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1. Preliminaries.

1.1. Introduction. In the study of families of operators on Hilbert
space, the self-adjoint algebras have occupied a preeminent position. Never-
theless, many problems in operator theory lead obstinately toward questions
about algebras that are not necessarily self-adjoint. Indeed, the general theory
of a single operator on a finite-dimensional space rests on an analysis of
the polynomials in that operator, and has nothing at all to do with the
*_operation. The first systematic investigation of non self-adjoint operator
algebras was made by Kadison and Singer in their interesting and original
paper on triangular operator algebras [11]. REarlier, there was the well-known
work of Helson and Lowdenslager [6], and of Masani and Wiener, on matrix-
valued analysic functions. This related primarily to function theory and
to the least-squares prediction theory of stochastic processes. The second half
of Helson’s book (Lectures on Invariant Subspaces, Academic Press, 1964)
gives a recent account of relevant parts of the subject.

In this paper, we present a theory of non self-adjoint operator algebras
which we feel adds some unity to the very different perspectives of [6] and
[11], and which is general enough to encompass a variety of examples.
Roughly, a subdiagonal algebra is a pair ((d,®) where ( is an algebra of
operators on Hilbert space such that the closure of (I + (* (in an appropriate
topology) is a von Neumann algebra 8, and where & is a homomorphism of (
into @ N (* which extends in a suitable way to 8. Tt is not accidental that
this description bears a resemblance to the definition of Dirichlet function
algebras; we believe that the position of subdiagonal algebras in the class
of general operator algebras is rather analogous to the position of Dirichlet
algebras in the class of sup norm algebras. Some, but by no means all,
maximal triangular algebras fall into this category. Significantly, this seems
to depend more on the structure of the triangular algebra than on its reduci-
bility properties (recall that the most incisive results about triangular algebras
are available only when the algebra is hyperreducible). Our principal results
apply to subdiagonal algebras which are finite in the sense that there is a
faithful normal finite trace ¢ on B such that ¢ o ®=¢, and which satisfy
a maximality condition. The elements of B N B! are related to @ N A
by a factorization theorem, and this is used to study the relation between
generalizations of some properties of bounded analytic functions in the open
unit dise. “Jensen’s” inequality, for instance, is shown to be valid in some
examples, both hyperreducible and irreducible, of triangular subalgebras of
T1, factors.
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Chapter 2 contains the main definitions and some general results. In
Chapter 3, we give a variety of examples of subdiagonal algebras. Chapter 4
is the core of this paper. It contains the factorization theorem and the
discussion described in the preceding paragraph. We are unable, however,
to establish Jensen’s inequality in that general a setting, and this problem
is taken up for a number of special cases in Chapter 5. The last chapter is
an appendix on the conditional expectation mapping, a fundamental consti-
tuent of this theory.

A preliminary announcement of some of these results was made in the
Notices, Amer. Math. Soc., February, 1965, p. 39.

1.2. On Terminology. We take our Hilbert spaces to be complex and
separable or finite-dimensional. We assume the reader is familiar with the
terminology and basic theory in [1], and we shall use terms like faithful,
normal, hyperfinite, state, trace without further explanation. Regarding
topologies, since the algebras we discuss are not self-adjoint, there can be a
difference between, say, the weak and ultraweak closure of a particular one.
Moreover, it is the “ultra” topologies, rather than the weak and strong
topologies, that are algebraic invariants for von Neumann algebras. There-
fore, most topological statements are in terms of ultraweak and ultrastrong.
Our operators are bounded, and are denoted by upper case Roman Iletters,
taken from both ends of the alphabet. Sets of operators are usually designated
with Roman script letters, but there are a few exceptions to this. Subsets of
Hilbert space are denoted by German letters. #’ denotes the set of all
operators that commute with each element of &, J* is the collection of all
A*, A€ 3, 37 denotes the set of all inverses of the regular elements of &,
and 3+ denotes the positive operators in 4. For an operator T, | T'| is the
positive square root of T*T.

2. Generalities.

2.1. Definitions. Let B be a von Neumann algebra, and let ® be a
faithful normal positive linear mapping of B into itself which is idempotent
(2o®—d).

Definition 2.1.1. A subalgebra @ of B is satd to be subdiagonal (with
respect to ®) if 1t has the following propedties
(1) 4+ a* is ultraweakly dense in B
(ii) @®(AB)—a(4)®(B), 4,Be @
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(i) ®(qQ)C ana*
(iv) (@ N A*)? has trivial nullspace.

Remark 2.1.2. It is significant that (I need not be closed in any of
the operator topologies. Our purpose in this is mainly one of convenience
for constructing examples. However, if (I~ is the ultraweak closure of (I,
then clearly (- is a subalgebra of B satisfying (i) and (iv). (ii) and (iii)
are also true for (-, by a standard argument using ultraweak continuity of .
Therefore, the ultraweak closure of a subdiagonal algebra is subdiagonal.

Definition 2.1.3. Let M be a von Neumann subalgebra of the won
Neumann algebra B. By an expectation on M, we mean o positive linear
mapping ® of B onto M which leaves the identity fized, and which satisfies
P(AX)=A®(X), Ac M, X€ B.

The term expectation calls attention to the analogy between this and the
probabilistic mapping which associates with each bounded random variable
of a probability space its conditional expectation relative to some fixed sub
o-field of the full o-field. Properties of expectations are discussed at some
length in the appendix. Some of the simplest and most important are these:
if ® is an expectation of 8 on M, then M is precisely the set of fixed points
of ®, and for every X € B,

o (X)*®(X) < & (X*X).

Hence, a normal expectation is continuous relative to either the ultraweak
or ultrastrong topologies ([1], theorem 2, p. 56).

Now let @ be a subdiagonal subalgebra of B, with respect to ®. The
self-adjoint algebra D =(aA N A* is called the diagonal of (I. Property
R.1.1 (iv) insures that the ultraweak closure 2- of 9 is a von Neumann
algebra.

ProrosiTION 2.1.4. @ s an expectation on D-.

Proof. Let & be the set of X € B such that ®(X)€ D-. & is an
ultraweakly closed subspace of 8, by continuity. By 2.1.1 (iii) & contains
(. Since D- is self-adjoint and ® preserves the *-operation, & contains
@ + a*, and therefore B, by 2.1.1 (i). Hence ®(8) C D-.

We claim ®(A) =A for every A€ 9. Since D is spanned by its self-
adjoint elements, it suffices to prove the formula for 4 a self-adjoint element
of d. TUsing (i), one has

2((4—2(4))%) =2(4—2(4))*=0,
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since
P(A—@(4)) =2(4) —Po@(4) =0.

As @ is faithful, (4 —®(4))2=0, and therefore 4 =®(4), as asserted.
In particular, ®(I) =1, by continuity.

Now fix A €D, and let X € QU *. If X € A, then ®(4X) = ®(4)®(X)
—A®(X); it X € a*, then

B(AX) = 3% (X*A*) — (2(X*)®(A*))* =3 (4)®(X) — A8(X).

Thus, the set #,4 of all X € 8 for which ®(4X) =A®(X) is an ultraweakly
closed subspace which contains @ U d*. By (i) again, we conclude that
®(AX) =AP(X) for A€ D, X € B. The formula extends to 4 € D- imme-
diately, by continuity, and the proof is complete.

CoroLLARY 2.1.5. If (@ is a non-closed subdiagonal algebra with
diagonal D, then the diagonal of A~ is D-. In particuler, if A s anti-
symmetric (D = scalars), then so is (-

Proof. By 2.1.4, ® is an expectation on D-. At the same time, & is
an expectation on D, = D,, where D, —=0A-NA-*. Thus D= D, —set
of fixed points of ®.

2.2. Maximality of subdiagonal algebras. Throughout this section,
@ will be a fixed subdiagonal subalgebra of B, with respect to ®. ( is not
necessarily closed. Let §={Te€@: ®(T) =0}, D=A N A* Clearly J
isan ideal in ¢, and @ = 9 + J.

THEOREM 2.2.1. Let (A, be the set of all X € B for which ®(TXA)
=&(AXJ) =0. Then A, is a subdiagonal subalgebra of B (with respect
to @), An2O A, and if A, is any other subdiagonal algebra with (0,2,
then Q.2 Q4;.

Proof. 1t is plain that (I, is an ultraweakly closed subspace of @.
If @, is any algebra DO (@ and if & is multiplicative on (I, then for every
Ted,, Ac @, B€ g, one has

®(ATB) = (A)®(T)®(B) =0,
and
®(BTA) =& (B)®(T)®(4) =0.

Therefore ,, © ;. In particular (@, O @. Thus, (,, satisfies (i), (iii),
and (iv) of 2.1.1. What remains to be proved, then, is that @, is an
algebra and that ® is multiplicative on (I,,. Neither is obvious.
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Since the space on which B acts is separable, there exists a faithful
normal state o on 8. For example, take o(T) =X 0,(Tés, &), Where

£, &, - - is an orthonormal base, and 6,,,,- - - is a sequence of positive
numbers with sum 1. Let p—oo®. Then p is a faithful normal state of 8,
and p preserves ® in the sense that po®=—p. Make B into a prehilbert
space in the usual way, by setting (X,Y)p=p(Y*X), and let §, be its
completion. Let Ly denote (the extension of) left multiplication by X € 8.
Then X — Ly is a *-isomorphism of B on a von Neumann agebra acting on
$p ([1], prop. 1, p. 57). Define the following closed subspaces of §p:

Mp*=[A*],  Np*=[T*].
Put ay = {X€ £ H Lxmp g ED’EP, LX.&D’EP* _C;mp*}. Cleaﬂy aM is a sub-
algebra of 8. Thus it suffices to show that (I, = (y, and @ is multiplicative

on (Ay.
First, we claim

Do =MWp O Np* =Wp* O N,.
Indeed, if A€ @ and T € J, then
(4, T*) = p(TA) = pod(TA) = p(&(T)®(4)) =0,

(4%, T) = p(T*4%) — 5(AT) — o B(AT) —0.
Thus Mp LNe* and Mp* LNp. On the other hand, A 4+ G* =aA + T*
— (d* 4+ J is ultraweakly (and therefore ultrastrongly) dense in #, so for
every X € B, there are nets A,, B,€ A, Sy, Tn€ J, such that 4,4 Sp*—> X
and B,* 4+ T',— X ultrastrongly. Thus both

| Ay + 8% —X |2 and | B + T, — X |2

tend to 0 ultraweakly. One has,

[y + S — X1p2 = p(| Ay 4 8u* — X [2) >0

and
[Bi* + Th—X]p> =p(| Bi*+ Ton—X |?) > 0.

This proves that each of M, @ Np* and Wp* G Ny contains the Hp-closure
of @, which is §, itself.

We can now show that (0, C (. Let X € (,. By the last paragraph,
it suffices to show that LxT%, 1 Np* and Lz Mp* L N,. Take A€ A, T€ J.
Then (LxA,T*)p=p(TXA) =po®(TXA) =0, and
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(Lxed* T)p — p(T*X*A4%) — 5(AXT) = 5o #(AXT) =0,

by definition of (I, Hence Lx( L J* and Lx.(*1J. The conclusion
follows by closing the manifolds &, J*, @*, J in .

Now let D- be the von Neumann algebra generated by the diagonal
D=(aANA* and let P be the projection of §, onto the subspace of Hp
determined by 9D-. It is easy to see that the restriction of P to elements of
B is ® (cf., 2.1.4 and 6.1.1 (iv)). First, note that for every A€,
PLy«=Lg+)P on Mp*. For if Be A, then

PL4.B* — P(A*B*) — &(A*B*) — ®(A*)®(B*)
— Ly P (B*%).

The formula now extends, by boundedness of PL4+ and Lg 4+ P, to the closure
Mp* of A*. Second, note that I€ My N M,*; for I is an ultrastrong limit
of operators D, € D =0aA N A* M, N Mp*, hence |I—D,|>*—0 ultra-
weakly, hence p(|I— D, |?) > 0. Third, we claim ®(X4) =& (X)®(4), if
Aed, Xe Ay Indeed, ®(XA)* =®(A*X*) =PL4X* and

(2(X)2(4))*=2(4%)D(X*) = Lyas)PX*.

But X* = Ly € Lx.IMp* C My *, because I € My*; so that by the preceding
lines, ®(X4)* and [®(X)®(A4)]* are the same element of §p. The con-
clusion follows by taking the adjoint (in 8). Therefore, for X € Ay, A € A,
we have

PLyA =% (XA) =& (X)®(4) = LyxyPA.

Hence, PLx = Lgx)P on Mp, by continuity. Now we can prove that & is
multiplicative on Ay. If X, Y € Ay, then ¥ — Lyl € LyM, € My, so that

®(XY) =PLxY = Lyx)PY = Lox)@(Y) = ®(X)2(Y).

Thus, (y is an algebra on which & is multiplicative, and which contains
(.. By the first part of the argument, @, — (x, and that completes the
proof.

Definition 2.2.2. A subalgebra of B which s subdiagonal with respect
to @ 1s called mazimal subdiagonal if it is contained properly in no larger
subdiagonal algebra of B (with respect to ®).

Remark 2.2.3. The preceding theorem shows that every subdiagonal
algebra (I is contained in exactly one maximal subdiagonal algebra (0.
Of course, (I, is ultraweakly closed. It is reasonable to ask whether @, is
the ultraweak closure of (I, or what is the same, is every ultraweakly closed
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subdiagonal algebra already maximal? For example, the proof of 2.2.1 shows
that for every X € (I, and every normal &-preserving state p, one has
infp(] X —A412) =0, A€ (d; were this true for all normal states, then one
could easily show that (I, — (~. We will prove that (,,=— (- for a number
of examples (cf., 3.1.3, 5.1.2, 5.3.2, 5.4.2(i), 5.5.5(i)), however the
general question is still open.

CoROLLARY 2.2.4. Suppose there is a faithful normal semifinite trace ¢
on B* such that po®=¢. Then A= {X€cB: ®(XT)=0}.

Proof. 1t suffices to show that if ®(XJ) =0, then X€ A, Let
$=1{8€B:5=0,¢6(S) <+o}. Then }*is the positive part of a two-
sided ideal } in B, } is ultraweakly dense because ¢ is normal and semifinite,
and ¢ extends uniquely to a linear functional ¢ on } satisfying ¢(RS)
=¢(SR), S€ B, Re § ([1], p. 80, prop. 1). Moreover, po®—=¢ on B*
implies @(}*) C §*, and hence, ®(}) C §. Finally, jo@—=4¢ on }.

We claim ®(AXT) =0 forevery A€ @, T€J. Let D€ DN §. Then

$(D®(AXT)) =¢do®(DAXT) — $(DAXT)
—=¢(XTDA) =do® (XTDA) =0,
since DA € 9 and TDA € . The claim will follow, then, if we show that
when C € D and ¢(DC) =0 for every D€ D N §, then C=0. Let C =TC,
be the polar decomposition of C, with U a partial isometry, and C, =0
satisfying U*UC0;=C;. We have (DN HU*C DN Ju*CDN G, so
that for every De D N §,

¢(D0) = $(DU*UC,) = $(DU*C) = 0.

Since § is ultraweakly dense in #, there is a bounded directed increasing
net Ha€ §* such that LUBHa=0; ([1], p. 45, cor. 5). We have

LUB®(He) =@(LUBHe) = &(C,) =04,
so we can assume Ho€ D N §* for every a. Now
¢(0:*) = ¢(C:3C:¥) = LUB ¢ (C:2Ho012)
=LUB ¢ (HoC,) =0,

and since ¢ is faithful, we have C*C = (C,2=0.

®(TXA)=0 can be proved by a very similar argument, and this shows
that X € Q..

3. Examples of Subdiagonal Algebras.
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3.1. Algebras based on invariant subspaces. Let 8 be a von Neumann
algebra, and let P be a nonempty abelian family of projections in 8. Put

A={XecB: EXE=XE for all E€ P}
D={X€B: EX=XE for all F€ P}.

Clearly @ is a weakly closed subalgebra of B, and D =00 N A* =P’ N B.

If E and F are two commuting (I-invariant projections, then £ A F — EF
is (I-invariant. There will be no effect on (I, therefore, if we replace P
by the smallest family of projections which contains P, O, I, and which is
closed under the lattice operation A. The new family is abelian; it is just
the set of all finite products of elements of P, together with O and I. We
assume, in the sequel, that P has these additional properties.

It can happen that for certain combinations of B and P, there is no
faithful normal expectation of B on D (cf. remark 3.1.3). We shall confine
attention to the other cases, where 9 is compatible with B in the sense that
there is an expectation with these properties (definition 6.1.4).

TurorEM 3.1.1. If D is compatible with B, and if & is the unique
expectation on D (cf. 6.2.2), then ® is multiplicative on . If T€ @ and
®(T') =0, then there s a uniformly bounded net T, € A such that each T,
18 nulpotent, ®(1,) =0, and T,— T strongly.

If P is linearly ordered, then every element of B 1is in the strong closure
of a bounded subset of A + A*. In particular, @ + A* s ultraweakly dense
in 8.

Proof. Let X,Ye€d, E€9P. Then
®(XVE) —®(XEYE) — & (XEY)E — Eo(XEY)
— &(BXEY) — o (XEY).

Hence, ®(XYA) =& (XAY) holds whenever A is a linear combination of
elements of P. Since P is a self-adjoint semigroup, these operators form a
*-algebra having the same commutant as ?. By von Neumann’s density
theorem, these A’s are o-weakly dense in P”; and by continuity, the formula
remains valid when 4 ranges over P”. In particular, ®(XYU) =®(XUY)
for every U in the unitary group G of P”. The same argument applies when
Y is replaced by YU-*, and we have &(XY) =& (XUYU*) for every U € G.
Making use of weak continuity of ® on bounded sets, it follows that ®(XY)
=& (XS) for every S in C(I"), the weakly closed convex hull of UY U,
U€ G. Because ®(Y) € C(Y) (6.2.1 and 6.2.2), we have
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3(XY) =3 (X8(Y)) =2(X)o(Y).

For the second statement, let 7€ (@, ®(T) =0. Let F = {E,,* - -, En}
be a finite subset of P, containing I. It will be convenient to introduce some
compact notation. Let S, be the set of all n-tuples &= (&, * , @) where

=+ 1 or —1. For a projection P, let P**=P and P*=I—P. For
a€ 8y, put E*=E*E*- - - E*. As o ranges over §,, E* ranges over the
atoms of the Boolean algebra generated by F. Of course, it is possible for
some of the E* to be 0, but every nonzero atom appears exactly once as the
image of some «. Thus X E*TE* is simply Ty, of the remarks preceding

6.1.6, and in particular tﬁis sum is independent of the particular labeling
of the elements of &. Corollary 6.1.8 shows that with the finite subsets
directed by inclusion, T— T'¢ tends boundedly and strongly to 7. It is clear
that T— Ty belongs to (I, and that ® (T —Ty) =—&(Ty) =— (2(T))y
=0. The proof will be completed by showing that T'— T’y is nilpotent.

Give 8, a lexicographic order as follows. If a4, let ¢ be the first
index such that a;54 8. If a;=—1and Bi=-+1, write a < B; if o;=+1
and B;=—1, write « > 8. Clearly < totally orders S,. Now

T—T¢= 2 E°TEE — Ty =73 E*TE"
B

— 2 BTHA + 3 BT,
a>g

Note first that if « < 8 then E®TEf=0. Indeed, ;—=-—1 and B;= 41
for some ¢, and E*=E%(1—E;) and F8— E,E8. Thus

E*TEf = E*(1—E,)TE;Ef =0,
since T leaves F; invariant. Therefore

T—Ty= 3 BTE.

Let m =2 Then (T'— Tg)™* is a sum of operators of the form

EalTEﬂlEazTEﬁz ﬁmEam-ﬂTEﬂmu

where o'> g% a®> g% - - amt > g™t Now EFE*=0 unless a=—g.
Therefore if at least one of these products is nonzero, we must have

a1>ﬁ1=a2>B2=a3>. . .>Bm___.___.am+1>ﬁm+1.

In particular, a*,a? - - -, am™* are all distinct, contradicting the fact that S,
contains only m elements. Therefore (7 — Tg)m=—0,
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Assume, now, that P is linearly ordered. Fix X € B, let F and S, be
as in the preceding paragraphs, and take & > 8 in S,. We claim E°XEf¢e (.
For by definition of the order, ;=4 1 and 8;=—1 for some 4, F*= E,E*,
and EB(1—E;). Let F be a projection. If F = E;, then EFF — Ef(1—E;)F
=0 and F*XEfF = FE*XEFF =0. If F=E, then FE;,=E, FE*=E°,
and FE*XEBF — E*XEPF. In either case, then, E*XEP leaves F invariant.
By hypothesis, every element of P falls into one of these cases, so that E*XE#
belongs to d.

Now write

X =3 E°XEf=Xg -+ > E°XEF | > E*XES
o, a>B a<p
— (Xy—2(X)) +0(X) + 3, FXB 4 (3 BA*E)"
> al

The sum of the last three terms belongs to D 4+ @ + A* = @ + (*, its norm
| X —X¢+@(X)| =8| X|, and it tends strongly to X because Xy — & (X)
tends strongly to 0, as & — ?P.

COROLLARY 8.1.2. If P 1s linearly ordered and D is compatible with
B, then A is mazimal subdiagonal, with respect to the expectation &.

Proof. That ( is subdiagonal is immediate from 3.1.1. For maximality,
it suffices to show that if X € B, ® (T'XA) =0 whenever T, 4 € , ®(T) =0,
then X € @ (R.2.1).

We have to show that (I —E)XE =0 for every F€ P. Fix E, and
consider the operator T'=EX*(I—F). Clearly

&(T) =E2(X*)(I—F) =®(X*)E(I—E) =0.
Note also that 7€ (. For if F€ P, and F =< E, then (I —E)F =0, so that
FITF=0=TF. If EF, then FE=E so
FTF=FEX*(I—E)F=EX*(I —E)F=TF.

Thus FTF = TF in either case.
We have

®(TT*) =®(EX*(I —E)XE) =®(TXE) =0
by hypothesis, since E,T€ (I and ®(T) =0. Since @ is faithful, T* =0,
as required.

Remark 3.1.3. Let 8 be a factor and let (@ be a hyperreducible maximal
triangular subalgebra of 8 ([11]). That is, D = N A* is a maximal
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abelian subalgebra of 8, @ is a maximal subalgebra of B with that property,
and 9D is generated by the hulls of (@ (a hull is a projection of B left invariant
under (I). It is shown in ([11], Theorem 3.1.1) that the set P of hulls is
linearly ordered, and

0 —={(XcB;EXE=XE for every E€ P}.

Of course, D —={X € B: EX=XE,E€ P}; hence, the hypotheses of 3.1.1
are satisfied whenever 9 is compatible with 8. This always occurs when B
is finite (remark 6.1.5), and it occurs for some combinations of P and B
in all other types I, I, or III. For example, if B is the ring of all bounded
operators on an infinite dimensional Hilbert space, then 9 is compatible with
B if D is totally atomic: or what is the same, if D is generated by its 1-
dimensional projections. If 9 is nonatomic, the situation is quite different.
It is still true that @ - @* is ultraweakly dense (this can be read out of
Theorem 3.3.1 of [11], for instance), but there is no normal expectation on
D (prop. 6.2.4), and the theory developed below does not apply.

3.2. Algebras based on ordered groups. Let G be a group, and let §
be a subsemigroup of G with the properties:

8N 8= {e}
SUS =G

Define the relation = in G by 2 =y iff v’y € §. This relation is transitive
because S is closed under multiplication, and the other conditions on 8§
guarantee that it is in fact a linear order on the group elements. Moreover,
z =4y implies 2z =2y for every z€ G. This order will be invariant under
right multiplication if (and only if) § is normal in the sense that 2822 C S,
for every z€ (. Clearly S is the set of all # in @ for which z=-e. Conversely,
given a left-invariant linear order on @, the set S={z€ G:2=¢} is a
semigroup having the two properties listed above.

Definition 8.2.1. An ordered group is a pair (G,=) consisting of a

group G and a linear order = on G which 1is invariant under left
multiplication.

Note that we do not require the order to be right-invariant. An ordered
group must be torsion-free. For if = ¢, x4 ¢, and n =2, then

xn=$n—1$2xn-1§. . -‘;x;

so that a2"=e implies e=2" = =-¢, hence x=¢. The same argument
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works if z1=e. If G is abelian, this condition is also sufficient: every
torsion-free abelian group can be made into an ordered group.?

Considerable attention has been given to the harmonic analysis and func-
tion theory based on ordered discrete abelian groups. Here, we shall con-
centrate on the nonabelian case. Typical examples of countable ordered
groups are the following:

Ezample 1. Let G be the multiplicative group of 2 X 2 matrices (a;;),
where a5, =0, a;; =1, a,; and a,, are rational real numbers with ay; > 0.
Say (ai;) = (byy) if @y < by, o1 g3 =by; and @, = by,. This defines a linear
order which is both right- and left-invariant.

Ezample 2. Let G be the same group, with the new order (a;;) = (by;)
meaning @, < byp, Or @yp=="b;, and a,; = b,;. This order is left-invariant
but not right-invariant.

Ezample 3. Let G be the free group on two generators. It is known
that there is a linear order on G which is both left- and right-invariant.3

Let (@, =) be a countable ordered discrete group, and let B be the von
Neumann algebra generated by the left regular representation x— U, of @
on the separable Hilbert space 1*(G) ; here, for f€ I2(@), U,f(y) =f(z'y).
If £, is the characteristic function of the identity of @, then ¢(7T') = (T'f,, fo)
is a faithful normal trace on 8 such that ¢(I) =1. Every operator in B
has an expansion T =AU, A;=¢(TU,*), in the sense that the net of

finite sums Ay, Uz -+ * 4+ Ao, Ua, converges to 7 in the trace morm [X1]
= ¢(X*X)3 Significantly, convergence need not occur in the strong, or even
the weak, operator topology (cf. remark 3.2.3 below). The expansions of
sums, products, and adjoints are obtained by carrying out the usual formal
operations with the infinite sums, and one has ¢ (2 A,U,) = A

Let @, be the set of all finite linear combinations of the U, with = e.
Q, + Qo* is the *-subalgebra of B consisting of finite sums of the U,, and
is therefore o-weakly dense in 8. If A =3 A,U, and B= ¥ »,U, belong to
., then AB = 3 v,U,, where v, — 3 Azpo-1, (here, all sums are actually finite).

Thus ¢ (AB) = ve= 3 Agpto-t. Now A, =0 whenever z < ¢, and p;+ — 0 when-
ever z>¢. So ¢(AB) =Agpo,=¢(A)$p(B). We have proved that the

2 For example, see Birkhoff, “ Lattice Theory,” American Mathematical Society Col-
loguium Publications, vol. 25 (1948), p. 224, Theorem 14.

2 L. Fuchs, Partially Ordered Algebraic Systems, Addison-Wesley, 1963, p. 49,
Theorem 9.
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mapping ®(X) =¢(X)I is a faithful normal positive idempotent ¢-pre-
serving map of B onto {AI} with respect to which (, is subdiagonal. Let
be the maximal subdiagonal algebra determined by (I,. By Theorem 2.2.1,
the elements A4 of (I are defined by the condition

¢ (U AU,) = (U,AU,) =0, for every =¢ and y > e.

This is clearly equivalent to ¢(AU,) =0 for every z > e. We conclude that
Q is precisely the set of all operators in 8 having a representation X A,U.,
with A, =0 for z < e.

Remark 3.2.3. We have noted that the net of partial sums Ay, Uq +- - -
+ A Us, of T € B need not converge to T even in the weak operator topology.
This anomaly is closely associated with the well-known fact that the partial
sums of the Fourier series of a bounded measurable function f on the unit
circle need not converge to f in the weak* topology of L. Indeed, using
this very fact from the unit circle, one can prove that if G is a countable
discrete group having at least one element x of infinite order, then there
exists an operator 7' in the sub von Neumann algebra generated by the powers
of U, whose net of finite partial sums does not converge weakly to I'. Going
back to the algebras (, and @ of the last paragraph, we see that, even though
every A € (I can be approximated in the norm [ ] with its finite partial sums
(each of which belongs to (,), it does not follow from this that ( is con-
tained in the weak closure of (I,; the answer to the question raised in
remark 2.2.3 is not clear even in this special case of algebras based on
ordered groups.

On the unit circle, the above difficulty can be repaired by replacing the
partial sums with the sequence of Cesaro means ([9], p. 20); the latter
sequence does converge weak* to f. In this noncommutative context, however,
there is no obvious analog of the Cesaro means. Nevertheless, by making use
of special properties of the group in example 1, we can show that for this
case, and for some of the examples to follow, (I is the ultraweak closure of (I,
(cf. Theorem 5.5.5 (i)).

Observe that examples 1, 2 and 3, 8 is a II, factor ([1], p. 302,
prop. 5). In case 3, B is non-hyperfinite ([1], p. 304). It is known* that
for case 1, B is hyperfinite. We will sketch a proof of this, however, since
we lack a specific reference. It suffices to produce a maximal abelian von
Neumann subalgebra M of B and an abelian group & of unitary operators
of B such that

* The author is indebted to Prof. H. A. Dye for calling this to his attention.
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(i) UMU*=M, for every U€ %
3.2.4 (ii) MU & generates B

(iii) for every U € % not the identity, and every nonnull projection
P of M, there is a nonnull subprojection P, = P in M such that
UP,U-*54 P, (free action).

([8], p. 576 and pp. 569-570). Let H (resp. K) be the subgroup consisting
of all (ay;) € G for which a,, =1 (resp. a;,=0). These are abelian groups,
and H is normal. Let M be the von Neumann algebra generated by
{Up: k€ H}, and let & ={Ux: k€ K}. We have UpMU,*=M for every
k€ K, because H is normal; M U & generates B because H U K generates G,
and M is maximal abelian because the set {hgh=*: h € H} is infinite for every
g not in H ([1], p. 807, ex. 12). To prove (iii), it suffices to show that for
every k€ K, k54 ¢, Uy, acts ergodically in M (cf. section 3.3). Let A € M, and
suppose UpAUy*=A. Then UpAUpn=A for every n=0,+1,£2,- - -.
If A =3 MU, the sum extended over H, then the last condition implies
A=XMgnin, n=0,+1,+2,- - -, for every € H. A simple computation
shows, however, that for every h€ H, hs%e, {k"hk™: n=0,+1,+2,- - -}
is infinite. This, together with the fact that the sequence A; is square sum-
mable, forces A, =0 for every hs%e. Thus 4 = A.I, proving ergodicity.

Of course, B does not depend on the order on @, and what we have
said applies to example 2 as well.

The scond class of examples relating to ordered groups is a generalization
of the matrix-valued analytic functions studied by Helson and Lowdenslager,
Wiener and Masani, et al. These algebras are interesting, and they are not
without unexpected difficulties (cf. question 5.8.6). However, our main
purpose in introducing them is because of the essential role that they play
in the proof of Jensen’s inequality for example 1 of this section and for
example 6 of 3.3.

Ezxample 4. Let M, be a II, factor acting on a separable Hilbert space

o, and let G be a countable discrete abelian ordered group, written multi-

plicatively. We need not assume, at this point, that M, is hyperfinite. Let

& be the direct sum of N8, copies of §,, realized as the set 1*(@, §,) of all

$o-valued functions F on G such that 3 || F(z)||? is finite. Let W, be the
@

operator “translation by «,” defined by W,F(y) =F(z'y), and let P,
be the projection on the #-th coordinate space, defined by (P,F) (y) = 8, ,F(y).
One has W,P, = P,,W,. Every T,€ M, determines an operator T on § by
way of (T'F)(z) =T F(x), v€ G. The map To— T is well known to be a
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*_jsomorphism of M, on a von Neumann algebra M acting on §. Bach W,
commutes with the operators in M.

Let B be the von Neumann algebra generated by M and the unitary
group {W,: 2€ G}. One may think of B as the tensor product of M with
the von Neumann algebra generated by {W,}, or alternately, as the set of
all bounded operators on § admitting a matrix representation (7T,), 2,9 € G,
with Tp,€ M, and T,py= T, whenever zy* =stt. In addition, as we will
see in Section 5, B is *-isomorphic to the algebra of (equivalence classes) of
bounded M,-valued measurable functions on the character group of G, with
respect to Haar measure. Though we shall have to refer to the measure-
theoretic model later, the construction given is most convenient for our present
purposes.

We now introduce the operation in L($) that replaces a matrix with
its “diagonal ” part. For every bounded operator X, let

2(X) = 3 P.XP..

® is a faithful normal expectation of L($) onto {P,: z€ G}’ (6.1.3, example
R). For every y€ @, ys~e, one has

o(W,) = EPmWyPa: = W,Py1,P, =0,

by orthogonality. We claim that the restriction of ® to 8 is an expectation
on M. Indeed, ®(TX)=T®(X) for T€ M, X€ B, because M commutes
with every P,, and ®(I) =1 by definition. It suffices, therefore, to show
that ®(8) C M. If X has the form T\W,, +- - -+ TuW,,, T:€ M, 2,€ G,
then &(X)=T2(W,,) 4+ -+ Tu®(Wo,) =T:8ue+ * -+ Tuds,c € M.
Such X’s form an ultraweakly dense *-subalgebra of 8, and the claim follows
by continuity of ®.

Let ¢, be the canonical trace on M, normalized so that ¢,(I) =1. For
Xe®, put $(X) =¢,08(X). Then ¢ is a normal state of B which pre-
serves ®. ¢ is faithful because both ¢, and ® are. If §,T€¢ M and z,y€ @G,
then

¢(SW:0TW1/) = ¢‘(STWwWﬂ) = ¢'1(ST‘I’(W:W) )

which is 0 or ¢,(ST) = ¢,(T'S), according as y~z* or y==z"'. But
$(TW,SW.) — ¢ (TSW, W) — 6. (TS (W, W,)),

and it follows that ¢ (SW,TW,) — ¢ (TW,SW,). By linearity and continuity,
¢ is a trace on B.
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LEMMA 3.2.5. Every operator in B has a unique “ Fourier” expansion
T=ST,W,, z€ @G, with T,€ M, the finile sums converging to T in the trace
norm. Here, T,=®(TW,*).

Proof. Let & be the Hilbert space completion of B with respect to the
trace norm [X]=¢(X*X)3 Let £, be the closure of the submanifold
MW, If R,S€ M and z, y are distinct elements of @, then

(BWay SWy) = ¢(WyS*EW,) = ¢ (S*EWouy1)
— $ 0B (S*BWoyt) — ¢ (S*R® (W,py)) = 0.

Hence, .,/ 1 9,. The &, subspaces span §’ because the linear manifold
generated by MW,, z € G, is ultrastrongly dense, and therefore [ ]-dense, in 8.
Let Q. be the orthogonal projection of & on §,. We claim that for X € 8,
Qs (X) = ®(XW,*)W,. Indeed, the mapping X — &(XW,*)W, is an idem-
potent linear transformation of B onto MW,, and

[0 (X W) W] — ¢ (W 0™ (XTW,*)®(XTW,*) Wa) — ¢ (2% (X W) @ (XW,*))
= 0@ ((XW*)*XW,*) — (WX *XW*) = ¢(X*X) — [XT-

This map has, therefore, a unique norm-depressing extension of §” onto $./,
and these properties identify the extensions as Q.

Now for every £ € &', the net of finite sums X, @£ converges to £ in norm.
Taking é =T € B, the convergence statement follows. Uniqueness is imme-
diate from the uniqueness of components in an orthogonal expansion, proving
the lemma.

As in examples (1), (2) and (3), the finite sums X T, W, need not
converge to T' in the weak operator topology. The expected formal rules are
valid, provided one interprets convergence in the sense of the metric [ 1.

Let (, be the algebra consisting of all finite sums 3, T',W,, where T, € M
and T, =0 except for finitely many z=e¢. One has (X T,W,) =T, and
it follows immediately that ® is multiplicative on (I,. Clearly 0, N Ao* = M,
by uniqueness of “Fourier” coefficients, and 0, -+ (,* is an ultraweakly
dense *-subalgebra of 8. Let (I be the maximal subdiagonal algebra deter-
mined by do. If T=XT,W,€ @ and y > ¢, then

0= (TW,) = 3 To® (W) — Ty

Therefore T, =0 for all z <e. If, conversely, T = T,W, is an element
of B for which T, =0 whenever z < ¢, then a straightforward application
of 3.2.4 show that 7¢ . Thus @ is the collection of all operators in B
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admitting an expansion X T,W,, with T, =0 for v <e. We will see later
that @ is the ultraweak closure of (I, (Theorem 5.3.2).

Remark 3.2.6. It is possible to carry out this construction starting with
an arbitrary von Neumann algebra M, which acts on a separable Hilbert space.
One defines §, M, the group {W,: z€ G}, the projections {P,}, and & in
exactly the same way. M no longer comes equipped with a trace, but this
can be obviated as follows. Let p, be a faithful normal state of M (e.g., let
p(X) =2(2" || & ||2) 2 (X &y, €n), Where &, &, - - is a sequence of vectors
dense in ). Define p on B by p=p;°®. Then p is a faithful normal
®-preserving state. For X € B, let [X], =p(X*X )5 The *-operation is no
longer isometric with respect to [ 1p, but as it turns out, this feature is not
an essential one. Indeed, this proof of Lemma 3.2.5 is valid as stated if we
replace [ 1 with [ ],. If one defines (I, and ( as above, the same argu-
ment shows that @ is the set of all 3T, W, € 8B for which T, =0 for z < e.
This remark applies, in particular, when M, is a type III factor or the ring
of all bounded linear operators, on a separable space.

3.3. Algebras based on groups of measurable transformations. Let
(S, 8,m) be a separable, nonatomic, o-finite measure space, and let G be a
countable ordered group which acts on § in the sense that, for each z€ G,
x: s— xs is a measurable (i.e., Borel structure-preserving) transformation of
S onto itself, z(ys) = (zy)s, and es=s, ¢ being the identity in (. Suppose,
in addition, that G has the following properties:

(1) (quasi-invariance) m(zE) =0 iff m(E) =0, for every E€ &,
z€ @.
3.3.0 (il) (free action) For every z€ G, x=%¢, and every E € & of positive
measure, there exists a subset £, C ¥ in & such that zE, N E,
=@ and m(E,) > 0.
(iii) If E€ 3 and zF C E for every z=¢ in G, then F or its com-
plement has measure zero.

Remark 3.3.1. Condition (iii) implies at once that the action of G
is ergodic. The converse may fail, however, even in very familiar situations.
For example, if (S, 8,m) is the real line with respect to Lebesgue measure
and G is the group of rational translations, endowed with the usual order,
then the semi-infinite interval [0,4-c0) is invariant under positive trans-
lations and neither it nor its complement has measure zero. At the same time,
G is well known to be an ergodic group of measure-preserving transformations.
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Ergodicity is equivalent to (iii) in the two important cases where G is
singly generated or it leaves invariant some finite measure equivalent to m.
First, suppose n is a finite measure equivalent to m and invariant under G,
and @ is ergodic. If E€ 3 and zE C E for all = ¢, then

n(EB) =n(E—ak) +n(zk).
Since n(E) =n(zF) <o, we have n(£ —zE) =0,z2=¢. Let E,— |J zFE.

reld
Then £ C Ko, and By —E = | (¢*E—E). But n(z'E —E) =n(E —2zk)
o=e
=0 for every ¥ =e, so that n(E,—F)=0. Therefore E,—E has m-
measure zero. But clearly #E, = E, for every z € G, and by ergodicity, E, or
its complement has measure zero. The same statement applies to E, so that
(iii) is satisfied. If G = {a*: k=0,2=1, 2, - -} is singly generated, then
by interchanging # and &' if necessary, we can assume 2*<g! iff k=<1
Suppose (¢ is ergodic and #*E C F, k=0, for some € 8. It suffices to
show that m(F —a*F) =0, k=1,2,- - -. For if this is the case, and

Ey=J2"E, then an argument similar to that used above shows that

m(E,—E) =0 and E, is left fixed under G. Thus E or its complement
has measure zero. Now suppose to the contrary, that E—2*E has positive
measure for some k=1, then

FNa*F — (E—2E) N (¢*E — 2 E) C (E—2E) N 2B — 0.

It follows that the sets o*F, k=0, =1, == 2, - - are disjoint. Since m is o-
finite and nonatomic, there exists a subset F, of F such that 0 < m(F,) < m(F).

Therefore (J z*F, and EOJ o*(F—F,) are two disjoint subsets of S, each
having positive measurei° each left invariant under G. This contradicts
ergodicity.

As a final note, we show that when @ is singly-generated, ergodicity also
implies (iii). Let ¢ = {#*;k=0,+1,+2,- - -}, fix 2% >4 ¢, and take E € &,
m(E) > 0. By replacing z by z-%, if necessary, we can assume ¥ =1. First,
we claim that m (H,—a*E,) > 0 for some E, C E. If not, let a be a positive

(finite) number smaller than m (E). Choose, by o-finiteness and nonatomicity,
an ¥, C F such that

0 < max m(aziE,) = ka,
0=j=k-1

and let
Fo=FE,U z8E, U 2%E, U 2%, U - - -
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=E0 U (xkEo—Eo) U (xzkEo—wkEo) U M
=FE,U (2*E,—E,) U 2t (2*E,— E,) U- - -

then E,C F,, and F,— E, is a union of sets of the form a2/ (z*E,— E,),

j=1,2,- - -. Thus m(F,—E,) =0, and m(E,) =m(F,). Similarly, one
has m(27E,) =m(a'F,), 1=j=k—1. Of course, «*F, C F,. Now the
set F=F,U aF,U - - - Ua*'F, is invariant under # and has positive measure.

As ergodicity implies 3.3.0 (iii) for singly-generated groups, it follows that
the complement of F has measure zero. But this is impossible, because
m(F) =k max m(z/(F,) =k max m(2/E,) =a,
0=j=k-1 0=/=k-1
and ¢ < m(F). Therefore, there is an E, C F such that m (E,—2*E,) > 0.
Let H be any subset of F,—a*E, having finite positive measure. Then
H N o*H = @, proving 3.3.0 (ii).

Ezample 5. Take (S,8,m) to be the unit interval with Lebesgue
measure. It is known ([5], pp. 78-79) that there exists an invertible measur-
able transformation o of S onto itself which satisfies (i) and is ergodic with
respect to m, but which preserves no o-finite measure equivalent to m. Let
G be the group of integers with the usual order, acting on S by ns= o"s.
By remark 3.3.1, G satisfies (ii) and (iii).

Ezample 6. Let A be the character group of the discrete additive group
@ of rational real numbers, with normalized Haar measure m. Let G be the
discrete multiplicative group of positive rationals, with the usual order. Each
element = of G acts as an automorphism r€ @ — zr (multiplication by z)
of @. This action of & can be induced to give an action A€ A—> 2 of A in
the usual way: [\, 7] = [A2r], € G, A€ A, r€ Q. Each x is a continuous
automorphism of A, and therefore preserves Haar measure. We claim that

every T~ ¢ acts ergodically in A. If f is a bounded measurable function in A
invariant under z, and

) =2 el 7]
reqQ

is the Fourier series of f, then f(A) =f(2A) =f(220) =" - -a.e. implies that
Corr=c, for every r€Q, n=0,21,+2,---. But if r=£0 the orbit
{z"r} is infinite. Since 3 |c¢,|?> <, we must have ¢, =0 whenever 7540,

so that f is constant. By remark 3.3.1, G satisfies conditions (ii) and (iii).
Given (8,d,m) and @ satisfying 3.8.0 (i), (ii), and (iii), there is a
well-known procedure for constructing factors of type II or III. By the

4
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Radon-Nikodym theorem, there exists, for each = € G, a positive function w,
such that

m(cE) — fE wa(s)dm (s)

for every F € 3. Form the Hilbert space § of all complex functions ¥ on
G X S which are measurable in the second variable, and for which

IPE=3 [ |P@9PdnE)
is finite. For z € G, put
(UF) (y,8) = woa(s)AF (27y, 27%s)
and for f€ L*(8,d,m), let
(LsF) (,8) =f(s)F (2,5).

z—> U, (resp. f—> Ly) is a faithful unitary (resp. self-adjoint) representation
of the group G (resp. the B*-algebra L= (S,d,m)), and one has

UoLiU,* =Ly, where f,(s) =f(as).

Finite sums of operators of the form L,U, form a *-algebra with identity,
whose weak closure we denote by 8. 8 is a factor, whose type will be II,,
11, or IIT according as G preserves a finite, o-finite or no o-finite measure on
3 equivalent to m. Thus the B arising from example 5 is type III, and
example 6 leads to a IT,. In all cases, the set D of all Ly, fe L* (S, 8, m),
is a maximal abelian von Neumann algebra in 8. In the case where m is an
invariant measure with m(S) =1, the canonical normalized trace Tr on B
has the property that Tr(L;U,) =0 or (f(s)dm(s), according as x4 or
z=e.

Making use of the order on G, we can construct a subdiagonal subalgebra
of B which is at the same time an irreducible triangular algebra in the sense
of [11]. For z€ @, let P, be the projection on the z-th coordinate space,
defined by (P.F)(y,s) =0 if ys4z and F(z,s) if y—=. A simple calcu-
lation shows that U,P, = P,,U,, z,y€ G. As in 3.2, the mapping

®(X) =3 P.XP,
z2eq@

is a faithful normal expectation of L(&) onto the algebra of all bounded
operators which commute with each P,. We have

q)(LfU?/) = 2 PszUﬂPw = ZLfPa:Uwa = ELwaPyzUw
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and therefore ®(L;U,) =0 or L; according as ys%e or y=-e¢. It follows
immediately that the restriction of ® to B is a faithful normal expectation of
B on D. Let A, be the set of all finite sums LyUy +- - - + Ly Uy, with
x;=e. Because LU L,Uy, =Ly, U,,, and vy =e when =¢ and y=¢, A,
is an algebra. Moreover, from ®(L;U,LyUy) = ®(Ls,,Usy) = Ly, 2 (U4y) and
®(L;U,)®(L,U,) =Ls®(U,)Ly®(U,) = Lyy®(U,)®(U,), and the fact that
for ,y=e, ®(Uy)®(Uy) =®(U,y) =0 unless z =y =¢, it follows that &
is multiplicative on (,. Since &, + UA,* is a weakly dense *-subalgebra of
B, A, is subdiagonal. Let @ be the maximal subdiagonal subalgebra of B
determined by (,.

ProrostTioN 3.3.2. (i) ®(U,TUs") — Usd(T)Us, z€ @, T€ L(S).
(i1) @ is the set of all T € B for which
8(TU,) =0, o> e.
Proof. (i)
(U TU, ) = 3 P,UTU P,
yeq

= S U,Po1y TPy Uy = Uy (3 Pty TPoty) Ug = U (T) U
Yy v

(ii) By Theorem 2.2.1, T € (@ if and only if T€ 8 and

®(L,U,TL,U,) =&(L,U,TLU,) =0,
for all 2=e, y=e, f,g€ L*(S,d,m). Such an operator satisfies condi-
tion (ii).

If, conversely, T satisfles (ii), and f, g, =, y are as above, then
®(L;U,TLU,) = Li®(U,TU,) Ly, 1 = LiU®(TU,U,) Uy i Ly, 2
= LU, ®(TUys) Uy Ly, =0,

since yz > e. Similarly,

&(L,U,TLU,) = LyU,@(TU ) Uy Lya =0

because 2y > e. That completes the proof.

In a sense, then, (I is the collection of operators in 8 whose negative
“Fourier coefficients ” are all zero. Finally, we claim that @ is an irreducible
triangular subalgebra of B [11]. Indeed, @ N @* is a maximal abelian sub-
algebra of 8 (namely 9D, the range of ®), so that @ is triangular. Let P be
therefore P € D by maximality. Say P — L; where f is the characteristic func-
a projection of B which is invariant under @. P reduces D =@ N @*, and
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tion of a measurable subset £ of S. Then PU,P=U,P, z=c¢, is equiv-
alent to LyL; = L;, z=e. Therefore zF — F has measure zero, for every

r=e Put E,=|J2E. F, is a measurable set containing FE, clearly
=€

m (B, —E) =0, and E, is invariant under the action of every z = e. There-
fore E, or its complement has measure zero, by 3.8.0 (i); thus E or its
complement has measure zero. This means that P is O or I, proving irre-
ducibility.

4. Finite Subdiagonal Algebras.
4.1, Some remarks.

Definition 4.1.0. Let & be a linear mapping of a von Neumann algebra
B into itself. A positive linear functional p is said to preserve ® if po®(X)
=p(X), for every X € B. A subdiagonal subalgebra of B is called finite
if some faithful normal finite trace of B preserves the expectation associated
with the subalgebra.

Remark 4.1.1. In a finite von Neumann algebra, there may well exist
faithful normal expectations which are preserved by no nonzero finite trace.
Indeed, let p be any faithful normal state of 8 which is not a trace, and
put ®(X)=p(X)I, X€B. Then ® is an expectation with the stated
properties, and the only linear functionals that preserve ® are proportional
to p. The question we wish to raise here is whether a subdiagonal subalgebra
of a finite von Neumann algebra is automatically finite? In view of the
above remarks about expectation in general, it is quite conceivable that the
answer could be sometimes no. If ®(#8) has the form N N #B with N an
abelian self-adjoint subalgebra of 8, however, then one can easily show, using
6.2.1 and 6.2.2, that every finite normal trace preserves ®.

This section centers around Theorem 4.2.2, which says that when ( is
a finite maximal subdiagonal subalgebra of @, then every regular element of
B is the product of a unitary operator and an operator of (I whose inverse
also belongs to (I. Phrased in this way for technical convenience, the result
has a number of equivalent formulations which underscore the considerable
structural similarity between these (noncommutative) operator algebras and
certain algebras of analytic functions. Some of these are:

(i) Every regular positive operator in B has the form 4*4, for some
dea@na.

(ii) Every self-adjoint operator in 8 has the form log | |, for some
dedand
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(i) and (ii) specialize to familiar statements about the algebra H>
of functions bounded and analytic in the unit disc. (i) resembles a factoriza-
tion of the kind necessary in the theory of linear least-square prediction ([6],
p- 208). (ii) is the statement that every real-valued bounded measurable func-
tion « on the unit circle is the set of boundary values of a function log | F(2)],
where F' and 1/F are bounded and analytic. Here, F is unique up to a
constant factor, and one can take

2 0
F(z) —exp o .fo zwiz u(e?)dh, | 2] <1
([91, p. 182). Specializing (ii) in a different direction gives the amusing
result that every self-adjoint n X n matrix (over the complex numbers) can
be written log | T'|, where T is a nonsingular n X n matrix with zeros above
the main diagonal.

The remainder of this section deals with the generalization of Jensen’s
inequality, for analytic functions in the unit dise, to finite subdiagonal
algebras. In these considerations, the determinant function occupies an essen-
tial position. In 4.3 we collect a number of its properties we shall have to
use later, most of which are not discussed in [4]. In 4.4, we show that in
maximal subdiagonal algebras, Jensen’s inequality is equivalent to certain
other propositions that are analogs of important results from the H? theory
of the unit dise. It is not known if these statements are generally valid for
maximal finite subdiagonal algebras. They are established for a variety of
special cases in 4.4.6 and in Section 5.

4.2. A factorization theorem.

We come now to a main result.

TrrorEM 4.2.1. Let @ be a finite mazimal subdiagonal subalgebra of
B. Then every regular operator in B admits a factorization UA, where U is
unitary and A€ AN A If UA and VB are two such representations for

the same operator, then there is a unitary W in the diagonal of @ such that
V=UW"and B=WA.

Proof. TFor uniqueness, suppose UA — VB as above. Then
W—=7V-1U=BA

is unitary, belongs to @, and W*=W-*=A4B'c 0. Thus We @ N A*, as
asserted.

For existence, let ¢ be a faithful normal finite trace which preserves the
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expectation & associated with (I, and let D — @ N @* be the diagonal of (.
Let §¢ be the canonical Hilbert space associated with ¢, and let £ (vesp. ®)
denote the von Neumann algebra of left (resp. right) multiplications by
elements of B, acting on $4. One has B’ =L and £ = ® ([1], pp. 57, 86).
For 3 a subset of 8, [J] will denote the closed subspace of $¢ generated
by 3.

If P is the orthogonal projection of §¢ on [D], then the restriction of
P to bounded elements of §¢ is simply & (for example, see 6.1.1 (iv)). An
obvious argument, using multiplicativity of ®, now shows that PR — Ry, 4 Pé¢
and PL4é= Ly 4)P¢, for every £€ [A], Ry and Ly denoting right and left
multiplication by T

A vector {€ §¢ is called right-wandering if ¢ 1 Ryt for every 7€ J
={4€@:®(4)=0}. Our first task is to identify the right-wandering
vectors.

Lremma 4.2.2. If ¢ is right-wandering, then there exists a partial
wometry U in B such that Lyl € [D], and Lysy is the projection on [R¢].

Proof. The subspace [D] is invariant under the von Neumann algebra
®, of right multiplications by elements of 9, and [D] contains a separating
vector for ®, (the identity operator). Thus every normal state of ®, is the
vector state defined by some vector in [D] ([1], p. 233, theoreme 4).

There exists, therefore, a £, €[ D] such that (Rp¢¢) — (Rp&o, &) for
every DeD. If T€ J, then (Brg ¢) =0 because ¢ is right-wandering, and
(Br&orto) = (Brlo, P&o) = (PRylo, &) = (Bo(m P&, &) = 0. The same is true
if T'€ g* Thus (Rx¢, ¢) = (Bxlo, &) for every X in D4+ F 1+ T* — aiax,
and since (I + (* is ultraweakly dense in B and X — Ry is ultraweakly con-
tinuous, it follows that ;—w; on ®. Now define the mapping

W: Rxt— Rxt,.
We have
| WEBx¢ |>= (Rxto, Rxl,) = (Rxxelo, Lo)
= (Bxx+{,¢) = | Rxt ||°

so that W may be uniquely extended to a partial isometry whose initial space
is [®¢]. A standard argument shows that W€ R’ = &, so there exists an
operator U € B such that W —Ly. U is a partial isometry because W is, and
by definition of W we have Ly¢— WRit =Rty —=¢,€ [D], proving the
lemma.
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Now let X be a regular element of 8. Lx[J] is a closed subspace of £,
because X is invertible, so there exists a vector £ €[J] such that Lxé is the
projection of X = LxI on Lx[J]. Note first that {=Lx(I—¢) is right-
wandering. Indeed, for T€ J,

(Brt, &) = (RrLx(I—¢),{) = (LxBr (I —§),£) =0,

since LxRr(I—¢) € Lx[J] and {=X — Lx¢ is orthogonal to Lx[J]. By
Lemma 4.2.2, there exists a partial isometry U € 8 such that Lyx(I —§)
€[D] and Ly«y is the projection on [#R¢].

We wish to show now that U is unitary. If Y € 0 + (%, say

Y=84+D+4+T*8,TecJ,DeD,
then
(By¢, &) = (Bsg, ¢) + (Bog, &) + (¢ Rel)

= (Bp{, ) = (Be 1§, 0),

since ¢ is right-wandering. By ultraweak continuity it follows that (B¢, &)
= (B¢, ) for every Y€ B. Now suppose Ry{=0 for some Y € 8.
Putting H =@ (YY*)%, we have

(But, Bnl) = (Bgyyn &, &) = (Byy+, {) = || Ryl |*=0.

Hence Ryt =0. But Ba{=RuLx(I —§) = LxRy(I—¢), and because Lx
has trivial nullspace, we have H —Ry{=Ry(I—¢) =0. The conditions
HeD C[D],Ratc[T]1C[D]L, and H = Ryé, imply that, as an element
of ©¢, H is orthogonal to itself. Hence, ¢(YY*) =¢(H?) = (H,H) =0,
so that ¥'=0. Thus ¢ is a separator for . By a general result on separating
vectors for cyclic von Neumann algebras ([1], p. 282, prop. 4), the projection
on [R{] is equivalent to I in R’ = £. Since & is finite, we have [R¢] = $g.
Thus Ly is an isometry in a finite von Neumann algebra; we conclude that
Ly, and finally U itself, is unitary.

Let A=UX. Tt is clear that 4 is an invertible operator in 8. We will
complete the proof by showing that A€ (@ and A€ (.

For the first conclusion, it suffices to show that ®(4F) =0 (cor. 3.2.4).
In terms of §s, this is equivalent to the statement that L,[J] is orthogonal
to [D], since & is the restriction of P to bounded elements. This is what
we shall prove. Let » have the form RBp(I—¢) =T —Re&, T€ J. Tt is
clear that n€ [J], since ¢€ [J] and R,[T]C[TT] C[T], and we have
Lyn=LsBy(I—¢) =ReLyLx(I—¢). By the choice of U, LyLx(I—¢)
belongs to [D]; hence Lap€ Rr[D]C[J]. Since [T]L[D], it follows
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that L4y is othogonal to [ D] whenever » has this particular form. The desired
result will follow, therefore, if we show that {Rr(I—§£): T'€ J} is dense in
[J]. Since X is regular, this will be true if we prove that the vectors of the
form

LxRr(I—¢) =RrLx(I—¢)=Rel, T€J,
are dense in Lx[J]. For this, note first that
$o=[RBrt: T€ T] @ [Basl: A€ A.

Indeed, the sum on the right is direct, because ¢ is right-wandering. On the
other hand, since J 4+ A* = @ + (* is ultrastrongly dense in B, the elements
of the form Byl + Rasl, T€ J, A € A, are dense in [R¢] in the Ho-metric.
But we have seen above that [R{] = $¢, and this establishes the direct sum
decomposition of $s. We can now write

Lx[T1 O [Rre: Te Tl =Lx[T] N [Rasl: A€ A].

But the two subspaces on the right are orthogonal, for if v € [J] and 4 € @,
then (Lxw, Rssf) = (RaLxw,) = (LzRs0,¢). The last inner product has
to be zero, because LxRi0 € LxR4[J] C Lx[J], and ¢ is, by definition, that
part of X which is orthogonal to Lx[J]. That proves Lx[J] = [Rrt: T € ],
and hence, 4 € (.

The proof that A-*€ (I proceeds along different lines. As we pointed
out above, U has been chosen so that L (I —¢) = LyLx(I—£) belongs to
[D]. Observe first, that L,(I—¢) is actually in D - - - i.e., is bounded.
For with P the projection on [9D], then

P(I—¢§) =®(I) —Pé=1, since £€ [J] S [D]4,
and, using the fact that 4 € (, one has
La(I—§) —PLy(I — &) — LouyP(I—£) — Loy — ®(4) € D.

It is immediate from this that ] — =L, +®(4) = A-'®(4) is also bounded,
and, restating the last sentence, we have

A(I—¢§) —@(A).

We claim now that ®(4) is regular. Choose e > 0 so that X*X = eI, X*X
being a regular positive operator. Then

O(4)*0(4) — (I—&)*A*A(I— &) *X*X (I —§) Z e(I— &) *(I—¥).

Applying @ to both sides and using the Schwarz inequality (6.1.1 (i) ), there
results
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d(A)*o(4) Z (I —§)*e(I—§) =,

because ®(I—¢) =I—®(¢{) =I. Thus ®(4)*®(A) is regular. But in
a finite von Neumann algebra a product of bounded operators is regular only
when all the factors are (for example, see [4], p. 528; it is plain that their
result, stated for II, factors, is valid in any finite von Neumann algebra),
and the regularity of ®(4) is established. Of course, ®(4)-* will belong to
D. Now we can write A= (I —£&)®(4) =Ry (I—¢). As an
element of $¢, the right side belongs to Rey-1[A] C [(A]; so that for every
TeJ, ®(AT) =PRy(A*) = RyP(A*) =0. Therefore, A-*€ d, by
3.2.4, and the proof of the theorem is complete.

Remark 4.2.3. The starting point for this proof is a simple projection
argument first used by Wold in his study of stationary stochastic processes
(Wold, H., 4 Study in the Analysis of Stattonary Times Series, Uppsala,
1938). Later, a similar argument was conspicuously exploited by Helson
and Lowdenslager in their papers on prediction theory [6]. The argument
has since been applied to obtain a number of important results for a class of
function algebras [8], [9].

It is clear that if, in the factorization X = U4, X itself belongs to 4,
then so does U. Under the hypotheses of 4.2.1, we have the following:

COROLLARY 4.2.4.

(1) Let X€ B. If there exists a reqular S € B such that SXS-1€ (4,
then S can be taken to be unitary.

(ii) Ewvery regular positive operator in B has the form A*A, with
AedNna* If A*A = A,*A, are two such factorizations, then
A, =TUA for some unitary U in @ N A*.

(iii) Every self-adjoint operator in B has the form
log| 4|, for some A @ N Q.

Proof. (i) Write §-*="UA4, as in 4.2.1. Then SXS'=AU-XUA4,
and this belongs to @ if, and only if, U-*XU belongs to AQA* = (.

(ii) Let H be positive and regular. Then so is the positive square root
of H, and we have Hi=UA, with U unitary and A€ @ N Q-'. Hence,
H—=H¥H{=A*U'UA=A*A. TFor uniqueness if A*4—A,*4,, then
(4,4 )* = (4,A)*€ @ N A, so that A,A* is a unitary operator in
ana+.
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(iii) If X is self-adjoint, then by (ii), we have ¢*X =A4%4 for some
Ae@n A Hence, X =log(eX)t=1log(4d*4)t=log|4]|.

4.3. Determinants. In this section, ¢ will be a distinguished trace on
the von Neumann algebra 8 such that ¢(I) =1. While ¢ is necessarily
continuous in the norm topology, we shall require it to be neither faithful
nor normal. For a regular operator X € B, the determinant of X is defined by

A(X) —exp(log | X |).
If X is singular, set
A(X)=infA(| X | 4 ¢I),

the inf taken over all positive numbers e.
The determinant was introduced in II; factors by Fuglede and Kadison
([4], esp. see § 5), who established the following basic properties

(1) A(XY)=A(X)A(Y), X,YeB

(i) A(eT) =|expo(T)|, Te B

(iii) A(X*)=A(X), AAMX) =|Xr|A(X), X€B, XA a complex
number

4.3.1. (iv) A is norm-continuous on the set of regular elements of B
(v) A(H))=A(H,) if 0=H,=H,, and A(H,) > A(H,) it H,
tends uniformly to H, from above.
(vi) A(T) =lim | T [t/
n

Their proof of (i)-(vi), stated for ¢ the canonical trace on a II,
factor, is valid without change in the more general situation described here.
If P, -,P, are mutually orthogonal projections with sum I and if
X=MP;4" - -+ APy, 5540, then a straightforward application of the
definition gives A(X) =TI |A;|%, where 6;—¢(P;). If P is a single pro-
jection, then !

A(P) =inf A(P + eI) = inf (1 4 ) #P)I-P),
€0 0

since P+ el = (1+4¢)P 4 e(I—P). Therefore, A(P) is 0 or 1 according
as ¢(P) <1or ¢(P)=1. In particular, if ¢ is faithful, the determinant of
every proper projection is zero. More generally, if T is any operator having
a nullspace, say T'= T'P with P a proper projection, then A(T) = A(T)A(P)
=0. If ¢ is faithful and normal and if the spectral representation of the
positive operator H is given by (A dE), then
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A(H) =exp [ logAd(dEy),

the right side taken as 0 when f logA¢(dEr) =—o [4]. Thus for H a
singular operator with no nullspace, one has A(H) =0 if, and only if,
f logA¢(dEy) = —c0.

Here, we shall require some additional properties of A. TUnless stated
otherwise, the following results do not depend on faithfulness or normality
of the trace ¢.

ProrosiTiON 4.3.2. For every positive H in 8, one has
A(H) —inf ¢ (HK),

the infimum taken over all regular positive K for which A(K) =1. In fact,
the inf can be restricted to those K belonging to the von Neumann algebra
generated by H, and having the stated properties.

Proof. Let L be a regular positive operator in 8. We claim A(L) = ¢(L).
For logL —=¢(logL)I is a self-adjoint operator having zero trace. The
inequality 1 4 ¢ = e, valid for all real numbers ¢, implies, via the operational
calculus, that

I+logL—¢(logL)I =exp(logL—¢(logL)I) =L/A(L).

Now apply ¢ to both sides to obtain 1= ¢(L)/A(L).

Turning now to the proof of the proposition, assume first that H is
regular, positive, satisfying A(K) = 1. Then

$(HE) — ¢ (KSHEY) = A(K3HE3) — A*(K¥) A (H)
=A(K)A(H) = A(H).

Hence, inf ¢(HK) = A(H). To see that equality is achieved, put K —= A(H)H.
Observe that K is regular, positive, and belongs to the von Neumann algebra
generated by H. Moreover, by 4.8.1 (i) and (iii), A(K) =A(H)A(H?)
=A(HH™?)=1, and we have ¢(HK) =A(H)¢(I) =A(H).

In case H is singular, we have

A(H) =inf A(H + ) —infint ¢ ((H + o) K)

— intinf ¢ ((H + ) K) =int ¢ (HK),

as required. The second statement is also valid here because H and H -+ eI
generate the same von Neumann algebra.




608 WILLIAM B. ARVESON.

COROLLARY 4.3.3.

(i) A(H.+H,) =A(H:) +A(H), Hi=0.
(ii) A s upper semicontinuous (u.s.c.) in the norm topology.

Assuming ¢ to be normal, one has

(iil) A s w.s.c. in the ulirastrong topology.
(iv) A is u.s.c. on positive operators in the ultraweak topology.

Proof. (i) is immediate from 4.3.2 because the inf of a sum is not
less than the sum of the infima.

(ii). For every X € B, one has A(X)=A(|X|)=inf¢(|X|K).
For K fixed, the map X — ¢(| X' | K) is norm-continuous, and so (ii) follows.

(iv). Suppose ¢ is normal, and therefore ultraweakly continuous. For
every X, we have

A(X) =a(X*X)E= [i}}f ¢(X*XK)]*=i£f¢(X*XK)5

If X, is a net tending ultrastrongly to X,, then Xo*Xo— X*X, ultraweakly.
Hence, each function X — ¢ (X*XK )} (K fixed) is ultrastrongly continuous.
The conclusion follows as in (ii).

(iii) is immediate from 4.3.2, which expresses the restriction of A to
positive operators explicitly as an infimum of ultraweakly continuous linear
functionals.

CoROLLARY 4.3.4 (generalized Hadamard inequality). Let & be a ¢-
preserving expectation on a von Neumann subalgebra M of 8. Then

A(H)=a(2(H))
for every positive H in 8.

Proof. Let B be the set of regular positive K in 8 such that A(K) =1.
Then
A(H) —inf ¢ (HE) < inf ¢(HK).
8 snm

But if K € M, then ¢(HK) =—¢po®(HK) =¢(®(H)K). Since ®(H) € M,
the second statement of 4. 3.2 says that inf ¢ (®(H)K), K € 3 N M, is simply
A(®(H)), completing the proof.

Remark 4.3.5. Taking ®(H) = ¢(H)I in 4. 3. 4, we obtain A(H) = ¢(H)
for every positive H in B, extending the remark in the proof of 4.8.2. 4.3.3
generalizes Hadamard’s determinant inequality in the following way. Take
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for B the full algebra of n X n matrices over the complex numbers, and let
¢ be the canonical trace, normalized so that ¢ (I) =1. It is easily checked
that for every matrix X, A(X) = | det X |*/*, where det is the usual complex-
valued determinant. Let ® be the mapping which replaces all off-diagonal
entries of X with 0 and leaves the diagonal entries fixed. Then & is a ¢-
preserving expectation of 8 onto the algebra of diagonal matrices (6.1.8
example 2, et seq.). By 4.8.4, we have

A(X) =A(XX*) = A(D(XX¥)),
or
| det X | = [det ®(XX*)]3.

If X = (a;), then ®(XX*) is the diagonal matrix whose i-th term is
l2=|ay |?+ |az|*+- - -+ | am|%. Therefore, the preceding inequality is

| det(ay) | = llo- -+ Lo,

which is precisely the classical Hadamard inequality.
One more property of A will be needed in the sequel.

Lemma 4.3.6. For every regular operator X,
A(X) =limg (| X |1y,
t->0

Proof. Taking 8 =1og| X |, it will suffice to prove that for every self-
adjoint S,

$(8) =1im £ log ¢ (¢5) ;
t->0

the desired relation follows by exponentiating both sides.

Let F(t) =log¢(etS) =log(1 4+ t$(S) +t2/2¢(8%) +- - ). F is a
differentiable function on —o < ¢ < 4- 0, vanishing at ¢ =0, and one has
F'(t) = ¢(e'S)2¢(8eS). The required limit is simply,

lim £F (£) — F(0) = $(S),

proving the lemma.

Let H =0 belong to B, and set p(X) —¢(HX), X€B. Then p is a
positive linear functional on B. By 4.3.2, A(H) —infp(K), so that A(H)
is completely determined by p. Thus we can regard A as a function defined
on certain positive linear functionals on M. TUsing the above formula, we
can now extend the domain of definition of A to all positive functionals on B.

Definition 4.8.%7. If p is a positive linear functional on 8, define
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A(p) =infp(K), K ranging over the regular positive operators in B satis-
fying exp ¢ (log K) = 1.

It is clear that, by definition, A is upper semicontinuous in the weak*
topology of the dual space of 8, and by the preceding remarks, if p(X)
=¢(HX), H=0, then A(p) =A(H). This new determinant function has
a number of properties resembling those of the original one, but we shall
not dwell on these here. In the sequel, we shall need only the definition.

4.4. Jensen’s inequality. If fis an H= function in the unit disc (i.e.,
f is bounded and analytic for |z| < 1), it is well known that

f(e¥) =limf (rei)

exists almost everywhere on the unit circle ([9], p. 38). Fix |z]| <1. Then
one version of Jensen’s inequality states that

F@) Zew & [ log|7(e9)]| P.(0)d8,

where P,(6) = Re (1+ze 77) 1s the Poisson kernel representing evaluation

at the point 2. In this section we are going to study an analogous inequality
for subdiagonal operator algebras. Throughout, (I will be a finite maximal
subdiagonal subalgebra of 8, & and ¢ will be, respectively, the associated
expectation of 8 on the diagonal D of (I, and the (normalized) trace which
preserves it.

By Jensen’s inequality, we mean the following statement:

(@) A(®(4A)) =A(4), for every A€ (.

Notice that if @ is antisymmetric, then necessarily ®(X) = ¢ (X)I for every
X € B, and (a) becomes simply |¢(4)| =A(4), 4€ A, an exact analog of
Jensen’s inequality on H*.

Question 4.4.1. The most exasperating of the open questions about finite
subdiagonal algebras is whether Jensen’s inequality is universally valid.
Although the statement («) makes gense for (I an arbitrary finite subdiagonal
algebra, one may confine attention to maximal finite subalgebras. For every
subdiagonal algebra is contained in a maximal one, and the maximal algebra
will be finite whenever the original one is. This is evidently more than a
trivial reduction because one can draw on the factorization theorem in the
maximal case. In Chapter 5 we shall prove Jensen’s inequality for a number
of examples. Also, see Cor. 4.4.86.
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In addition to Jensen’s inequality, we shall consider the following two
relations:

(B) A(®(4)) =A(4), for every Ac AN A

(y) For every normal positive linear functional p on 8,
infp(| D 4T |2) = A(p),

the infimum taken over all D€ D and T' € @@ such that A(D) =1 and ®(T) =0.
We shall refer to (8) and (y) as Jensen’s formula and Szegd’s theorem,
respectively.

Remark 4.4.2. Note that when (I is antisymmetric, (y) becomes
infp(|AI 4+ T |?) =A(p), A ranging over the scalars of modulus =1, and
T as before. Thus, the equation simplifies to

infp(|I4+T|?) —a(p), T€a §(T)=0.

The reader should compare this with the classical theorem of Szegd, one
version of which runs like this. Let w be a positive function on the unit
circle which is integrable with respect to do== (2x)-*df. Then

int (|14 [ wde = a(w),

where f ranges over all H* functions such that {fde=0, and A(w) is the
geometric mean of w, defined as exp flogwds if logw is integrable and 0
otherwise. For the analogy to be complete, one needs two additional facts.
First, it is well known that the absolutely continuous measures dp = w do,
with w positive and integrable, correspond exactly to the positive normal
linear functionals on the von Neumann algebra of multiplications by L« (do)
functions, acting on L?(do) (the underlying space is the unit circle, of course).
This hinges on the known fact that every normal state of an abelian von
Neumann algebra is a vector state. In this correspondence, w do determines
a functional whose value at the operator “multiplication by f” (f € L* (ds))
is simply (f(z)w(z)do(z). Second, one needs the fact that for such a w,
A(w), as defined in this paragraph, is given by A (w) =il§»f Sh(z)w(z)do(z),

h ranging over all positive measurable functions such that both - and 1/h
are bounded and for which exp ( loghdo=1. The proof of that statement
follows along measure-theoretic lines which are formally very close to the
proof of 4.3.2; we omit these details.

THEOREM 4.4.3. (@), (B), and (y) are equivalent.
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Proof. (@)= (y): Let
S, ={HeEBNB*: H=0,A(H) =1},
Bo={A*A: Ac A, A(D(4)) =1},

and let p be any positive linear functional on 8, not necessarily normal.
The statement (y) is that inf p(H,), H, € 8, coincides with inf p(H,), H, € B..
As p is norm-continuous, it suffices to show that 3, C 3, C 8,-, J,~ denoting
the norm closure of 3,. Let H € &,. By cor. 4.2.4 (ii), H=4*4 for some
Aedna* By (a), we have A(®(4)) =A(2(4Y)) = A4 =A(4)7,
so that A(®(4))?=A(4)*=A(H)=1. Hence H=A*4 € B,,50 3,C 3..

Let B*B€ 8, Be 0, A(®(B)) =1, and take ¢ > 0. By cor. 4.2.4 (ii),
one has B*B 4l — 0*C, with C€e @ N d-*. We claim

®(B)*®(B) =2(0)*®(0).
By the Schwarz inequality 6.1.1 (i),
®(C-1)*®(B)*®(B)®(C*) = @®(BC)*®(BC?)
=& (C*'B*BC*) = @(C**(B*B+¢el)C) =&(I) =1.

The inequality persists after multiplying on the left and right by ®(C)* and
®(C), resp., and the desired inequality follows. Now for every ¢ > 0,

A(BYB+ ) = a%(C) Z A%(8(C)) Z A%(8(B)) Z 1,

by the preceding lines, so that B*B -+t el€ &,. Letting e—0, we have
B*B¢€ ;.

(y)=> (8). LetAe @ N @+ and put p(X) = ¢(A*XA). Then by (v),
A%(4) —A(p) —intintp(| D+ T [2),
D ranging over the diagonal elements of determinant =1 and 7T ranging
over J, the set of 7€ (@ such that ®(T) —0. Write
p(ID+T[*) =o(|DA+TA?)
=¢(|D2(4) + D(A—@(4)) +T4]?)
=¢(|D2(4)]*) +¢(|D(4—2(4)) +T4]?),

since D and J are orthogonal with respect to the bilinear form (X, Y)
=¢(Y*X) on B. Therefore
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infp(|D+T1%) = ¢ (| D2(4)[") - inf ¢ (| D(4—2(4)) + T4 *)

—¢(| D2(4) ),
this by taking T'=—D(4 —®(4))A*€ J. The right side is
¢(2(4)2(4)*D*D),
and we have A%(4) =i1;f¢(<l>(A)<I>(A)*D*D), DeD,A(D)=1. By4.3.2,
this is not less than A(®(4)®(4)*) =A2(®(4)), and this proves A(4)
=A(®(4)). The same argument applies to 4%, giving
A(d)r=A(47) = A(2(47)) =Aa(2(4))™

Therefore A(4) =A(®(4)).

(B)> («). Let A€, and take ¢ >0. By 4.2.4 (ii), A*4 + €l has
the form B*B, B€ AN A As in the proof of (a)=(y), we have
d(A)*®(4) = ®(B)*®(B), so that, using (B8), we obtain

A(®(4))*=A(®(B))2=A%B) =A(B*B) =A(4A*A + ).
Letting € 0, it follows that A(®(4))*=A(4*4) =A(4)% The proof is
now complete.

ProrosiTioN 4.4.4. FEach of the following conditions is necessary and
sufficient for the validity of Jensen’s inequality.
(i) A +T)=1, for every Te d, ®(T) =0.
(i) A,Bedn A, A*A=BB* implies
A(®(4)) =A(2(B).
Proof. The necessity of both conditions is clear. Suppose (i) is true.

Let Aed@n@* Write A=®(4)(I+7T), where T=&(4)4—1I.
Clearly T€ @ and &(7T) =2(4)®(4) —I=0. Hence

A(4) = A(@(4))A(I+T) = A(@(4)).

Replacing 4 by A-%, and using & (A4-?) = ®(A4)-?, shows that the inequality
is actually equality, and condition (8) follows.

Assume (ii) is true, and let A € @ N d-*. Using 4.2.4 (ii), we can find
a sequence B,€ @ N (A such that By—=A, (Bn*By)%= By*Bpi, n=0.
From B,*B, = Bn..*BnBni1*Bayi, one has (Bann—l) *BpBni ™t = BnuBan™.
By hypothesis,

A(2(B2))A((Br) ) = A(@(BuBuus™)) = A(2(Byun) ),
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hence A(®(B,)) =A2(®(Bps1)) = A?(®(Bys1)*). Iterating this n times
gives A(®(A)) = A(®(By) )" =A(®(B,)*)*". Using the Schwarz inequality
for ® and the fact that A= ¢ on positive operators, we have

A(D(A))?=A(®(Bn)*®(B,) )" =A(2(B.*B,) )™
=S¢ Q)(B,”*B”)Z”= ¢’(Bn*Bn)2"
—((434)),

By Lemma 4. 3.6, the right side tends to A(4*4) =A(4)% as n—>w, and
this proves A(®(4)) =A(4). As in the proof involving condition (i), the
opposite inequality follows from this one, and therefore (B) is true.

Remark 4.4.5. Let f and 1/f belong to H* of the unit disc, let z be
a point in the interior of the dise, and let ¢ be any other H* function such
that | g | = |f| almost everywhere on the unit circle. Then | g(2)| = |f(2)|
([9], p. 62). This property of analytic functions, equivalent to the maximum
modulus principle, has an exact analog in this setting, and it has an interesting
relation to 4.4.4 (ii). Specifically, let A€ @ N A and B€ @ be such that
B*B=A4*4A. We claim ®&(B)*®(B) =®(4)*®(4). For by the Schwarz
inequality (6.1.1 (1)),

®(A)*10(B)*®(B)®(A)* — &(BA)*®(BA™)
<& ((BA)*BA) — & (A*'B*BA) <&(I) =1,

and the inequality follows by multiplying on the left and right by ®(4)*
and ®(A4) (note that this simple argument works as well in non-finite cases).
In particular, if A and B both belong to @ N A%, and if A*4 = B*B, then
by symmetry, ®(4)*®(4) = &(B)*®(B).

This fact might lead one to conjecture as follows: 4,B€ @ N (-* and
A*A = BB* implies ®(4)*®(4) =®(B)®(B)*. Were this true, condition
(i1) of 4.4. 4 would of course be satisfied, and («), (8) and (y) would follow.
The following example shows that this conjecture fails, even when the diagonal
is abelian. Let ( be the algebra of complex 2 X 2 matrices (ai;), With a,, = 0.
Here ®(by) = (c4j), where ¢i3 =1"011, Coo=1"bss, C1o=0Co, =0, and B is the
full 2 X 2 matrix algebra. Let

11 2% 2%
A= [o 1] B— [0 2 ] :
Then 4 and B belong to @ N @, A*4A = BB*, but ®(4)*®(4) —1I and

®(B)®(B)* — [g g]
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If B, is any other element of (@ N (! such that B,B,* — BB* — A*4, then
by uniqueness of the factorization (applied to the maximal subdiagonal algebra
a*), B,* = UB* for some diagonal unitary U. Hence

®(B,)*®(B,) — U®(B)*®(B)U-* — &(B)*&(B).

Observe, however, that one still has A(®(4)) =|det®(4)[*=1 and
A(®(B)) =|det®(B)|t=1=A(®(4)).

COROLLARY 4.4.6. If B is abelian or if A arises from a linearly ordered
family of projections as in 3.1, then Jensen’s inequality s valid.

In particular, if B is a finite factor and @ is o hyperreducible mazimal
triangular subalgebra of B, the same conclusion holds.

Proof. Suppose first that B is abelian, and take 4, B€ @ N @-* such that
A*A = BB*—=B*B. By remark 4.4.5, ®(4)*®(4) = &®(B)*®(B) ; in par-
ticular, A(®(4))>=A(®(B))?, and the result follows by 4.4. 4 (ii).

Assume (I arises from an abelian linearly ordered family of projections
asin 3.1. By 4.4.4 (i), it suffices to show that A(I 4 T) =1, for every T
in J={A€d: ®(4)=0}. Suppose, first, that T is quasi nilpotent. Put

S 2 (__1)n+1

n=1 n

The series converges uniformly because | 7 ||/»— 0, and we have S€ @ and
®(8)=0. If

=3 ED o 1a1<1,

then ¢/®) —1 -2, so by standard operational calculus, eS=1I + T. Therefore,
A(I+T)=A(eS) —=|exp¢(S)|=|exppo®(8)| =1. Let 8 be the set of
all T€ J such that A(I+T) =1. 3 is ultrastrongly closed, by 4.3.3 (iii),
and we have just seen that & contains all quasi nilpotent elements of J.
But the nilpotent elements of J are ultrastrongly dense in J, by 3.1.1, so
that 4 = J, as required.

By remark 3. 1.3, the last situation includes the case where B is a finite
factor and (I is a hyperreducible maximal triangular subalgebra of 8.

5. Maximality and Jensen’s inequality for special cases based on
ordered groups. This chapter contains proofs of Jensen’s inequality and the
maximality conjecture (remark 2.2.3) for examples 1, 4, and 6. The
reader should be warned that, while these results are important for the theory,
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our methods for establishing them are somewhat elliptical. To sum up, we
first consider example 4, starting with a hyperfinite factor M and an ordered
abelian group @, and represent that subdiagonal algebra as an algebra of M-
valued functions on the character group of G. Making use of hyperfiniteness,
we obtain the desired results as a relatively straightforward generalization of
known theorems of Helson-Lowdenslager-Wiener on matrix-valued analytic
functions. Significantly, the proof of Jensen’s inequality, in the matrix-
value case, makes an essential reference to the complex determinant function
det for n X n matrices. The results are obtained for examples 1 and 6 by
producing an algebraic (non-spatial) imbedding of their respective subdiagonal
algebras into the above algebra of }/-valued functions, in such a way that the
desired conclusions follow from the analysis of example 4.

Everything depends, therefore, on an argument involving the function
det; for this reason, there is little hope that the arguments here will cast
light on the problem of Jensen’s inequality in general finite subdiagonal
algebras (see [4], Theorem 4).

5.1. A lemma. Let 8 be a von Neumann algebra, 9 a von Neumann
subalgebra, € G— U,€ 8 a faithful unitary representation of the ordered
group G in B satisfying U,DU,*= 9D for all z, and let & be a faithful
normal expectation of B on D such that ®(U,) =0, z54e. Assume, further,
that DU {U,: z€ G} generates 8.

Definition 5.1.1. By a near identity we mean a net ¢, of linear
mappings of B into itself such that, for every T € B,

(i) sup|ya(T)] <co

(ii) ya(T) s a finite linear combination of elements of the form
S(TU*)U,, z€ G
(ili) yu(T) > T weakly, as n—>o0.

Lemuma 5.1.2. Suppose a near identity exists, and let (I, be the algebra
generated by D and {U,: x=e}. Then A, is subdiagonal with respect to ®,
and the ultrastrong closure of @, is mazimal subdiagonal.

Proof. (, is the set of finite sums 4,0, + - - -+ 4, X,, 4,€D, ;= e
in @, and it is clear that @, + (,* is a *-subalgebra of B (all finite sums
2 4,U, with no restrictions on z) which is weakly, and therefore ultraweakly
dense in B. From ®(AU,) = A®(U,) — A or 0 according as z=—¢ or z 5% ¢,
it follows easily that ® is multiplicative on (,. Thus (@, is a subdiagonal
algebra.
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Let J be the ideal of all elements of (I, on which ® vanishes. By 2.2.1,
the algebra (@ of all X € B for which ®((,XJ) = &(JX{A,) =0 is maximal
subdiagonal, and contains (I, We will prove that @ C (,. Let X € (.
Choose a mnear identity ¢,. For each n, ¢,(X) is a linear combination of
operators of the form ®(XU,*)U,, z€ G. If v <e, U =U,+1€J, and
therefore ® (XU,*)U,=0, by definition of (!. This proves that y.(X) € Q,
for each n. Thus X is a weak limit of a bounded subset of (I,, hence X
belongs to the ultraweak closure of (I,. But (I, is convex, so that its ultra-
weak and ultrastrong closures are the same, and the proof is complete.

5.2. Preliminary constructions. Let §, be a separable Hilbert space
and let T be a compact abelian group with normalized Haar measure dm. A
function F: T'— §, is called measurable if (F(y),n) is Borel-measurable for
every n € ©,. The measurable functions form a vector space with respect to the
pointwise operations, and for every y € T, one has | F(y) | =sup |(F(y),n)|,
7 ranging over a denumerable dense subset of the unit ball in §,. Hence
v— | F(y)| is measurable, and by polarization, y = (¥(y), G(y)) is measur-
able whenever F and G are. L2(T,$,) is the set of all measurable F for
which

FE2= fIF ()] dm(y) < 4.

We make the traditional convention of identifying functions that coincide
almost everywhere. LZ(T, §,) is well known to be a Hilbert space with respect
to the above norm, and one has (F, @) = [ (F(y), G (y))dm(y).

Let M be a von Neumann algebra acting on §,. A function T from T
to M is called measurable if (T (y)& ) is measurable for all £9€ &, If T
is measurable, it follows that y— (T'(y)F(y), G(y)) is measurable for every
F,GeL*(T,9,), and the M-valued measurable functions form an algebra
with involution with respect to the usual pointwise operations. Another
application of separability shows that | I'(y)|| is a real-valued measurable
function when 7' is an M-valued measurable function. L% (T, M) will denote
the set of all M-valued measurable functions for which | 7' | =essup | T'(vy) |
is finite (again, identifying functions agreeing almost everywhere dm).
L= (T, M) is a B*-algebra under the pointwise operations. In fact, putting

(LTF) (Y) =T(7)F(7):T€ L= (FJM)7F€L2(F7@0)>

one has that T'— Lg is an isometric *-isomorphism of L* (T, M) onto a von
Neumann algebra 8 acting on L?(T, &,) ([1], p. 160, prop. 2, and p. 180,
prop. 1).
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Let G be the discrete group having T’ as its character group. For z€ G,
y €T, write [z,v] =y(z), as usual. One may define “Fourier” coefficients
of an element F € L*(T, §,) as follows. For z fixed in @, the map

E€Do— [ (F(v),8) [z,7] dm(y)

is a bounded linear functional on §, There exists, therefore, an element F,
of §, such that

(Fo §) = [ (F(y),8) [z, yldm(y), E€ Do

The mapping Q,: F— [z, - ]F, is easily seen to be a self-adjoint projection
in L*(T, &), and by a standard argument, Q, 1 @, when 2~y and X Q,=1I.

In a similar way, we can define Fourier coefficients of an element
TeL=(r,M). Forzecd,

Gy = f(T(y)&n) [z, yldm(y)

defines a bilinear form on §, such that |[<&7>| =T |- | €l |nl. By the
well-known Riesz lema, there is an operator I’z on §,, of norm not exceeding
| T |, for which (&n> = (Té,5). Occasionally, we shall write

To= {T(y)[z,y]dm(y).

A standard calculation shows that T, commutes with everything that com-
mutes with {T(y): y€T}; therefore T,€ M.

Recall that an approximate identity on I' is a net f, of continuous func-
tions such that

(1) f»z=0
5.2.1.  (ii)) ffadm=1
(iii) lim sup | fa(y) | =0, for every neighborhood U of the identity.
n>0y¢lU
Approximate identities always exist. In fact, because every continuous func-
tion can be uniformly approximated by trigonometric polynomials, we may

choose an approximate identity consisting entirely of these.
For w €T, F€ L%(T, ), let

Fy(y) =F(yw).

LeMMA 5.2.2. (i) Finite linear combinations of functions of the form
[z,-1¢ z€ G, £€ o, are dense in L*(T, ,).
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(i) F—F, defines a weakly (therefore strongly) continuous unitary
representation of T in L2(T, o).

(iii) Finite linear combinations of operators of the form L, i1, € @,
T €M, are weakly dense in 8.

(iv) For every T€ L* (T, M), X QsLrQ, 1s multiplication by the con-
stant operator function (T (y)dm(y).

Proof. (i) and (ii) are well known; briefly, if F € L*(T,§,) is ortho-
gonal to the linear span of the [z, - ]¢, then all Fourier coefficients ¥, of F
are 0, therefore (F(y),&) =0 for every £€ §,, therefore F=0. For (ii),
(Fo)ws=Fuw and | F, || = || F | are obvious. By (i), continuity will follow
if (Fo,@)—>(F,QR), as o—> ¢, whenever F has the form [z, -1£; and for this
F the assertion is clear.

(ii1) : Let T € L*(T,M). We shall exhibit a net T',, where each T, is
a linear combination of things of the form [z, -]7T,, and such that Ly, — Ly
weakly. Choose an approximate identity p, consisting of trigonometric poly-
nomials on I': say

Pa(y) =§‘,a,,(m) [2,7]

each a, being a complex-valued function on G with finite support. Let
Ta(y) = Zan(2) [, v]To
If F,G¢€ L*(T, $,), then
(Ln,F, G) = fZan(2) [2,v] (ToF (v), G(y) ) dm(y)
= [ f 2 an(2) [2,9] [, 0] (T (@) F (v), G(y) ) dm(w) dm (y)
= [ f2a(07y) (T () F(7), G(y))dm (o) dm(y)
= J J (o) (T (o) F(y), G(y))dm(y) dm (o)
= S fon(0) (T(V)Fu(y), Gu(y))dm (y) dm (0)
= [pa(0) (LrFo, Gy)dm (v),

using the Fubini theorem. Hence,
|(Lr,-2F, G) | = f pu(0) [(L2Fe, Gu) — (LoF, G) Jdm (w) |
= sug | (LeFe, G) — (LoF, @) |
Fsuppn(o) 2 TI-IF -G,

for every neighborhood U of the identity. For an appropriate U, the first
term will be small, because | #,—F| and | G,— G || both tend to 0 as
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tends to the identity. For that U, the second term goes to 0 as n—o0, by
5.2.1 (iii). This proves that Ls,—> Ly weakly.

(iv) : If Fe L*(T, §,) and T € L* (T, M), then Q,F = [z, - |F,. Hence,

(QoL2QoF) () = [2,7] f T (0) (@:F) () [z, ]dm ()
= [2,7] fT (o) Fodm (0) = [T (0)dm (o) - (QuF) (v).

So if T, is the constant operator function (7'(w)dm (), we have X Q,LrQ,
= > Ly ,Q,= Ly,, as required. The lemmas is proved.

5.3. Discussion of Example 4. In Section 3.2, we described a pro-
cedure for constructing a von Neumann algebra B, starting with a IT, factor
M, (acting on &,) and an ordered abelian group G. The notation of that
section is now in force. Let T'=G&. We will show that the B of that section
is unitarily equivalent to the algebra of multiplications by L= (T, M,) func-
tions, acting in L2(T, &,).

Let F be an §o-valued function on G such that F(z) =0 except for
finitely many z. Define the function UF € L?(T, §,) by

(UF) (v)°=§ [z,y]F (z).
We have
| UF II”=§(F(w),F(y))f[w, Y109, v1dm ()

=2 (F(2),F(2)) = | F ™

Thus U is an isometric linear mapping of a dense subspace of 1,(@, §,) on
a dense subspace of L2(T,§,) (5.2.2 (i)). We denote its unitary extension
by the same letter U. Let T, € M,, € G. For F as above, we have

UW,TF =3 [s, " ] (W,ToF) (s) =[5, - ]ToF (z%s)
=§ (e, - 1ToF (t) = [=, ] g. (4 - 1F(2)

= L[a,,-]qvo UF.

Therefore, U implements an isomorphism of 8 on the von Neumann algebra
generated by finite linear combinations of operators of the form L, .1z, 2 € G,
To€ M,. By Lemma 5.2.2 (iii), the latter is precisely the algebra of multi-
plications by L= (T, M,) functions. This proves most of the following.

LemmA 5.8.1. The algebra B of example 4 is unitarily equivalent to
.the algebra of multiplications by L= (T, M,) functions acting in L*(T, ).
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This correspondence associates W, with multiplication by the character [z, -],

the image M of M, (in B) with the algebra of multiplications by constant

Mo-valued functions, the expectation ®(X) = P,XP, with the operation
4

taking Ly onto multiplication by the constant function (T (y)dm(y), and
the trace ¢ with the functional Lr—> (Tr(T(y))dm(y), Tr being the
canonical trace on M,.

Proof. Everything but the last two phrases has been proved or is obvious.
By 5.2.2 (iv), the statement about ® will follow if we show that UP, U~ = (,.
Let F be an §,-valued function on G having finite support. Then (P,)(y)
=38,,,F (y) has finite support, and

UPzF=§ [y: ']SJWF(y) = [z, ]F(z)

= [2, -1 [=,y](UF) () dm(y) = Q,UF,

by orthogonality of the characters. Hence UP,=Q,U, by 5.2.2 (i). The
proof of the statement about traces is similar.

We now make the identifications described in Lemma 5.3.1: 8 is the
algebra of L= (T, M,) multiplications,

®(Lr) = (T (y)dm(y), ¢(Lr)= fTr(T(y))dm(y),

and (, is the algebra generated by the operators W, =L, .11, = ¢, and
Ly, T€ M,. @ will be the corresponding maximal subdiagonal algebra.
Our first results concern maximality of the closure of (I,.

THEOREM 5.3.2. ( is the ultrastrong closure of (0.

Proof. The quadruple (8, ,, ®, {W,}) satisfles all the conditions pre-
ceding Lemma 5.1.%, so it suffices to produce a near identity y,. Let Dn
be an approximate identity on T' consisting of trigonometric polynomials. If

Pa(y) =2 an(2) [2,7],
each a, being a complex function on @ having finite support, set
Yn(Lr) =X an(2) Lz, 11,

where To = {T(y)[2,y]dm(y). In the proof of Lemma 5.2.2 (iii), it was
shown that y,(T) — T weakly, as n—>c. So we need only check conditions
(i) and (ii) of definition 5.1.1.
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Now & (LyW,*) =®(Lrs,7) =Lr,, so that
Lz, 1, = Lig, 1L, = Wo@ (L Wo*).
Thus y, satisfies condition (ii). For (i), let F, G € L*(T,§,). Then
(¥n(Lr) F, G)
= [ (@) [57](Te(1) F(y), G (v)) dm ()
= f§ 2 (@) [2,9)(T (0) [2,0]F (1), G () ) dm (o) dm(y)

= [ S (o) (T () F(7), G(y))dm(w)dm(y).
For every y€ T,

| fPu(07y) (T (@) F (v), G (y)) dm (o) |
Sesssup | (T(@)F @), GO [l [ SITIIFOD 1G]

By Fubini’s theorem,

| (L), O [ = TN SIF (-1 G () ] dm(y)
=ITI-1FL-1G]-

Hence, | yn(Lr)| = || T || for every n. This completes the proof.

We turn, now, to the proof of Jensen’s inequality. Let us suppress the
subscript on M, and write it as M ; the nought has long since lost its useful-
ness. We shall first assume M to be of type I, n < 0, so that B is an algebra
of bounded measurable matrix-valued functions on I. This result is contained
in the work of Helson and Lowdenslager ([6], pp. 191-192; also, see [15]).
For completeness, and because on this case rests everything that is to follow,
we represent the proof.

Realize M as the ring of all #» X n matrices over the complex numbers,
and let Tr be the trace on M normalized so that it is 1 at the identity.
Elements of L= (T, M) take the form

T(y) = fs()s

where each f;; is a bounded complex-valued measurable function on I'. For
(ai;) € M, let det(ay) be the usual (complex-valued) algebraic determinant.
We shall require the following two facts.

Levma 5.3.3 (i) For every T € M,
Tr(log | T |) =1log | det T |¥/n,

the left side taken as —oo if T is singular.
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(ii) For any trigonometric polynomial of the form

p(Y) =a1[x1}Y] +- +a'n[xm7]’ T = ()

a; complex numbers, one has

flog | p(y)|dm(y) =log| fp(y)dm(y)],

log 0 being taken as —oo.

Proof. (i) If T is singular, the formula clearly holds. If T' is non-
singular, say T'= UH, where U is unitary and H is positive and nonsingular,
then |detT | =|detU detH |=detH. So it suffices to prove (i) for T
regular and positive. Let 7,,- - -,7, be the eigenvalues of T, repeated
according to multiplicities. Then = > 0 and log=y,- - -,logr, is the set of
eigenvalues of the self-adjoint operator log7. Hence

log | det T [/* =log | Ake+ - - A [/
=n-1(10gA1+' . -+logM)=Tr(10gT).

(i1) is a known result ([6], Theorem 13, p. 199). It can be deduced
from the results of Section 4 by causing the bounded measurable (complex-
valued) functions on T to act in L?(T'). Define @, in the obvious way to be
the multiplications by trigonometric polynomials of the form in (ii), imbed
@, in a maximal subdiagonal algebra with respect to the state defined by the
Haar integral, and apply cor. 4.4.6.

Lemma 5.3.4 (Helson-Lowderslager-Wiener). If M is a factor of type
1, n <o, then Jensen’s inequality is valid.

Proof. By prop. 4.4.4 (i), it suffices to show that A(Ly) =1 for every
Ly € @ such that ®(Ly) =1I. Suppose, first, that T has the form

T(y)=I +@§6Tm[fv, v,

where all but finitely many 7', are 0.

The map S€ L= (T, M) — Lg€ B is an isometric * isomorphisms, which
preserves the operational calculus. Thus, log Ly = Lign, for every positive
He€ L~ (T, M) such that esssup | H*(y)| <oo. Hence,

v

log A(Lr) =il;fologA(|LT|+<I)
—inflog A(L|r.e) =inf {Tr[log(| T(v)| 4 <) 1dm(v)

= fTr(log| T(v)])dm(y),
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taking Tr(log|T'(y)| =—c when T'(y) is singular. By 5.3.3 (i),

Tr(log | T(y)|) = log | det T'(y)],
for every y. Write T'(y) = (fi;(y) ), where each entry has the form

(*) f’b'('Y) =§0’Lj($) [.’B,‘y], 1=4j=mn,

each c;; being 0 except for finitely many ¢ =e. Now for any matrix (ay),
det (@) = p(fi1, @12, * *5Gun), p being the familiar polynomial in n* vari-
ables. Hence,

detT(y) =P(a11(‘)’);f12(7)" . '7fnﬂ(Y)):

is itself a trigonometric polynomial of the form by[z,,y] 4 - - 4 by[aw, v],
z;=e. So by 5.8.3 (ii),

fTx(log | T(v))dm(y) —n* flog | deb T(v) | dm(y)
= log | fdet T (y)dm (v)|.

Now, using the fact that the Haar integral is multiplicative on the algebra
of trigonometric polynomials like (*), we have

faetT(y)dm(y) = fp(fua(¥)s- - - fan(y) ) dm(y)
=P(ffudm:' T J‘fn‘ndm)
— deb( [T (y)dm(y)) = detT=1.

This proves that log A(Lz) = 0.

Now suppose Ly is an arbitrary element of @ for which ®(Ly) =1. By
the proof of Theorem 5. 3.2, there exists a net Ly, in (I, such that Ly, — Ly
ultrastrongly. By continuity of ®, we can assume ®(Ly) =1I for every n.
But the above paragraph shows that A(Lyp,) =1 for every n; moreover, the
set of all Lg€ (@ for which A(Lg) =1 is ultrastrongly closed (Corollary
4.3.3 (iii)). Therefore A(Lp) =1, completing the proof of the lemma.

We are now ready to prove Jensen’s inequality in the case of a hyper-
finite M.

THEOREM 5.3.5. If M is the hyperfinite factor, then Jensen’s inequality
is valid on Q.

Proof. By arguing exactly as in the preceding lemma, it suffices by 5. 3. 2,
to show that A(Lr) =1 for every T'€ L~ (T, M) of the form

T(Y) =TI+ § Tw[x: 7],

where T,€ M and Ty =0 except for finitely many z > e.
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By hyperfiniteness, there exists a sequence M, of subfactors of M, each
of type I,, n—1,2,- - -, for which M, C M,,, and U M, is strongly dense
in M. Tor each n, let B, be the set of all multiplications Lg such that
S(y) € M, for every y€T. Each B, is a von Neumann subalgebra of 8,
which we can identify with L (T,M,) in the obvious way, and 8, C B,..
because of the ordering on the M,. Note that U 8, is an ultrastrongly (and
therefore strongly) dense *-subalgebra of 8. For U 8, contains linear com-
binations of operators of the form LL, .;, with A a constant function in
UM, and z€ G. Because U M, is ultrastrongly dense in M and the map
A € M— L, is ultrastrongly continuous (cf. first paragraph in the dimension
of example 4, and 5.8.1), it follows that the ultrastrong slosure of U 8,
contains linear combinations of LaL, .1, 4 € M, z€ @, and therefore it con-
tains 8.

Let E, be the natural expectation of B on B, (6.1.3, example 3). By
the martingale theorem (6.1.9), E,(Lz)—> Lr boundedly and strongly, as
n—>c0. Since A is upper semicontinuous in the ultrastrong topology, it suffices
to show that A(E,(Lr)) =1 for every n. Writing Ly =1 + X Ly Ly, 1, We
have

By (Lp)y =1+ gEn(LT,L[m)
=14 gEn(LT,)L[z,']:

since L, .1 € 8, for every n. By Lemma 5.3.4, we will be done if we show
that each E,(Lr,) has the form Lg, for some constant function R taking
values in M,. Consider the “Fourier” coefficients of E,(Lr,). For every
y€ G, y%e, we have

¢ (En(Lr,) L*y, 1) = ¢ (En(Lr,i1))
= ¢ (Lr,ig) = fTr(Ta[y,y])dm(y)
=Tr(T,) f [y, yldm(y) =0.

Therefore E,(Lr,) = Lg, where S(y) =8 is constant a.e. (dm). By defini-
tion of 8,, S has to belong to M,, and that completes the proof.

Question 5.3.6. The proof of this theorem can probably be modified
along the obvious lines to prove Jensen’s inequality when M is simply a
hyperfinite von Neumann algebra. A more interesting question is whether
the inequality is valid when M is a finite non-hyperfinite factor.
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5.4. Discussion of Example 6. Let N be a II, factor acting on a
separable Hilbert space §,. Let G be a countable discrete abelian group, and
suppose there is a unitary representation 2€ G—>U,€ B of G in N, and a
maximal abelian subalgebra M of N, which satisfy the conditions 3.2.4. Let
Tr be the canonical normalized trace on N.

Let I =3, and let B be the von Neumann algebra of multiplications
by L=(T,N) functions acting on L2(T,$§,). Define the trace ¢ and the
expectation ® on B as before:

¢(Lz) = fTr(T(y))dm(y),
@(Lr) =Lz, To= fT(y)dm(y),

m being Haar measure on I'. We shall describe a way of algebraically im-
bedding N in 8.

Remark 5.4.1. Let 8 and £ be von Neumann algebras, and suppose ¢
(resp. y) is a faithful normal finite trace on B (resp. ). Let B, (resp. £o)
be a strongly dense *-subalgebra of B (resp. £), and suppose 6 is a *-isomor-
phism of B, on £, which is trace-preserving in the sense that y o 8(X) = ¢(X),
X € B* Then § extends uniquely to a trace-preserving *-isomorphism of #B
on #. We shall sketch a proof of this known result, since we lack a specific
reference. From the Hilbert algebra (#8,,$), that is, the *-algebra B, en-
dowed with the bilinear form [4, B] = ¢(B*4), and let § be its completion.
The set of (left-) bounded elements of § can be identified with B, using
([11, p. 71, Prop. 3 and p. 288, Lemma 1). Therefore, the map taking
B € B into left multiplication by B, acting on &, is onto the left ring. It is
clear that this mapping is 1-1 and preserves all the algebraic operations; so
that B is *-isomorphic to the left ring of (#B,,¢). For C,D€ 4, put
KO, Dy =y (D*C). This makes (Bo,¢) into a Hilbert algebra, and for every
A,B¢ B,

<0(4),0(B)> =y (6(B)*0(4)) =y °6(B*4)
—¢(B*4) = [4,B].

Thus 4 extends uniquely to a unitary mapping V of § onto the completion &
of (B, ). V clearly implements a *-isomorphism of the respective left rings,
and we have

VLgV* = Lo, BE B,

By the above remarks, V- V* may be transferred down to give the required
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extension of §. This extension preserves the trace, and it is clearly uniquely
determined by 6.

Now let N, be the strongly dense *-subalgebra of N consisting of all
sums 3 A (z)U,, with A (z) € M and A (z) = 0 except for finitely many z € G.

Set (X A(2)U,) = Ly, where T (y) = 3, [2,y]4 (2)U,. Then 6 is a *-mono-

morphism of N, into 8. Moreover,
$00(ZA(2)Us) = [Tr(4(2)Us)[2,y]dm(y) =Tr(4(e)).

On the other hand, since U, U,* is a freely-acting automorphism of the sub-
algebra M (xs%e), one has

Tr(4(2)U,) =0, zs%e

([8], p. 572). Therefore 0 (2 A(2)U,) =Tr(XA(2)U,). If B, denotes
the strong closure of §(X,), then by remark 5.4.1, § extends uniquely to a
trace-preserving *-isomorphism of N onto #8,.

Specializing, now, to the setting of example 6, let G be the discrete
ordered multiplicative group of positive rationals. The construction described
in 3.3 gives rise to a II, factor N, a maximal abelian subalgebra M of N,
and a faithful unitary representation £ € G— U, € M all of which satisfy the
conditions 3.2.4. It was pointed out in 3.2 that these conditions force N
to be hyperfinite ([8], p. 576 and pp. 569-570). Let '—=@&. By the above
paragraphs, N is isomorphic to a certain subalgebra B, of the algebra of
multiplications by L*(T, N) functions acting in L*(T, §,), $o=1*(G) ® L*(T)
being the space on which N acts. 8, is simply the von Neumann algebra
generated by multiplications of the form

T(y) =2 4(2)Us[2,7]

A(z) € M and A(z) =0 off a finite subset of G. If Ey denotes the natural
expectation of N onto M (6.1.3 example 3), then By (X 4(2)U,) =4 (e),
and

®00(ZA(2)U,) = fXA(2) Uslz,y]dm(y)
=2 A4(2)Usf [z, y]dm(y) = A(e).

By continuity, then, o Ey==®0c6 holds on N. Thus Ey correspond to the
restriction &, of ® to 8,. In particular, ®(B,) =®,(B,) =6(M) is the
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algebra of multiplications by constant functions taking values in the abelian
algebra M.

The subdiagonal algebra concerning us is easily described as follows.
For z € G, let V, be multiplication by the function T'(y) = U,[=,y]; that i,
V,=0(U,). Let (@, be the algebra consisting of the operators X4 (z) V.,
A(z) € M, A(z) =0 except for a finite number of z=e. (I, is the image
under 6 of the subdiagonal algebra of example 6; therefore ad,, is a sub-
diagonal subalgebra of #8,, with respect to ®;, and (i N A1o* =0 (M). The
maximal subdiagonal algebra (I, determined by (I, is, by 8.3.2 (ii), simply
the set of X € B, for which ®(XV,) =0, z>e.

THEOREM 5.4.2. (i) (. is the ultraweak closure of (s,. (ii) Jensen’s
inequality is valid on (.

Proof. (i). First, note that
VMYVt =0(U)0(M)0(Uyst) = 0(UMU) =0(M).

Thus (,, will satisfy the hypotheses of Lemma 5.1.2 if we show that a near
identity exists for 8,. Let y»n be a near identity for 8 ; that is, y» is a
net satisfying conditions (i) and (iii) of Definition 5.1.1 together with the
requirement that y,(X) be a finite linear combination of operators of the
form ®(XL,.1*)Li,;- We exhibited such a net in the proof of 5.3.2.
Let v, be the restriction of y,, to 8,. For X € B,, € G, we have

®(XLga,1*) = (X Lo, 1*Us*Us)
= (X V*) Up= 2, (XV,*)U,,

since XV,*€ 8,. Therefore, ® (XL 1*)Ls,q=2)XV,*)V,. This proves
that y,, satisfies condition (ii) of 5.1.1 with respect to 6(}) and the group
{V.}. Conditions (i) and (iii) are, of course, as true for the restrictions
as they are for the original net. Thus y,, is a near identity for #8,, as
required.

(ii). For this, there is almost nothing to prove. For we have .
imbedded as a subalgebra of the maximal subdiagonal algebra of Section 5. 3.
¢, and @, behave in the correct way, that is, they are the restrictions of the
corresponding objects on 8. As we pointed out in the paragraphs preceding
5.4.2, N is hyperfinite. Thus Jensen’s inequality follows from Theorem 5. 3. 5.

5.5. Discussion of Example 1. Let G be the ordered discrete matrix
group of example 1.
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Remark 5.5.1. Let H (vesp. K) be the subgroup of all (ay) € G for
which a;; =1 (resp. a@=0). Then H and K are abelian subgroups, H is
normal, and every element of G' can be written uniquely as a product Ak,
h€ H, k€ K ; that is, @ is the semidirect product H ® K.

Let 8B be the von Neumann algebra generated by the left regular repre-
sentation z—1,, (If) (y) =f(z'y), f€12(G). As we have seen (3.2.4 et
seq.), B is a hyperfinite factor, and the trace ¢ on B satisfies ¢(I,) =0,
z%e. Normalize ¢ so that ¢(I) =1. We shall first show that B is iso-
morphic to the factor arising in example 6 (the author is indebted to Prof.
H. A. Dye for pointing this out to him). The desired results will then be
easy consequences of this identification. ,

Let 8B, (resp. M,) be the *-algebra of linear combinations of I,, with
r€ @ (resp. #€ H). By remark 5.5.1, the finite sum appearing in 8, can
be rearranged so that they have the form

2 A(k)h, A(k) €M,
keK

and A4 (k) = 0 except for finitely many k¥ € K. This representation is plainly
unique. Recall that, in example 6, one constructs the von Neumann algebra
generated by certain multiplications by bounded measurable functions on 77,
together with certain unitary operators Uy, k€ K, all of which act on the
Hilbert space L*(K X ) = I?*(K) ® L*(/;). We map 8, into this algebra
as follows. For

A= a(h)lh€ M,
heH

a(h) being a complex function on H of finite support, let §(A) denote the
operator L;, where

f(y) =Za®)[h,v], y€ A.
Extend 6 to 8B, by the formula
0(2 A(k)l) =20(A(k))Us.
keK %

6 is a *-homomorphism of #, onto a strongly dense *-subalgebra of the von
Neumann algebra of example 6. Moreover, if Tr denotes the canonical
(normalized) trace on the latter, and if f is a bounded measurable function
on /1, then Tr(L;U,) =0 or ffdm according as 5% ¢ or £ =¢, dm denoting
Haar measure on /; (cf. discussion of example 6). Thus Tro6(3 4 (k)LL)
=Trof(A(e)), so that if A(e) = 21. a(h)ly (h€ H), then ,

6
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Trog(4(e) = . Sa(®)[hylim(y) =o(o)
—9( S AR,

Thus Trof=¢. By remark 5.4.1, 8 extends uniquely to a *-isomorphism
of B onto the von Neumann algebra of example 6.

Remark 5.5.2. 6 has the important property that 6(lx) =Us k€ K.
Thus, the subdiagonal algebra @, studied in example 6 can be realized in B
as the algebra consisting of all finite sums > A (k) i, A (k) € M and A(k) =0
except for finitely many k€ K. The mapping & is here simply the natural
expectation Ey of 8 on M, and the maximal subdiagonal algebra (I, deter-
mined by (,, is the set of all operators X € 8 for which Ey(X7:) =0,
k€K, k>e.

The algebra at the center of this discussion is the set (I, of finite sums
of I, t=¢ in G. ({0, is subdiagonal with respect to ¢ (more precisely, with
respect to the expectation on the scalars, X € 8 — ¢(X)I), and the maximal
subdiagonal algebra (@ determined by (I, is the set of all € 8 for which
¢ (X1l,) =0, z€ G, z>e.

Remark 5.5.3. It is clear that @, C (.. We claim that @ C ..
For this, we have to show that if 4 € B and ¢(4l,) =0, € G, ©> e, then
Ey(Al) =0, k€ K, k>e. For that, it will suffice to prove, for every
T €M, that ¢ (Ey(AL)T) = ¢ o Ey(AlLT) = ¢ (ALT) =0 (i.e., simply take
T—=Ey(AlL)*). First, suppose T'=1,, h € H, say

a O 1 s
b=Lo 1) =Ly 1)

@ and s rational, @ > 1. Then

a as
kh — [0 1 ] ’
so that kh > e by definition of the order on G. Hence, ¢(A%T) = ¢(Aln) = 0.

By taking finite linear combinations of I, we have ¢ (41,T) =0 for T € M,,
and since M, is ultraweakly dense in M, we have ¢ (4M) =0, as required.

Lemma 5.5.4. (1) QAoNM is a subdiagonal subalgebra of M, with
respect to ¢.

(ii) If Au is the corresponding mazimal subdiagonal subalgebra of M,
then Qu, A N M, and the ultrastrong closure of (Lo N M all coincide.
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(iii) Ex 1s a homomorphism of @ on @ N M.
(iv) Jensen’s inequality is valid on @ N M.

Proof. (i). ¢ is obviously multiplicative on A, N M, and A, N M
+ (Ao N M)* contains M,, an ultraweakly dense *-subalgebra of M.

(ii). ¢ is multiplicative on the ultrastrongly closed algebra & N M,
so the inclusions (&, N M)-C 4 N M C Ay are obvious. We will show that
Au (AN M)-. doN M being a convex set, its ultrastrong and ultraweak
closures coincide ; therefore (I, N M)~ contains the ultraweak closure of all
finite linear combinations of the Iy, h=¢ in H. Let T€ (y. Then for every
heH, h>e ¢(ITy) =0¢(T)p(ln) =0. (ii) will follow, then, if we show
that every operator S in M can be ultraweakly approximated by finite linear
combinations of things of the form ¢ (Sl;*)l, h€ H.

Because H is abelian, we can construct a near identity in J along the
same lines as in the proof of 5.3.2. Very briefly, one first maps M, into the
von Neumann algebra &£ generated by the regular representation of H in
I?(H) ; this map 6§ takes I; into translation by k. 6 is a *-homomorphism
of 1, onto a weakly dense *-subalgebra of ¥, and if £€ I?(H) is the charac-
teristic function of the identity in H, then (8(T')¢ ) =¢(T), T€ M,. By
Remark 5.4.1, 6 extends to a *-isomorphism of M on &. So we can identify
M with &, and [, with translation by 2-1. Going now to the compact abelian
group /1, choose an approximate identity p, consisting of trigonometric poly-
nomials. Making use of the Plancherel theorem, the net p, determines a near
identity ¢, in &, and therefore in M, and the result follows from the fact
that ¢, (T) — T ultraweakly.

(iii) Ex is multiplicative on (I,, and, by Remark 5.5.3, d C {,.
Therefore, Ky is multiplicative on (I. Moreover, Ey leaves the elements of
aNMCM fixed. So we need only prove that Ey(A)C d. Let A€,
and take 77¢ @ N M such that ¢(T) =0. Then

¢ (TEu(4)) = ¢ o Eu(TA) = ¢(TA) =¢(T)$(4) =)0.

Since (@ N M is maximal subdiagonal (in M), we have Ey(4) e A N M C Q.
(iv) is immediate from Corollary 4.4.6.

THEOREM 5.5.5. (i). @ is the ultrastrong closure of Q,. (ii). Jensen’s
mequality is valid on (.

Proof. (i) Tt suffices to show that @ C (I,~. Take A € (. By Remark
5.5.2 and the proof of 5.4.2 (i), A belongs to the ultrastrong closure of
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finite linear combinations of operators Ky (Al ), with k€ K, k=e If
k = e, then

E’M(Alk'l)lk=Eu(A) €EAN Mg(ao N M)-g’ao'.

by 5.5.4 (ii) and (iii). So we need only prove that M, C @, for every
k€K, k>e 1If h¢H and k€ K, k> e, then hk=Fk(k*hk) > e, as in
Remark 5.5.3. Thus Ilply =1 € A,. Taking finite sums of I[;l, with &
ranging over H, we obtain Ml C(d, Since M, is ultrastrongly dense in M
and since the map 7'€ M — T, =Il; (I, T1;) is ultrastrongly continuous, the
result follows.

(ii). Let A€ d. We have to prove that A(4) = A(¢(4)]) =|¢(4)].
By Remark 5. 5.2 and Theorem 5.4.2 (ii), one has A(4) = A(Fy(4)).
Lemma 5.5.4 (iii) and (iv),

A(Ex(4)) ZA(¢0Eu(A)]) =A(¢(4)]) =|¢(4)],
and the theorem is proved.

6. Appendix: Expectations. The conditional expectation mapping has
been an indispensable technical device in probability theory since the funda-
mental work of Kolmogorov in 1933. A von Neumann algebra having a
faithful normal finite trace, though non-commutative, is known to share many
common features with the algebra of (equivalence classes of) bounded random
variables of a probability space. In particular, one can define the conditional
expectation on a given von Neumann subalgebra in a most natural way;
when the subalgebra is the center, for example, this construction yields the
center-valued trace ([13], [14]). For a different purpose, von Neumann
([1R]) introduced “diagonal processes” relative to a maximal abelian sub-
algebra, and their properties were later exploited in some non-finite cazes by
Kadison and Singer ([9]), and by J. Schwartz (Non-Isomorphism of a Pair
of Factors of Type II1I, Communications on Pure and Applied Mathematics,
vol. XVI, 1963, pp. 111-120).

To our knowledge, however, there is no published study of conditional
expectation in an infinite von Neumann algebra which is appropriate for our
purposes. We shall give a brief account of those parts of the subject that
bear on the results of this paper. The reader will note some contact between
this appendix and [10]; e.g., compare 6.1.8 below with Lemma 2 of [107.
Nevertheless, our methods and emphasis are rather different.

6.1. Some properties of expectations. Let B be a von Neumann
algebra, and let M be a von Neumann subalgebra. An expectation on M is
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a positive linear map ® of B into M such that #(I) =1 and ®(4X) = 49(X),

AeM, XeB. (2.1.3). By taking adjoints, it follows immediately that
®(XA)=8(X)4, AcM, XeB.

ProposITION 6.1.1. Let @ be an expectation on M. Then
(1) @X)*®(X)=®(X*X), X€ B (Schwarz inequality).
(il) M is the set of fized points of .
(i) ®o0d=2o.
(iv) Let p be any state which preserves & (po®=p), and let
[T1p=p(T*T)% T <€ B. Then for every X € B,
[X—&(X)]p=inf[X—T],, TcM.

In particular, when p is faithful, ®(X) s that element of M
which best approzimates X in the norm [ .

(v) Let p be any state which preserves ®. If p 1s faithful then so s
®; if p s faithful and normal, then ® is normal.

Proof. (i) follows by expanding the right side of the inequality
I=e[(X—o(X))*(X—a(X))]
to obtain
0=9(X*X) —®(X)*®(X).
Here, one uses ®(®(X)*X) =& (X)*®(X) =@ (X*®(X)) and
o[e(X)*e(X)] =2 (X)*e(X)2(I) =2(X)*2(X).
(il) If X=&(X), then X € ®(B) so each fixed point belongs to M.
If A€ M, then ®(4) =®(4]) =A42(I) =A.
(iil) is immediate from (ii).
(iv) The inequality [X —®(X)], = inf[X —T1], is clear, because
®(X)e M. If S€ M, then
p(§*(X—@ (X)) —pod(S*) X —a(X)))
=p(8*e (¥ —2(X))) =0.
So for every T € M,
[X—T)p*= [X—@(X)+&(X)—T]?
=[X—2(X)]p" +RRep((X —2(X))*(2(X) —T)) +[2(X) —T])p*
=[X—2(X) )" +[2(X) —T]* = [X —2(X) ]p"
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The opposite inequality is now immediate.

(v) Suppose p is faithful, and He€ B, H=0. 1f ®(H) =0, then
p(H) =po®(H)=0; hence H=0.

If p is also normal, let Hs be a bounded set of positive operators in 8,
directed increasing with respect to the usual operator order. Then ®(Ha) is
directed increasing, and

LUB®(Ha) = ®(LUB Ha),

because @ is positive. Omne has
p(LUB®(Hqy)) =LUBpo®(Ho) =LUBp(H)
=p(LUB Hy) =po@(LUBH,).

Thus p(®(LUB He) —LUB®(Hq)) =0, so that ®(LUB Hy) — LUB & (Ho)
=0, completing the proof.

According to the following result of Tomiyama [13], an expectation on
M can be characterized as an idempotent linear mapping of 8 on M having
norm 1, and which leaves the identity fixed.

THEOREM 6.1.2 (Tomiyama). Let ® be a linear map of the von Neu-
mann algebra B onto a von Neumann subalgebra M such that ®o®d =& and
[@(X)| =X |, X€B. Then & is positive, and ®(AX) = A®(X), A€ M,
Xem.

6.1.3. Examples.

(1) Let p be any state of B, and put ®(X) =p(X)I. Then & is an
expectation on the algebra of scalar multiplies of the identity. & will be
faithful or normal if p has these properties.

() Let Py, Ps- - - be a sequence of mutually orthogonal projections
in B having sum I. Put

#(X) =3 P,XP,,

the sum taken in the strong topology. We claim that ® is a faithful normal
expectation of B onto M =8 N {P,}’. It is clear that ® leaves the identity
fixed and is a positive linear mapping of B into itself. By othogonality, we
have Pp®(X) = Pp?X Py = PpXPp? =& (X )Py, thus ®(X) € M. If A€ M,
then P,AXP,= AP, XP, for every n, so that ®(4X) =A®(X). Hence @
is an expectation on M. If ®(X*X) =0, then for n=1,2,- - -, one has
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(XP,)*XPp=P X*XP,, =P, ( X PuX*XPy) P,
m

— P,®(X*X)P, =0,

so that XP,—=XP,=- - -=0. Hence X vanishes on , P,, proving that
X =0. For normality, let £ be a unit vector in the underlying Hilbert space.
Then

((I) (X)f, f) = % (PnXPn‘f: f) = % (Xg-n; En)’

where &, = Pué¢ and 2" & “z_____ ||§|V<°° Thus P(X) = (Q(X)>§’§) is a

normal state, and normality of ® is immediate from this.

Let ey, 6, + -, e, be an orthonormal base for the n-dimensional Hilbert
space §, n < o, and let P; be the projection on the subspace determined by e;.
L(®) can be realized as the ring of complex n X n matrices, with respect to
this basis, and the expectation ®(X) = 3 P;XP; is the mapping that replaces
a matrix with its “diagonal” part: ®(ay) = (@), where a;/ =0 or ay
according as t5%j or 1=7.

(3) Suppose B is finite, and let ¢ be a faithful normal finite trace on
B. Let M be an arbitrary von Neumann subalgebra of 8. By a known
Radon-Nikodym theorem, there exists, for every X € 8, a uniquely determined
element ®(X) € M such that

¢ (X4) =¢(2(X)4)

for every A € M. Tt is not hard to show that & is a faithful normal expec-
tation on M for which ¢o®=¢. For details, see [14]. We shall call' ®
the natural expectation on M defined by ¢.

(4) Let ¢ be a faithful normal semifinite trace on 8, and let M be a
von Neumann subalgebra such that the restriction of ¢ to M is again semi-
finite. By a standard Hilbert algebra argument, one can show that there
exists, for every X € 8, a unique element ®(X) € M for which

¢ (X4) =¢(2(X)4)

for every A € M such that ¢(| 4|) <. @ is a faithful normal expectation
on M, and ¢ 0 ® = ¢ holds on the ideal of definition of ¢. We omit the details
for this example, since it is not essential for the rest of the paper.

(5) In 6.2 we give other examples of expectations, which are neither
faithful nor normal.
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Definition 6.1.4. Let B be a von Neumann algebra. A von Neumann
subalgebra M is said to be compatible with B if there exists a faithful normal
expectation of B on M.

Remark 6.1.5. Every von Neumann subalgebra of a finite 8 is com-
patible with 8. More generally, if 8 is semifinite and if the restriction of
some faithful normal semifinite trace to M is semifinite, then 3/ is compatible
with @. Example (2) shows that if P is a sequence of mutually orthogonal
projections in an arbitrary 8, then P’ N B is compatible with 8. On the
other hand, we will see in 6. 2 that a nonatomic maximal abelian (self-adjoint)
algebra is not compatible with the ring of all bounded linear operators.

Let P be an abelian family of projections in B which contains O and I.
For every finite subset F of P (containing O and I), and every X € B, let

Xy = AXA4,

the sum extended over all atoms A in the finite Boolean algebra generated
by F. The map X — Xy is an expectation of 8 on F’ N B, by example (2).
Direct the finite subsets of P in the increasing sense by set inclusion. Then
the subalgebras F’N B are directed decreasing, and their intersection is
PN B. It is natural to ask whether the net {X¢} converges in some sense
to the image of X under an expectation on ?’N B. This need not occur.
The following definition provides the general setting for this question.

Definition 6.1.6. Let D be an increasing directed set. A met {®q:a€ D)
of expectations in B is called a decreasing martigale if « =B in D implies
Do (B)2 Dp(B) and dpo o= ;.

Increasing martingales can be defined by replacing = with = in 6.1.6.

THEOREM 6.1.7. Let @, a€D, be a decreasing martingale in 8.
Suppose there exists a faithful normal expectation ® on () ®(B) such that
a

dody =& for every a.
Then lim @ (X) =& (X) strongly, for every X € 8.
a

Proof. Fix .\, € ®B, and put X =X, —&(X,). Then #(X) =0 and
Po(X) = Pa(X)) — P B(X,;) = ®a(X,) — ®(X,), since o leaves fixed every
element of ®o(8) D ®(MB). Thus it suffices to assume &(X) = 0.

Set o= {®p(X): B=a}. Each Ja is a nonempty subset of the ball
of radius | X |, and one has

Bay,NBa, N "N Bo, D Bp
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where 8 is any element of D larger than a;, - -, @, By compactness, there
is at least one element 7T in the weak closure of every d.. Since 3o~ C ®u(B),
we have T € [) ®«(B) and hence T'=&(T). But & vanishes identically on

each B, since ®odg(X)=®(X) =0, and by weak continuity of & on
bounded sets, we have ®(T) — 0. This proves that 7=0 is a weak cluster
point of the set {®+(X): « € D}.

Since B acts on a separable Hilbert space, there is a faithful normal
state p on B. Put o=po®. Then ¢ is faithful and normal because both p
and & have these properties, and moreover g0 ®=g. If 8= a, then

o (2p(X)*®g(X)) =0 ([®po Pa(X)]*Pg0 ®a(X))
= 0(@a(X) *Pa (X)) =00 @ (Pa(X) *0a(X)).
Also,
®(@a(X)*Ba(X)) — B 0 Ba(@a(X)*X)
=& (Pa(X)*X).
Therefore, using ¢ o ® = ¢ once again, we have
o (2s(X)*®p(X)) = o(2a(X)*X)

whenever = a. Now ¢(®a(X)*X) can be made small with an appropriate
choice of @, by weaq continuity of the map 7(8) =¢(8*X) on bounded sets
and the fact that {®(X)} clusters weakly at 0. Thus, the last inequality
implies that

lim o (®e* (X ) @ (X) = 0.

It follows that &, (X) tends strongly to 0 ([1], p. 62, prop. 4).

COROLLARY 6.1.8. Let P be an abelian family of projections in B such
that P’ N B s compatible with B.

Then for every X € B, Xy—>®(X) strongly, where ® is the faithful
normal expectation on P’ N B (® is unique, by 6.2.2).

Proof. We have only to show that the mappings X - Xy form a
decreasing martingale and & (Xy) =@®(X), X € B. The first statement is
an obvious consequence of the definition of X¢. Let & be a finite subset of
P. For every atom A in the Boolean algebra generated by P, we have
®(AXA)=A®(X)A, by the expectation property and the fact that
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A€ P’Nn®B. On the other hand, 4 € P”, and so it commutes with &(X).
Hence ®(AXA) =®(X)A*=&(X)4, and one has

Se(4X4) =2(X) T4 =2(X),

proving the corollary.

We could, at this point, prove a convergence theorem for increasing
martingales. All we shall require, however, is the following simple result
in a finite von Neumann algebra. This is a variation of a known result of
Umegaki.

ProrosiTioN 6.1.9. Let D be a directed set and let Mo, a€ D, be a
family of von Neumann subalgebras of B such that |J M. is strongly dense

m B and a =B implies Moa C Mp.
Let ¢ be a faithful normal finite trace on B, and let ®q be the expectation
on Mo satisfying ¢o®y=¢. Then ®o(X)—> X strongly, for every X € B.

Proof. Fix X € B. It suffices to show that [X — &,(X)]— 0, where
[T'] is the trace norm ¢&(T*T) ([1], p. 62, prop. 4). If de—=inf [X —T4],
To € Mo, then ¢ = B implies dg = dq, s0 lim do exists. This limit must be 0

a

because every element of 8 can be approximated in [ ] by elements of the
strongly dense *-algebra | J M, ([1], p. 288, Lemma 1). But by 6.1.1 (iv),

do=[X — ®o(X)], and that completes the proof.

6.2. Some existence and uniqueness questions. This section concerns
existence and uniqueness of faithful normal expectations on subalgebras of a
specific form, including maximal abelian subalgebras. Throughout, B is a
von Neumann algebra acting on the Hilbert space &, and M is a fixed sub-
algebra of the form B N N’, where N is an abelian von Neumann subalgebra
of B.

Let G be a discrete abelian group. Let A be a linear functional on the
Banach space of bounded complex-valued functions on G; Af(z) denotes

the value of A at f. A iscalled a mean if 0=f(z) =1 imglies

OéAf(x)élv "All"—“1>

and A f(yz) = A f(x) for every y€ G. Every discrete abelian group admits
@ @z

a mean ([7], p. 281, thm. 17.5), and means are unique only when G is finite.
In this section, G will denote the abelian group of unitary operators
in N. For X€ ®8, C(X) is the weakly closed convex hull of the set
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(UXU;U€ @).

THEOREM 6.R.1. Let A be a mean on G. Then there exists an expec-
tation ®x of B on M such that

(QA(X)S:"?) =1U\ (UXU-lé"'))> Xe 8;‘5}’7€ 9.

One has @2(X) € C(X) N M.

Proof. Fix X € 8. For every pair &7 € §, the mapping U —>(UXU-E, »)
is a function on G of modulus = | X || [ £] |5 ||. Thus [£ 9] = A(UXU-£,7)
U

defines a bounded bilinear form on § X §. By a well-known lemma of Riesz,
there is a uniquely determined operator @4 (X) such that

(24(X)&7) = A (VXU ).

It is clear that X — ®,(X) defines a positive linear mapping which leaves I
fixed, and by a standard separation theorem, ®4(X) € C(X).
If V€ G, then for §,q€ §,

(VeA(X) V7, ) = (@A(X) VE Vi) = IU\ (UXUV2E, Vi)

={I\ (VUX(VU) & n) = (2a(X)m).

Thus ®4(X) commutes with every unitary operator in N, so that ®(X) € M.
If A€ M and X € B, then UAXU*=AUXU* for every U € @, and a similar
string of identities shows that ®s(AX) =A®,(X). Hence ®, has all the
stated properties.

It is quite possible that different means may give rise to different expec-
tations, and that a given A may be neither faithful nor normal (cf. 6.2.4).
In the desirable cases, however, these anomalies do not occur.

THEOREM 6.2.2. Suppose that M is compatible with B. Then there
is exactly one faithful normal expectation ® on M, and ®r=® for every
mean A.

Proof. Let ® be any faithful normal expectation on M, and let X € 8.
By 6.2.1, C(X) N M contains ®2(X) for every mean A; thus it suffices
to show that this intersection consists of the single point ®(X). Since
GC N NB=M, we have ®(UXU?) =U®(X)U, for every U€ G. At
the same time, everything in M commutes with G, so that U®(X)U-' =& (X).
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Thus ®(7) = &(X) whenever T is a convex linear combination of operators
UXU-Y, U€ @. Being normal, & is weakly continuous on bounded sets, so
the last equality persists when T ranges over C(X). In particular, if
TeC(X)NM, then T=&(T) =®(X), and the proof is complete.

THEOREM 6.2.3. In order that M be compatible with B, it is necessary
and sufficient that there exist a faithful normal state p of B such that

p(UXU) =p(X), UcG XeB.

Proof. Necessity. Let & be a faithful normal expectation on M. Since
B acts on a separable Hilbert space, there is a faithful normal state ¢ on 8.
Put p=c¢o®. Then p is faithful and normal because both ¢ and & are.
By the proof of 6.2.2, ®(UXU) =&(X) for X€ B, Uc G. Thus

p(UXU) =008 (UXU*) =00®(X) =p(X).

Sufficiency. Let A be a mean, and construct the expectation ®s. Let
X € B, and let p be a state with the given properties. Therefore p(T') =p(X)
whenever T € C'(X), by weak continuity of p on bounded sets. In particular,
po®a(X)=p(X). By 6.1.1 (v), ®4 is faithful and normal, and the proof
is complete.

Remark 6.2.4. Take B to be the ring of all bounded linear operators
on a separable §, and let M be a maximal abelian (self-adjoint) subalgebra
of B which is totally atomic in the sense that every nonnull projection in
M dominates a minimal projection in M. If the minimal projections are
P,P,- - -, then ®(X) =X P,XP, is the (unique) faithful normal expec-
tation on M (example 2 and 6.2.2).

If M is nonatomic (no minimal projections) the picture is quite different.
Let Tr be the canonical semifinite trace on B+, and let HS denote the set of
all X € B such that Tr(X*X) < 4-c0. HS is well known to be an ultra-
weakly dense two-sided ideal in 8, and every operator in HS is compact.
Let G be the unitary group of M.

ProrosiTION 6.2.4. If M is a (self-adjoint) nonatomic mazimal abelian
subalgebra of B, the ring of all bounded operators on §, then C(X) N M = {0},
for every X € HS. M is not compatible with B ; moreover, for every mean A,
&, is neither faithful nor normal.

Proof. By a lemma of Dixmier ([1], Lemma 1, p. 12%), C(X) N M is
a (nonvoid) subset of HS. Every operator T in this intersection is therefore
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compact. The eigenspace corresponding to any nonzero eigenvector of T’ is
finite dimensional and its projection belongs to M because T' does. But every
nonnull projection in M is infinite dimensional, by nonatomicity. Thus
o(T)={0}. Since T is normal, one has T'=0.

Let p be a normal state such that p(UXU?) =p(X), Uc @, X€ 8.
Then by continuity, p is constant on C'(X). If X € HS, then by the preceding
paragraph, 0 = p(0) =p(X). Thus p vanishes on HS. By continuity again,
p =20, and this contradicts p(I) =1. By 6.2.3, M is not compatible with B.

Let A be a mean. Then ®2(X) € C(X) N M for every X (6.2.1).
Thus ®a vanishes on HS, and HS certainly contains nontrivial positive
operators. Hence ®a is not faithful. If ®, were normal, it would have to
vanish identically because HS is ultraweakly dense, and this would contradict
& (I) =1.

HARVARD UNIVERSITY.
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