appropriate analogue, for subspace lattices, of a representation theorem

 in lattice theory which asserts that every distributive lattice is isomorphic

 to a lattice of sets ([8, p. 140]; also, see Section 3.4).

 There is also a connection with ordinal products which seems worth

 mentioning. Recall that the ordinat product YX of two partially ordered

 sets (Y, <) and (X, <) is defined as the subset of the Cartesian product

 Y-f consisting of all functions f: X Y which are increasing in the sense

 that x < y implies f(x) < f(y). The partial ordering on YX is defined co-

 ordinatewise: f < g iff f(x) < g(x) for all x e X. Taking Y = 2, we see that

 the mapXE xE E identifies 2-x with the lattice of all increasing subsets of

 X. Now if (X, <) and (Y, <) are partially ordered Borel spaces, we may

 define an ordinal product Y-X in a similar way except that now we only

 admit Borel functions f: X Y as points of YX. Note that 2x is now

 identified as the a-lattice L(X, <). So given any a-finite measure m on X,

 we may define an equivalence relation - in 2-Y by f - g iff f(x) = g(x)

 almost everywhere (dm). Thus, the subspace lattice 2(X, <, m) is naturally

 isomorphic with the quotient of the ordinal product 2x by the equivalence

 relation -.

 1.4 The null set theorem

 Until now, we have been concerned with the problem of representing

 certain subspace lattices as the lattice 2(X, <, m) associated with a

 partially ordered measure space. In the remainder of this chapter we will
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 take up the problem of constructing "enough" operators in alg S(X, <, m)

 to prove that S(X, <, m) is reflexive. Ultimately, the solution of this

 problem (as well as various problems of Chapter 2 concerning reflexive

 algebras) depends in an essential way on a theorem which characterizes

 certain types of null sets in the Cartesian product of two measure spaces.

 The present section is devoted to a discussion and proof of this measure-

 theoretic result.

 Let (X, m) and (Y, n) be two measure spaces, and let S be a subset of

 the Cartesian product X x Y. S is called marginally null if there are
 Borel sets M z X and N = Y such that

 (i) m(M) n(N) = 0, and
 (ii) SC Mx YUXx N.

 It is clear that the marginally null subsets of X x Y form a hereditary

 a-ideal of sets. We will say that two functions f, g: X x Y C agree

 marginally almost everywhere (abbreviated m.a.e.) if {(x, y): f(x, y) #

 g(x, y)} is a marginally null set. Thus, f(x, y) = 0 (m.a.e.) iff one can modify

 f in each variable separately, on sets of respective measure zero, so as to

 make f vanish identically.

 We first want to point out a simple description of the class of measures

 on X x Y which annihilate the class of all marginally null sets. Every

 finite positive measure a on X x Y (the domain of a is of course the

 product sigma-field on X x Y) gives rise to measures a, a, on X and Y
 respectively, defined by

 al(E) =(E x Y),

 U(F)- a(X x F),

 where E (resp. F) is an arbitrary Borel set in X (resp. Y). These measures

 vi will be called the marginal measures of a, by analogy with the marginal

 distributions of pairs of random variables in probability theory.

 PROPOSITION 1.4.1. Let (X, m) and (Y, n) be two measure spaces, and

 let a be a finite positive measure on X x Y. Then a(S) = 0 for every

 marginally null Borel set S = X x Y if, and only if, a, < m and ?2 < n.

 Proof. Suppose first that a, < m and 02 <K n. Let S be marginally
 null. Then there are Borel sets MC X, N C Y such that S c Mx YU Xx N

 and m(M) = n(N) = 0. Then a(S) < a(M x Y) + a(X x N) = p1(M) +
 U(N) = 0 + 0 = 0. The converse is equally trivial. D

 In regard to this class of measures, note first that any finite positive

 measure a on X x Y, which is absolutely continuous with respect to the
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 product measure m x n, clearly satisfies a1 < m and a2 ? n. As a more

 typical example, let X= Y= [0, 1] and take m = n to be Lebesgue measure.

 Define a on the square X x Y to be a(S) = m{x e X: (x, x) e S}. Then a, =

 a2 = m, while on the other hand a is concentrated on the diagonal
 {(x, x): x C X}, a set of product measure zero. This example and variants

 of it show that the structure of this class of measures is very complex.

 Now fix S c X x Y. Then 1.4.1 implies that, if S is marginally null,

 then a(S) = 0 for every finite positive measure a on X x Y having

 absolutely continuous marginals. The main result of this section gives a

 converse of that assertion, and can be regarded as a type of duality theorem

 for marginally null sets. We begin by recalling some terminology. Let A

 be a linear subspace of the real Banach space C(X) of all real valued

 continuous functions on a compact Hausdorff space X. We will always

 assume that A contains the constants. Let i be a state of A, that is, a

 linear functional on A, satisfying 11 11=0(1) = 1; then M. will denote the
 set of all norm-preserving linear extensions of 0 to C(X). MO is a nonvoid
 convex subset of the dual of C(X) which is compact in the weak* topology.

 Moreover, the Riesz-Markov theorem allows us to identify M. with the
 set of all representing measures of vs, namely, all regular Borel probability

 measures 1a on X which satisfy

 0() = fd f e A .

 Finally, for such a measure t, we will make the traditional abuse of

 notation by using the same symbol for the linear functional determined by

 M: .

 Xf)- f dp, f e C(X) .

 The following lemma is a minor variation of the result on page 110 of

 [14]. We sketch the proof for completeness.

 LEMMA. Let X be a compact Hausdorff space, let A ' C(X) be a linear

 space containing 1, and let v be a state of A. Then for every u e C(X):

 sup {fa(u): a e Ma} = inf {fs(f): f e A, f > u} .

 Proof. The inequality < is trivial, for if a e M. and fe A dominates
 u, then a(u) < a(f) = 0(f). For >, let a denote the right side of the
 asserted equation. We want to construct a e M. for which a(u) = a.
 Define a, on {f + tu: f e A, t e R} by ao(f + tu) = v(f) + ta. The inequality
 already proved implies that a0 > 0, so an extension theorem of M. G. Krein
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 ([25, p. 227]) provides a positive linear extension a of a0 to C(X). Clearly

 a C M,, and v(u) = a by construction. D

 THEOREM 1.4.2. Let X, Y be compact Hausdorff spaces, let m, n be

 regular Borel probability measures on X and Y respectively, and let K be

 a closed subset of X x Y. Assume a(K) 0 0 for every regular Borel prob-

 ability measure a on X x Y satisfying , = m and 2 = n. Then K is
 marginally null.

 Proof. Let TF {u E C(X x Y): ZK < u}. Then IF is a decreasing directed
 subset of C(X) in the usual order, and every regular Borel prob-

 ability measure a on X x Y gives rise to a net u e yF v| u du. Note first

 that, for fixed a, limu u da = a(K). Indeed, the limit on the left exists
 because the net is monotonic, and clearly 5 u d > 5 X,, du = a(K) for every

 u e 2. On the other hand, for each s > 0 we can find (by regularity of a)

 an open set G containing K for which a(G) ? v(K) + s. Urysohn's lemma

 provides a function u e C(X x Y) with u = 1 on K, u = 0 off G, and 0 <

 u < 1 in between. Thus u e F and

 u da < XZ du < a(K) + e,

 proving the claim.

 Now let A = C(X x Y) be the space of all functions of the form

 h(x, y) = f(x) + g(x), fE C(X), g E C( Y), and let 0 be the state of A defined

 by 0(h) = h cdm x n. Noting that M. consists of all regular Borel prob-
 ability measures a on X x Y satisfying a1 = m and 2 = n, we see from

 the hypothesis that a(K) = 0 for every a E Me. From the preceding para-

 graph we conclude that lim 5u da = 0 for every am M.. In fact, this
 convergence to 0 is uniform over MO; for since M. is weak* compact and

 since the net i'(a) = u da of continuous functions on MO converges
 monotonically to zero at every point of MO, Dini's theorem implies that

 sup,,,, u da tends to 0as u e - decreases to XK.
 Hence we may find a sequence us, U2, ... in C(X x Y) satisfying the

 following conditions:

 (i) XK <? Uk+i ?< Uk,

 (ii) supaeM. uk dia < 2
 Now apply the lemma to obtain a sequence hk(x, y) = fk(X) + gM(Y) in A
 with uk < hk and
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 dfkdt + gk dfn =(hk) < 2

 Put ak = infXfj(x), bk = infJ gM(y), fk =kA - ak, gr = 9k- bk. Then fk and
 g' are nonnegative, and we claim 0 < ak + bk < 2-k1* Indeed, choosing

 Xk E X and Yk C Y such that ak = f(Xk) and bk =g(Yk) we see that

 0 ?< Zk(Xk, YJ) < mk(Xk, Yk) < ak + bk < f (X) + g(y),

 for all x E X, y E Y, so the claim follows by integrating these inequalities

 against the probability measure m x i. We conclude that XK(x, y) <

 fk(x) + gk(y) + 2-k-1, and the nonnegative functions fk, g' satisfy

 f dien, g' dn < f dm + g' dx

 fk dm + gk dn - (ak + bk) < 2k.

 Now define nonnegative functions Fk E L1(X, m) and Gk E L'( Y, n) by

 Fk Ukf/'k yI Gk =7k g. Then we have
 (iii) Fk dim, Gk dn < 2-,

 X Y

 (iV) Fk > Fk+l, Gk > Gk+l,

 (v) ZK(x, Y) < Fk(X) + Gk(Y) + 2 -k
 By (iv), the nonnegative limit functions F(x) = limkFk(x) and G(y) =
 limk Gk(Y) exist, and by (iii) and the monotone convergence theorem we

 have F dnre = G dn 0 O. In particular, if M ={x E X: F(x) > O} and N =

 {y E Y: G(y) # O}, then m(M) = 0 and n(N) = 0. On the other hand, (v)
 implies that /K(X, y) < F(x) + G(y), from which we conclude that K C

 MI x Y U X x N, as required. D

 Problem. A natural question here is whether this theorem is valid for

 more general subsets K of X x Y. In particular, if K is an arbitrary

 Borel set in X x Y for which u(K) 0 0 for every regular Borel probability

 measure a with ul - m and ,2 = n, does it follow that K is marginally
 null? The theorem itself implies in this case that every compact subset of

 K is marginally null, so that the answer is yes if K is sigma-compact. The

 proof of the following theorem asserts that the answer is yes (in the

 metrizable case) provided the complement of K can be expressed as a

 countable union of Borel rectangles; that includes the case where K is

 closed, and is quite adequate for our purposes here. However, the answer

 for arbitrary Borel sets K is unknown to us.

 NULL SET THEOREM 1.4.3. Let X, Y be standard Borel spaces and let

 ,v be sigma-finite measures on X and Y respectively. Let (d be the class
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 of all Borel probability measures a on X x Yfor which there is a positive

 constant c c ca such that a1 < cpe andU2 ?< Cia.
 Let S C X x Y have the form S f lai Se,, where each Sa, belongs to the

 Boolean algebra generated by all Borel rectangles E x F, E C X, F C Y.

 If a(S) 0 0 for every a E (S, then S is marginally null.

 Proof. We may clearly assume that neither /1 nor v is zero. Because
 /1 is sigma-finite, an elementary argument shows that there is a Borel

 function w: X R such that o < w(x) ? c < &s for all x, and w dfm 1.

 Thus m(E) = w(x) dpe(x) defines a probability measure on X such that
 I ~~~~E

 [-e <t it ? cf. Similarly, we may find a probability measure n on Y and a
 positive constant c' such that v <K < c'v. Let a, be the class of all pro-
 bability measures a on X x Y for which u, = m and a2 n. Then Ci - A,
 so it suffices to prove the following assertion, for S ' X x Y as above: if

 c(S) 0 0 for every a d o, then S is marginally null (relative to the

 measures m, n).

 First, write S fn, s,, where each So belongs to the Boolean algebra
 generated by Borel rectangles E x F, E - X, F c Y. Now for each i,

 X x Y\S, is a finite union of Borel rectangles, and thus we may find
 sequences E1, E2, ... * X, F1, F2, * * Yof Borel sets such that X x Y\S

 U ,^ Ek x Fk. We now map X x Y into the Cantor square 2' x 2' as
 follows. Choose sequences AX c X, B_ - Y of Borel sets such that {An}

 (resp. {BJ}) generates the Borel structure of X (resp. Y). Define f: X, 2??
 and g: Y 2? by

 f (x) = (ZAI(r)y ZWE,(X)y ZA,(X)y ZE2(~ ... )Y

 g90) (Z-E1(?y) WFl(/Y)y %B2(?y)y ZFJYy) ..

 Then (see [3, Theorem 3.3.4 and its Corollary 2]) f(X) (resp. g(Y)) is a Borel

 set of 2? andf (resp. g) is a Borel isomorphism of X(resp. Y) onto its range.

 Note also that the product mapping f x g: X x Y-f(X) x g(Y) ' 2? x 2??

 carries S onto K n (f(X) x g( Y)), where K c 2? x 2? is the set consisting

 of all ordered pairs of sequences (i, I) satisfying '2n = Oor 7l2n 0 for every

 X 1, 2, *. . . Finally note that K is closed (and therefore compact) in the
 usual product topology on 2T x 2".

 Now define probability measures p, q on 2T by p = mf' and q = ng-.

 Let a be a Borel probability measure on 2- x 2- such that al p and 2 = q.
 We claim: a(K) = 0. Indeed, since p(f(X)) = m(X) 1 we see that

 a(f(X) x 2-) a ul(f(X)) = 1 and similarly a(2- x g( Y)) 1. This implies
 that a is concentrated on
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 f(X) x g(Y) = (2?? x gY)) n (f (x) x 2??)

 Now define a positive measure a' on X x Y by a'(A) = u(f x g(A)). Then
 for E X,

 v1U(E) = '(E x Y) - (f (E) x g(Y)) = u(f (E) x 2??) = p(f (E)) = mn(E)
 Similarly, a (F) -(F) for F C Y. Therefore ae' Ct0, so by the hypothesis
 on S we have a'(S) - 0. In terms of a, we conclude that

 a(K) = (K n (f(X) x g(Y))) - u(f(S)) = '(S) = O0
 as asserted.

 The compact set K E 2TO x 2T therefore satisfies the hypotheses of

 1.4.2 (relative to the measures p and q), and we conclude that there are

 Borel sets M, N - 2? such that p(M) = q(N) = 0, and K z M x 2? U 2- x N.

 Pulling this back under (f x g)-', we obtain S c f'-(M) x YU X x g-'(N),

 where m(f-'(M)) = p(M) = 0 and n(g-'(N)) = q(N) = 0. Thus S is mar-
 ginally null, and we are done. D

 1.a5. Pseudo integral operators

 Let (X, mn) be a positive measure space. Then certain Borel functions

 k: X x X-) C give rise to (bounded) integral operators Tk on the LP spaces
 of (X, in), defined by

 T1f(X)-5 k(x, y)f(y)in(dy) , X X

 (it will be covenient in this section to use the notation m(dy) rather than
 drn(y), in such integrals). For instance, if k e L2(X x X, m x in), then Tk
 defines a Hilbert-Schmidt operator on L2(Y, in). In this section we want

 to introduce a considerably broader class of operators associated with
 measures, rather than functions, defined on X x X.

 Let (X, in), (Y, im) be two positive measures spaces, and give X x Y

 the product Borel structure. For every complex-valued Borel measure fe

 on X x Y of finite total variation, let I te l(E) denote the variation of pt on
 the Borel set E c X x Y. Then I p I is a finite positive Borel measure
 and, in turn, we obtain marginal measures Ie L', I te 12 on X and Y, defined
 by I u 11(E) = I It e(E x Y) and I fe 12(F) - I fe j(X x F). A(X x Y, m, n)
 will denote the set of all such measures te on X x Y, for which there is a
 positive constant c (depending on [t) satisfying

 I K(E)?< cm(E), E c X, and
 I It 12(F) < cm(F) , F c Y.

 Thus, the marginal measures of I I are absolutely continuous with respect
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 to m and n, and have bounded Radon-Nikodym derivatives. For y e

 A(X x Y. m, n), we define I I 1 as the smallest constant c satisfying the
 above inequalities. A trivial verification shows that 11 * 11 is a norm on the
 vector space A(X x Y, m, n). Note also that there is no relation between

 this norm and the variation norm 1p J(X x Y), for elements fe in this vector
 space of measures.

 THEOREM 1.5.1. Let (X, m), (Y, n) be sigma-finite measure spaces, fix
 p, 1 < p < ac, and let q be the conjugate index of p, p-' + q-' = 1. Let

 G A(X x Y. m, n). Then for each f e L( Y, n), g e L (X, m), the function

 h(x, y) = f(y)g(x) belongs to L1(X x Y. 1e 1). Moreover, there is an operator

 T, from LP(Y, n) into L"(X, m) satisfying

 (i) 11 T, II < 11 t 11.

 (ii) <Tf, g> - f(y)g(x)a(dx, dy), fe L"(Y, n), g e Lq(X, M),
 XXY

 where <*, *> denotes the canonical pairing of LM(X, m) and Lq(X, m).

 Proof. Now for every bilinear form [I, *] on LP(Y, n) x Lq(X, m)

 satisfying I [f, g] I < a II f II Ig II, there is an operator T from LI(Y, n)
 into L"(X, m), of norm at most a, satisfying [f, g] -< Tf, g> (this is a
 simple consequence of the canonical identification of L"(X, m) as the dual of

 Lq(X, m)). Thus, all of the assertions will follow if we prove that, for

 fe LP(Y, n), g e Lq(X, m),

 |S I f(y) IjI g(x) Ij I j (dx, dy) < 11 t lt l i f jlgp q liq XXY

 Applying Holder's inequality to the left side, we obtain

 I f(y) I { g(x) I. - Iu p(dx, dy)
 xxY

 < I f(y) Ip I p I(dx, dy)) (|| I g(x) Iq I a I(dx, dy)4I

 -(Jy If(g) IP I p Lz(dy))( I g(x) Iq I pl1(dx))

 < 11 ,u JJ1 1 1 JJ f u Ie J' g Ilq -1 1111 f II lig 11

 because I p L(dy) < II J I1 n(dy) and I J 1(dx) < II J II m(dx). E

 Remarks. We will give a more concrete expression for these operators

 T, below. While one is primarily concerned with the case p = 2, it is of
 interest to consider other values of p. To see why, consider the case where

 both measure spaces (X, m) and (Y. n) are standard, and e is a positive
 measure in A(X x Y, m, n). If we let 1I T, Ip denote the norm of T, as an
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 operator from L( Y, n) into LP(X, in), then the preceding theorem implies

 that sup1<P<,,,. I T, I 1 I 1i. It is not hard to see that this inequality is actu-
 ally equality, that T, defines an operator in the two extreme cases p = 1 and

 p - + C3, and moreover fI pt I is the larger of 'I T,, I, and KI T, (the latter can
 be deduced from the Riesz convexity theorem). Moreover, T, is positive in

 the sense that it maps nonnegative functions in n,,'<O. LP(Y, t) to non-
 negative functions in nl<P<,,. LP(X, m). Conversely, it can be shown that

 every positive linear transformation T of nP LP( Y, n) into np LP(X, m),

 for which c = supp II T ip < cam, determines a positive measure ft on X x Y
 via 5 f((y)g(x)pt(dx, diy) K < Tf, g>. Moreover, it can also be shown that Px

 satisfies p, < cm and t, < nci. Now if m, say, is a finite measure, then

 the condition rae < cm implies pt(X x Y) < cm(X) < Be, so that I/ G
 A(X x Y, m, n). So in this case, we infer that the operators from L2( Y, m)

 to L2(X, m) which come from positive measures in A(X x Y, m, is) are
 precisely those operators which map positive functions to positive functions,

 and which also determine bounded operators from LP( Y, n) to LP(X, m) for

 every value of p, 1 < p < + c.

 In the remainder of this section, we will consider the case where

 (X, m) is a standard (sigma-finite) measure space, Y= X, and m = m. In

 place of A(X x X, wt, in), we will employ the shorter notation A(X x X, m).
 We first want to define a multiplication in A(X x X, m) which will make it

 into a normed algebra, and which is appropriately related to operator multi-

 plication. In the special case where X is a set with n elements, say X =

 (1, 2, *.., n}, and m({i}) = mi > 0, then the elements It of A(X x X, in)
 are identified with n x -i matrices (aij) via

 p(S) - E {aij: (i, j) e S}

 Here, the marginals I-e 1, and I at 12 are given by

 Ip fl ({i}) = I aij I
 U 12 ({J}) = 1 aj

 and the norm j1p 11 is the larger of the two numbers maxi (1/rni) Jj I aii I

 and maxj (l/mj) J. I aij 1. In this case, the product of p - (aij) and V- (baj)
 will turn out to be the matrix (cij),

 Ci. 1k=l aikbkj

 Thus in the case where mi 1 for all i, we have the usual algebra of

 n x n matrices.
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 In order to define this "matrix" multiplication of measures, we shall

 have to make use of the following bit of lore on the disintegration of

 positive measures.

 LEMMA. Let X be a standard Borel space, let ,e be a finite positive

 measure on X x X, and let pl1(E) = p(E x X) be the first marginal of a.
 Then there is a map x H-+ fx of X into the space of all Borel probability

 measures on X satisfying

 (i) x - pax(E) is a Borel function, for every Borel set E C X,
 (ii) st(S) = | Xs(x, y)Itex(dy)Ieti(dx) for every Borel set S C X x X.

 Since we do not have a reference for this result, we will sketch how it

 can be deduced from a result in [9]. Since every standard Borel space is

 Borel isomorphic to a compact metric space (see [21]) and since (i) and (ii)

 involve only measures and Borel structures, we may assume that X is a

 compact metric space and the Borel structure on X is generated by its

 topology. Since the projection pl(x, y) = x of X x X onto its first co-

 ordinate space is continuous and since , = ,app1, we may infer from page
 59 of [9] that there is a map x I- l-ex of X into the set of probability

 measures on X for which

 (i) x |- f(y)fex(dy) is a Borel function for every f e C(X),
 x

 (ii) h d1a = h(x, y)yax(dy)a1y(dx) for every h e C(X x X) .
 XX X

 Since the class of all Borel functions f (resp. h) for which (i) (resp. (ii))

 holds is closed under bounded pointwise sequential convergence, it follows

 that (i) (resp. (ii)) holds for arbitrary bounded Borel functions f (resp. h).

 The required assertions are now immediate. D

 The disintegration formula (ii) will be expressed by the notation

 a(dx, dy) = 1ax(dy)1ai(dx). There is a similar disintegration of ie relative to
 the second marginal a2(F) = Ie(X x F), written a(dx, dy) = ac(dx),ta2(dy).

 Now let (X, m) be a standard sigma-finite measure space and let iet E

 A(X x X, m). We want to employ related disintegrations of pa, except
 that in place of the marginals of ,a (or Ie 1), we will use the measure m.

 PROPOSITION 1.5.3. For every it e A(X x X, m), there exist maps

 x - p, y v ,ty, of X into the set of all complex Borel measures on X of finite
 total variation, such that

 (i) IfteJ(X) ? J1fetJJ, I 1tyI(X) ' Il cc l, for allx, ye iX,
 (ii) pax(E) and pt(E) define Borel functions for every fixed Borel set

 EC X,
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 (iii) /t(dx, dy) = fx(dy)m(dx) = t,&(dx)m(dy),

 (iv) I p J(dx, dy) = I jx j(dy)m(dx) = I ty I(dx)m(dy).
 Moreover, if vz and vy are two other families of measures satisfying (i), (ii),

 and (iii), then vx = px a.e. (m) and vy = py a.e. (m).

 Proof. For existence, let a = I I I be the variation measure of It.
 Applying the lemma to a, we obtain disintegrations a(dx, dy) =

 ax(dy)a,(dx) = aY(dx)a2(dy), where each ax and ay is a probability measure
 on X. Since 4ae A(X x X, m), we have a1 < I I ? I I * m and a2 < I I I I * m.
 So by the Radon-Nikodym theorem there are Borel functions w1, w2 on X

 such that 0 < wi(x) < jj ic j1, x E X, and ai(dx) = wi(x)m(dx). Now since a
 is the variation of 4a, we may find a Borel function u on X x Y such that

 I u(x, y) I = 1 for all x, y and 4(dx, dy) = u(x, y)a(dx, dy). Finally, define
 jix and tuy by

 Sx(dy) - u(x, y)w,(x)qx(dy)

 /Ay(dx) = u(x, Y)w2(y)ay(dx)

 A routine check shows that these measures satisfy (i) and (ii), and since

 aj(dz) = wi(z)m(dz), we see that a(dx, dy) = w1(x)qx(dy)m(dx) = w2(y)ay(dx)
 m(dx), from which (iii) is evident. Finally, since u has unit modulus, the

 measure I s-x I is given by I Fx J(dy) - w,(x)ax(dy), so that

 | Sx l(dyi)m(dx) wi(x)qx(dy)m(dx) = ax(dy)q1(dx) = a(dx, dy) .

 Similarly, I iey j(dx)m(dy) = a(dx, dy), proving (iv).
 For uniqueness, let Vz be a family of measures having the same pro-

 perties (i), (ii), (iii) as pI-. We will produce a Borel set N c X such that
 m(N) = 0 and Vz = jt for all x 2 N. Choose a countable Boolean algebra
 {F1, F2, *.. } of Borel sets in X which generates the Borel structure on X.

 Now fix j = 1, 2, *.., and consider the bounded Borel functions fj(x) =
 lex(Fj) and gj(x) = zx(Fj). Because

 px(dy)m(dx) vx(dy)rn(dx) (_ = (dx, dy))

 we see that, for every Borel set E c X with m(E) < oo,

 f j(x)m(d x) = gj(x)m(dx) = /(E x Fj)
 E E

 Thus fj g gj a.e. (m). Let Nj be an mn-null set so that fj(x) = gj(x) for all
 x 2 Nj, and put N = U7 , Nj. Then for x 2 N, we have fx(Fj) = vx(Fj) for
 every j = 1, 2, Because both "x and Vz are countably additive (for

 fixed x) and because the Boolean algebra {F1, F2, ... } generates the Borel
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 field on X, we conclude that 1ez - V for every x e N. The uniqueness of

 the py constituents follows by symmetry. D1

 We can now define the product p*v of two measures pe, v E A(Xx X, nt)
 when (X, m) is a standard sigma-finite measure space. Choose disinte-

 grations

 [e(dx, dy) = py(dx)m(dy) and >(dx, dy) - vx(dy)m(dx)

 according to 1.5.2. For each z E X, It x vZ defines a complex measure on
 X x X of finite total variation. We claim first that there is a nonnegative

 function w in L'(X, m) such that | x Vz(S) I < w(z) for every Borel set
 S c X x X. For that, put w(z) = c 1(X). Then clearly w > 0, w is

 measurable, and w is integrable because

 5 w(z)m(dz) = IKeIIt I ,IVI(X)m(dz) = K I (X x X) <

 (here we use I V j(dx)m(dz) - I v z(dx, dz) and the fact that v has finite total
 variation). Moreover, for every Borel set S c X x X,

 !tez x v:(S)I < tzl x l7(S) < lezl(X) .! z IC(X) < I teIII(A7) - w(z),

 as asserted. In particular, the function z h- ze x z(S ) is in L'(X, m) for
 each Borel set S c X x X, and we may define a complex valued set func-

 tion [t*v by

 ,Itv(s)= | fez x VZ(S)m(dz)

 for every Borel set S c X x X. The fact that At*> is a measure of finite

 total variation also follows from the preceding claim, along with the

 dominated convergence theorem. Note finally that, by the uniqueness

 statement of 1.5.2, the possible arbitrariness in the choice of fez and Vz

 does not affect fet*, so that [p*v is well-defined by /p and v.

 PROPOSITION 1.5.3. The multiplication Z)*v makes A(Xx X, m) into a

 normed algebra.

 Proof. We shall only verify that 4L*v belongs to A(X x X, m) and

 satisfies the inequality 1 1 pI 11 < 11 p 11*11 v1l. For this, note that by defini-

 tion of ie*v we have [e*v(S)l 5 I fezI x I V I(S)m(dz), so that I *V is

 dominated by the measure p(S) = I , I x I[v I(S)m(dz). Hence it suffices
 to show that p1(dx) < fellv 1 m(dx) and p2(dy) < IFv Ii m(dy). Now

 for E C X, we have
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 pl(E) =p(E x X) I = . j1-l(E) | jz lj(X)m(dz) 1111 t lj(E)m(dz)

 - 1jjz1 11ti(E x X) -Ilz'j IeI(E) < IHIl IH'?n(E)

 because jzl(X) < 1 for all z and Ip/ 11(E)-< 11 I Ip jm(E). Similarly
 P2 < ? ljjejjZljjlm. D

 Now let G be a Borel subset of X x X. A(G, m) will denote the sub-

 space of all measures p which are concentrated on G. We will be most
 concerned with those G's for which A(G, m) is also closed under multipli-

 cation. To this end, given G c X x X, we define GoG as the set of all pairs

 (x, y) G X x X for which there is a z G X such that (x, z) E G and (z, y) E G.

 To say that GoG c G means that G is the graph of a transitive relation R

 on X: G = {(x, y): yRx}. Hence, in order that a subset G of X x X be the

 graph of a partial ordering of X, it is necessary and sufficient that G

 should contain the diagonal A = {(x, x): x G X} and satisfy GoG c G.

 PROPOSITION 1.5.4. Let G be a Borel set in X x X such that A c- G and

 GoG c G. Then A(G, m) is a subalgebra of A(X x X, m). If 0 < m(X) <

 then A(G, m) contains a multiplicative identity of unit norm.

 Proof. Choose t1 a A(G, m), and let a(dx, dy) = Ia(dy)m(dx) be the
 disintegration of p via 1.5.2. For each x G X and E c X, let Ex =

 {z e X: (x, z) e E}. We claim that 4a"x I is concentrated on Gx for almost
 every x(m). Indeed, by 1.5.2 we know that I p (dx, dy) = I Px j(dy)m(dx),
 so that if A = X x X\G, then

 ? I 1EM I(A) 5 ZA(X, y) I P I (dx, dy) K ZA(X, Y) I top I (dy))m(dx)

 = | I px I (Ax)m(dx) .

 This implies that I t-tx i (Ax) = 0 for almost every x, hence the assertion.
 Now choose te, H e A(G, m). We want to show that p*v belongs to

 A(G, m). Write p(dx, dy) = py(dy)m(dx), >(dx, dy) = vy(dx)m(dy). We want

 to show that e*v = pz x vzm(dz) is concentrated on G; it is clearly

 sufficient to prove that I pz I x I V I is concentrated on G for almost every
 z. Now by the preceding paragraph we can find an m-null set M X

 such that, for all x X M, I px I lives in Gx. Similarly, there is an m-null set
 N c X such that I vy I lives in GY {z: (z, y) e G} for every y X N. We
 conclude that if z X MU N, then I ftz I x Izj lives in Gz x GZ c GoG E G, as
 required.

 Finally, assume 0 < m(X) < oo. Define a positive finite measure a on
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 X x X by 3(S) = m{x: (x, x) G S}. Clearly ai= a2= m, so that a e A(Xx X, m),

 and 11 3 11 = 1. Moreover, since 3 is concentrated on A c G, we have
 a e A(G, m). The canonical disintegrations of 3 (see 1.5.2) are given by

 a(dx, dy) = a0(dy)m(dx) = 63,(dx)m(dy), where a, = aZ can be taken as the
 unit point mass at {z}. So for any measure v e A(X x X, m), say >(dx, dy) =
 ,z(dy)m(dx), and any pair E, F of Borel sets in X, we have

 a*2(E X F) = 5 ((E)vx(F)m(dx) =5 (F)m(dx) = v(E x F) .

 Since 8*v and v agree on all Borel rectangles in X x X they must be

 identical measures. The proof that v = v*a is similar. F
 For p fixed, 1 < p < a, and for i e A(X x X, m), we will write Tt,

 for the bounded operator on LP(X, m) determined by ,e as in 1.5.1. Let q
 be the conjugate index of p, p-' + q-' = 1, and let Ty be the adjoint of
 T77,, defined as an operator on Lq(X, m) by <Tf, g> = <f, T'g>, f e LP, g C LD.
 We want to remark that To = T7, where ji is the "transposed" measure

 = po, s denoting the reflection 0: (x, y) F (y, x) in X x Y. Indeed,
 ,e f defines an isometric anti-automorphism of the normed algebra
 A(X x X, m); we omit these routine verifications.

 We also want to point out a rather more transparent formula for

 T,,f, fe LP(X, m), p E A(X x X, m). For this, write a(dx, dy) =- p-(dy)m(dx)
 as in 1.5.2. Then we claim:

 T,,f(x) = | f(y)ax(dy),

 for almost every x e X. For by definition of T, we have, for every g e
 Lq(X, m),

 < Tf, g> = 5 f(y)g(x)j"x(dy)m(dx)

 and the above formula follows by a routine application of Fubini's theorem.
 As for T,, we see either by a direct verification or by the preceding para-
 graph that, for every g e L (X, m),

 Tg(y) = () g(x)py(dx).

 PROPOSITION 1.5.5. Fix p, 1 < p < ao. Then T,,ri = TITy, for all
 p, e A(X x X, m).

 Proof. Fix f e LP(X, m), g e Lq(X, m). Then we have <T,.,f, g> =

 55f(y)g(x)p**v(dx, dy). Using Fubini's theorem and the definition of b*ur
 we can write
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 <Tf, g> = 5f(y)g(x)p,(dx)Vz(dy)m(dz) - <F, G>,

 where F(z) = f(ty)V(dy) and G(z) = g(x)pz(dx). Note that, by the preced-
 ing remarks, F - Tf e LP and G- T/g X L . It follows that (T,.,f, g>
 < Tf, T/g> K <T, TPJ, g>. Since f e LP and g e Lq were arbitrary, we are
 done. Cl

 For each function fe L'(X, m) and each p, 1 < p < oo, we write Lf
 for the bounded operator on LP(X, m) given by (Lfg)(x) = f(x)g(x), x e X.

 THEOREM 1.5.6. Let (X, m) be a sigma-finite standard measure space

 and let G be a Borel set in X x X which contains the diagonal and

 satisfies GoG z G.

 Then for every p, 1 < p < c, Am T, defines a contractive representa-
 tion of A(G, m) onto an algebra of bounded operators on LP(X, m), whose

 range contains all multiplication operators Lf, f e Lw(X, m) n L'(X, m).

 Proof. The only assertion that remains to be proved is that every

 multiplication operator Lf, f e Lf n L', belongs to the range of

 {T,: je e A(G, m)}. Fix such an f, and define a measure /1 on X x X by

 NS,5 xs(x, x)f(x)m(dx).
 x

 Clearly I p I (X x X)< If(x) I m(dx) < oa, and

 I j 1,(dz) - I t 12(dz) = I f(z) I m(dz) .

 Thus ji e A(X x X, m) and, moreover, jj I pI < I I f I The canonical de-
 composition of 4a can be expressed as e(dx, dy) = f(x)3x(dy)m(dx), where

 Ax is the unit point mass at {x}. By the remarks preceding 1.5.5, we see
 that, for g in LP(X, m),

 Tug(x) g(y)f(x)3x(dy) -f(x)g(x),

 for almost every x e X, so that T,- Lf, as required. D1

 1.6. Commutative lattices are reflexive

 We now assemble some of the results of the preceding sections into a

 proof that every separably acting commutative subspace lattice is reflexive.
 Let (X,, <, m) be a standard sigma-finite partially ordered measure space.

 Let 2(X, <, m) be the subspace lattice (acting on L2(X, m)) defined in
 Section 1.2. We also want to define an operator algebra on L2(X m), as

 follows.
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 Let G = {(x, y): y ? x} c X x X be the graph of the given partial order

 on X. We define amin(X< <, m) to be the ultraweak closure of the set of

 operators {To: p e A(G, m)}. By 1.5.6, Cimin(XI , m) is ano algebra of
 operators on L2(X, m) which contains the multiplication, algebra of L*(X, m).
 The reason for the subscript min in this notation is explained in remark

 1.6.2. We first want to point out an alternate description of the pseudo-

 integral operators in Gmin(X, < m) (also, see 2.2.6).

 Proposition 1.6.0. Let p e A(X x X, m), and let T, be the correspond-
 ing pseudo-integral operator. Then T, E alg 2(X, <, m) if, and only if, pa
 is concentrated on G.

 Proof. Assume first that pa lives on G, and let E c X be an increasing
 Borel set. We have to show that T leaves the range of the projection PE
 invariant; equivalently,

 (TIf, g) = f ()g(x)dyM(x, ) = 0

 for all f, g e L2(X, m) such that f lives in E and g lives in X\E. But
 (X\E) x E is disjoint from G (because E is an increasing set), and supports

 the function f(y)&i). The assertion follows since ,e lives on G.
 Conversely, assume T, e alg 2(X, <, m). By 1.1.2, we may find a

 sequence En of increasing Borel sets such that the complement of G is the

 union UIJn (X\En) x Es. So to prove that , e A(G, ta), it suffices to show
 that I p I (X\En x EJ) = 0, n > 1, or equivalently,

 (TAf, g) = f(y)U(x)dt(x, y) = 0

 for every pair f, g e L2(X, m) n L*(X, m) such that f lives in En and g
 lives in X\En. This clearly follows from the fact that each projection P,
 is invariant under T,. D

 THEOREM 1.6.1.

 2(X, <, m) = lat min(X, _, m) .

 Proof. The inclusion c follows from the preceding proposition. Con-

 versely, let P be an invariant projection for the algebra mIJn(X, , nm).
 We have to produce an increasing Borel set E such that P - PE. Because

 amin(X, <, m) contains the multiplication algebra M, a maximal abelian
 von Neumann algebra, it follows that P E M, and hence there is a Borel set

 A c X such that P = PA. We claim that there is a Borel set N C X such

 that m(N) = 0 and, for all x, y i N, x e A and y > x imply y E A (from this
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 and 1.1.11, it will follow that there is an Ee L(X, ?) such that PA = P,
 as required).

 To prove the claim, consider the set S = G n (X\A) x A c X x X.

 We will show that S is marginally null. Note first that the complement
 of G is a countable union of Borel rectangles; for if we choose E1, E2, * *

 in L(X, <) such that x < y iff XE_(X) _ XEZ.(Y) for all X > 1 (cf. 1.1.2), then
 X x X\G has the form U> , (X\E") x En. Thus S satisfies the structural
 hypothesis of the Null Set Theorem 1.4.3. So by that theorem, to prove S
 is marginally null, it suffices to show that the space of measures A(S, m)

 contains only the zero measure. For that, choose p E A(S, m). Because
 S c G, the associated operator To belongs to amin(X, <, ,m), and therefore
 T, leaves P = PA invariant. Note that this imples pa annihilates every
 Borel rectangle C x D contained in (X\A) x A satisfying m(C), m(D) < ca.

 Indeed, the functions f = XD and g X Xc belong to L2(X, m), f is in the
 range of PA, and g is orthogonal to the range of PA, so that 1a(C x D) =
 (Tyf, g) = 0. It follows that ,e vanishes on the sigma ring generated by

 such rectangles; i.e., p(H) = 0 for every Borel set H c (X\A) x A, or
 equivalently, I, 1((X\A) x A) = 0. Because 1a is concentrated on the subset
 S of (X\A) x A, the claim Ae 0 follows.

 Therefore S is marginally null, and we can find Borel sets N1, N2 such

 that S c N, x X U X x N2 and m(N) = m(N2) = 0. This means that, if
 X, y 4 N1 U N2, y e A, and y < x, then necessarily x e A. The null set N =
 N1 U N2 therefore has the desired property. I

 Remark 1.6.2. We will see later in Chapter 2 that the algebra

 a(min(X, ? m) has a crucial minimality property, namely that for every
 ultraweakly closed algebra g of operators on L2(X, m) such that

 (i) U contains the multiplication algebra of (X, m), and
 (ii) lat F = S(X, <, m),

 then 93 necessarily contains jmin(X, ?, nm). Thus, &m(X, _, m) is charac-
 terized abstractly by the fact that it is the smallest ultraweakly closed
 algebra having properties (i) and (ii). On the other hand, the algebra
 alg S(X, ?, m) is weakly closed and is clearly the largest algebra having
 these properties; we conclude that all such algebras ?6 are trapped between

 C3min(,X <, m) and alg 2(X ?, nm). We will also see in Chapter 2 that
 amin(Xj <, m) is not necessarily weakly dense in alg S(X., <, m).

 THEOREM 1.6.3. Every separably acting commutative subspace lattice

 is reflexive.

 Proof. By the spectral Theorem 1.3.1, such a lattice is unitarily
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 equivalent to the lattice X(X, <, m) associated with a standard sigma-
 finite partially ordered measure space (X, <, m). Now apply 1.6.1. 1

 Problem. Let us call a subspace lattice 2 (acting on a Hilbert space

 XC) strongly reflexive if there is a set 5 of compact operators on XC such that

 2 = lat 5. It would be of considerable interest to have a characterization

 of the separably-acting commutative subspace lattices which are strongly

 reflexive. For example, under what conditions on the standard partially

 ordered measure space (X, <, m) will 2(X, <, m) be strongly reflexive?

 When do there exist no nonzero compact operators in alg 2(X, <, m)? As a

 more concrete question, let p be a positive real number less than 1 and let

 (2?, <, mp) be the partially ordered measure space described in the last para-
 graph of Section 1.2. Then it is easy to see that the graph G c 200 x 2?? of the

 partial order < has measure zero relative to the product measure mp x mp;

 from this it follows easily that there are no Hilbert-Schmidt operators in

 alg SP(2, <, mnp). But we do not know if alg 2(2", <, mp) contains more
 "singular" compact operators; in particular, is there a single nonzero

 compact operator in alg , <, mp)?

 Problem. The above proof of 1.6.3 used the properties of partially

 ordered measure spaces in an essential way. Naturally, one would prefer

 a "coordinate-free" proof. Presumably, this would involve constructing

 the operator algebra amin(X, <, m) in an abstract manner, and there

 seems to be no obvious way to go about doing this. As a test problem for

 such techniques (of minimal intrinsic interest, perhaps), we pose the

 following: Is 1.6.3 valid for inseparable Hilbert spaces?

 Chapter 2. Reflexive Algebras

 2.1. The minimal algebra of a partially ordered measure space

 Let (X, m, m) be a partially ordered standard sigma-finite measure

 space, which will be fixed throughout this section. We have already

 encountered the operator algebra Gmin(X, An m) in Section 1.6, defined as

 the ultraweak closure of the algebra of all pseudo-integral operators TM,

 where id runs over the appropriate class of all measures on X x X which

 are concentrated on the graph of the given partial order on X. Unless

 there is cause for confusion, we will employ the shorter notation amin for

 this algebra; (Tmin will be called the minimal algebra of (X, <, m).

 We have also shown in Section 1.6 that (min contains the multiplication

 algebra of (X, m), and has 2(X, <, m) as its invariant projection lattice.

 The principal result of this section implies that aTmin is the smallest ultra-
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 weakly closed operator algebra on L2(X, mn) which has these two properties,

 a fact which leads to a number of general conclusions about operator

 algebras on Hilbert spaces.

 At this point, we feel that a word of explanation may be in order

 concerning our use of the "ultra" topologies rather than the more tradi-

 tional weak and strong operator topologies. Perhaps the main benefit of

 this formulation is that theorems about utraweakly closed operator algebras

 usually have interesting corollaries about norm-closed algebras of compact

 operators (see Corollary 2 of 2.1.8 for an illustration of this). This bonus

 is not available if one works with weakly closed algebras. As another

 important, though less tangible reason, one knows that the full algebra

 ?(XC) is the dual of a certain Banach space (namely the space of all ultra-

 weakly continuous linear functionals), and the canonical pairing of 2(JC)
 with its predual identifies the ultraweak topology with the weak* topology.

 So in this sense the ultraweak topology is a very natural one. In any case,

 the principal results of this chapter all have counterparts in the smaller

 category of weakly closed algebras.

 We begin by restating some familiar facts about the ultraweak topology

 in a form convenient for our purposes. Let XK be a separable infinite-

 dimensional Hilbert space, which will be fixed throughout this section.

 We shall realize the Hilbert space tensor product SC ( L2(X, m) as the

 space of all weakly measurable functions F: X -C for which the norm

 II F11 I I| 1 F(x) I I'd m(x))1

 is finite (one of course identifies functions which agree almost everywhere).

 Note first that a linear functional p on 2(L2(X, m)) is ultraweakly con-

 tinuous if and only if it has a representation p(T) = ((I-:, T)F, G), where

 Id denotes the identity operator on Xi and F, G C Xr ( L2(X, m). Indeed,

 the fact that the linear map T - NK- @ T is ultraweakly continuous

 insures that every such functional T l (-vr (8 TF, G) is ultraweakly
 continuous. Conversely, every ultraweakly continuous linear functional

 p on 2(L2(X, m)) admits a representation

 p(T) = ,1` (Thy, g.)

 where f, gn e L2(X, m) satisfy L7 II f112 < and II g. 12 < Cal ([10, p. 38]).
 So if we choose an orthonormal basis e1, e2, ... for XK then we may define

 functions F, G in ZK ? L2(X, m) by
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 (note, for example, that F(x) is well-defined almost everywhere because

 the condition L7 If.(x) '2dm(x) = If,, I'2 < co implies that I f.(X) 12 <
 Cal almost everywhere). Equivalently, one has F = 7 en ? f(, G =

 e ?g1. In either case, a simple computation shows that p(T)

 ((I-X ? T) F, G), as asserted.
 Now let i be an arbitrary algebra of operators on L2(X, in) which

 contains the identity, and let Te .S(L2(X, in)). Then notice that T belongs

 to the ultraweak closure of $3 if, and only if, lat (1t ? $) is contained in

 lat (L13 ? T). Indeed, suppose Ik- ? T leaves every element of lat (I-,' - &93)
 invariant. To see that T e RI-, choose any ultraweakly continuous linear

 functional p which annihilates 93, say p(A) = ((I<- ? A)F, G), F, G C

 (J ? L2(X, in). Then G is orthogonal to [I- ? (3F], an Is ? -invariant

 subspace. Since i contains the identity, F must belong to [I- ? i39F], so

 by hypothesis In ? TFe [I(& ?3F]. The required conclusion p(T) =
 ((I; ?@ T)F, G) = 0 is now evident. The converse implication is trivial.

 The point is that, if one is able to determine the invariant subspaces of

 I- ? ~ii3from the information given about $3, then one knows the ultraweak

 closure of $.

 The following simple result gives a convenient representation for

 operators I& ? T when T is a pseudo-integral operator.

 PROPOSITION 2.1.1. Let 'e e A(X, in) and let F, G e XJ (? L2(X, in). Then

 the function h(x, y) - (F(y), G(x)) is I -t integrable over X x X, and

 ((csfgTII)F, G) = (F(yJ), G(x))dp&(x, ?y).

 Proof. Since I (F(y), G(x)) | I F(y) G(x) , the estimate used in the
 proof of Theorem 1.5.1 shows that

 l(F(y), G(x))d I d < ? Ht{l*lIFII.HG
 The integrability of h is immediate from this, and in fact

 [F, G] - | (F(y), G(x))dp(x, y)

 defines a sesquilinear form on >C ( L2(X, m) of norm at most 1 -e Let

 <., *> be the bounded sesquilinear form <F, G> = (1 T,,F, G). In order
 to show that these two forms agree, it therefore suffices to show that they

 agree on the fundamental set of all functions of the form (e x f)(x)

 f(x)e, e S C, f C L2(X, in). But if e, e' SC and f, f' L2(X, m), then

 <e ?f, e' (f'> = (e ? T,,J', e' Of') = (e, e')(T,,f, f'), while
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 [e Ox f, e' X f'] (f(y)e, f'(x)e')de(x, y) - (e, e') 5 f(y)f'(x)di(x, y)

 - (e, e')(Tf, f').

 The conclusion follows.

 Remtark. In the remainder of this section, Ml xvill denote the usual

 multiplication algebra {Lf: f C L-(X, rnt)} of operators on L2(X, m) associated
 with bounded complex-valued Borel functions on X. Then I.R ? Mt is a

 commutative von Neumann algebra acting on SC ?) L2(X, m), and we want

 to summarize briefly a convenient (and well-known) description of

 lat ( DK ? M). Let F: X 2(7K) be a bounded operator-valued function
 which is such that x - (F(x)e, e') is a Borel function, for each e, e' in XJC

 (we shall refer to such an F simply as an operator-valued Borel function).

 F gives rise to a bounded operator LF on XJC ( L2(X, m) defined by (LFG)(x) =

 F(x)G(x), G e X (? L2(X, im). Clearly LF commutes with the algebra I;- (? M
 of all scalar-valued multiplications. Conversely, it is a familiar fact that

 every operator in the commutant of IT} (? M has this form LF for some
 bounded Borel function F: X <(O?K) (e.g., [3, Section 4.2]). Moreover, if

 L/ is a projection then one may choose F so that F(x) is a projection in

 _D(X) for every x e X. Now since I-.,- (? M is a self-adjoint algebra, each of
 its invariant subspaces is a reducing subspace, and therefore the corre-

 sponding projection must commute with .< ( M. We conclude that

 lat (Ie (DM) consists precisely of all multiplications Lo, where P: X )$I(X)
 is a projection-valued Borel function.

 The following result describes a broad class of invariant subspaces for

 the algebra U 0 CL min. A function F from X into some other partially

 ordered set (for example, the self-adjoint operators on SC with the usual

 ordering) is said to be essentially increasing if there is a Borel set N ' X

 of measure zero such that, for all x, y e X\N, x < y implies F(x) < F(y).

 PROPOSITION 2.1.2. Let P: X - ?(K) be a projection-valued Borel

 function which is essentially increasing. Then L, e lat (1s- (? amin).

 Proof. Let P- be the projection valued Borel function PL(x)= I--P(x),

 x e X. Then clearly L, (L,)L and it suffices to show that, if F, G E
 X7C ? L2(X, m) are such that F(x) P(x)F(x) and G(x) = P (x)G(x) for all x,

 then (Lb? (D TF, G) = 0 for all TG eamin. Since the pseudo-integral operators
 T,,, it e A(G, m) (G denoting the graph {(x, y): y ? x} of ?) are utraweakly
 dense in Cimin, it suffices to show that (IT C) T/,F, G) = 0 for every , G A(G, m).
 But by 2.1.1 we know that



 OPERATOR ALGEBRAS 473

 (Ixs 0g TrF, G) = iG(F(y), G(x))dpl(x, y)

 (the integration is extended over G rather than X x X because p is con-
 centrated on G). Now since P is essentially increasing, we may find a

 Borel set Nc X such that m(N) = 0 and P restricted to X\N is increasing.

 So if (x, y) e G\(X x N U N x X), then y < x and P(y) < P(x); in particular,

 P'(x)P(y) = 0. It follows that (F(y), G(x)) = (P(y)F(y), P'(x)G(x)) = 0
 everywhere on G except perhaps on X x NU N x X. Since the latter set

 has I Ap I-measure zero (because has absolutely continuous marginals),
 we conclude that

 | (F(y), G(x))dle(x, y) = 0,
 as required. EZ

 We remark that 2.1.2 actually gives a complete description of

 lat (Ir (D (?min); see Corollary 1 below. We come now to the principal
 considerations of this section.

 PROPOSITION 2.1.3. The weakly closed convex hull of 2(X, A, m) con-
 sists of all multiplications Lf such that f is an essentially increasing Borel
 function with 0 < f < 1.

 Proof. Let C be the weakly closed convex hull of ?(X, <, m), and
 choose an operator A in C. Clearly A belongs to the multiplication algebra

 M, and 0 < A < I. Thus there is a function f e LO(X, m), 0 < f < 1, such

 that A = Lf. We want to show that f is essentially increasing.

 Now since the weak and strong operator topologies have the same con-

 tinuous linear functionals, they also have the same closed convex sets.

 Moreover, since L2(X, m) is separable, the strong topology on the unit ball

 of S4L2(X, m)) is metrizable. We conclude that there is a sequence A,
 of operators, each of which is a convex linear combination of elements of

 2(X, <, m), which converges strongly to Lf. By definition of 2 (X, <, m),

 each An has the form Lf., where each fin is a finite convex combination of
 characteristic functions of increasing Borel sets; in particular, each fn is
 an increasing function.

 Now since Lfa- Lf strongly, we have

 I f.(x) - f(x) 12 I g(x) I2dm(x) > 0

 for every nonvanishing function g e L2(X, m); fixing such a function g, a

 familiar argument shows that we may extract a subsequence f," of f"'
 which converges to f on the complement of some m-null set N. Now if
 x, y e X\N and x < y, then
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 f(.z) = lima fi (x) < lim" fin (Y) = (Y),

 which shows that f is essentially increasing.

 Conversely, let f be an essentially increasing Borel function for which
 o < f < 1. To show that Lf A C, we make use of the spectral theorem as

 follows. For every Borel set E in the unit interval, let P(E) be the pro-
 jection of L2(X, m) onto the subspace of all functions which live in

 {x: f(x) G E}. Then the spectral theorem asserts that Lf = tP(dt), in the
 sense that (Lf, ) =\| t(P(dt);, () for all -, H e L2(X, m). Now fix s, y,

 and consider the complex measure a on [0, 1] defined by u(dt) = (P(dt)A, I2).
 Since the function t l u([O, t)) is bounded and left-continuous, the usual
 integration-by-parts formula implies that

 tu(dt) ? ua([O, t))dt = u([O, 1])

 or equivalently, tu(dt) = u([t, 1])dt. We conclude that

 (LfssI)= (P([t, 1])s, 7))dt,

 for every s, C C L2(X, m). A standard separation theorem now shows that
 Lf belongs to the weakly closed convex hull of the set of projections

 {P([t, 1]): 0 < t < 1}.
 Thus, it suffices to show that each projection P([t, 1]) belongs to

 2(X, <, m), But since f is essentially increasing, there is a null set Nc X
 such that, for all x, y G X\N, x < y implies f(x) < f(y). Fixing t, we see

 that if x, y C X\N, x < y, and xE {If t}, then C {If > t}. By 1.1.11, the
 projection defined by the set {If > t}, namely P([t, 1]), belongs to

 Remtarks. The above convex set is weakly compact, and therefore it
 is of interest to know its extreme points. Clearly every projection in

 (2(X, <, m) is extreme (as it is an extreme point of the entire unit ball of
 M), and conversely it is not hard to see that these are the only extreme
 points. It follows that the extreme points of the convex set of all es-

 sentially increasing functions f C L-(X, m), for which O< f <1, are precisely

 the characteristic functions of increasing Borel sets. We shall return to

 these and related considerations in Chapter 3 (Section 3.5).

 LEMMA 2.1.4. Let (a be an algebra of operators on L2(X, m) such that
 M(M e (a and which satisfies lat d = 2(X, <, m). Then for every func-
 tion f C L-(X, m), 0 < f < 1, the following are equivalent:
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 (i) f is essentially increasing,

 (ii) TLf T* < Lf for every T in the unit ball of (X.

 Proof. (i) implies (ii). Let f be essentially increasing, 0 < f ? 1. Now

 the set of all operators A, 0 < A < I, for which TAT* ? A for every T in

 the unit ball of A, is clearly weakly closed and convex. By 2.1.3, to show

 that Lf belongs to this set it suffices to show that TPT* < P for every

 Pe (X , nm), Te ball d. But such a P is a-invariant, so that TPT* =

 PTPT*P ? 11 TJJ2P2 < P, as required.
 (ii) implies (i). Let f e L*(X, m) satisfy the condition (ii). First, we

 claim that TLflT* < Lfn for every integer n > 1. For that, choose e > 0,
 and put g(x)- (f x) + S)1/2. Then L, is a positive invertible element of the
 multiplication algebra, and for each T e a, 1I T jj < 1, we assert that

 1 L; TL, II < 1. Indeed, TL 2T* -T(Lf + sI)T* < Lf + sTT* ? Lf + sI =
 L2, so that L-lTL2T*Lyl < I; i.e., L-'TLg is a contraction. Of course,

 L;1 TLg also belongs to d. Now replace T with L-1 TLg and argue the same

 way to deduce that L 2T4L2 is a contraction in Cf. Continuing in this way

 inductively, we see in particular that II L-TTL4 1 _ 1 for every n > 1;
 equivalently, L" TL2"T*L-n < I. Multiplication on left and right by LI

 gives TLg2nT* < Lg2n, or TL(f+e,)nT* < L(f+e,n. for every n > 1. The claim
 follows by allowing s to decrease to 0.

 We claim next that, for each t > 0, the set {x: f(x) > t} defines an

 d-invariant subspace of L2(X, m); or, what is the same, that the space of

 all L2(X m) functions which live in {If < t} is invariant under Pi. For that,
 choose g e L2(X, m) such that g = 0 off {f ? t}. Then If(x)"g(x) I < tV g(x) I
 for every n > 1, x e X, so that by the preceding paragraph we have

 11 LfT*g 112 < II Lfg 112 < t2nlj g 112, n = 1, 2, *X . Thus, dividing by t2n and
 taking n's roots of both sides we obtain

 (x (yfxt )) I T*g(x) Izdm(x)) ? g 112/n

 n=1,2, *=.. As n oA, the right side tends to 1 (or O if g = 0), and the
 left side tends to the essential supremum of the function (f(X)/t)2 relative
 to the finite positive measure I T*g(x) 12dm(x). Thus (f(x)/t) < 1 for almost

 every x in the set {x e X: I T*g(x) I # 0}; equivalently, T*g lives essentially

 in the set {f < t), which is what we wanted to show.

 We can now show that f is essentially increasing. Let R denote the

 countable set of all positive rational real numbers. For each t e R, the

 projection in M determined by the set {f > t} is aT-invariant, so by

 hypothesis it belongs to 2(X, <, nm). By definition of 2(X, <, m) there is
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 an increasing Borel set Et - X which gives rise to the same projection,

 and therefore the symmetric difference NV, = EA{f > t} has measure zero.
 Thus, N = UteR N, is a Borel set of measure zero. We claim: if x < y and
 neither x nor y belongs to N, then f(x) < f () (this will complete the
 proof). Indeed, suppose f (x) > f (y). Then we may choose t C R such that

 f(x) > t > f(y), and hence xc {If > t} while y {If > t}. But {If > t}\N =
 EA\N. Since x belongs to the left side and y > x we have y C Et, and thus
 y C Et\N = {If > t}\N E {If > t}, contradicting the preceding sentence. D]

 Remark. It may be of interest to isolate a fact contained in the proof
 of the above two results. Let a be an algebra of operators on a Hilbert

 space X and let AG E2(1{ ) be such that 0 < A ? 1. Let A tP(dt) be

 the spectral resolution of A. Then the second half of the preceding proof

 that (ii) (i) shows essentially that if TAn T * < I T I 2A" for every T c a and

 every n > 1, then every projection P([t, 1]), 0 < t < 1, belongs to lat a
 (the converse is also true, and follows from a minor variation of the

 "integration by parts" device in the proof of 2.1.3). But more significantly,

 the proof also implies that if the operator A happens to belong to a, then

 the same conclusion follows from the much weaker hypothesis that

 TAT* < ?I TIJ2A, for every TG a. This stronger form is essential for the
 proof of the following key theorem.

 THEOREM 2.1.5. Let ce be an algebra of operators on L2(X, m) which

 contains the multiplication algebra and satisfies lat a 2(X, <, m).
 Then every element of lat (I'd ? d) has the form Lo, where P: X-(SK)

 is an essentially increasing projection-valued Borel function.

 Proof. Now lat (v X (0f) is contained in lat (1Uv (? M) (because Cd
 contains M), so by the remarks preceding 2.1.2, every element of

 lat (Ik ? d) has the form Lo, where P: X )jJC) is a projection-valued
 Borel function. We have to produce a Borel set N ' X of measure zero

 such that, for all x, y C X\N, x < y implies P(x) < P(y).

 Fix d C lls, 1= 1. We claim first that the scalar valued function
 f(x) = (P(x)X, d) is essentially increasing. For this, it suffices to show that
 TLfT* < Lf for every contraction Te a, by the preceding lemma. So

 choose a function g C L2(X, m) and a contraction T (a. Then

 (TLf T*g, g) (Lf T*g, T*g)

 - 8 (P(x)X;, 4 ) I (T*g)(x) J2dm(x)

 We may write the integrand as I P(x)' I2 l T*g(x) 12, which is the square of
 the norm of the value of the (UC-valued) function L,(1>,- 0 T*)' ? g at the
 point x (indeed, the latter is simply
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 P(x)[s-(9 T *)? (D g](x) = P(x)(? ( T *g)(x) = T *g(x) * (P(xj>))
 Thus, we see that

 (TLf T *g, g) H Lp(It-k- (0 T g rI'

 Now since L. is invariant under Ix (3 T, we have Lp(1< 0 T*)=
 Lp(I,,- (L T*)L,, so that the right side of the preceding formula is at most

 Lp(I (? T*) 112 11 Lp(= (0 g) 112 < 1 Lp(" 0 g) 112. Noting finally that

 11 Lp (D 0 g) II2 = 1 P(x)' 112 1 g(X) 12 dm(x)

 = (P(o)x, i) ; g(a) 2 dm(x)

 - (Lfg, g),

 we obtain the asserted inequality (TLf T*g, g) < (Lfgy g).
 We now prove that P is essentially increasing. Let ;I 2 ... be a dense

 sequence in the unit sphere of XC. By the preceding paragraph, we may

 find for each n > 1 a Borel set Nn, such that m(N) -0, and such that

 the restriction of the function fn(x) (P(x)?n, in) to X\Nn is increasing.

 Let N be the null set N= U 1 Nn. Choose x, y e X\N such that x < y;
 then note that P(x) < P(y). Indeed, since every fA is increasing on X\N

 we have (P(x)?n, i) < (P(y)n, &~) for every n > 1, therefore (P(x)d, <) <
 (P(y)s, i) for every se XC of unit norm, because of the density of s, e
 This clearly implies P(x) < P(y), completing the proof. D

 COROLLARY 1. lat (1K ? amn) consists precisely of all multiplications
 Lp, where P:X X-2(5C) is an essentially increasing projectiom-valued

 Borel function.

 Proof. We already know that dmi contains M and has 2(X, <, rn) as

 its invariant projection lattice. So the conclusion is immediate from 2.1.5

 and 2.1.2.

 COROLLARY 2. Let ( be any ultraweakly closed algebra of operators on

 L2(X, m) which contains the multiplication algebra and has 2(X, <, in)

 as its invariant subspace lattice. Then (d contains amin.

 Proof. By 2.1.5 and 2.1.2, we know that lat (I'd (g0 d) is contained in
 lat (-,K- (g0 amin). By the remarks preceding 2.1.1, this implies that (ifisn 15
 contained in the ultraweak closure of (a, namely (a. D

 Corollary 2 will enable us to draw a number of general conclusions

 about operator algebras. First, we need to identify the diagonal of the

 algebra ,i4,(Xy <?, m) (recall that the diagonal of an algebra d is the self-
 adjoint subalgebra (a n a*). Let us define an equivalence relation x - y in
 X to mean x ? y and y < x. Since < is a standard partial ordering, so is -

 (indeed, if the functions fi, f2y ... determine < in the sense of 1.1.1, then
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 the sequence fi,-fi, f2-f2 ... determines the partial ordering '-). More-

 over, observe that the graph of - is the "diagonal" G n G of the graph G

 of <, where G denotes the image of G under the canonical reflection (x, y) +

 (y, x) of X x X; in particular, (mimn(X, -, m) is a subalgebra of Gmin(X, <, m).

 Now the mapping jce - c of measures on X x X, defined by jj*(dx, dy) =

 Nidy, dx), induces an isometric involution of the algebra A(G n G, m) which
 satisfies T,* = (To)* (see the discussion following 1.5.4). It follows that the

 set of operators {T,: ,e C A(G n G. m)} is a self-adjoint algebra, and thus its
 ultraweak closure (amin(X, -, m) is a von Neumann algebra, which of

 course contains the multiplication algebra.

 PROPOSITION 2.1.6. The three von Neumann algebras (amin(X, -, ,m),
 the diagonal of (a1,i1n(X, <, m) and the commutant of S(X, <, m), are
 identical.

 Proof. From the preceding remarks we see that m -, m) is

 contained in the diagonal of ( ?, nm) which, in turn, is reduced by

 every projection in St(X, ?, nm). Thus, it suffices to show that St(X, <, nm)'
 is contained in Cemin(X, -, m); and by the double commutant theorem for

 von Neumann algebras, this reduces to showing that lat mmin(X, -, i) is

 contained in the double commutant of 2(X, <, nm).
 Now by 1.6.1, we know that lat (amin(XY -, m) = ?(X, -, m); and we

 claim that S(X, '-, m) is contained in the von Neumann algebra generated by

 .S?(Xy ?, m). For that, choose a sequence E1, E2, ... of Borel sets in X such
 that x ? y if and only if ZEJ(x) < E_(Y) for every n > 1 (cf. 1.1.2). Letting
 E' denote the complement of En, then note that x- y if and only if

 ZE, (X) <- ZE'(y) and XEZJX) < XEnOI) for every n > 1. By 1.2.2, the projec-
 tions {PE1, PL`, PE2, PE,' ... } generate S?(X, -, m) as a subspace lattice.
 Since each PE, and PE = I - P belong to the von Neumann algebra

 generated by 2(X, <, m) (indeed, PE, C 2(X <?, m) for every n), we con-
 clude that 2(X, -, m) is also contained in the latter. E

 The following property of operator algebras will prove to be useful

 in the sequel.

 DEFINITION 2.1.7. An operator algebra (T is called pre-reflexive if

 (T In CV = (lat (i)'.

 Note that the commutant of lat CT is simply the diagonal of the algebra

 alg lat CT, so that (a is pre-reflexive if and only if it has the same diagonal

 as alg lat a. By 1.6.1 and 2.1.6, we see that the algebras (amin(X, A, m)

 are always pre-reflexive (though they are not always reflexive, see Section
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 2.5). We are now in position to draw two general conclusions about operator

 algebras.

 THEOREM 2.1.8. (i) Every ultraweakly closed algebra which contains

 a maximal abelian von Neumann algebra is pre-reflexive.

 (ii) Let S be a commutative subspace lattice, and let (E be the class of

 all ultraweaklly closed pre-reflexive algebras d which satisfy lat (a = S.

 Then (E has a smallest element G7min (as well as a largest element alg S),

 relative to inclusion.

 Proof. For (i), let d be an ultraweakly closed algebra which contains

 a maximal abelian von Neumann algebra M. By a simple adaptation of the

 proof of 1.3.1, there is a standard partially ordered sigma-finite measure

 space (X, <, m) and a unitary operator from the underlying space for dT

 onto L2(X, m) which carries M to the multiplication algebra of (X, m) and

 carries lat a (a sublattice of the projection lattice in M) to S(X, :, m)
 (i.e., just take M for the maximal abelian algebra occurring in the proof of

 1.3.1). Letting (a, be the image of (a, we know from Corollary 2 that

 LTmin(X, <, m) - (a, E alg 2(X, <, m), so that the three diagonals are
 related in the same way: amin(X <, m) n amin(xx < m)* . a, n a* E
 2(X, <, m)'. But by 2.1.6, the two extreme members are the same, and
 hence (a n c* = (lat C)'.

 For (ii), let M be any particular maximal abelian von Neumann algebra

 which contains the lattice 2. As in the preceding paragraph, we may

 assume that the Hilbert space is L2(X, m), that ? = 2(X, <, m), and
 that M is the multiplication algebra of (X, m). Note first that since

 lat amin(X, <, rn) = 2(X, -, m) and amin(X <, m) nf ain(x <, m)*
 2(X, <, m)' (by 1.6.1 and 2.1.6), amin(Xy <? m) belongs to (S. On the other
 hand, if (a is any other element of C, then Mc 2(XY <, m)'= a o a* E a.
 By Corollary 2 we conclude that (amin(X, <Y m) c (, hence amin(Xy <, m)
 is the smallest element of W. Da

 Remarks. Part (ii) of this theorem describes the precise sense in which

 the algebra (Ymin(XY , m) is independent of the representation implicit in
 the symbols (X, <, m). The theorem also suggests what will prove to be

 a useful division of the problem of determining when a given algebra d is

 reflexive. One first determines whether or not d is pre-reflexive. Granting

 that, one then seeks to prove that there is a unique pre-reflexive (ultra-

 weakly closed) algebra which has lat aT as its invariant subspace lattice.
 If the answer is yes, then (a must be reflexive. While the second step asks
 for more than we actually need, it has the advantage that, since it involves
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 the lattice lat d rather than the algebra A, it is frequently more con-

 venient to deal with. These matters will be taken up in the following

 section.

 The next result strengthens a theorem of [241 (in the case where the
 underlying space is separable).

 COROLLARY 1. Let a be an ultraweakly closed algebra which contains a

 maximal abelian von Neumann algebra, such that every a-invariant sub-

 space reduces aX. Then G is self-adjoint.

 Proof. Because lat d is closed under orthocomplementation, alg lat aC

 (lat d)' is self-adjoint. The conclusion now follows from part (i) of 2.1.8. D1

 Remark. This corollary can be used to strengthen a density theorem

 of [1] in the following way: every transitive subalgebra of !S7(C) which
 contains a maximal abelian von Neumann algebra is ultraweakly dense

 in S(ZC). Indeed, letting af denote the ultraweak closure of the given

 algebra, we see from the corollary that ( = W* is an irreducible von

 Neumann algebra, so that (a = 2(XC) (by the double commutant theorem).

 The following application to algebras of compact operators would not

 have been available had we worked with weak, rather than ultraweak,

 operator topologies. First, a simple observation.

 LEMMA. Let S13 be an algebra of operators on a Hilbert space such

 that every cyclic invariant subs pace of 13 reduces @i, which has trivial null

 space. Then s c [91 ] for every e C XC.

 Proof. Choose c amSC. The hypothesis means that the subspace [V3>I
 reduces 93. Let P be the projection onto [I3@1-]. Then P commutes with 93,
 and for every Be 93 we have B(s - Pi) BP Ye; =P PB- = 0, since P-

 annihilates [I93;]. We conclude that d _ Pi 0 because 13 has trivial null
 space. D

 COROLLARY 2. Let a be a norm-closed algebra of compact operators on

 a Hilbert space XC such that aC C(7JC). Suppose there is a commutative
 *-algebra 9D such that T' is commutative and O(tO c a. Then (a has a
 proper closed invariant subs pace.

 Proof. Contrapositively, suppose a is transitive. We may clearly

 assume that 9D contains the identity, and therefore the ultraweak closure

 91 of 9D is a maximal abelian von Neumann algebra. Let aC, be the ultra-

 weak closure of (a. Note that aC, has trivial null space (because of the

 transitivity hypothesis), and we have 0II(DI c (a,
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 We claim first that a, contains the identity. For that, let hC be a
 separable infinite-dimensional Hilbert space. Then the claim amounts to

 showing that d E [Ix 0 C(ijl for every ~ e EJC 0 XC. Since IT 0 CC, has trivial
 null space, the lemma leaves us to prove that every subspace [IX 0 cfi
 reduces Ix 3 aT. Now as before, we may assume that XC = L2(X, m),
 where (X, m) is a standard measure space and 0, is the multiplication
 algebra of (X, m). Because CC is transitive we have lat CC, = 2(X, _, m)
 where < is the indiscrete order, in which x < y for all x, y e X. Now

 since D1d,- (t , it follows that, for each ~ e EC (D L2(X, m), the subspace
 [Ix 0 ate] is invariant under Ix X 0ID1. We may now argue exactly as in
 the proof of 2.1.5 to conclude that the projection onto [Ix 0 die] has the
 form LP, where P: X - 2(C) is an essentially increasing projection-valued
 Borel function. Since the ordering on X is indiscrete, this means that P(x)

 is essentially a constant PO; i.e., Lp = PO (0 IC. The latter projection is

 invariant under Ix 0 2(XJC), so in particular it reduces Ix 0 (t.
 Now because Ie d( and 91%ia c (1 it follows that d( contains 01. By

 the remark following Corollary 1 of 2.1.8, CC, = 2(XC).
 Finally, we claim that aT = C() (this contradiction will complete the

 proof). Let p be a bounded linear functional on C(X) which annihilates a.
 We will show that p = 0. Indeed, it is well known that p extends (uniquely)

 to an ultraweakly continuous linear functional p on 2(JC) ([11, ?4.1]).

 Since p(a) = p(a) = 0, it follows by ultraweak continuity that 1((a1) = 0.

 But a, = 2(XC), by the preceding paragraph, and therefore p = 0. Hence
 p = 0, as required. D

 We conclude this section with some applications to the triangular

 algebras of Kadison and Singer [17]. Recall that an operator algebra a is

 called triangular if a( n a* is a maximal abelian von Neumann algebra.

 Triangular algebras are related to the algebras studied here. For example,

 let (X, <, m) be a partially ordered measure space whose ordering is

 strict. By Theorem 1.2.3 and Proposition 2.1.6, we see that (amin(X, , nm)
 (as well as alg 2(X, <, m)) is triangular.

 It was pointed out in [17] that if (a is a triangular algebra on a finite

 dimensional space X!C, then there is an orthonormal basis for XC with

 respect to which the matrices of the operators in a are all upper triangular

 (d need not contain all upper triangular matrices, but it does contain all

 diagonal matrices). By analogy with this property, we will say an operator

 algebra aT is hyperintransitive if lat a contains a linearly ordered subset

 whose generated von Neumann algebra is maximal abelian in 2(X). Kadison
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 and Singer also gave an example of a triangular algebra on a separable

 space which is not hyperintransitive (in fact, which has no nontrivial

 invariant subspaces whatsoever). Their example, however, is not closed

 in any of the natural operator topologies. In [2, p. 1011 (also see [4]), some
 related examples of triangular algebras are described, which have no

 invariant subspaces and are closed in the norm topology. Thus, the follow-

 ing result would seem to be the best possible generalization of the finite-

 dimensional result cited above.

 COROLLARY 3. Every ultraweakly closed triangular algebra on a

 separable space is hyperintransitive.

 Proof. Let CT be the given algebra. By part (i) of 2.1.8, we know that

 (lat (G)' = (d n P is a maximal abelian von Neumann algebra. Therefore,

 by the double commutant theorem, the von Neuman algebra generated by

 lat (G is the maximal abelian von Neumann algebra a n PT.
 Thus it suffices to establish the following assertion. Let 2 be a sub-

 space lattice on a separable space which generates a maximal abelian von

 Neumann algebra M; then 2 contains a linearly ordered subset 2. which
 generates M as a von Neumann algebra. For the proof, let {P1, P2, * * } be

 a countable subset of S which contains 0 and I and is strongly dense in S.

 By adjoining all finite unions and intersections, if necessary, we may assume

 that {PW} is closed under the lattice operations V and A. We assert: there is
 an increasing sequence 2, = _2 . * * * of finite linearly ordered subsets of {P,}
 such that the Boolean algebra generated by Se,, contains 0, P1, P2, * . ., P, I, for
 every n > 1. Granting that, the linearly ordered set 2 = U?? Sn clearly

 generates the same Boolean algebra as {PJ}, so that the von Neumann
 algebra generated by 2? is simply M, as required (see the discussion
 preceding 1.2.3).

 .n, is constructed inductively as follows. Let 2= {0, P1, I}. Given

 21 Z 22 * * *z 2,n all satisfying the stated property, let 0 = Eo < E1 < ... <
 Er= I be the elements of 2?. For each k, 0 _ k _ r-1, put Fk,= Ek V
 (PI,, A Ekl). Then for each k < r we have Ek < F7, < Ek+l, so that
 2,+1 = {Eot -.., E,} U {Fo, ..., Fri1} is a linearly ordered subset of {Pj}
 which contains 2n. Let 93n,, be the Boolean algebra generated by Sn+,
 For each k, 0 < k < r - 1, we have Fk- Ek = P.,i A (Ek+l - Ek), and
 therefore V l (Fk -Ek) = P,+1 because {Ek+l - Ek: 0 ? < r-1} forms
 a partition of I. This proves that @ff+, contains P,+1; that it contains
 0, P1, * ** Pa, I is a consequence of the induction hypothesis on ?n. D

 Remark. Corollary 2 of course implies that every (separably acting)
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 weakly closed triangular algebra is hyperintransitive, answering affirma-

 tively a conjecture of Peter Rosenthal [27], [24]. This is of interest
 because such algebras need not be reflexive in general (see Section 2.5), so

 that the technique of [27] cannot be applied.
 Though Corollary 3 is stated in an abstract form, it can be combined

 with some results of ]17] to give a very concrete infinite-dimensional

 analogue of the finite-dimensional result which asserts that every tri-

 angular algebra is unitarily equivalent to an algebra of upper triangular

 matrices. For that, let [f 10, 1] denote the algebra of all operators on L2[0, 11

 which leave all of the subspaces L210, t], 0 < t < 1, invariant. 1f [0, 1] is a
 hyperintransitive maximal triangular algebra, and occupies a position

 analogous to that of the algebra of all upper triangular n x n matrices.

 THEOREM. Every ultraweaklly closed triangular algebra having a

 nonatomic diagonal is unitarily equivalent to a subalgebra of T- [0, 1].

 Proof. Let d be the given algebra. By Corollary 2, we may find a

 linearly ordered subset S? of lat aC which generates c n P* as a von Neu-

 mann algebra. Let CC, = alg S?. By [17, Theorem 3.1.1] CC, is a hyperintransi-
 tive maximal triangular algebra (which of course contains i), and its
 diagonal is ' = (lat Cdt)' = a n P*, a nonatomic von Neumann algebra. By

 [17, Theorem 3.3.1], d, is unitarily equivalent to ti[0, 1]. The assertion
 follows. D

 2.2. Synthetic lattices

 We now introduce a property of subspace lattices which will turn out

 to have a useful connection with the problem of determining which alge-

 bras are reflexive.

 DEFINITION 2.2.1. A reflexive lattice ! is called synthetic if the only

 ultraweakly closed pre-reflexive algebra d satisfying lat G t is the

 algebra t = alg S?.

 The connection with reflexive algebras arises through the observation

 that if one is able to prove that a given ultraweakly closed algebra d is

 (a) pre-reflexive and (b) its lattice lat a is synthetic, then one concludes

 that a is reflexive.

 We shall be concerned mainly with the question: which commutative

 subspace lattices are synthetic? Now if 2 is a commutative subspace lattice

 then one knows from 2.1.8 (ii) that there is a smallest ultraweakly closed

 pre-reflexive algebra Ctmin having 2 as its invariant subspace lattice. Thus

 2 is synthetic if and only if amin alg 2 is reflexive. Furthermore, by the
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 preceding results we may assume that 2 = 2(X, <, m) is the lattice
 associated with a standard partially ordered sigma-finite measure space,

 and that (min = (min(X, <, m) is the (closure of the) algebra of all pseudo-
 integral operators associated with (X, _, m). Thus, the problem is to

 characterize the partially ordered measure spaces (X, <, m) for which

 dmin(X, <, m) is reflexive. We will see that such a characterization exists,
 and involves a property of the graph of the relation < which is very

 closely akin to the sets of spectral synthesis of commutative harmonic

 analysis (this also explains the choice of terminology in definition 2.2.1).

 First, we want to present a result that describes a wide variety of

 commutative synthetic lattices. Given a family {1i} of subspace lattices on
 a Hilbert space SC, the notation Vi Si denotes the subspace lattice
 generated by Uj 2j, and 2' will denote the lattice {I - P: Pe 2}. By a
 chain we mean a subspace lattice with the property that any two of its
 elements are comparable.

 DEFINITION 2.2.2. A subspace lattice 2 is said to have finite width if

 there is a finite set of chains C1, **, ,e such that 2 = C1 V ... V C". The
 width of 2 is defined as the smallest such integer n, when S has finite

 width, and is defined as otherwise.

 Remarks. Every finite lattice of course has finite width. We also

 want to point out that every (separably acting) commutative Boolean

 algebra has width 2 (provided the underlying space has dimension at least

 2). To sketch the proof briefly, let 1 be a countable Boolean algebra
 which is strongly dense in the given Boolean algebra. Then it is known

 that g contains a linearly ordered subset S which generates ? as a Boolean
 algebra (this also follows from the more general construction in the proof

 of Corollary 3 of 2.1.8). If C denotes the strong closure of ?, it follows

 that the two chains C and C' generate the given Boolean algebra as a sub-
 space lattice, from which the assertion is evident.

 THEOREM 2.2.3. Every commutative subspace lattice of finite width

 is synthetic.

 It is convenient to divide the proof into two lemmas. We shall write

 afminG) for the smallest ultraweakly closed pre-reflexive algebra having a

 given commutative subspace lattice 2 as its invariant subspace lattice.

 LEMMA 1. Let 2 be a synthetic commutative subspace lattice and let e

 be a chain which commutes with '2. Then for every Pe C, P(alg S)P' lc
 amin(2 V C).
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 Proof. Introduce coordinates so that 2 V C becomes the lattice

 2(X, <, m) associated with a standard sigma-finite partially ordered

 measure space. Choose sequences En (resp. F9J) of increasing Borel sets

 such that the projections {PEJ} (resp. {PFJ) are strongly dense in the sub-
 lattice 2 (resp. C) of 2 V C - 2@(X, <, in). We may now define weaker

 partial orderings ?1 and <2 on X by XS ?1 y if and only if XEn(X) ? XE_(En) for

 all n, and x <2 y if and only if IF_,(x) < ZF,(y) for all it. By construction, we
 have 2 = 2(X, <i, m) and C = !(X, ?2, in). So by 1.2.2 and its first corollary

 (and by discarding a null set if necessary), we may assume ? l and ?2 satisfy

 x-< y - x <? y and x _2 y, and moreover that <2 is a linear ordering of X.

 Now choose Pe C -2(-X, _ , in). Then there is an increasing set E
 (relative to <2) such that P= PE. Because ST(X, ?1, m) is assumed

 synthetic, we know that alg S = ninGV) = min(X, <, in) is the ultraweak

 closure of all pseudo-integral operators T., where !t lives on the graph
 {(x, y) e X x X: y ?1 x} of ?<. So to prove PE(alg V)Pb is contained in

 Xmin(t2 V C) = ai,(-X, <, in), it suffices to show that, for every such
 ft, PETRPI' has the form T, where v e A(X x X, m) is concentrated on
 the graph of ?. For that, define a measure v on X x X by v(S) =

 ms nE X E). Then clearly > e A(X x X, in), and since v(dx, dy) =
 /E(x)XEc(Y)yp(dx, dy) it is evident that PETePE T,. Moreover, if G,
 denotes the graph of i,, i = 1, 2, then v is concentrated on GD n (E x EC).

 Now since E is increasing relative to _,, no point (x, y) of E x EC can
 satisfy x <2 y; and since <2 is linear we must therefore have y ?2 x.

 Thus E x EC C G2, and we deduce that v is concentrated on G, D G2, the

 graph of <, as required. D

 Remark. Let P, 2 be commutative subspace lattices on X such that

 2, <--2 Then we claim: (f,.(t2) c a .*(21). One way to see this is to
 introduce coordinates for XC in such a way that 2 becomes the lattice

 S(X, _,, en) associated with the usual sort of partially ordered measure
 space. Arguing as in the proof of the preceding lemma, we may assume

 that XN has the form () -SI(X, _ 1, m) where ?1 is a second standard

 partial ordering which, because 21 _ VI2, can be chosen weaker than <2 in
 the sense that X <?2 Y X x<?1 y. This means that the graph of <2 is con-

 tained in the graph of ?1, so by definition of the algebras (. i(X,, in),
 we see that amin(X, _2, m) .min(X, 1, in), as asserted.

 We do not know if it is possible to give a "coordinate-free" proof of

 this assertion.

 LEMMA 2. Let 2 be a commutative subspace lattice and let C be a
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 chain which commutes with S. Assume that both ?Q and -Q' V C V /C' are

 synthetic. Then S~ V C is synthetic.

 Proof. Choose Te alg (st? V C); we will prove that Te amin(S V C). For

 that, let {E1, E2, I.. } be a countable strongly dense subset of C, with E -

 0, E2= I. Fix n > 1. For each n-tuple a = (a1 **, a,,) of ? l's, define E=

 EalEg2 .. E.g., where Eg'i is defined as Ei if ai = +1 or Ei if a =-1.
 As a runs over all such n-tuples, E" runs over the atoms of the Boolean

 algebra generated by {E1, ***, EJ (some of the Ea's may be 0, but each
 nonzero atom appears exactly once.) Thus, we may write T - Rn + Sn,

 where

 L= EaTEF,
 So = Q+EQTE.

 We claim first that S. e amin(f V C). It suffices to show that, for all a ,
 EaTE e Gmin(f /V C). Now since a # 8 we must have ai # ei for some i,

 1 < i < n. If aij 1 and = +1, then E(TEi has the form FE-TE1G

 0, since T leaves Ei invariant. On the other hand, if ai = + 1 and Si -1,

 then E (TE i has the form FEi TE, G, where F, G are projections in C V C-.

 By Lemma 1 we know that Ei TE - E C-min(,V2 V C), and since C V Ce

 (-V V C)' C min(_t? V C), the claim follows.

 Next, observe that Rn commutes with each atom E(, and thus Rt,

 commutes with {E1, * * *, E}. We also have Rn E alg 2 for every n. Since

 IIRII <I T I 1, we may (by a standard compactness argument) extract a
 weakly convergent subsequence Ran; and since these operators are uni-

 formly bounded, we in fact have Rnx R in the ultraweak topology. It
 follows that S, = T-Rn, converges ultraweakly, to S, say, and T = R+ S.
 Because (TmiJV{ V C) is ultraweakly closed, we have Se Vmin($ V C), and
 clearly R etcC n alg 2 = alg (V V e V C). But by hypothesis, 2' V C V C-
 is synthetic, so that R belongs to Umi "/_ V e V C-) which, by the preced-

 ing remarks, is contained in Gmin(f " V C). We conclude that T = R + S

 belongs to amin(mJ V C). D

 Turning now to the proof of 2.2.3, it suffices to prove the following as-

 sertion: If St is any commutative subspace lattice of finite width, then _ " V $93
 is synthetic for every commutative Boolean algebra S3 such that $3 U @

 is commutative. The proof uses induction on the width of A'. Assume first

 that A' has width 1, i.e., is a chain. Then since both i3 and i3 V Si V t

 are commutative Boolean algebras, they are synthetic (this is a trivial
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 consequence of the definition of synthetic lattices). So by Lemma 2, S3 V f
 is synthetic.

 Assume the assertion is true for lattices of width n, let 2 be a com-

 mutative lattice of width mA + 1, and let $? be a commutative Boolean

 algebra commuting with P?. Then we can write 2 = 2/ V w where 22, has
 width n and C is a chain. By the induction hypothesis, both 2S V $3 and

 2o V 3V e V e are synthetic. So again we conclude from Lemma 2 that

 2V V S VC V 93 is synthetic. F
 Problem. It seems reasonable to conjecture that if 2, and 22 are

 (mutually commuting) commutative subspace lattices such that 2, is syn-
 thetic and 22 has finite width, then 2, V 22 is synthetic. Note that Lemma
 2 reduces this problem to the case where 22 is a Boolean algebra.

 It is known that if d is a weakly closed algebra containing a maximal

 abelian von Neumann algebra, and if lat a is either a chain [23], or a

 necessarily commutative Boolean algebra [24], then d is reflexive. Since

 both chains and Boolean algebras have finite width, the following improves

 on both of these results.

 COROLLARY. Every mltraweakly closed algebra a which contains a

 maximal abelian von Neumann algebra, amd for which lat a has finite

 width, is reflexive.

 Proof. By 2.1.8 (i), a is pre-reflexive, and by 2.2.3, lat d is synthetic.

 The conclusion a = alg lat a is therefore immediate. D

 In order to study (commutative) synthetic lattices of infinite width,

 one must look further into the structure of the lattice 2(X, <, m).
 Throughout the remainder of this section, (X, m) will denote the standard

 space consisting of a separable locally compact metric space X together

 with a sigma-finite Borel measure m on X; we shall consider only partial

 orderings of X whose graph is closed in X x X (note that by 1.1.12, all

 such orderings are standard). While this additional topological structure

 is not actually necessary for carrying out the analysis, the topology

 provides an extremely convenient context for these somewhat awkward

 measure-theoretic considerations. Moreover, a simple device allows one to

 reduce the study of general standard partially ordered measure spaces to

 this setting.

 DEFINITION 2.2.4. The support of an operator T on L2(X, m) (written

 sup (T)) is defined as the set of all points p e X x X with the following

 property: for every rectangular open neighborhood U x V of p, there exist
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 functions f, g e L2(X, m), supported in U, V respectively, such _that

 (Ty, f) # 0.

 Remark. Note that sup (T) is a closed subset of X x X; and in the

 special case of a pseudo-integral operator T,, p C A(X x X, m), sup (RT) is
 simply the closed support of the measure ce.

 Now let F be an arbitrary closed subset of X x X. We associate two

 linear spaces of operators with F as follows:

 &m in(F) = { To: lee A(F, m)} -
 C(max(F) = {T: sup (T) ' F},

 where the bar denotes ultraweak closure. A simple argument shows that

 Ctf 1,,(F) is an ultraweakly (in fact, weakly) closed linear space of operators.
 Note also that, in general, neither (arin(F) nor (Gmax(F) is an algebra.

 However, both are bimodules over the multiplication algebra M=

 {Lo: f E L??(X, m)} in the sense that Mamin(F)Mc Glmin(F) and M(Tma(F)M c

 Now suppose we are also given a partial order < on X whose graph

 G -{ (x, y): y < x} is closed. Then amin(G) coincides with the minimal
 algebra Cfmin(X, <, rn) defined already (the slight difference in the two

 notations is no cause for alarm). In this case, we first want to identify

 amax(G) with the algebra alg 2(X, <, in). As above, for every Borel set

 E = X, the notation L2(E) denotes the space of all functions fe L2(X, ?n)

 which live on E.

 PROPOSITION 2.2.5. Let T be ac operator on& L2(X, m) and let E x F

 be a Bor el rectangle in X x X disjoint from sup (T). Then PE TPF = 0.

 Proof. Now m is mutually absolutely continuous with a finite measure

 on X; and since finite Borel measures on locally compact metric spaces are

 always inner regular, it follows that we may find compact sets K_ -

 K'n+1 E, L_ n Ln+_ F such that m(E\Un En) = m(F\Un LJ) = 0. The
 sequences PKn and PIn of projections therefore converge strongly to PE and
 PF respectively, so that PK nTPLn - P, TPF strongly. Thus, it suffices to
 show that PKnTPLn = 0 for every n; equivalently, we may assume that
 both E and F are compact.

 First, fix x E E. We claim that there are open sets Ux, Vx, in X such

 that x E U_, F - Vx and TL2(V,) I L2(UDJ. Indeed, for each y E F the point
 (x, y) does not belong to sup (T) so by definition of sup (T) there is a

 rectangular open neighborhood U, x V, of (x, y) for which TL2( V,) I L2( Ul).
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 By compactness, we may find yi, * *, yd E F such that F - V,1 U ... U V.,..
 Define

 uZ = u, n USA and V=Vy U .. U Vi.
 Then L2(Uz) c L2( Uy1) n ... n L2( Uy) and L2(V,) is the space spanned by
 L2(Vyi), --*, L2(Vy), so that TL2(VX) I L2(U,), as required.

 To complete the proof choose, for each x e E, a pair Ux, Vx of open
 sets having the property asserted above. Again, we may cover E with a

 finite union U =U U U * * U Uxm, and, if we define V = vlx n *.* n vxm,
 then E ' U, F z V, and TL2(V) I L2(U) follows by the argument of the

 preceding paragraph. Since L2(E) ' L2( U) and L2(F) ' L2(V), the desired

 conclusion P, TPF= 0 is immediate.

 THEOREM 2.2.6. Let F be a closed subset of X x X. Then the followiimg

 are equivalent, for every bounded operator T on L2(X, m):

 (i) Tfc E[lmjn(F)f], for every fE L2(X, m),

 (ii) sup (T) c F.

 Proof. (i) implies (ii). Let p E X x X belong to the complement of F.

 We claim that p 2 sup (T). Because F is closed, we can find a rectangular

 open neighborhood U x V of p which is disjoint from F. Let f e L2(V),

 g E L2(U). Then the function f (y)g(x) vanishes on F, so for every measure
 pe A(F, m) we have

 (T.f, g) f(jy)-(x)d t(x, y) = 0 .

 This implies that g i [Ci1ni(F)f], and since Tf E [Gmin(F)f], we conclude
 that (Tf, g) =0 . Thus, p G sup (T).

 (ii) implies (i). Assume that T is supported in F, and let f, g E L2(X, Mn)

 be such that g i [mill(F)f]. Then we claim that (Tf, g) = 0. Indeed, by

 hypothesis the function ~(x, Y) = f (Y)(x) XF(X, y) has integral zero relative
 to every measure in A(X x X, m). By 1.4.3, the set {a # O} must be margi-
 nally null, so that there are Borel sets M, N c X of measure zero such that

 {g O} x {if O} f F - M x XUXx N.

 Define A = {g # O}\M, B = {If # 0}\N. Then A x B is disjoint from F, so
 by 2.2.5, PATPB= 0. Since f = Pgf and g = PAg, we conclude that (Tf, g) =
 (PA TPBf, g) =-. D

 COROLLARY. Let < be a partial ordering of X whose graph G is closed
 in' X x X. Then

 Grnax(G) - alg 2(X, <, m).
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 Proof. By 2.2.6 we know that Te Gmax(G) if and only if Tf E [Gimin(G)f]
 for every f E L2(X, m). But this simply means that Te alg lat amin(G); and

 since lat amin(G) = 2(X, <, m), the conclusion follows. D

 We conclude that the problem of determining when the lattice

 2(X, <, m) is synthetic is a special case of the problem of determining when

 a closed subset F of X x X has the property that (Gmin(F) = ma(F);

 equivalently, when can every operator T which is supported in F be

 ultraweakly approximated by pseudo-integral operators supported in F?

 We now want to reformulate some known results from harmonic

 analysis so as to emphasize an analogy with this problem; in one form or

 another, this material all can be found in [28]. Let G be a locally com-

 pact abelian group and let <f, g> = (x)g(x)dx be the canonical pairing
 G

 of L??(G) and L'(G). Let S be a nonvoid set of functions in LOO(G). We

 define the spectrum of S to be the set of all points w E G such that, for

 every neighborhood U of w, there is a function g E L1(G) whose Fourier

 transform lives in U and which satisfies <S, g> # {0}; the spectrum of S is
 written sp (S), or sp (f ) if S is a singleton {f }. If the functions in S happen

 to be integrable, then sp (S) is simply the closed support of the set of

 Fourier transforms of the functions in S. Traditionally, sp (S) is defined

 as the set of all characters contained in the weak*-closed span of the set

 of all translates of the functions in S; and it is a nontrivial fact that the

 two definitions are equivalent. The above definition, however, is far better

 suited for our purposes here.

 Now let F be a closed subset of G. Then we may associate two sub-

 spaces Smi,,(F), Snax(F) of LO?(G) with F as follows. Smin(F) is defined as
 the weak*-closed linear span of all characters of F, and Smax(F) =

 {If e L??(G): sp (f) c F}. Using the above definition of sp (f) it is easy to
 see that Smax(F) is weak*-closed, contains Smin(F), and of course both sub-

 spaces are translation invariant. Let Imin(F) = Smax(F)' and Imax(F)=

 Smin(F) be the respective annihilators of these subspaces in L'(G). The

 latter are norm-closed translation-invariant subspaces of L'(G), and there-

 fore they form ideals in L1(G) (regarding L'(G) as a Banach algebra

 relative to convolution). It is clear that Imax(F) consists precisely of all

 functions f E L'(G) whose Fourier transform f vanishes on F; moreover,

 using the definition we have given for the spectrum, it is not hard to see

 that Imin(F) is the norm-closure of all functions f e L'(G) for which f = 0

 on an open neighborhood Uf of F. The first nontrivial facts about these

 subspaces are the following:
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 (i) Sp (Smin(F)) = sp (Smax(F)) = F, and if S is any other weak*-closed
 translation invariant subspace of L'(G) satisfying sp (S) = F, then
 Smin(F) C S C Smsx(F).

 Dually, we have

 (i)' Both ideals Imin(F) and Imax(F) have kernel F, andi if J is any

 other closed ideal in L'(G) satisfying ker (J) = F, then Imin(F) z Jc
 Imax(F).

 Now a basic problem of harmonic analysis is to determine which

 bounded measurable functions on G can be "synthesized" from their pure
 harmonic constituents. More precisely, fix fe L0(G), let S be the weak*-

 closed linear span of the translates of f, and let K be the set of all

 characters in S. The problem is to determine conditions under which f

 belongs to the weak*-closed span of K or equivalently, when S = Smin(K).
 Now it is easy to see that sp (S) = K, so by (i) above we know that, in

 general, Smin(K) C S C Smax(K). Therefore the synthesis problem has an
 affirmative solution provided the set K has the property that Smin(K) =

 Smax(K).
 More generally, a closed set F 9 G is said to admit spectral synthesis

 if Smin(F) = Smax(F); equivalently, Imin(F) = Imax(F) in L'(G). From (i) and
 (i)' we see that F admits synthesis if and only if there is a unique closed

 ideal I in L'(G) (resp. weak*-closed translation invariant subspace S in
 L"(G)) satisfying ker (I) = F (resp., sp (S) = F). This ideal-theoretic
 property is the traditional definition of sets of spectral synthesis. The two

 equivalent forms which are technically easiest to work with are the
 following:

 (ii) Every Junction f E L(G) satisfying sp (f) C F can be weak*-
 appoximated by finite linear combinations of characters in F.

 (ii)' Every function fe L'(G) such that f 0 on F can be norm-

 approximated by a sequence fI e L'(G) such that fn = 0 on a neighborhood
 Us, of F.

 Let us now return to the case of a locally compact separable measure

 space (X, m), and let SC be the Hilbert space L2(X, m). In place of the func-
 tion algebra L-(G) we have the operator algebra 2(jC), and in place of L'(G)
 we have the Banach space of all ultraweakly continuous linear functionals

 on 2(XJC). The latter is naturally identified with the space 21(XC) of all
 nuclear (i.e., trace-class) operators on SC, so that it is in a sense a non-

 commutative L' space. Note also that, as in the case of L"(G) and L'(G),



 492 WILLIAM ARVESON

 the canonical pairing of 2(7C) and 2'(X7C) identifies 2(')C) with the dual of

 2'(7X), and the ultraweak topology with the weak*-topology. Finally, in

 place of weak*-closed translation invariant subspaces of L??(G), we consider

 ultraweakly closed subspaces of 2(XC) which are bimodules over the

 multiplication algebra of (X, m).

 It will also be convenient to regard functions on X x X as being

 analogous to functions defined on the dual of G; in particular, we first want

 to identify 2-(>C) with a space of functions of X x X, which will occupy a

 position very similar to that of the space of all Fourier transforms of

 functions in L'(G). Recall first that the projective tensor product E? F

 of two (complex) Banach spaces E, F is the completion of the algebraic

 tensor product E ? F in the greatest cross norm 1 ILs defined on an

 element z E E (D F by

 || z inf Sk JI l Yk Y |
 the infimum extended over all representations of z as a finite sum z =

 Lk~X ?1 Yk, k c E, yk E F (see [29]). Every element z in the completion
 can be represented as an absolutely convergent series z = -Ek,= k (X) Yk,
 whereE 11 Xk f1 HI Yk 11 < am, and the norm of z is given by

 || z II, = inf E ll Xk ||. l *Yk ||
 where again the infimum is taken over all such expressions for z.

 Now it is known that the Banach space of all nuclear operators on

 L2(X, m) is identifiable with the projective tensor product L2(X, m)0

 L2(X, m) (see [29]; here we will employ the shorter notation L2 ? L2), and

 what we need to do is identify L2 I L2 with a certain space of functions on

 Xx X.

 PROPOSITION 2.2.7. Let f., gn e L2(X, m) be such that l g <

 en. Then the infinite series 5(x, y) == E' 1f,(y)g,(x) is absolutely con-
 vergent (m.a.e.) on X x X. Moreover, the function 5 is Ie I-integrable for
 every measure pe e A(X x X, m), and 0dt = Ed ' (T,,fn, gn). The ultra-
 weakly continuous linear functional p: A c 2(L2) n (Afn, gn) vanishes
 if and only if the function 6 vanishes marginally almost everywhere.

 Proof. Let S be the set of all points (x, y) E X x X for which

 En fI(Y) HI gn(X)I -= +o. We claim first that S is marginally null. For
 that, define

 fn'(Y) =(11 gn 1/ I| fin I1 ) "fn (Y),

 fn(X) = ( gn 11/11 gn )"f(y)
 Then
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 En i I{ f.(y) {dm(y) = I I gn I I I I fn I I <

 and similarly

 E.j I g,(x) I2dm(x) = E I IIn II g I I <

 It follows that there are Borel sets M, N ' X of measure zero such that En7ff(y)I2' <o for all yEN, and E nfg'(x)j2K for all xUM. So by
 the Schwarz inequality, we have

 I fn(y)gn(x) I = En I fn(y) I * I gn(x) I

 <(En fn(y) 2 E I gf (X) 12)112

 which is finite whenever (x, y) does not belong to the marginally null set

 M x XU X x N.

 For the second assertion of the proposition, choose pe in A(X x X, m).
 Then I , Ie A(X x X, m), so that the pseudo-integral operator T1y1 is
 bounded, and we have

 I 1 5 d I j" I < E I@tfn(y) I - I g,.(x) I d I j" I

 = T1En l(T1, If, Ip I gn 1)

 =< II Till, || E ", Ilfn II -II gn 1| <

 which proves that 05 is I e 1-integrable. The fact that oSdst = ,, (Tfn, gn)
 follows from a simple application of the dominated convergence theorem.

 Now let p(A) = En (Afn, g.) be the associated ultraweakly continuous
 linear functional on 2(L2). Assume first that O(x, y) =0 m.a.e. Then
 qOdd =0 for every measure ye A(X x X, m), so by the formula just

 proved we conclude that

 p(T,) =EBn (Tiffs g.) - o)di" = 0 .

 Since the pseudo-integral operators are obviously ultraweakly dense in

 S(L2) (e.g., every Hilbert-Schmidt operator whose kernel function k(x, y)

 satisfies I k(x, y) I dm(x) < M< oo for all y and I k(x, y) I dm(y) < M
 for all x is a pseudo-integral operator), it follows that p 0. Conversely,

 assume p = 0. We want to show that the set R {(x, y) e X x X:

 O(x, y) # 0} is marginally null. First, we claim that R is a countable union
 of Borel rectangles. Let f4, g' be the functions defined in the first part of

 the proof, satisfying < Jfn 2 K 00 and ga I ' 1< < a.e. (m), and

 s5(x, y) = nfn'(y)gs(x). Define functions F, G: X 12 by
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 F(x) 2= ( f1'(x),f(x), ** ) and G(x) = (g'(x), g'(x), ** ).

 If 12 is given its usual Borel structure, both F and G become Borel func-

 tions, and we have 55(x, y) = <F(y), G(x)> where <a, *> denotes the inner
 product in 12. Now the set of all pairs {(d, A) G 12 x 12: <d, A> # O} is an open

 set in 12 x 12, and therefore it is a countable union Un Un x T7n of open

 rectangles in 12 x 12. So if we define the Borel sets

 F, = l {yE X: F(y) E Us} and En = {x e X: G(x) E74,

 it follows that R = Un En x F, has the asserted form.
 Next, we claim that m x m(R) = 0; equivalently, I I dm X m = 0

 AXB

 for every pair of Borel sets A, B z X for which m(A) < Do and m(B) < cao.

 For that, fix A and B, and define a measure jt on X x X by

 a(dx, dy) = (, Yi) IXA(X)XB(y)m(dx)m(dy)

 where the quotient is defined as 0 whenever 5(x, y) 0. Then ft belongs

 to A(X x X, m), and we have

 JAoB dim x m = Odd = (TfJ. g.) = p(T,) = 0,
 AxB xxx

 as asserted.

 In particular, we have m(E,)m(Fj) = m x m(E, x F,) = 0, for every
 n > 1, so that either m(E,) = 0 or m(F,) 0 O. If m(E,) = 0, then En x F ,Z

 En x X is marginally null, and if m(F,) =0 then E_ x F, z X x F,, is also
 clearly marginally null. Thus, R = U' 1 En x F, must be marginally null,
 and the proof is complete. Fd

 Let us agree to identify two functions on X x X which coincide

 marginally almost everywhere. Then the preceding proposition implies

 that L2 0( L2 may be taken as the space of all functions A: X x X-> C

 which admit a representation

 90)($ T) i 1fn-(Y)gn-(X)

 where hn ge L2(X, m) satisfy En g.fl < oo. Moreover, the

 L2 0 L2-norm of such a function 0 is

 || =|r= inf 1n:`|0 n| *1 g. 1

 the infimum taken over all such sequences f., gn for which Enilf,(y)g.(x)
 5(x, y) (marginally almost everywhere). The duality between L2 0) L2 and

 2(L2) is defined by < s, T> = (Tf,, g.), where f., gn satisfy the above
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 conditions, and if T happens to be a pseudo-integral operator To,

 ce C A(X x X, m), the pairing takes the more convenient form

 <0, TP> = Adpa

 The following notation will be useful. Let F be a closed subset of

 X x X. Z(F) will denote the space of all functions se L2 0 L2 which

 vanish on F (m.a.e.), i.e., such that XF 2= 0 (m.a.e.). It is clear that Z(F)

 is a linear subspace of L2 0 L2, and 2.2.8 below implies that Z(F) is closed

 in the norm I * If 3 is a set of operators on L2(X, m), S' will denote its

 annihilator {I E L2 ? L2: <0, 5> = {O}}.

 THEOREM 2.2.8. Let F C X x X be closed. Then Camin(F)Y = Z(F), and
 G3max(F)' is the norm closure of the union U Z(E), where E runs over all
 closed sets in X x X which contain F in their interiors.

 Proof. We first identify y(min(F)l. If 0 C Z(F), then for every measure

 se A(F, A) we have 5 gda = XZdp = 0, since ,XF 0 0 (m.a.e.). This
 implies <e, T> 0 for every pseudo-integral operator Te (amin(F), and

 since the latter are ultraweakly dense in (amin(F), we see that 1 C min(F).

 Conversely, choose A e CImin(F) . Then o5dia = 0 for every se A(F, m),
 and this clearly implies that 51 1 d" = 0 for every positive measure

 se ? A(Fi m). Hence {1z # O} n F is a null set for every positive measure in
 A(X x X, m). Now the proof of the preceding proposition shows that

 # O} has the form U> , En x Fn, where En, Fn are Borel sets in X, and
 so for each fixed n > 1, e(En x F. n F) = O pa A(X x X, m). By the
 null set theorem (1.4.3), En x F. n F is marginally null, so that {1z # O} n F=
 Un (E. x F,,f nF) is marginally null. This proves that 5 C Z(F).

 Next, let E c X x X be a closed set containing F in its interior. We

 claim: Z(E) ( Cmax(F)'. Choose A ? Z(E), and let T be an operator

 supported in F. By v-compactness of X, we may find an increasing sequence

 K_ Z X of compact sets such that U.Kn K X. It follows that the
 sequence PK of projections (on L2(X, m)) converges strongly to the
 identity, so that the sequence of operators PKTPK converges ultraweakly

 to T. Thus it suffices to show that <I, PKn TPKn> = 0 for every n; and

 since PK TPK, is supported in the compact set Fn K, x K., we are
 reduced to proving that if e C Z(E) and T has compact support contained

 in the interior of E, then <I, T> = 0.

 For that, we may cover the support of T with a finite union

 U> Uj x Vj of open rectangles, all contained in E. By the usual "dis-
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 jointing" process, we may write U>= Uj x Vj as a finite disjoint union of

 Borel rectangles U> , Ak x Bk, and its complement X x X\Uj Uj x Vj as
 a similar union U., Cl x D,. Now we have

 Lk XAkxBk + El XClXDZ = 1 , on X x X,
 so that

 0 Sk XAkXBk + Ej O XCIXDI

 (there is of course no problem of convergence, since all sums are finite).

 Note that O.XAkYBk = 0 (m.a.e.), because 0 = 0 on E. Hence <I, T> =
 E <0, PC1TPD,>. But for each 1, we see from 2.2.5 that PCITPDL = 0. It
 follows that <I, T> = 0, as required.

 Finally, we claim that the union UE Z(E), as E runs over all closed

 sets containing F in their interior, is dense in (cmax(F)' in the norm II * II,
 Let f be a bounded linear functional on L2(0 L2 which annihilates UE Z(E).
 We want to prove that f(Camax(F)'-) = {O}. Now since 2(L2) is the dual of

 L2 (0 L2, f must have the form f(o) = <0, T> for some operator T on
 L2(X, m), and it suffices to prove that Te (amax(F), i.e., sup (T) c F. So
 choose any point p not in F. We claim; p i sup (T). Indeed, since F is

 closed, we may find an open rectangular neighborhood U x V of p whose

 closure is compact and is disjoint from F. Put E = X x X\U x V. Then

 E is closed, and F is contained in the complement of (U x V)-, an open

 subset of the interior of E. Note now that PUTPV = 0. Indeed, for every

 e C L2 0 L2, the function Ad XuZx belongs to Z(E), so that by the hypothesis
 on f we have <KP,R TPV> = <a Z uxV, T> = f(l * .ux) = 0. Because 05 was
 arbitrary it follows that PUTPV = 0. Since U x V is a neighborhood of p,

 we conclude that p X sup (T), by definition of the support of an operator. E1

 2.2.8 implies that the following two conditions are equivalent, for

 every closed subset F of X x X:

 2.2.9. (i) Every operator T supported in F can be ultraweakly approxi-

 mnated by pseudo-integral operators supported in F.

 (ii) For every function d ? L2 (0 L2 which vanishes on F (m.a.e.),

 there is a sequence On C L2 (g L2, each term of which vanishes (m.a.e.) on a

 closed neighborhood En of F, such that 11 - , 11 - 0 as n -ao.

 In condition (ii), a closed neighborhood of F of course means a closed

 set which contains F in its interior.

 DEFINITION 2.2.10. A closed set F c X x X is called synthetic (relative

 to the sigma-finite measure m) if it satisfies the equivalent conditions of
 2.2.9.
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 THEOREM 2.2.11. Let < be a partial ordering of X whose graph G is

 closed in X x X. Then the lattice 2(X, <, m) is synthetic if and only if
 G is a synthetic set in X x X.

 Proof. According to 2.2.6, (6maxi(G) = alg 2(X, <, in), while of course

 Gmin(G) = tmin(X, m, m). We already know that 2(X, <, m) is a synthetic

 lattice if and only if ajmin(X, <, m) = alg 2(X, ?, m), i.e., (fi,(G) = (a(G)^
 so the assertion is evident. FL

 We now want to illustrate how 2.2.11 can be used to establish that

 certain lattices of infinite width are synthetic. Let F be a separable

 locally compact abelian group (written additively), and let E be a closed

 subset of F which contains 0 and satisfies E + E ( S. , determines a

 partial ordering of F in the obvious way: x < y y - x E L. Note that

 this order is translation invariant (i.e., x < y x + z < y + z for all

 z E F), and its graph G = {(x, y): x - y x Y} is clearly closed in F x F. Let

 m denote Haar measure on F.

 THEOREM 2.2.12. If 0 belongs to the closure of the interior of a, then

 the lattice eaF, <, m) is synthetic.

 Proof. By 2.2.11, we need to prove that G -{(x, y): x - y e .} is a

 synthetic set in F x F; for that, we will verify the condition 2.2.9 (ii).

 Let q E L 2 L2 be such that 0 0 m.a.e. on G. Note first that, if t

 belongs to the interior of x, then Y - t is a closed neighborhood of S.

 Indeed, if U is any open neighborhood of 0 in F such that t + U c A, then

 U c-- - t, hence Y + U c - t, and of course Y + U is open. It follows

 from this remark that G -(t, 0) ={(x, y): x - y e t} is a closed neigh-

 borhood of G.

 Now let U, be the regular representation of F on L2(F), defined by
 Utf(x) = f(x + t). Ut 0 I determines an action of F on L2 X L2, defined by

 Ut ? I(x, y) = ik(x + t, y), e L2 ? L2. Because U is strongly continuous
 on L2, the representation t X Ut X I is strongly continuous on the Banach

 space L2( L2 (this routine verification is left for the reader). Now choose

 a sequence t,, in the interior of Y such that tur - 0, and put f0)(x, y) - ?)(x + tn, y). Then (in = (Utn (0) I)0, so that II 5 - on 11 -0 as n cm because
 t 0 O. On the other hand, n-O 0 (m.a.e.) on G - (tn, 0), because 0 = 0
 (m.a.e.) on G, and by the preceding paragraph G - (tn, 0) is a closed neigh-

 borhood of G. Condition 2.2.9 (ii) follows. F]

 As a special case of particular interest, let F be the vector group

 R" x R = {(x, t): x E Rn, t E R}, n > 1, let m be Lebesgue measure on
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 R" x R, and let j x j denote the euclidean norm of a vector x E R". We have

 already discussed the partial ordering (x, s) : (y, t) of R" x R defined by

 I y - x j ? t - s (see example 1.1.5). We shall refer to its associated lattice
 2(Rn x R, <, m) as the Causal Lattice. Note that the operators in

 alg 2(R x R, <, m) are very closely related to the causal operators of
 Segal and Foures [13] (we are indebted to Arlan Ramsay for calling our

 attention to this reference), and the following result may be of interest

 for related questions in special relativity.

 COROLLARY. For each it > 1, the Causal Lattice 2(R' x R. <, m) is
 synthetic.

 Proof. Let Y be the set of all pairs (x, t) E R" x R satisfying I x j < t.
 Y satisfies the hypotheses of 2.2.12, and we have (x, s) < (y, t) if and only

 if (y, t) - (x, s) E A. Thus the conclusion is immediate from 2.2.12. El

 There are a number of results in Harmonic analysis which suggest

 conjectures about subspace lattices. For example, Herz ([28, p. 166]) has

 proved that the Cantor ternary set in the real line admits spectral synthesis.

 This suggests the following:

 Problem. Let < be the "product order" on the Cantor sequence space

 2-, defined by (xi) < (pi ) - x < yi for every i 1,2, , Fix p, O < p <,
 and let m, be the product measure ]l, pi on 2-, where each pei assigns mass
 p to {1} and 1 - p to {O}. Is the associated subspace lattice (2 , ,m,)
 synthetic? The case p = 1/2 may be special, since in,/2 is invariant under
 the usual group operation in 2-.

 Another natural class of problems concerns the relation between

 synthetic lattices and compact operators. As a sample, we state the

 following:

 Problem. Let (X, in) be a sigma-finite locally compact separable

 measure space, and let ? be a strict partial ordering of X having closed
 graph. Assume that 2(X, _, in) is strongly reflexive in the sense of the

 discussion following 1.6.3, i.e., 2(X, <, in) = lat C, where C is the algebra

 of all compact operators in alg 2(X, , in). Then is 2(X, <, in) necessarily

 synthetic?

 We conjecture, incidentally, that alg (2 , in,) contains no nonzero
 compact operators, (2 , in,) being the lattice of the preceding problem.

 2.3. Generators

 A subset 5 of an ultraweakly closed operator algebra CT is said to
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 generate d if d is the ultraweak closure of the algebra generated by 3.

 W. E. Longstaff [20] has proved that every reflexive algebra G for which

 lat CT is a chain is generated (as a weakly closed algebra) by two operators.

 On the other hand, Peter Rosenthal [20] has given an example of a reflexive

 algebra which is not finitely generated (even relative to the weak operator

 topology). Thus it is of interest to determine which reflexive algebras are

 finitely generated.

 In this section we prove that every reflexive algebra A, for which lat CT

 is commutative and synthetic, is doubly generated. Note that this improves

 Longstaff's result because, by 2.2.3, lat CT is synthetic whenever it is

 commutative and has finite width.

 Throughout this section, (X, m) will be a standard sigma-finite measure

 space, and M will denote the multiplication algebra acting on L2(X, m).

 The following result gives a generalization of Corollary 2 of 2.1.5 to linear

 spaces of operators on L2(X, m) which are bimodules over M.

 LEMMA. Let S be an ultraweakly closed linear space of operators on

 L2(X, m) satisfying MoM ; 3, and let T be a pseudo-integral operator on

 L2(X, mi) such that Tf E [5f ] for every f E L2(X, m). Then Te 3.

 Proof. This may be deduced from Corollary 2 of 2.1.5 by means of the

 following device.

 Let (XE, mr), i = 1, 2, be two (disjoint) copies of the measure space

 (X, m). Then the Hilbert space direct sum L2(X, m) ED L2(X, m) can be
 realized as the function space L2(X, E X2, in & m2) (here, the symbol E)
 has the obvious meaning), so that the family aT of all operators on L2(X, m) 0

 L2(X, m) having a 2 x 2 matrix representation

 A T), A, Be M, Te 5,

 becomes associated with an ultraweakly closed linear space of operators on

 L'(X1 D X2, mi Q iM2), which contains the multiplication algebra of
 (X, 0 X2, m, QD m2). Note also that at is in fact an algebra, because
 M'M ( 5.

 Now let Ty, e E A(X x X, m), be a pseudo-integral operator on

 L2(X, m) for which T,,f E [5f], f E L2(X, m), and define

 T = (? Tip'

 The reader may easily verify that T, satisfies Tg e [(Gg] for every g e
 L( de X2, mI E) M2), so that T, leaves every element of lat a invariant.
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 Now T, is clearly a pseudo-integral operator on L2(X1 QD X2, m QD mn2) (it
 arises from a measure which is a copy of p on the subset X1 x X2 of

 (X1 QD X2) x (X1 D X2)). So we see from Proposition 1.6.0 that T, belongs
 to the minimal algebra associated with lat (T. By Corollary 2 of 2.1.5, it

 follows that T,! e G, hence Te 5 S. D

 Now assume, further, that X is a separable locally compact metric

 space, and let F be a closed subset of X x X. The following result asserts

 that (mmn(F) is singly generated as a bimodule over M.

 THEOREM 2.3.1. Let F = X x X be closed. Then there is a measure

 a e A(F, m) such that atmil,(F) is the ultraweakly closed linear span of
 MTQM.

 Proof. Let ball A(F, m) denote the unit ball in the normed linear

 space A(F, m) (cf. Section 1.5), so that {T,:," e ball A(F, m)} is a set of
 operators on L2(X, m) of norm at most 1. Because L2(X, m) is separable,

 the unit ball of 5(L2(X, m)) is separable in the weak operator topology,
 and we may find a sequence P1, P2, ... in ball A(F, m) such that {To,: p e

 ball A(F, m)} is contained in the weak closure of { TIn: n > 1}.
 For each n, let an = max (1, j PU j(X x X), 11 Pn 11), and define a finite

 positive measure a on X x X by a = E (2"a.)-'l j. 1. Clearly a lives on
 F, and in terms of the norm on A(Xx X, m) we have j II < En (2naJ)_I I, 1j 1 <_

 En 2-n = 1. Hence a belongs to A(F, m).
 To complete the proof, we claim that (amin(F) is contained in the

 ultraweakly closed span 5 of MT0M; by the lemma, this will follow if we

 can prove that, for each p E A(F, m), Tyf E [Sf] for every f E L2(X, m). So

 choose f, g e L2(X, m) such that g I Sf. Consider the finite (complex)
 measure a' on X x X defined by du'(x, y) = f(y)-(x)du(x, y). Then by

 definition of 5 we see that, for every pair u, v E L'(X, m),

 u(y)v(x)do'(x, y) = (LVTOLU.f g) = 0,

 because L, T0L, e MT0M - 6. From this we infer that a' is the zero
 measure, and hence f(y)g(x) = 0 almost everywhere (du). Since each

 measure j ln I is absolutely continuous with respect to a, we conclude that

 (T,1nf, g) - Sx f(y)-(x)dpn(x, y) = 0

 for every it 1, 2, * .a It follows from the choice of j pn I that g 1 T~f

 for every pe e ball A(F, m), and the assertion is now evident. D

 COROLLARY 1. Let 2 be a commutative subspace lattice and let (Tmjj2)
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 be the minimal algebra of 2, in the sense of 2.1.8 (ii). Then (amin(j) is doubly
 generated.

 Proof. By 1.3.1, we may assume that 2 = 2(X, <, m) is the lattice

 associated with a standard partially ordered measure space (X, <, m).

 Note that we may even assume that X is the Cantor space 2- and < is the

 even order on 2-, defined by (xi) < (yi) xi < yi for every even i > 2.
 Indeed, 1.1.7 implies that (X, ?) is isomorphic (as a partially ordered Borel

 space) to a Borel subspace X' of (2, je) (<e denoting the even ordering of
 2'), so that we may transfer m to a measure m' on 2-, concentrated on X',
 in such a way that (X, <, m) and (2-, < m') are isomorphic as partially

 ordered measure spaces. The assertion now follows from 1.2.4.

 In particular, we may represent 2 as the lattice 2(X, <, m), where X

 is a compact metric space and < is a partial ordering of X whose graph G

 is closed in the product topology of X x X. 2.3.1 now implies that there

 is a measure a in A(G, m) such that (Tmif (2) - (Tmjn(X, < m) is the ultra-

 weakly closed span of MTM. Finally, a familiar theorem of von Neumann

 asserts that there is a self-adjoint operator A C M (M denoting the multi-

 plication algebra of (X, m)) such that M is the ultraweak closure of all

 polynomials in A. It follows that the ultraweakly closed algebra generated

 by the pair {A, Tj} contains M, therefore MTaM, and therefore it contains
 Gmin(X, <, m). The opposite inclusion is obvious. D

 COROLLARY 2. Every reflexive algebra a, such that lat G is commuta-

 tive and synthetic, is doubly generated.

 Proof. Because a is reflexive, we have G = alg lat G, and since lat G

 is commutative and synthetic, alg lat a = Gmin(lat G). Therefore, a =

 Gmin(lat G) is doubly generated by Corollary 1. D

 Remarks. Since every commutative subspace lattice of finite width is

 synthetic (2.2.3), we see in particular that every reflexive algebra G, for

 which lat G is commutative and has finite width, is doubly generated.

 2.4 A Tauberian-type theorem, and smooth integral operators

 Let G be a locally compact abelian group. Weiner's Tauberian theorem

 asserts that the translates of an integrable function f on G will span

 L'(G) provided that the Fourier transform of f never vanishes [28]. This

 follows from a more general result which, stated contrapositively, asserts

 that every closed ideal I in the convolution algebra L'(G) which is not all

 of L1(G) must have nonempty kernel. By considering annihilators relative

 to the canonical pairing of L-(G) and L1(G), one arrives at the following
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 equivalent result: every nonzero weak*-closed translation invariant sub-

 space of L-(G) contains a character of G (the theorem was formulated in

 this way by Beurling [5], [6]).

 The purpose of this section is to present an analogous result about

 ultraweakly closed linear spaces of operators, and to point out how it

 leads to the existence of integral operators (in certain linear spaces of

 operators on L2(R"), say) whose kernel functions are infinitely differentiable.

 In the following two results, (X, m) will denote a standard sigma-finite

 measure space.

 LEMMA. Let G be an ultraweakly closed algebra of operators on

 L2(X, m) which contains the multiplication algebra M. Assume that the

 subalgebra of G consisting of all pseudo-integral operators is self-adjoint.

 Then G is self-ad joint.

 Proof. 1.6.0 and Corollary 2 of 2.1.5, we know that every pseudo-

 integral operator in alg lat G must already belong to G. Thus, the

 hypothesis amounts to saying that the algebra G,0 of pseudo-integral
 operators in alg lat G is self-adjoint. Now Gmin(lat G) is the ultraweak

 closure of a., and has the same invariant subspace lattice as (T. Hence
 lat G = lat G0, being the lattice of a self-adjoint algebra, must be ortho-

 complemented. Now apply Corollary 1 of 2.1.8. D

 THEOREM 2.4.1. Let S be a nonzero ultraweakly closed linear space of

 operators on L2(X, m) such that M5M - A, M denoting the multiplication
 algebra. Then 5 contains a nonzero pseudo-integral operator.

 Proof. As in the proof of the lemma preceding 2.3.1, we may realize

 L2(X, m) e L2(X, m) as the space L2(X1 2 X2, ml e m2) associated with

 two disjoint copies (Xi, mi), i = 1, 2, of (X, m), and the ultraweakly closed

 algebra a, defined as the set of all operators on L2(X, m) D L2(X, m)
 which admit a 2 x 2 matrix representation

 (oS) A, Be M, SG 5,

 becomes an ultraweakly closed algebra on L2(X1 X2, mIe M2) which
 contains the multiplication algebra of (XI e X2, mI e nM2). Since 5 , {0},
 a is not self-adjoint, so by the lemma a must contain a pseudo-integral

 operator R such that R* X G. Now R must have the form

 R /T T)
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 where pe, a, r are measures in A(X x X, m); and since R* does not belong

 to G we must have T, - 0. Therefore, T, is the required pseudo-integral
 operator in S. At

 In the remainder of this section, G will denote a separable locally
 compact abelian group, with Haar measure m.

 DEFINITION 2.4.2. A bounded operator T on L2(G) is called a smooth

 integral operator if there is a bounded continuous function k on G x G
 such that

 (Tf, g) = f(y)g(x)k(x, y)dm(x)dm(y)

 for every pair f, g of continuous functions with compact support. In the

 special case G = R , n > 1, k is required to be infinitely differentiable.

 Note that the function k is uniquely determined by T, when it exists.

 In the following, Ut, t G G, will denote the regular representation of G on
 L2(G): Utf(x) = f(x + t), f G L2(G).

 COROLLARY. Let 5 be a nonzero ultraweakly closed linear space of

 operators on L2(G) such that U EUy 5 for all x, y G G. Then 5 contains
 a nonzero smooth integral operator.

 Proof. Let W be the unitary map of L2(G) onto L2(G) (G denoting

 the dual of G) determined by the Fourier transform, and let Is

 W5W1. Then 5 is a nonzero ultraweakly closed linear space of operators

 on L2(G). The condition Ux5 U, c A, x, y G G, becomes LfSL, cL 5, when-
 ever f and g are characters of G. Since the weak*-closed linear span of

 the characters of G exhausts LO(G), it follows that the multiplication

 algebra M of L2(G) is the ultraweakly closed span of the set of multiplica-

 tions by all characters of G. We may therefore conclude that M5M ' S.

 2.4.1 now implies that 6 contains a pseudo-integral operator T, # 0, where
 G e A(G x G, Mn) (Mn denoting Haar measure on G). By replacing , with
 the measure j"K(S) = p(K x K n S) for K an appropriate compact subset
 of G, we may even assume that ja has compact support (note that TPK =
 LXK T,,L GX C for every compact set K ' G).

 Now put A = W-1 T W. For any functions f, g G L2(G), we have

 (T11' g) A A f(9)-)du(d, a).
 GxG

 A straightforward computation (which we leave for the reader) shows that
 A therefore satisfies
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 (Af, g) Gf (y)(x)k(x, y)dm(x)dm(y)
 GxG

 for continuous functions f, g on G of compact support, where

 k(x, y) = A (x))7(y)d a(d, a)
 GxG

 is the inverse Fourier transform of the compactly supported measure Be

 (whose domain is the group G x G = (G x G)Y). Clearly k is continuous
 and bounded by the total variation of ft. Finally, in the case G = Rn,

 k e C -(R- x R-) follows from the well-known fact that the Fourier trans-

 form of a compactly supported measure on R' x R' is infinitely differ-

 entiable (in fact, real-analytic). D1

 Remarks. There are a number of other results that one can prove along

 similar lines. For example, any ultraweakly closed algebra G of operators

 on L2(G), which contains all translations { Ux: x C G} and for which lat a is
 synthetic, contains an algebra G,0 of smooth integral operators which is
 ultraweakly dense in G. This may be regarded as a non-commutative

 generalization of the fact that the convolution operators Ck on L'(G),
 associated with continuous functions k E L1(G) by

 Ckf(x) f(x - t)k(t)dm(t), f G L2(G)
 G

 are ultraweakly dense in the von Neumann algebra generated by { Ux: x E G}.
 The proof, which uses the fact that (d is reflexive along with the Fourier

 transform device of the preceding corollary, is left for the interested

 reader.

 2.5. A non-reflexive operator algebra

 In this section we give an example of a weakly closed operator algebra

 a which contains a maximal abelian von Neumann algebra, but which is

 not reflexive; since G is necessarily pre-reflexive (2.1.8(i)), lat CT also
 provides an example of a commutative (reflexive) lattice which is not

 synthetic. This construction is related to an example of L. Schwartz [30]

 which asserts that the 2-sphere in R3 is not a set of synthesis for the group

 algebra L1(R3). We begin with a simple result which provides a useful

 reduction. X will denote a separable locally compact metric space and m is

 a sigma-finite measure on X.

 PROPOSITION 2.5.1. Let F - X x X be closed, and suppose there is a

 bounded operator T on L2(X, m) which is supported in F but which does

 not belong to the weak closure of Gmin(F). Let 3 denote the weakly closed
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 algebra of all operators on L2(X, m)0L2(X, m) which admit a 2 x 2 matrix

 representation

 (A S\

 O B,

 where A, B belong to the multiplication algebra and S belongs to the weak

 closure of Gjmin(F). Then? i3 is not reflexive.

 Proof. Choose an operator T on L2(X m) such that sup (T) c F and

 TX Gimin(F)- (where the bar denotes weak closure). Then of course

 does not belong to s. On the other hand, we claim that lat 3 lat T.

 Indeed, by 2.2.6 we know that Tf C [Gjmin(F)f] for every f C L2(X, m), and
 this implies that Th e [@i3] for every e E L2(X, m) (e L2(X, m). The latter
 condition implies lat i c lat T. D2

 Therefore, to produce an example of a weakly closed non-reflexive

 algebra which contains a maximal abelian von Neumann algebra, it suffices

 to establish the following. Let dx denote Lebesgue measure in the space

 X= R3, and define the closed subset E of R3 x R3 by

 E = {(X, y): Ix - y I = 1},

 where 1z denotes the Euclidean norm of the vector z e R3. We will

 describe an operator T on L2(R3) with the following properties:

 2.5.2. (i) sup (T) c- A,
 (ii) T does not belong to the weak closure of Gmin(F).

 The device of 2.5.1 will then produce the required example. We define T

 initially as a bilinear form on the space C0 of all compactly supported

 infinitely differentiable functions on R3 as follows:

 (Tf, g) = S2(f *)(x)da(x),

 where S2 = Ie R3: Ix I = 1} denotes the 2-sphere, da(x) represents the
 usual surface area on S2, D/an denotes differentiation along the outward

 normal on S2, U(x) = g(-x), and finally f*g is the usual convolution

 f*g(x) = 13 f(t)g(x - t)dt .

 That T is bounded is immediate from the following result. We will employ

 the usual notation
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 f(s) = (2) -31/2 e-i<x>Sf(x)dx

 for the Fourier transform of an integrable function f on R3.

 PROPOSITION 2.5.3. Define k C L-(R3) by

 k(,') = cos cos CO(I It)dt.
 0

 Then there is a positive constant c such that (Tf, a) c(Lkf, g), for all

 A, gMCoy

 Remark. If we let W be the closure of the operator defined on the

 dense subspace L1(R3) n L2(R3) by f i-* f, then of course W is unitary, and
 2.5.3 implies that T and cW*LkW determine the same bilinear form on

 C- x Co-. Since the multiplication operator Lk is clearly bounded, the same
 is true of T.

 Proof of 2.5.3. Fix f, g in C.-. Then by Green's theorem we have

 (Tf, g) = a (f *-)da = - A( *U)(x)dx
 S2an I Xl5l

 where A = Ei3=, (D2/DXt) denotes the Laplacian. Now if h C C-, then
 (Ah) (i) = I e 2h()

 Applying this to h = f*D we see that the Fourier transform of A(f*U) is
 the function - I l 12F(()G(A), where F f, G = g. So if X denotes the
 characteristic function of the set {x C R3: I x I < 1}, then the right side of

 the displayed equation can be written

 (A(f*g), x) - R3 | 5R3 mF($)G(e)d:

 where u(e) 12%(). It remains to show that u has the required form
 (i.e., is a scalar multiple of k).

 The transform of X has the form

 I = 12 J112(j d lr)r3/2dr ,
 0

 where Jj12 denotes the Bessel function of order 1/2 ([12, p. 203]). Since J112(s)
 has the form cs-112 sin S, where c is a positive constant, an integration by

 parts yields

 | J '-er)r3 2dr - ci L1I2 sin (I I r)r dr ( o = c1X I-'2(\cos (I e It)dt --cos I 'I k)-c e |-32k-).
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 The assertion follows. D1

 PROPOSITION 2.5.4. sup (T) c

 Proof. Let U be an open set in R3. Then the space of all functions

 f0 CO which live in U is dense in L2( U) (in the L2-norm). So it suffices to
 verify the following: For every p 2 A, there is a rectangular open neigh-

 borhood U x V of p such that (Tf, g) = 0 for every pair of functions

 f, g G CO which live in V, U respectively. Indeed, for every such p, choose

 open precompact sets U, V in R3 such that p C U x V and the closure of

 U x V is disjoint from the closed set S. Now if f, g e CO live in V, U
 respectively, then f *j lives in V - U V - U. Since the latter set is

 compact and disjoint from the 2-sphere S2, f*a vanishes on a neighborhood

 of S2. Hence

 (Tf, g) = I 2 (f*U)(x)da(x) = 0,
 is2 a~n

 as required. D1

 It remains only to show that T satisfies property 2.5.2(ii).

 PROPOSITION 2.5.5. T does not belong to the weak operator closure of

 mijn(y2).

 Proof. We will exhibit a finite set of functions f1, g1, ***, fn, g, e L2(R3)

 (in fact, n = 10) such that Y,(Tfi, gi) # 0 but i(Tfi, gi) = 0 for every
 measure ji e A(2, dx).

 Fix a function u in CO-(R3), and define a complex-valued function s on
 R3 x R3 by

 (x, y) = U(y)u(x)(j X - 12 - 1).

 2 may be rewritten in the form

 O(x, y) - u(y)x~uW(x) + E>12y'u(y)u(x) -2 E= yiu(y)xiu(x) -u(y)(x)

 so that it has the form '(x, y) = fi(y)g-(x) for appropriate fi, gi E L2(R3)
 (which, of course, depend on u). In particular, 2 E L2(R3) ? L2(R3). We will

 show that |di = 0 for every ,e E A(Y, dx), and that if the function U is

 appropriately chosen, then Y,(Tfi, gi) = 0.

 The first assertion is clear; for 0 vanishes indentically on A, and there-

 fore 0bdye = 0 for every finite measure "e on RI x R3 which is concentrated
 on E.

 For the second assertion, we claim that
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 Yj Tfj, gi) = 2 \S2 (u*U)(x)da(x).

 The desired conclusion follows from this, since one may obviously find

 uc CO- for which u *U is strictly positive on S2, and therefore 0 .*Uda > O.

 Now the functions f1, gi appearing in the formula 0(x, y) = A fi(y)gi(x) be-
 long to CO, so that by definition of T we have

 ;(Tfi, gi) = E %j2(fi*Ui)(x)da(x)

 (L2iS (Efi*#i(x))da(x).

 Now write

 Li fi*#i(x) = - R3fi(t)gi(t-x)dt

 = R3 E fj(t)gj(t - x)dt

 = - x, t)dtI

 so that by interchanging the order of integration and differentiation we

 have

 E(Tfi, gi) -0(t x, t)dtda(x)

 SS2 R3 Ek=- [X l (t x, t)dtda(x) I XI3k

 Now 0(t - x, t) = -u(t)u(tX)(1x 12 -1). So if t is fixed and Ix = 1, then

 _(at - x, t) - u(t)u(t - x)- 2xk
 aXk

 and therefore

 k_ -(t - x, t) = 2u(t)u(t - x)| x I = 2u(t)u(t - x).
 I XI ark

 It follows that

 2 (Tfi, gi) 2 S2 R u(t)u(t - x)dt da(x) = 2 5 u*U(x)da(x) ,
 as required. D1

 Chapter 3. Lattice-theoretic invariants for reflexive algebras

 Let (X, <, m) and (Y, <, n) be two standard partially ordered measure

 spaces; for simplicity, assume both partial orderings are strict. Then the

 reflexive algebras alg 2(X, <, m) and alg 2( Y, _, n) are unitarily equivalent
 if and only if there is a unitary operator U such that U2(X, <, m) U-1 =



 OPERATOR ALGEBRAS 509

 2(Y, <, n). In turn, the results of Section 1.2 show that this reduces to

 the problem of determining whether (X, _, m) and (Y, <, n) are isomorphic
 as partially ordered measure spaces. As we have pointed out in Section 1.2,

 this characterization is not a useful one for dealing with even the most

 common special cases. The purpose of this chapter is to make a coordinate-

 free analysis of the structure of the lattices s(X, _, m) which will enable

 one to deal with classification problems of this type.

 Two operator algebras (a, g (acting on different spaces perhaps) are

 said to be similar if there is an invertible operator V such that ViV-' =

 A. It is easy to see that the mapping of subspaces, OT * VDR, induces a
 bijection of lat (d onto lat B which preserves the lattice operations V and

 A; so to prove that (a and B are not similar, it suffices to show that lat (a
 and lat g3 are not isomorphic as lattices.

 We shall consider the following two test problems. Let N be an

 integer, N > 2, and let N be the finite chain {0, 1, 2, * * *, N - 1}. N- will

 denote the infinite Cartesian product N x N x ... with its obvious product

 Borel structure, and < will denote the (strict) product order on N-, defined

 by (xi) < (yi) xi < yi for every i = 1, 2,

 Example 3.0.1. For each N> 2, let /N be the product measure

 v' x v x ... on N-, where each factor v assigns uniform mass 1/N to each

 point in the coordinate space N. Let aN be the reflexive algebra

 alg 2(N-, <, liN). A natural question here is, can aM and aN be similar if
 My N?

 Example 3.0.2. For each p, 0 < p < 1, define mp as the product
 measure X x n x ... on 2-, where each factor n assigns mass p to {1} and

 1 - p to {O}. Here one asks can alg (2 , mp) and alg 2(2, <, mj) be
 similar if p = q?

 As we will see, these two problems illustrate different phenomena, and

 the answers to both are no. The solution of 3.0.1 depends on a unique

 factorization theorem for certain distributive lattices (Section 3.3), while

 3.0.2 involves a numerical invariant introduced in Section 3.5.

 3.1. Primes and Generators

 In this chapter, we are concerned with certain properties of commuta-

 tive subspace lattices which are most conveniently discussed in a more

 general context. The appropriate setting is a class of distributive lattices,
 described as follows. Recall [8] that a valuation of a lattice L is a real-

 valued function v defined on L with the property
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 V(X V Y) + V(x A Y) = V(X) + V(Y),

 for all x, y c L. v is positive if v(x) < v(y) whenever x < y, x # y. A
 metric lattice is a pair (L, v), consisting of a lattice L with a distinguished

 positive valuation v; we will usually not refer to v explicitly unless there

 is cause for confusion. In any metric lattice L, we may define a distance

 function a on L in terms of the distinguished valuation v by

 0(x, y) = v(x V y) - v(x A y).

 This makes L into a metric space, in which the lattice operations x a V x

 and x - a A x, for fixed a E L, are contractions ([8, p. 77]). A metric lattice
 L having a 0 and 1 is complete as a metric space if and only if L is a

 complete lattice and its valuation v is normal in the sense that, for every

 increasing sequence x.,, with least upper bound x (this is written xe I x), one
 has

 V(X-) I V(X)

 and dually, x, I x implies v(x^) I v(x) ([8, pp. 80-81]). Such an L is called a
 complete metric lattice.

 Throughout this section, L will denote a distributive complete metric

 lattice (we require that L contain a 0 and 1); moreover, the main results

 will require that L be separable in the sense that it is generated, as a

 complete lattice, by a countable subset (equivalently, L is separable as a

 metric space). Such an L is the lattice-theoretic counterpart of a finite

 measure algebra, the only difference being that one may not be able to take

 complements in L. For our purposes, the main examples are the sub-

 space lattices L = s2(X, <, m), where the valuation is defined by

 v(PE) = %(E),

 n being a distinguished finite positive measure on X which is mutually
 absolutely continuous with m.

 A nonzero element p of a lattice L is called a prime if, for any two

 elements x, y E L, x V y = p implies x = p or y = p. Note that if the positive
 integers are regarded as a lattice, relative to the partial ordering m < n m

 divides n, then the primes are the elements of the form qf, where q is an
 ordinary prime and n is a positive integer. On the other hand, observe
 that a nonatomic Boolean algebra has no primes whatsoever. A simple

 argument also shows that in a finite lattice, distributive or not, every
 element is a finite union of primes ([8, p. 20, Ex. 4]. Note also that [8] uses

 the term join-irreducible; we feel, however, that the above terminology

 is better suited for our purposes).
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 For any subset S ' L, the notation [S] will denote the complete

 sublattice generated by S, 0, and 1. Equivalently, [SI can be described as

 the metric closure in L of the sublattice generated by S, 0, and 1 (see [8]).

 DEFINITION 3.1.1. By a generator for L we mean a countable subset G

 of L which contains 0 and 1 and satisfies [G] = L.

 If we enumerate the elements of G, say G ( ta1, a2, * * } (it is not
 necessary that G or L be infinite, but we shall always require that the

 labeling satisfy ai # aj if i # j), then we may define a "tail" sublattice G
 of L as follows: G. =lNa [a., a,+, ... I if G is infinite, and G . {O, 1} if G
 is finite. We leave it for the reader to check that Go. does not depend on

 the particular enumeration of the elements of G.

 We come now to the main result of this section, which is basic to much

 of this chapter

 THEOREM 3.1.2. Assume L is infinite, and let G be a generator for L.

 Then every prime in L has a representation p = P, A pO,, where P1 is an
 intersection of certain elements of G, and pO. belongs to Go.o

 Proof. Let p be a prime in L, and define P1 = A {a E G: a ? p}. Write

 G = (a,, a2, * }. Then for each n ? 1 we define an element qn E [an1, a.+2 . . ]
 by

 qn A {Ix [ai? a. 2 * *]: x > pI .
 We will prove that p P1 A q,. Granting that for a moment, note that
 the conclusion follows. Indeed, we have qn < anew so that if p., denotes
 V, q", then qn converges to p., in the metric of L. Since the map x P-+
 P1 A x is continuous, we see that P1 A p., = lima P1 A qn = p; the theorem

 follows because p., belongs to fn. [a,+,, a,+2, ...] G..
 Fixing n, by definition of P1 and q. we have p < P1 and p < q., so

 that p < P1 A qn. Hence, we need to prove that P >? P A q,. For that we
 require a few preliminaries.

 LEMMA 1. Let p be a prime in L. Then p < a, V a2 V ... V an, implies

 p < ai for some i = 1, 2, * ., n.

 Proof. We repeat this simple argument ([8, p. 139]) for completeness.

 Since L is distributive, the condition p < V>, ai implies P = P A V ai=
 Vm jL(P A at). Since p is prime, we must have p = p A ai for some i; that is,
 P < ai. D

 For any nonvoid subset S c L, write SO (resp. So) for the set of all

 elements of L of the form V xi (resp. A' xi), where x1, x2 ... is an
 arbitrary sequence in L, perhaps with repetitions.
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 LEMMA 2. Let G be a generator for L, and let H be the set of all finite

 intersections of elements of G. Then L = H,5.

 Proof. H contains G, and is clearly closed under (finite) intersections.

 Since L is distributive, this implies that the set H' of all finite unions of

 elements of H is also closed under finite intersections (this routine detail is

 left for the reader). Therefore H' is the sublattice generated by G.

 Next, note that H' is dense in L. For the closure of H' is metrically

 complete, therefore lattice-theoretically complete ([8, p. 82]; recall that H'

 contains the 0 and 1 of L), and therefore it contains [G] L.
 Finally, to prove that L = H, we show equivalently that L = (H'),a.

 Choose x C L. Then there is a sequence xa c H' such that 8(x", x) < 2-7f. It

 follows that

 D(xn+1 V ... V Xn+k, x) < 1k a(x.+j, x) < k 2- '+j' < 2-

 for every k > 1. So put Yn = Xn+1 V Xn+2 V * limk (X,,+ V ... V Xfl+k)
 Then yE C (H')cr, and the preceding shows that D(yn, x) < 2- . This implies

 that y, -f x metrically. On the other hand, since y. is a decreasing sequence,
 it must converge to its greatest lower bound. Thus, x = AnYn C (HG)05. D

 Returning to the proof of 3.1.2, we have to show that p > p1 A qs.

 For that, define a subset S of L as follows:

 S = {xe L: x > p implies x > p1 A qj},

 i.e., x C S if and only if x C p, or x > p and x > p1 A qn. It suffices to

 show that S = L (for then p will belong to S and, since p > p, we must

 therefore have p ? p, A q). Note that S is closed under arbitrary inter-
 sections. So if we let H be the set of all finite intersections of elements of

 G, then it suffices to show that S contains H0; for we know by Lemma 2

 that L = H, and so this will imply that L = Hoacz Sa c S.
 To this end, choose an element x C Ho. Let Be (resp. CQ) be the set of

 all finite intersections of elements of {1, a, a2, ... , a"} (resp., {1, a,+,, a,+,,2 *... *)
 Since Be is a finite set, we may enumerate its elements as fl1, ..., fl1. We
 claim first that x must have the form x = V_ (,3i A ci), where cl, ... cl
 belong to (Cn),. Indeed, since every element of H has the form fti A c, for
 some j = 1, ...* 1 and some c C CQ, and since x is a countable union of such
 elements, the assertion follows from the infinite distributivity property

 V7 (f A ci) = f A Vo1 ci ([8, pp. 82, 146]).
 To see that x = Vj(f1 3e A cj) belongs to S, assume x > p; we have to

 show that x > p1 A qn. By Lemma 1, there is a j, 1 < j < 1, such that

 fjl A ci > p, i.e., fEj > p and c; > p. Since flj is an intersection of certain
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 elements of {1, a, *., an}, all of which dominate p, we must have 8j _> p1.

 On the other hand, since c; C [a.+1, a+2, *.. *] and c; > p, we have c; > qn.
 Therefore x > Sij A c >? P1 A qn, as required. FI1

 Remark. There is a simpler variant of 3.1.2 which applies to the case

 where L is finite; that is, every prime is an intersection of certain elements

 of any given generator G for L. We leave it for the reader to extract the

 proof from the above.

 DEFINITION 3.1.3. A basis for L is a generator G, all of whose elements

 (other than 0 or 1) are primes, which satisfies G., {O, 11.

 Most of the results to follow are applicable to lattices with a basis, for

 instance, the lattices described in the introduction to Chapter 3. The

 following corollary describes a sense in which bases are unique.

 COROLLARY. Let G, and G2 be two bases for an ininite lattice L. Then

 every elernent of G, is an, intersection of elements of G2, and vice versa.

 Proof. Choose a C G1, a # O 1. Since a is prime, 3.1.2 implies a = b A c,

 where b is an intersection of elements of G2 and c C (G2,),, {O, 1}. The
 only possibility for c is c= 1, hence a = b has the asserted form. The

 cases a = 0 or a = 1 are trivial. E1

 3.2. Primes and factorizations

 In this section we introduce the notion of an infinite factorization for

 a distributive metric lattice, and we identify the primes in such lattices.

 Throughout the section, L will denote a separable distributive com-

 plete metric lattice. By a sublattice of L we mean a subset of L which is

 closed under the lattice operations, and which contains both the zero and

 unit of L. 2 will denote the trivial sublattice (0, 1}.

 DEFINITION 3.2.1. L is called primary if its unit is a prime.

 Remarks. Thus, L is primary if and only if a V b = 1 implies a = 1

 or b = 1, for all a, b C L. In particular, no nontrivial element of a primary

 lattice can have a complement in L, so that primary lattices represent an

 opposite extreme from Boolean algebras.

 Note also that a finite distributive lattice is primary if and only if it

 contains a largest non-unit e (i.e., e # 1 and e dominates every other

 element a # 1). Equivalently, suppose L is the lattice L(X, <) of all

 increasing subsets of a finite partially ordered set (X, <) (for simplicity,

 assume the ordering < is strict). Note then that L(X, !) is primary if and

 only if the set X has a smallest element. More generally, it is not hard to
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 see in this case that the primes of L(X, <) are precisely the "intervals"

 [a, 1] = {y ? X: y > a}, a being an arbitrary point of X. Finally, note the
 connection between primes and primary lattices: an element p e L is prime

 if and only if the ideal p A L = {p A x: x e L} is a primary lattice in its

 own right.

 Given a family {La} of sublattices of L, we write Va La for the complete

 sublattice generated by Ua La. If the family is a sequence L1, L2, *.. , we

 write Lo. for the "tail" sublattice ,=, (Ln, V L"+1 V ..). Here, it will be
 convenient to allow repetitions in the sequence {LJ}; nevertheless, the tail
 sublattice is independent of the enumeration in the sense that if M" = L,,n)
 where w is any permutation of the positive integers, then Mo,. = L..

 THEOREM 3.2.2. Let L,, n > 1, be a sequence of sublattices of L such
 that L = V. L. and which satisfy

 (i) L, contains a largest non-unit e", and
 (ii) for all xe L"-, ye Vk =q+l L, x y = 1 implies x = 1 or y = 1.

 Then L is primary if and only if Lo. is primary.

 Proof. The "only if" part is trivial, since every sublattice of a primary

 lattice must be primary.

 So assume Lo. is primary, and choose a, b e L such that a V b = 1. Let

 A be the sublattice generated by U1 , L". We deal first with the special
 case where both a, b belong to A, (see Section 3.1). Letting H denote the

 set of all finite intersections x, A A AX, xi e U', Lo, then every element
 of A. is a finite union of elements of H, so that a and b must have the form

 a = V'/, a., b = V' , be, where a., b. e H.
 Now let en be the la?gest non-unit in L". We associate two sequences

 a,,, at with a as follows:

 an = V {ak: ak < el V ... V e"

 ar = V {akak ai e1V V V en}.

 It is clear that a = a. V a', that a. < a,+,, and that a' > a'+,. Note also
 that a' e V7.,1 Li. For if ak e H is such that ak A; el V V en, say ak =
 X1/\.. Ak /Xr, xi GUnL., then a,,-xif for all iand hence xi gel V ... V e",
 1 < i < r. Now if xi is a non-unit then it cannot belong to L1 U ... U Ln,
 by definition of e,, ** , e", and therefore xi e U7 n+? Ls-z V n +l L1. If xi =
 1 the same conclusion is evident. We conclude that a,, e V',?1+ Li, and
 since a' is a (countable) union of such elements a,,, the claim follows.

 Similarly, we may write b = 8,, V bin where 83,, _ 8,+l V > 839+1 and
 /ne V=?1 4Lj. So we can write
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 1 = a V b = ((a.V VIS) V (a VinS) ? el V ... V en V ca' V fl
 and hence e, V ... V en V a'V V'8 1 for every n > 1. By the hypothesis

 (ii) we see that e2 V ... V en V a'. V n 1 and, continuing inductively,

 we arrive at the conclusion a' V 8' - 1. Put a' - Ana' fit = A nisn
 Since both sequences a', Aw are decreasing, they converge to a' , A'

 respectively in the metric of L; and since the map x, yH-*x V y is metrically

 continuous ([8]), we conclude that aK' V A' = 1. Finally, note that since

 aIn hnV belong to V7 Li and decrease to their limits, it follows that both
 al- and A' belong to Lo. (see the proof of 3.1.2).

 Since Loo is assumed to be primary, we must have a'. = 1 or,8' = 1,
 say a' 1. Since a' < a' < a, we conclude that a = 1, as required.

 Consider now the case of general elements a, b e L with a V b = 1.

 Since L = A, (see Lemma 2 in the previous section), there exist an, bn C A,
 such that a = An an, b = An bn. Because A, is closed under finite inter-

 sections, we may assume that an > an+,, bn > b,,,. Hence a V b < an V bn
 f or every n, so that an V bn = 1. By the argument already given, we
 must have an = 1, or bn = 1, for every n > 1. So one of the two sequences
 {an}, {bj must take on the value 1 infinitely often, say {an}; this, however,

 implies that a = limn al 1, completing the proof. D

 DEFINITION 3.2.3. By a factorization of L we mean a sequence Ln,

 n > 1, of finite sublattices of L having the properties:

 (i) L = VLn
 (ii) (independence) For all a, a' E Ln, b, b' E ViOn Li, a A b < a' V b'

 implies a < a' or b < b', for every n > 1.

 (iii) (zero-one law) Loo = 2.

 This will be expressed by the notation L = O~n Ln. Of course, there
 exist lattices of the type discussed here which have no factorizations

 (example: the unit interval). However, there are many that do; a class of

 examples is described after 3.2.4 below. There is a similar definition of

 factorizations of finite distributive lattices L = L1 (0 ? Lo, obtained by

 simply deleting condition (iii) from 3.2.3.

 Suppose now that L has a factorization L = A Lo, and that

 {E1, E2, * - } is a partition of the set of positive integers into finite subsets

 Ej. For each n > 1, define a finite sublattice Mn c L by

 M. = @i eEn Li.

 Then a routine (though somewhat tedious) argument establishes that {MJ}
 is another factorization of L. This proof will be left for the reader, since
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 the result is not required below.

 We come now to the main result of this section, which identifies the

 set of primes in any factorable lattice L = en Ln. The notation C(L) will

 denote the set of all primes in L. It is well to keep in mind that if M is a

 sublattice of L, elements of C(M) need not be primes in the larger lattice

 L, in general.

 THEOREM 3.2.4. Assume that L admits a factorization L = ? n L,.

 Then the primes of L are precisely the nonzero elements of the form

 q = A -Pa, where P1, P2, ... is any sequence such that pe e P(Ln) for every n.

 Proof. First, let p be a prime in L. To produce a sequence pa, e P(L,)

 such that P = An p, we utilize 3.1.2 as follows. Let G = U' l L,. Then

 G is a (countable) generator for L. Note also that Go. = 2. For if we
 enumerate G = {g1, g2, . }, then for each X there is a k such that

 {gk, g+1, ... } contains no element of the (finite) set L, U ... U L,,. There-

 fore {gk, 9k+?1, .) . U7 n+I Lj , and the claim G_. c Lo) = 2 follows. By
 3.1.2, we conclude that there is a sequence a1, a2, . . . E G such that

 P Akak.
 Now define pn A {ak: ak e Ln} (if {ak} contains no element of Ln, put

 p = 1). Note that P = A' 1 Pns and it remains to show that p, e 9(Ln). So
 fix n, and choose a, b E Ln such that pn - a V b. Writing qn = Ain't Pi, we
 may write p = P,/ A qn = (a V b) A qn = (a A q.) V (b A qn). Since p is prime
 we must have either p = a A qn or p'= b A qn, suppose p = a A q,. Since
 a Aqn<aVO, we may write p pn/Aqn= a Aq.?aVO. Since Pal aeL,
 and qn, 0 e V,. Li. we see from property 3.2.3(ii) that p, _ a (the case
 qn < 0 is impossible, since 0 7 p < qE), and since a ? a V b = pI we have
 pi_ = a. The other case, p = b A qn, leads to pI = b in the same way.

 Conversely, let P1, P2, ... be a sequence such that Pn e 9P(Lj) and
 P = APn is not 0. Define a new lattice M= pA / L ={p A x:xeL}. We
 have to show that M is primary (note that p is the unit for M). This is

 deduced from 3.2.2 as follows.

 For each n > 1, let Mn = P A L,. Then Mn is a finite sublattice of M.

 Moreover, since the map x e L H-- p A x E M is a lattice homomorphism

 preserving arbitrary unions and intersections ([8, pp. 82, 146]), it follows
 that M is complete and, since L = Vn Lo, we have M = Vn ML. To check

 the other hypotheses of 3.2.2, suppose x e M, and y E Mn+1 V M, 2 V ...
 satisfy x V y = 1, =p. Then x = p A a and y = p A b for appropriate

 elements a e Lo b e Ln+1V Ln+2 V*--. Thus p = (p Aa)V (p Ab)=

 p A (a V b), or p ? a V b. Again, writing qn = Ai=an Pi, the preceding
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 becomes pA A q, = p ? a V b. Since pn, aeLn and q., be Vin Liwe see
 from property (ii) of Definition 3.2.3 that either pa < a or q. < b. If p", _ a,
 then p < pn _ a so that x = p A a = p = 1, as required. If q, < b, the

 same reasoning shows that y = p = 1,

 Next, note that M. is primary. For if x, y e M, satisfy x V y 1 P
 say x = p A a, y p /A b, a, b e L., then as in the preceding paragraph

 we deduce that P. A qn = p <_ a V b = (a V b) V 0. Again, since pn aV b e Ln
 and q., 0 e Vin Li, we deduce from 3.2.3(ii) that pn < a V b (since the
 other alternative, q. ? 0, is impossible because 0 # p $ q.). Because p. is
 prime in Lo, Lemma 1 of the preceding section implies p. ? a or p. < b.
 Thus, x = p A a = p ll or y = p A b p = 1M as required.

 Since each M, is finite, as well as primary, it must contain a largest
 non-unit. Therefore, all the hypotheses of 3.2.2 are satisfied. Therefore to

 show that M is primary, it suffices to show that Moo is primary.

 In fact, we claim that M.o= {OY p}. Indeed, if x belongs to M,,.
 nlp A a: a e L. V L, V ...}, then for each n we can write x = p A a.,
 an e L. V L,+, V - v .. By replacing a. with a. V a,~1 V ... , we can assume
 an > aal; and therefore an converges to its limit a,, = A. a. in the metric
 of L. By continuity of the map z - p A z, we conclude that x = p A aO,.

 Since a. belongs to Lo, = 2, x must be either 0 or p, as required. Cl

 We conclude this section with a discussion of a class of examples. For

 each n > 1, let (Xx, ?) be a finite partially ordered set (for simplicity we

 assume the ordering is strict), and let m. be a probability distribution on
 X, which assigns positive mass to every point. Define X to be the product
 Xn X., with the obvious Borel structure; define a probability measure m

 on X by m = Xn mA; and define a (strict) partial order on X by (n) (yn) (
 Xn < y, for every coordinate n > 1. Finally, let L be the subspace lattice

 2(XY <, m). We obtain a positive normal valuation v on 2(X, <, m) by

 v(PE) = m(E),

 for every increasing Borel set E c X, and this makes 2(X, <, m) into a
 complete separable distributive metric lattice.

 We associate with the coordinate spaces {X,, <) of (X, <) a natural

 sequence of sublattices Lo, where L, is defined as the set of all projections

 PE, where E is an increasing Borel set which depends only on the nth

 coordinate (more precisely, E has the form {(xa) e X: x, e A} where A is an

 arbitrary increasing subset of Xj). It is easy to see that U. L. generates
 L (this follows from 1.2.2, for example), and the fact that Lo. = 2 is a con-

 sequence of the Kolmogorov zero-one law ([19], [15]) for measure algebras
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 based on product measures.

 We claim now that L = e Lo. We only need to verify property

 3.2.3(ii). For that, let %, denote the (finite) sigma-field of all Borel sets E
 in X of the form E = {(xi) e X: xO e F} where F c Xn. We claim that if

 A, A' e g3n and if B, B' belong to the sigma-field generated by Uin gi,
 then A n B c A' U B' implies m(A'\A) = 0 or m(B'\B) = 0 (the assertion

 follows from this). Now (A\A') n (B\B') =A B\(A' U B') is empty, so

 that m((A\A') n (B\B')) 0 O. Because of the way m was defined as a
 product measure, the sets A\A' and B\B' are (probabilistically) independent,

 so that

 m(A\A')m(B\B') = m((A\A') n (B\B')) = 0

 hence either m(A\A') = 0 or m(B\B') = 0, as required.

 We can now describe quite explicitly the primes of L. For every

 sequence x = (xi) in X, we write [x, 1] for the interval {(yi) e X: yn > x
 for every n}. Clearly, [x, 1] is an increasing Borel set, and so it determines

 a projection P[x,,] E ?(X, <, m) = L. Note, however, that P[xi] 0 0 when-
 ever [x, 1] has measure zero. We assert: The primes of L are the pro-

 jections P[x,,], where x runs over all points in X for which m([x, 1]) > 0.
 We merely sketch how this is deduced from 3.2.4. For x = (xi) fixed, we

 may write [x, 1] = nfl1 An, where A,,, {(yi) e X: yO, > xJ}, and therefore
 P[x,1]= AflPAn. By 3.2.4, it suffices to verify that the primes of L, are

 just the projections PA, where A has the form A = {(yi): yfl > a}, a being
 an arbitrary point in the nth coordinate space Xn. This, however, follows

 from the discussion after Definition 3.2.1, and the natural identification of

 L. with the lattice L(Xn, <).
 We have already pointed out that a nonatomic Boolean algebra has no

 primes whatsoever. Thus, it is of interest to determine when one of these

 lattices contains no primes. This can also be dealt with in terms of 3.2.4,

 and we now outline the argument very briefly. For each n > 1, define an

 invariant yn, associated with the "coordinate" measure space (Xn, <, ma) as

 follows:

 -n =max {m([a, 1]): a e X}.

 Alternately, v/n can be defined in terms of the distinguished valuation v on
 L as

 7n = max {v(P): P e 9(Ln)} .

 Now for any sequence Pa e 9)(Ln) we have v(A/\ PJ) fl v v(Pn) (reflect-
 ing the fact that m = Xn m. is a product measure). Recalling that, for

 any sequence to of real numbers, 0 < t_ < 1, the infinite product fl] tn is
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 positive if and only if the series E. (1 - to) converges, we arrive at the
 following characterization: In order that L contain at least one prime, it

 is necessary and sufficient that the series ; (1 - ~ should converge.

 Finally, let us consider the special case where each (Xn, <) is a fixed

 finite partially ordered set (X1, <), and ma = ml for each n. Assuming

 that X1 has a smallest element, it follows that L(X1, <) is primary, hence

 each LV, is primary and so L is primary by 3.2.2. For any sequence x =
 (xi) c X, one sees easily that m([x, 1]) > 0 if and only if xn = 0 for all but
 a finite number of coordinates n. Let X0 be the (countable) subset of all

 such points x E X. We conclude that the map x e XO P[x,,] is a bijection
 of X0 onto Ji(L). Moreover, one may also verify that this map is an order

 anti-isomorphism relative to the ordering that X0 inherits from X. In

 particular, every prime in L is a finite intersection P, A P2 A ... A P.s
 where Pa, c 9)(Ln). Of course, these remarks apply to the lattices discussed
 in the introduction to Chapter 3.

 3.3. As unique factorization theorem

 We now investigate the problem of uniqueness for factorizations of a

 given lattice L; as in the preceding section, all lattices are assumed to be

 separable distributive complete metric lattices having a 0 and 1.

 We first want to relate this problem to some known results in the case

 of finite lattices. Suppose L is realized as the lattice L(X, <) of all in-

 creasing subsets of a finite partially ordered set (X, <). Then a known

 theorem asserts that L has a decomposition into a cardinal product

 L1L2 * - - L,, where each Li has trivial center, and moreover this decomposi-
 tion is unique up to the order of the factors ([8, pp. 26-27]). In terms of

 the underlying set (X, <), there is a natural equivalence relation in X

 defined by x y if and only if there is a sequence x = t1, t2, . . to. y in
 X such that for all i, either t, < ti,? or ti+, < ti. Letting X1, X2, ... , X,
 be the associated equivalence classes and -k the ordering that Xk inherits

 from X, then the factors Lk appearing in the cardinal product L=

 L1L * - - L, may be taken as Lk = L(Xk, ?k). In particular, a factorization

 of L(Y, _) into a cardinal product corresponds to partitioning the space

 X into disjoint subspaces of a certain type.

 Here, on the other hand, we are interested in factorizations of the

 type L = L1 A) ... *? Lo. In the case L = L(X, <) (for finite X), this

 amounts to realizing (X, <) as a Cartesian product of spaces (Xk, k), in

 the sense that X= X",= Xk and (xi, ... , xn) < (y1, **, yn) if and only if
 Xk ?k Yk for every k = 1, 2, *..., n. So far as we can determine, the
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 following material gives new results even in the case of finite lattices

 (though in that case, needless to say, one may give much simpler

 arguments).

 A finite lattice L is said to be indecomposable if the only factoriza-

 tions of L, of the type L = L1 ? L2, have the property that L1 = 2

 or L2 = 2. A factorization of a (perhaps infinite) lattice L = Cn L,. is

 called indecomposable if each factor Lo is an indecomposable lattice,

 and is not the trivial sublattice 2. It is natural to ask the extent to

 which indecomposable factorizations of a given infinite lattice are unique.

 Unfortunately, nothing can be said in general. To illustrate this, we

 consider the case where L is the measure algebra of the unit interval.

 Let (X, m) be the standard measure space consisting of the Cantor space

 X = 2 and the measure m = Xk=1 Mik, where mk assigns mass 1/2 to each
 element 0, 1 of 2. Then the measure algebra of (X, m) admits a correspond-

 ing factorization ?n Ln, where each factor Lo is a four-element Boolean

 algebra (note therefore that each Lo is indecomposable in the above sense).

 Because the measure algebra of (X, m) is separable and nonatomic it must

 be isomorphic, as a complete Boolean algebra, to L (see [15, p. 173]).

 Therefore, L admits an indecomposable factorization L = ?t, L,, into

 four-element Boolean algebras Ln. Now in a similar way, by considering

 the measure space (Y, n), where Y = 3 is an infinite Cartesian product of

 three-element sets and where n = Xk=1 nk, 'k assigning uniform mass 1/3

 to each point of 3, we arrive at the conclusion that L also admits ano

 indecomposable factorization L = ? Ma into eight-element Boolean

 algebras Me.

 Thus, it may be unexpected that unique factorization does hold for

 primary lattices L, even in the case of lattices 2(X, <, m) which are based

 on nonatomic measures m. This is a consequence of the following result.

 REFINEMENT THEOREM 3.3.1. Assume that L is primary, and let L =

 ?rt Ln, =?si L' be two factorizations of L. Then there is a double sequence

 Lmnn, m, n ? 1, of finite sublattices of L having the properties:

 (i) For each m (resp. n), Lmn = 2 for all but finitely many values of n

 (resp. m), and

 (ii) Lmz6 =?sin Ley Ltn ?m@n Lmnn

 Proof. Simply put Lnn = Lm n L'. Because of the properties of {Lm},

 it is clear that {Lnn: m > 1} forms a factorization of V 1=1 Lmn for each
 fixed n, i.e., Vn Lnn ? Lnn and similarly for the other variable (by
 symmetry).



 OPERATOR ALGEBRAS 521

 Note next that Li nLj = 2 if i # j. Indeed, if a E Lin Lj, then since
 a A 1 < 0 V a, it follows from the "independence" property of factoriza-

 tions that a < 0 or 1 < a, as asserted. Now for fixed n > 1, this implies that

 the sets Lm . L', m > 1, induce a partition of L'\2. Since L' is finite, we
 conclude that Lmn = Lm n L' = 2 for all but finitely many values of m.

 The property (i) follows by symmetry.

 For (ii), we only need to show that L' - V'=, Lmn, the remainder
 following by symmetry. So fix n > 1. Since the inclusion _ is obvious and

 since L' is generated by its primes, it suffices to show that 9)(L') E U=, Le..
 Choose p e 9I(L'), and we may assume that p # 1. First, we claim that

 p is a prime in L. Since L is primary, so is each L', and therefore 1 e 9I(L')
 for every i # n. Thus p has the form p = Ar Pr where Pr, e 9(L') for
 every r. By 3.2.4, p must be prime in L.

 Since Lk is generated by 9i(Lk), U1 9P(Lk) is a generator for L. By

 3.1.2, there exist elements qj, q2, .** Uk J (Lk) such that p = Ak qk (we
 may also assume that qk # 1 for each k). Now fix k. The argument of

 the preceding paragraph shows that qk is prime in L, so that we may repeat

 the same argument with the generator Uj iP(L') to obtain a sequence
 qkl, qk22 . . . E Ui9J(L') such that qk = Al qkl, and qk1 + 1 for each 1. Now we
 claim that each qkl belongs to 9I(L'). Indeed, if qkl E 9)(L') for some i # U2
 then because p < qk < qk1 we see that p A 1 < 0 V qk. By the "independ-

 ence" property of factorizations, we conclude that p ? 0 or 1 < qk1, both
 of which are false.

 It follows that qk = Al qkl belongs to L' - [9J(L')], for every k. But

 we also know that qk e Uj@ $(Lj), so in particular there is a value of j

 (depending on k) such that qk, G $(L,) n L' E Li n L' = Lin. Thus qk e
 Vj Lin for every k, and we may now conclude that p = Ak qk belongs to
 Vj Ljn as required. F

 UNIQUE FACTORIZATION THEOREM 3.3.2. Suppose L is primary. Then

 for any two indecomposable factorizations L =e Ln ? On L' of L, there
 is a permutation wu of the positive integers such that L' = L,(,) for every n.

 Proof. By the preceding result, we may write Lm = ?On Lmn and L'n =
 ?&m Lmn,. By the indecomposability property, it follows that the doubly
 infinite matrix (Lmn) has exactly one nontrivial entry in every row and in

 every column. Thus there is a permutation w of the positive integers such

 that Ln:-1(n) is the nontrivial entry which occurs in the nth row, n > 1.

 Thus, L, = Vi Ln= L;-l(n), and so L,,(.) = Ln)n = Vi Ljn = Ln, as
 asserted. E
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 Discussion of Example 3.0.1. Let N be an integer, N > 2, and let N

 be the chain {O,1,.. *, N-1}. Consider the subspace lattice L = (N, ,in)
 defined in Section 3.0. Then LN admits an obvious factorization LN = ? Lj,
 where each Lj is a chain consisting of N + 1 elements. By the unique
 factorization theorem every indecomposable factorization of L consists of

 factors which are chains containing N + 1 elements, and in particular, the

 integer N is an isomorphism invariant of the lattice L.. Hence, LN and L,
 cannot be isomorphic if N # M. Since, as subspace lattices, Lu and Lo are

 reflexive (1.6.3), we conclude that the operator algebras alg 2(NO, <, m)

 and alg 2(M-, <, m) are not similar if N # M.

 We also point out, however, that this argument does mot distinguish

 between the lattices 2(20, <, mi), 0 < p < 1, of problem 3.0.2, since they

 all admit indecomposable factorizations of the form ?j Lj where each Lj
 is a chain of length 3. The latter problem is taken up in Section 3.5 below.

 3.4 A representation theorem

 In order to establish a key result in the following section, it is necessary

 to realize a given lattice in an appropriate way as a subspace lattice. The

 purpose of this section is to present a suitable representation theorem.

 It is well-known that every separable complete Boolean algebra B,
 which admits a positive finite sigma-additive "measure," is isomorphic to

 the measure algebra of a (finite) standard measure space. The main result

 below gives a strengthened generalization of this theorem to separable

 complete distributive metric lattices. Given such a lattice L, we shall

 make use of the following notation. Recall ([8, p. 74]) that the variation
 of a valuation /t of L is defined as follows:

 jj Sup Lk=, I (ap)-(ak1) I

 the supremum taken over all finite chains 0 = a, <? a < ... < a 1 in L.

 We shall write val (L) for the real vector space of all valuations pi on L
 satisfying e(O) = 0 and II f II < io. It is very easy to see that the norm
 11 * 11 makes val (L) into a Banach space. Moreover, if we define lattice

 operations V and A in val (L) by

 fe V >'(x) = sup kn max (fe(ak) - (ak l), v'(ak) -(a

 where the supremum is taken over all finite chains 0 = a, < a, < ... <
 an = x connecting 0 and x ([e A 2V is of course defined dually), then val (L)

 becomes a Banach lattice (i.e., a vector lattice in which I c I < I v I implies
 If IIj < II v 11, | f I being defined as fe V (- e) (see [8, pp. 84, 246]; indeed, this
 all remains true for arbitrary lattices L). We shall be concerned primarily
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 with the following two subspaces of val (L).

 Note first that an element -t E val (L) satisfies ft > 0 (in the natural

 order of val(L)) if and only if a < b implies /(a) ? M(b) for all a, b e L.

 Given ft, v e val (L) such that ft > 0 and v > 0, we shall write ft < v if, for

 every s > O, there is a a > 0 such that for every finite chain of the form

 o a, < bi < a2 b2? *_ ? b, = 1 for which E.=1 (v(bk) - v(ak)) <(3
 one has E'=, (f(bk) - t(ak)) < s. Ll(v) will denote the space {ft E val (L):
 I pt I <K v}, where v denotes the distinguished valuation giving rise to the
 metric on L. It is easy to see that L1(v) is closed under the lattice opera-

 tions, the vector space operations, and is closed in the norm of val (L), so

 that Ll(v) is a Banach lattice (these routine verifications are left for the
 reader).

 The second subspace of val (L) (which we write as L*) is defined as the

 space of all elements It G val (L) whose modulus I , 1 satisfies the condition
 lim. I ft (a.) =1 p I1(a) for every increasing sequence an E L with V, at = a,
 and dually for decreasing sequences (i.e., I ptI is normal in the terminology
 of 3.1). Now since the map ft - It I of L into itself is uniformly norm-
 continuous, it can easily be seen that L* is closed in the norm of val (L);

 moreover, another series of simple arguments shows that L* is also a
 Banach sublattice of val (L).

 Now it is almost obvious that Ll(v) - L*; however, the inclusion is
 usually proper. We want to digress momentarily to discuss this significant

 point. Note first that, while L* is defined purely in terms of the lattice-

 theoretic properties of L, L,(v) depends on the pair (L, v). Thus L* is an
 isomorphism invariant of the lattice L, while L,(v) is not; in particular,
 while every lattice automorphism a of L onto itself must carry L* onto

 itself, it can happen that Ll(v oa) is not contained in Lj(v), so that Ll(voa) +
 Lj(v). This phenomenon is illustrated by the following simple example.

 Example. Let L be the complete chain consisting of the unit interval

 [0, 1] with its usual ordering, and let v be the valuation v(x) = x, 0 < x ? 1.
 Let , be any probability measure on [0, 1] which is singular relative to

 Lebesgue measure m, is nonatomic, and assigns positive mass to every

 interval (a, b), a < b. Then the function a: LOLL defined by a(x) = ,([0, x]),
 0 < x < 1, is a continuous strictly increasing function mapping [0, 1] onto

 itself. Thus, a is an automorphism of L. On the other hand, the condition

 Ll(voa) = L,(v) would imply ft is absolutely continuous relative to in, an
 absurdity; indeed, the singularity of ft is reflected by the fact that

 Li(v) n L,(voa) -{} .
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 The existence of such "singular" automorphisms (and isomorphisms) in

 this class of distributive lattices is a phenomenon that does not occur in

 the special case of Boolean algebras. Indeed, one can show that L1(v) = L.
 when L is a Boolean algebra (the proof of this can be based on the device

 used in the lemma on p. 253 of [8]). We now state the result of this section.

 THEOREM 3.4.2. Every separable distributive complete metric lattice

 is isomorphic to a complete sublattice of the measure algebra M(X, m) of
 a standard finite measure space (X, m) which generates M(X, m) as a

 complete Boolean algebra. Moreover, if v is the valuation associated with

 the metric of L, then the isomorphism implements an isometric lattice

 isomorphism Ff, of L1(v) onto L'(Xi m), in which a(a) fZXAdm,
 where A ' X is the set corresponding to a E L.

 The quickest way to a proof is via the following theorem of Kakutani

 ([18], [8]) concerning (L)-spaces (recall that an (L)-space is a real Banach

 lattice in which 11 x + y11 = 11 x 11 + 11y 11 for all x > 0, y > 0).

 THEOREM. Let E be an (L)-space which contains an element e such

 that, for all nonnegative x e E, x A e- 0 implies x = 0. Then E is

 isomorphic (as a Banach lattice) to L'(X, m), where (X, m) is some
 probability space.

 To prove 3.4.2, we observe first that L1(v) is an (L)-space. For that, it

 suffices to show that the larger space val (L) is an (L)-space, i.e., satisfies

 + )1I = Ic 11 + 11v11 for all 4a, v > 0. But in this case, the definition of
 11 1 implies that 11 11 1= (1), so that

 11a + I (j + OM=1)PMa(1) + (1)= 11 a11 + 11211
 is obvious.

 Next, note that the element e = v satisfies the "weak unit" hypothesis

 of Kakutani's theorem. Indeed, let pa E L,(v), pa > 0, be such that Pa A V =
 0, and choose any positive number a. Then since pa <K v one may choose a,
 < a < ar, so that for every chain a, < b, ? a2< b2 < ... < be in L with
 Lk (v(bk) - v(ak)) < a, one has Lk (a(bk) - a(ak)) < a. Now P A v(1) = 0,
 so by definition of P A v there is a chain O = c0 ! c1? ... < cp = 1 in L
 such that

 L>=i min (4a(c3) - acJ1) v(c) -v(c>l)) ? 3
 Divide {1, 2, * , p} into two disjoint subsets A, B such that a(coj) - a(c>j1) ?
 v(cj) - v(cj1) if and only if j E A. Then we have

 LieA (4a(ci) - 4a(c>1)) + LjeB (v( c) v(cj_1)) _ a P
 and in particular, each of these two sums is < a. By the choice of a,
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 B(v(cj) -v(cj _- implies EB (a(cj) - a(cj-,)) < a. Adding this to
 < 8 we obtain

 ,== (a(c3) -p(c _)) < 8 + a ? 2a
 and since the series telescopes to a(l) - 4(O) = 4(l), we conclude that

 = 4a(1) < 2a. Since a was arbitrary, the conclusion u = 0 follows.

 Before invoking Kakutani's theorem, we want to collect a few results

 concerning a natural action of L on val (L), defined for a C L, ,u e val (L), by

 a.4a(x) = a(a A x) .

 Because L is distributive and ,u is a valuation, it is clear that af ta is a

 valuation. Moreover, if ,u > 0 then for all x < y we have 0 < 4a(a A y) -

 p(a A x) < a(y) - a(x) ([8, p. 76]); therefore 0 ? aft ? p t. It follows from
 the Jordan decomposition ([8, pp. 83-84]) that a < f or arbitrary

 4ae val (L).

 LEMMA. For all I, v e val (L) with I, v > 0, and for all a, b e L, one

 has

 ()any A (> - ad) - O.

 (ii) a.( A V) = (a.d) A VP
 (iii) (a A b)^- afti A b4ar, and dually.

 Moreover, a * L1(v) - L1(v), and a * = lim O (na - v) A a strongly, for every

 a e Ll(v), a ? 0.

 Proof. (i) Since both af ta and v - a n t are isotone, according to the

 definition of A in val (L), afti A (> - ant)) = 0 will follow if we can exhibit

 a chain 0 = c0 ? cl < * n 1 in L such that, for all 1 < j < n, either

 a*4a(cj) - a.a(cj-,) 0 or (v - a.2v)(cj) - () - a.2v)(cj-1) = 0. Now simply
 consider the chain 0 < a < 1.

 (ii) Since a.(a A 2) < afta and a.(a A 2) ? P A v < 2, the inequality
 a.(a A 2) < (aqe) A v is obvious. On the other hand, the linear map

 X + am X of val (L) into itself is clearly idempotent, and therefore so is the

 map P: X - am X. Moreover, the preceding remarks show that X > 0

 implies PX > 0. Hence, 0 < P(a.4a A 2) ? P(a.4a) = 0, so that afti A v =

 a (a. -a A v). Since the last term is dominated by a* (f A 2), the assertion

 follows.

 (iii) Utilizing (ii), we can write a * A A b * a = a * (a A b * a) = a * (b.*a) =

 (a A b).-e. The dual relation follows from this because, for each x C L,

 (a V b) .4(x) = "((a V b) A x)= a(a A x V b A x)

 =a(a A x) +J p(b A x) - "(a A b A x).
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 Hence, (aVb).a = aft + bqe-(a A b)/i = aft + b.a-a., A b.a - a." V
 b4ad, where the last equality uses the formula a V z + a A z= a + z', valid

 in any vector lattice.

 Note that if 4a < v, then aft ? a < v implies afta < v; i.e., a.L,(a) 9
 L1(a). Finally, we claim that lim, (ma . v) A A = a * A, whenever ,i E L,(v).
 Indeed, since we have previously shown that v is a weak unit for L1(v)

 (i.e., X A v = 0 implies X 0, for all X E L1(v) with X > 0), the sequence

 nv A 4a must converge strongly to fp([18, Lemmas 3.3 and 3.9]). So from
 (ii) we conclude that an -- a . lim, (mv A a) - lim,, (na v) A A, proving
 the lemma.

 Recall now from [18] that in any (L)-space E having a weak unit e (one

 assumes that II e 1), the set B of all elements x in E satisfying x > 0 and

 x A (e - x) 0 0 is a complete Boolean algebra relative to the lattice opera-

 tions inherited from L and the complementation x H e - x. Moreover,

 w(x) = II x I defines a positive normal valuation on B. So assume v(1) = 1,
 and let B be the corresponding Boolean algebra in L1(v).

 Now imbed L in B as follows: for a e L, put a' = as v. Taking a = v=

 v in part (i) of the lemma, we see that a E B, and (iii) asserts that a a' is
 a lattice homomorphism of L into B, which carries unit to unit. Since

 II a II = a(l) = v(a), we see that the map is an isometry of (L, v) into (B, w).
 Since both (L, v) and (B, w) are complete metric lattices, a standard

 argument shows that, in fact, a -* a' is an isomorphism of L onto a complete
 (therefore closed) sublattice of B.

 Now Kakutani's theorem implies that there is a probability space

 (X, m) and an isometric lattice isomorphism of L1(v) onto L'(X, m) taking

 v to the function 1, which carries B onto the measure algebra M(X, m)
 (regarded as the set of all characteristic functions in L'(X, m)), such that

 the functional a F-> 4(l) carries over to integration against the measure m

 (see [18]). In particular, L becomes identified with a complete sublattice
 L' of M(X, m).

 Of course, v(a) X~dm, where XA e L' is the image of a e L. We now

 observe that this holds more generally; i.e., for every pa e L1(v) and a C L,
 one has 4a(a) = fXAdm, where f e L'(X, m) is the image of 4a. To see this,

 we may clearly assume ji > 0. Then by the lemma, we have

 4a(a) = (a.- [)(1) = lim. na A 4P(1) = lim, S (nXZ) A fdm i XAfdin,

 as asserted.

 One can now deduce that L'(X, m) is the closed linear span of L';
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 equivalently, we assert that if f E L-(X, m) is such that 5 fXAdm = 0 for

 all XA E L', then f = 0 almost everywhere. Indeed, since f is integrable it

 corresponds to some element "ce L,(v). We have 4a(a) = |Xfdm 0 0 for
 every a E L (using the preceding), so that 0a 0 and hence f 0 0 as an

 element of L'(X, m).

 It follows easily from the preceding paragraph that L' generates the

 full measure algebra of (X, m) as a complete Boolean algebra.

 Finally, we claim that L'(X, m) is norm-separable. For if {a1, a2, I**

 is a (metrically) dense subsequence of L, then {XA1, XAZ, **. } is metrically
 dense in L'. By the preceding paragraph, then, the (countable) Boolean

 algebra generated by {XA1, XA2, * * } is dense in M(X, m) in the usual metric

 of M(X, m). This clearly implies that L'(X, m) is separable.
 Because of this, we may replace (X, m) with an equivalent measure

 space (X', m') such that X' is a standard Borel space. That completes the

 proof of 3.4.2. Fi1

 Remark. By an obvious construction based on the device used in the

 proof of 1.2.2, we may also assume that there is a standard partial ordering

 < of X (which may be chosen to be strict, see 1.2.3), such that the image

 of L is precisely the lattice of (equivalence classes of) increasing Borel sets

 in X. Noting 1.2.1, we deduce the nontrivial half of the following lattice-

 theoretic characterization of commutative subspace lattices.

 COROLLARY. In order that a complete distributive lattice L be iso-

 morphic to a separably acting commutative subspace lattice, it is necessary

 and sufficient that L be countably generated (as a complete lattice) and

 have a positive normal valuation.

 This result suggests a much broader, and undoubtedly more difficult,

 question.

 Problem. Characterize the class of (countably-generated, complete)

 lattices whice are isomorphic to separably-acting subspace lattices.

 What we have in mind here is something perhaps analogous to the

 characterization of von Neumann algebras as those C*-algebras which are

 "complete" (i.e., closed under the operation of taking bounded monotone

 limits), and admit a faithful family of "normal" states. Note that the

 above corollary is analogous to this in the commutative case.

 Non-distributive lattices may still admit isotone valuations (consider

 the dimension function on the projection lattice of a finite factor), but as

 this example suggests, valuations correspond to traces on von Neumann
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 algebras, not states. Thus, a first step in attacking the above problem

 might be to introduce a lattice-theoretic counterpart of normal states on

 von Neumann algebras.

 3.5. Numerical invariants

 We now introduce a numerical invariant which is capable of dis-

 tinguishing between the lattices (2 , i,), 0 < p < 1, of example 3.0.2.
 The reader may note some formal similarity between this quantity and the

 Kolmogorov-Sinai invariant of ergodic theory [7], in spite of the fact that
 the two are based on quite different principles.

 Throughout this section, L will denote a distributive separable complete

 metric lattice; for convenience, we require L to be infinite. By a state of

 L we mean an isotone valuation pe which is normalized so that [e(O) = 0,
 [e(1) = 1; the convex set of all states is denoted by S. 1* will denote the
 subset of E consisting of all normal states; thus, 1* =={,ce EL*: e > O.
 [e(1) = 1}. A generator G of L will be called proper if Go. is the trivial

 sublattice 2. Now given any state pe and any generator G = {al, a2, ...
 we define the number

 ar(G, pc) = lim sup. pe(aj)

 Note that a(G, pa) does not depend on the particular enumeration of the
 elements of G (so long as ai # aj for i # j). Finally, define

 a(L) = infG,, a(G, ,a),

 where the infimum is extended over all proper generators G and all normal

 states p e E * (if L has no proper generator, a(L) is taken to be 1).
 Since the definition of 1* makes no reference to the distinguished

 valuation of L it follows that a(L) depends only on the structure of L as

 a (complete distributive) lattice, and thus a(L) is an isomorphism invariant

 of L. We now establish some results which will make the computation of

 a(L) very easy in certain cases.

 THEOREM 3.5.1. Let B be a basis for L and let G be any proper

 generator. Then a(B, pa) < a(G, pa) for every state pa.

 Proof. By definition of a(B, 4a) there is a sequence pr,, E B such that

 Pi # pj if i # j and lima pt(pj) = a(B, jpt). Since each pe, is a prime we know
 from 3.1.2 that there exist elements a,,, a,2, * E G such that pe, =
 a., A a2A .../ n = 1, 2, *.. We claim that there is a sequence 1 =
 n1 < n2 < * * * of positive integers and a sequence bk e G such that p" < b,
 for all k, and bi # bj if i 4 j. Indeed, choose b, to be any element of
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 {all, a,2, * * }. Given na < ... < n, and b1, * * *, b, as above, the set {a"': n >nk,
 j > 1} must be infinite (since the complete lattice it generates contains

 Pk+ly Pnk+2y *..), and therefore it contains an element anj which does not
 belong to {b1, *.., bk}. Now put nk+1 = r and bk+l = arn to complete the
 inductive step.

 We now have

 a(B, Pa) = liMk a(p-k) < liM SUpN (bk) < a(G, M),

 as required. E

 THEOREM 3.5.2. Let {M.: n ? 1} be a sequence of complete sublattices of
 L such that Ma = Mnurl and put Mo. = nf Me.

 Then for every Pe L,*, the sequence sup {I J (x): x e M} decreases to
 sup { f(x)l: X M

 Proof. Let v be the distinguished valuation of L, and put w = v +

 Then w is a positive valuation of L, which is normal because ,ce E L,. It
 follows that the pair (L, w) defines a complete metric lattice ([8, p. 80]).

 Note also that, since I ? I < w implies I I I < w, we have 1a E L1(w).
 By 3.4.2 and the remark following it, we may assume that L is the

 subspace lattice 2(X, <, m) associated with a standard partially ordered

 finite measure space (X, <, m), and that jce has the form p1(PE) = XEhdm,
 where h belongs to L'(X, m). Writing h in the form h(x) = f(x)-(x) with
 f, qe L2(X, m) we see that [e(P) = (Pf, g), for every projection Pe L =
 2(X; <, im).

 For each n > 1, we may find a standard partial ordering < . of X such
 that M, = 2(X _, n m) (i.e., for n fixed, choose a sequence E1, E2, ... in

 L(X, <) such that {PEV, PE2, *. . } generates M. as a subspace lattice, define
 X _ ny to mean XE;(X) ? XEi(Y) for every i = 1, 2, ... , and now apply 1.2.2).
 To prove the theorem, let X, = sup {i [(P) 1: P E MJ} for n > 1, and put X .
 sup {j [e(P) 1: P E MJ. It is clear that X, X_. for every n, and xn, decreases
 to its limit X = lim? Xn.

 To see that X < x,. choose, for each n, a projection P, E M, such that
 X- 1/n _ I a(Pn) _ X.. Let X,,, denote the closure of {Pn, PR?l, ... } in
 the weak operator topology. Because the unit ball of S(L2(XL , m)) is compact

 in the weak operator topology and the sets X. have the finite intersection
 property, we may find an operator A in no S5Q. Clearly I pe(A) I = X, and
 we claim that A belongs to the weakly closed convex hull of M,,,. (since the
 the linear functional T H-4 (Tf, g) is weakly continuous and coincides on

 2(Xy , ,m) with ,a, it will follow that X = I [e(A) I < sup {i [e(P) 1: Pe Moo} =
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 x00, as required). Let k e L-(X, m) be such that A = Lk; since 0 < A ? I

 we may also assume that 0 < k(x) ? 1 for all x E X. For each t, 0 ! t ? 1,

 let Et be the projection corresponding to the Borel set {x: k(x) > t}. Fix

 n > 1. Then since X,,, is contained in the weakly closed convex hull of

 M. = 2(X1 _ns,, m)n, it follows from 2.1.3 that the function k is essentially
 increasing relative to the ordering An. This implies that {x:f(x) > t}

 differs from a set in L(X, _) by a set of measure zero (1.1.11), and there-

 fore Et E 2(X, < n, m) = Mn. Because n is arbitrary we have Et E nfo M. =
 M.. Now the argument in the second part of the proof of 2.1.3 shows

 that A - Etdt, from which it follows that A belongs to the weakly

 closed convex hull of {Et: 0 ? t < 1} - Moo. The claim follows. DZ

 It does not appear to be possible to prove 3.5.2 without utilizing the
 additional structure granted by 3.4.2. Our principal need for this result is

 through the following.

 COROLLARY 1. Let G be a proper generator of L. Then for any two

 normal states A, v of L, one has a(G, je) a a(G, 4).

 Proof. Enumerate the elements of G, say a1, a2, *.., where ai 4 aj if
 i + j. It clearly suffices to show that limp I ,e(aj) - (an) I = 0. Define
 v(b) - v(b), b E L. Clearly a E val (L). Moreover, since 6 a I _ , + v
 and both , and v are normal, it follows that I a I is normal, i.e., a E L*.
 Now let M, be the complete sublattice generated by {an, a+,, ... }. Since

 G is a proper generator, we have fnl M. = {O, 1}; and because v(0) = u(1) = 0,

 we see from 3.5.2 that sup {i 6(b) 1: b E MJ} tends to 0 as n Ico. It follows
 in particular that I - v(an-() I = I 6(an) I tends to 0 as n -co. F D

 COROLLARY 2. Assume that L has a basis B. Then for every normal
 state At,

 a (L) = a (B, M).

 Proof. Fix je Y *. We want to show that for every v E Y* and every
 proper generator G, a(B, te) - a(G, v). But 3.5.1 implies a(B, 4) < a(G, je),
 and the preceding corollary asserts that a(G, 1a) = a(G, v). El

 The main application will be in terms of the following result. Recall

 that for a sublattice M c L, yP(M) denotes the set of primes of M.

 THEOREM 3.5.3. Assume that L admits a factorization L - (?, L,, into

 primary sublattices L.. Them B = Us 9(LJ) is a basis for L, and a(L) =
 a(B, pa) for every j e E,

 Proof. It suffices to show that UnSiP(L.) is a basis for L. It is clearly
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 a generator (since 9P(Ln) generates Lu), and from property 3.2.3(iii) of

 factorizations it follows easily that Un 9P(Ln) is proper. Finally, to see that

 each pe 5)(L,) is prime in L one simply uses 3.2.4, noting that 1 G 9?(Lk)

 for k # n because Lk is primary. F

 Discussion of Example 3.0.2. Now consider the lattices Lp

 2(2-, <, m.), 0 < p < 1, of Problem 3.0.2. We have already seen at the end
 of Section 3.2 that L. has a factorization &,C Lnp into three-element chains
 Ln'P = {0, a,, 1}, and clearly 9P(Ln,,) { la,, 1}. Taking B = {1, a,, a2, .. .I}
 and the normal state v determined by the measure mp, we see that v(a.) =
 p for every n, so by 3.5.3 we conclude that a(2(2", <, mp)) - p, for every
 0 < p < 1. In particular, 2(2, <, mp) and 2(2, a, mi) are not isomorphic
 if p # q. Since these lattices are always reflexive, we conclude:

 COROLLARY. If p # q, then the operator algebras alg 2(2, <i mp) and

 alg (2 , nm2) are not similar.
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