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Chapter 1

Introduction

In this thesis, we are concerned about some modeling issues of intraday

financial data. Univariate market risk models have been thoroughly investigated

for intraday data [1]. However, univariate modeling (that considers one stock at

a time), although important for addressing certain kinds of problems, cannot be

enough to unveil the nature and dynamics of financial market because it does

not take into account the interdependence of different financial instruments.

Correlation dynamics models, therefore, have become an important aspect of

theory and practice in finance. Correlation trading, which is a trading activity to

exploit the changes in dependence structure of financial assets, and correlation

risk that captures the exposure to losses due to changes in correlation, have

attracted the attention of many practitioners [2] . Needless to say, poor models

of dependence structure may lead to an unexpected collapse of the market.

Correlation is also of paramount interest in a range of practical scenarios. For

example, basket options are widely used although accurate pricing of the basket

option is challenging. The primary reason is that they are cheaper to use for

portfolio insurance. The cost-saving relies on the dependence structure between

12



CHAPTER 1. INTRODUCTION 13

the assets [3] . In the actuarial world also, Monte Carlo-based approaches to

joint modelling of risks, like dynamic financial analysis, rely heavily on the

dependence structure [4] . The choice of model and correlation has significant

impact on the tail of the loss distribution and measures of extreme risks[5] [6].

Short term stock price prediction based on limit order book dynamics and high

frequency data is discussed in [7].

This thesis is organized as follows. In the rest of the chapter 1, we introduce

the basic notions and relevant existing results. In chapter 2, we will discuss

the problem of estimation of Elliptical copula in presence of asynchronicity . In

chapter 3, we will extend the results for a general class of copulas. Chapter 4 and

5 will deal with determining limiting spectral distribution for Hayashi-Yoshida

estimator for high-dimension.

1.1 Asynchronicity

It follows from the above discussion that we need accurate multivariate mod-

eling and analysis. But in order to perform multivariate analysis, we need mul-

tivariate data. This means that we need to have data for all p(≥ 2) variables

on n (sufficiently large) time points like days or months. For example, in case

of daily financial data we would expect to observe the price of all p stocks on

a particular day 1. We call this kind of data as synchronously observed data.

On the other hand, if we don’t have observations for one or several variables (or

stocks) on a particular time point then we call it nonsynchronous /asynchronous

data. An example of such data is intraday stock price data because within a

particular day when we observe a transaction in one stock we cannot expect to

observe transactions in all other stocks at the exact same time point. In other

words, it is not reasonable to assume that financial transactions are made syn-
1In this Thesis, we will only focus on stocks and not other kinds of financial instruments
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Figure 1.1.1: Nonsynchronous transaction times, calculated in seconds, for two
stocks Facebook and Apple for first six ticks on a particular day 10/05/2017.

chronously for all stocks under considerations. In Figure 1.1.1, we have shown

the occurrence /arrival times of two stocks within a small time interval. The

figure illustrates the problem of asynchronicity.

The effect of this asynchronicity, if not handled properly, can be quite seri-

ous. One of such effect, reported by T W Epps [8], is called Epps effect. In 1979,

T. W. Epps reported some empirical results showing that stock return corre-

lations decrease as sampling frequency increases. Later the same phenomenon

has been reported in several other studies of different stock markets [9] and

foreign exchange market [10] [11]. It is also empirically shown that taking into

account only the synchronous (or nearly synchronous) price ticks increase the

estimated correlation [12]. The Epps effect is a result of asynchronicity of price

observations and the lead-lag relation between asset prices [12]. In Figure 1.1.2,

the Epps effect is illustrated for two stocks: Google and Microsoft.

This thesis is concerned about the specific effects of asynchronicity on models

of dependence structure (based on high-frequency data). As we know, one

very widely used method to model multivariate stock price data is through

multivariate geometric Brownian motion with a linear correlation which is useful
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Figure 1.1.2: Epps effect- correlation decreases to 0 as sampling intervals (k) are
getting smaller. Synchronization is done by previous tick sampling technique.
x-axis represents sampling intervals and y-axis represents (realized) covariance
between two stocks Google and Microsoft on 6th January 2006 [13].

for pricing of options under the Black Scholes model. An alternative way to

model the dependence structure is through the use of copula. It is important

to mention some important works concerned with asynchronicity. For example,

the TSCV proposed in [14] which combines two-scale subsampling and previous

tick method aimed to remove the bias due to the microstructure noise and

asynchronicity. Fan, Li and Yu ([15]) studies TSCV and refresh time under the

high-dimensional and high-frequency setting. Ait-Sahalia, Fan and Xiu ([16])

proposes QMLE with a generalized time synchronization method.

In this thesis, we will illustrate the effects of asynchronicity on multivariate

modelling through copula and also how it presents challenges for estimation of

intraday (co)variation, what would be the possible way out and few additional

challenges in case of high-dimensional data. But before delving into the details

of these we will briefly discuss:

1. What is “high-frequency data”?

2. Why copula is important in finance?
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3. What is intraday (co)variation or (co)volatility, how can we capture it?

4. What is special about high-dimensional data analysis, where it is different

from multivariate data analysis?

1.2 High-frequency data

High-frequency data refers to time series data collected at a very fine time

scale. Its frequency reveals whether the data is collected monthly, weekly, daily,

hourly or even finer time scale. In finance, it is the advances in data acquisition

and processing techniques that make such data available to us. The highest

frequency data available in finance is tick-by-tick data (or trade-by-trade data)

in security markets. Since a large number of trades take place every day, the

size of such data is huge. These data are irregularly spaced and temporally

dependent. The availability of such large data helps to model the financial mar-

ket more effectively but, at the same time, it poses some challenges. With the

help of high-frequency data, in 1980, Merton developed a powerful estimator

of (daily)volatility (which we will discuss later in details) [17]. High-frequency

data at the one hand help us understand the market microstructure noise and

introduce serious bias in volatility estimation on the other. In fact, the non-

synchronous nature of intraday financial data is precisely the consequence of

high-frequency data.

1.3 Why copula?

Modelling the dependence structure through copula has proved its merit

over simple product moment correlation because correlation merely measures a
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form of co-linearity [18]. Over the past few decades, copula models have become

widely popular in the analysis of financial data. One of the many advantages

of the copula is the flexibility it offers to model the complex relationship be-

tween variables in a rather simple manner. Copula allows us to model the

marginal distributions as necessary and takes care of the dependence structure

separately. It is also one of the most important tools to model the probability

of extremely large negative (positive) return on one asset given that the other

asset yielded an extremely large negative (positive) return- commonly known

as tail dependence [19] . For this reason, copula is also a useful tool for mod-

elling the joint distribution between default times. Therefore it is important

for pricing Credit Spread Basket, Credit Debt Obligation, First to Default, N-to

Default and other Credit derivative baskets [20]. It also helps to correlate the

systematic risk to idiosyncratic risk [20]. Copula can also play a key role to

estimate dynamic daily dependence [21]. On the other hand, realized copula

calculated daily gives us a time series of copula parameter that helps us to cap-

ture time-varying dependency [22]. Recently a Mixed-copula VaR model has

been proposed to accurately measure the portfolio risk and a novel investment

strategy was developed [23]. All these studies show the power and usefulness of

copula to model multivariate financial data.

1.4 Daily (co)volatility

It is well known that the (daily) returns of financial assets are hard, in fact

almost impossible, to forecast. The volatility of the returns is comparatively

easier to predict and leads to various models in financial econometrics. However,

the conditional variance is not directly observable and has to be estimated.

In order to do so, the ARCH and GARCH family of models and stochastic

volatility models are extensively used in financial literature. But these models
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cannot satisfactorily capture all the stylized facts of financial time series such

as low but slowly decreasing autocorrelations in the squared returns or excess

kurtosis of returns [24] [25] [26] [27]. The availability of high-frequency data

has made it possible to estimate the volatility of intraday data accurately by

realized volatility which is defined as the sum of squared realizations.

Suppose that on date t, the log-price of a given asset follows a continuous

time diffusion process:

dp(t+ τ) = µ(t+ τ)dτ + σ(t+ τ)dW (t+ τ), 0 ≤ τ ≤ 1,

where p(t+ τ) is the log-price at time t+ τ , µ(t+ τ) is the drift, σ(t+ τ) is the

instantaneous volatility and W (t+ τ) (independent of σ(t+ τ)) is the standard

Brownian motion. The independence of σ(.) and W (.) ensures that there is no

leverage effect.

Then, given the sigma algebra generated by the sample paths of µ(t+ τ − 1)

and σ(t+ τ − 1), denoted as Ft, the daily return r(t) = p(t)− p(t− 1) has the

following Gaussian distribution:

rt|Ft ∼ N(

∫
µ(t+ τ − 1)dτ,

∫ 1

0

σ2(t+ τ − 1)dτ).

The variance term
∫ 1

0
σ2(t+τ−1)dτ is called Integrated variance. It is a measure

of volatility within a day.

Define,

RVt =

nt∑
i=1

r2
t,i ,

where nt is the number of returns of the stock observed on day t. It can be

showed that RVt is a consistent estimator of the integrated variance [17]. We

call RVt as the Realized variance. It is worthwhile to note that realized variance

is not consistent in the presence of microstructure noise [24]. In this thesis we
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will throughout assume that the data is free of noise 2.

Now if we consider a multivariate model, we can similarly define Integrated

covariance matrix. In order to perform a multivariate analysis we need syn-

chronously observed data. But from the previous discussion, it is clear that we

don’t have synchronous data. As we will discuss in Chapter 4, in a multivariate

but low dimensional set-up, the estimator, proposed by Hayashi and Yoshida. It

is unbiased and has good large sample properties. But for the high-dimensional

case, it is no longer a consistent estimator. Chapter 4 and 5 are dedicated to

the study of this matrix in high-dimension from the perspective of random ma-

trix theory. In the next two sections, we are going to discuss some challenges

of high-dimensional data and some of the preliminary notions from Random

matrix theory.

1.5 High-Dimensional data

In multivariate statistical theory, the sample covariance matrix is the most

common and undisputed estimator because it is unbiased and good large sample

properties with a growing number of observations when the number of variables

is fixed. But if the ratio of the number of variables (p) and the number of

observations (n) is large, then sample covariance does not behave as expected.

It can be showed that if p grows at the same rate as n i.e. p/n → λ(> 0) the

sample covariance matrix becomes inconsistent and therefore cannot be relied

upon [28]. In Figure 1.5.1 eigenvalues of the population covariance matrix and

sample covariance matrix are plotted for different values of p and n where the

population covariance matrix is the identity matrix. It is evident that the true

and sample spectra differ a lot as the ratio p/n grows. So for high-dimensional
2Microstructure noise is a deviation from fundamental value that is a result of the nature of

the market under consideration, e.g. bid-ask bounce, the discreteness of price change, latency,
and asymmetric information of traders. It makes realized volatility very unstable.
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Figure 1.5.1: Plot of true (dotted line) and sample (solid line) eigenvalues.

data (p/n→ λ > 0) there is a need to find an improved estimator.

Even though the sample eigenvalues are not consistent anymore, the limiting

distribution of eigenvalues of the sample covariance matrix and the connection

it has with the limiting eigenvalue distribution of population covariance matrix

are of importance. Determining the limiting spectral distribution can be very

useful to test the underlying assumption of the model. These questions are

addressed in random matrix theory. In the appendix we will give a very brief

introduction of RMT, some of its basic tools and major results.

1.6 Contribution of the thesis

We show how asynchronicity can affect the statistical analysis of nonsynchronous

intraday data. For the Elliptical copula a significant amount of underestimation

of interstock dependence can occur if proper correction is not made. We propose

a method to pair the nonsynchronous observations while keeping a memory of
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their original arrival times. These memories help us to construct a consistent

estimator of the copula parameter. We also determine a large sample distribu-

tion for the proposed corrected estimate. But mere consistency of the copula

parameter does not imply consistency of the empirical copula function. We then

show the consistency of copula function. We prove a theorem that determines

the amount of loss of intraday data after applying the pairing algorithm when

the original arrival processes are independent Poisson. Then we illustrate the

effect of asynchronicity for a more general copula. To develop the appropri-

ate correction factor, we focus on Kendall’s Tau. Although establishing the

exact relation between true and uncorrected Kendall’s Tau is challenging, how-

ever, under some assumptions we prove some important theorems and through

simulations and heuristic derivation, based on those theorems we propose a cor-

rection factor. We then show the superiority of this corrected estimate over the

uncorrected one by simulation studies on some important Archimedean copulas.

Then we study and establish the limiting spectral distribution of the high-

dimensional Hayashi-Yoshida covariance matrix, an estimate of the Integrated

covariance matrix in presence of asynchronicity. We establish the limiting spec-

tral distribution of this matrix in high-dimensional setup for both the cases

when dimension to sample size ratio converges to a zero or a nonzero number.



Chapter 2

Effect of asynchronicity for

Elliptical copula

2.1 Introduction

We have discussed the problems of asynchronicity in the first chapter. To

avoid such problems, one can synchronize the data by considering two “close

enough” (with respect to time of occurence) observations, one from each stock,

as a pair and treat them as if they are synchronously observed. A common

practice to avoid such problems is to set a predetermined sampling frequency

and a synchronous grid [29]. The price at the time point- just previous to a grid

point- is taken to be the price corresponding to that grid point. Details of such

methods will be given in section 2.2. In this chapter, we first show that there

can be a serious underestimation of the copula even after synchronizing the

data with the known synchronization methods. Then we propose a method for

the estimation of the copula parameter consistently. The rest of the chapter is

22
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organized as follows. In section 2.2 we deal with the Elliptical copula parameter

estimation for nonsynchronous data and prove the main theorem. In section 2.3

and 2.4, we show the results of simulation and real data analysis. Concluding

remarks will be given in section 2.5. Section 2.6 contains the proofs of all the

theorems presented in section 2.2. It is important to note that although this

chapter aims to deal with copula estimation in presence of asynchronicity, its

importance is not limited to copula. The results are also valuable when we are

interested in estimation of correlation coefficient or Kendall’s tau (discussed in

the next chapter).

The name ’copula’ comes from the precise role it plays. It is the idea of a

function that ‘couples’ a multivariate distribution functions to its marginals. A

formal definition is the following.

Definition 1. A d-dimensional distribution function C(u1, u2, ..., ud) : [0, 1]d →

[0, 1], where the margin satisfy Cj(uj) = C(1, 1, ..., uj , ...1) = uj for all uj ∈ [0, 1]

and j = 1, ...., d, is called a copula.

It is clear from the definition that the copula is a distribution function with

uniform margins. The immense importance of copula theory stems from a fa-

mous theorem proved by Sklar in 1959 which states that a multivariate distribu-

tion function can be uniquely decomposed into its marginals and the dependence

structure captured by a copula. This means that the modelling problem can be

tackled through two steps. In the first step, the marginal distributions can be

modelled without taking the multivariate distribution into account. Then in the

second step, the dependence structure can be modelled through the appropriate
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choice of the copula.

2.2 Copula and asynchronicity

Suppose there are two stocks and their prices at time t ∈ (0, 1) are denoted

by S1
t and S2

t . By Xt and Yt we denote the corresponding log-returns. If the

prices are assumed to follow the Black-Scholes model then the log returns have

a Gaussian distribution and obey the independent increment property. As the

stylized facts about financial data suggest that the Gaussian distribution is not

an appropriate choice for modelling, a wider class of distributions need to be

considered. That is where the true importance of copula lies.

In the Simulation section, the results of the simulation study are reported

where the effect of asynchronicity on copula parameter estimation for the Black-

Scholes model (and also other popular models commonly used) has been shown.

The simulation results display serious underestimation. In this section, the cause

of this problem is explained and a remedy is suggested. First, we will present

the algorithm to pair the data to make it suitable for computation of the copula

parameter estimator. The estimator is presented and consistency is proved in

the subsequent section. Finally, an estimator of the copula function is obtained

and its consistency is proved.

2.2.1 Pairing Method

The prices of the stocks are observed at random times when transactions take

place. It is assumed that the observation times of the two stocks are independent

Point processes. Therefore, if we have data of the first stock along with its time

of occurrence as (xi, t
1
i ) and that of the second stock as (yi, t

2
i ), then t1i s and t2i s

are independent.
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Before fitting a copula model the data has to be paired such that they can

be treated as synchronously observed. The conventional synchronizing methods

such as Generalized sampling times, which includes previous tick sampling and

refresh time sampling as special cases, aims to determine the sampling times

or grid times with some desirable properties [30] . After determining the grid

an observation pair is assigned at each time point in the grid. In this way no

memory of the original time point is conserved. We will first introduce the

conventional synchronizing method, known as Generalized sampling times.

Definition 2. Suppose we have M stocks. tik is the kth arrival time of the ith

asset. Then {τj : 1 ≤ j ≤ n}, are called generalized sampling times [31] if

a) 0 = τ0 < τ1 < ... < τn = T .

b) (τj−1, τj ] ∩ {ti,k : k = 1, ..., ni} 6= ∅ for all i = 1, ...,M .

c) max1≤j≤nδj → 0 in probability, where δj = τj − τj−1.

If δj = δ, then it is called Previous tick sampling. If τj+1 = max1≤i≤M t
i
N(i,tj)+1,

the sampling scheme becomes refresh time sampling scheme.

In contrast to the conventional method, we will refrain from uprooting an

observation from its origin time point and assigning it to a particular grid point

τj , for some j. Instead, we are taking into account the actual time of observa-

tions. In other words, instead of having a pair like (Xτj , Yτj ), we want to have

a pair like (Xt1
k1
i

, Yt2
k2
i

) where t1
k1i
and t2

k2i
are the times at which the ith pair of

stock prices where observed. To emphasise this we call it the ‘pairing method’

instead of ‘synchronizing method’. This pairing method is nothing but a modi-

fication over the refresh-time sampling, we can say - it is refresh time sampling

with the memory of the original arrival time.

The pairing method, to be followed throughout in this paper, is described
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Figure 2.2.1: Two consecutive pairs represented by the arrows.

Figure 2.2.2: Two consecutive pairs represented by the arrows.

through the following algorithm:

Algorithm (A0):

1. Take i = 1, k1
i = 1 and k2

i = 1

2. If t2
k2i

> t1
k1i

then find m = max{j : t1j < t2
k2i
}. The ith pair will be

(Xt1m
, Yt2

k2
i

). Modify k1
i = m

3. If t2
k2i

< t1
k1i

then find m = max{j : t2j < t1
k1i
}. The ith pair will be

(Xt1
k1
i

, Yt2m). Modify k2
i = m

4. Modify i = i+ 1. k1
i = k1

i + 1 and k2
i = k2

i + 1.

Repeat step 2,3,4.

So now we have paired data. Instead of writing (Xt1
k1
i

, Yt2
k2
i

) we shall hence-

forth write (Xt(k1i ), Yt(k2i )). Suppose total number of such pairs is n. In the next

section, we will see that in order to obtain a consistent estimator for the copula

parameter, we need the paired observations, as well as their respective locations

(t(k1
i ), t(k2

i )).

In Figure 2.2.1 and Figure 2.2.2, t1j and t2i are paired together- (t(k1
l ), t(k2

l )).
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The figures illustrate how the next pair is going to be chosen using the algorithm.

In Figure 2.2.1, t1j+1 < t2j+1. So t2j+1 = t(k2
l+1). t(k1

l+1) is chosen to be the

largest of the arrival times in the first stock that are less than t2i+1. In Figure

2.2.2, t1j+1 > t2j+1. So t1j+1 = t(k1
l+1). t(k2

l+1) is chosen to be the largest of the

arrival times in the first stock that are less than t1j+1. The pairs are represented

by the arrows.

2.2.2 Estimation of copula Parameter

Once we have paired observations for both the stocks, we can proceed to find

out the correlation. But the correlation between the returns Xt(k1i ) − Xt(k1i−1)

and Yt(k2i ) − Yt(k2i−1) is dependent on (t(k1
i ), t(k2

i )) and (t(k1
i−1), t(k2

i−1)) . To

see this, first suppose Xt(k1i )−Xt(k1i−1) =
∑l
i=m(Xti+1 −Xti) for some m and l.

Here {ti : i = 1(1)(n1 + n2)} is the combined (ordered) time points at which a

transaction (in any of the stocks) is noted. Then one of these four configurations

is true:



1. Yt(k2i ) − Yt(k2i−1) =
∑l−1
i=m+1(Yti+1

− Yti)

2. Yt(k2i ) − Yt(k2i−1) =
∑l−1
i=m−1(Yti+1

− Yti)

3. Yt(k2i ) − Yt(k2i−1) =
∑l+1
i=m+1(Yti+1 − Yti)

4. Yt(k2i ) − Yt(k2i−1) =
∑l+1
i=m−1(Yti+1

− Yti)


. (2.2.1)

See Figure 2.2.3 and Figure 2.2.4 for example of two such configurations.

We define a random variable Ii, denoting the overlapping time interval of ith

interarrivals corresponding to Xt(k1i ) −Xt(k2i−1) and Yt(k2i ) − Yt(k2i−1)
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Figure 2.2.3: Two consecutive pairs of log-returns are (Xt(k1i−1), Yt(k2i−1)) and
(Xt(k1i ), Yt(k2i )) with their corresponding transaction times (t(k1

i−1), t(k2
i−1)),

(t(k1
i ), t(k2

i ))

Figure 2.2.4: Two consecutive pairs of log-returns are (Xt(k1i ), Yt(k2i )) and
(Xt(k1i−1), Yt(k2i−1)) with their corresponding transaction times (t(k1

i ), t(k2
i )),

(t(k1
i+1), t(k2

i+1))
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Ii =



t(k2
i )− t(k2

i−1) if Yt(k2i ) − Yt(k1i−1) =
∑l−1
i=m+1(Yti+1

− Yti)

t(k2
i )− t(k1

i−1) if Yt(k2i ) − Yt(k1i−1) =
∑l−1
i=m−1(Yti+1

− Yti)

t(k1
i )− t(k2

i−1) if Yt(k2i ) − Yt(k1i−1) =
∑l+1
i=m+1(Yti+1

− Yti)

t(k1
i )− t(k1

i−1) if Yt(k2i ) − Yt(k1i−1) =
∑l+1
i=m−1(Yti+1

− Yti).

For Figure 2.2.3, Ii = t(k2
i ) − t(k2

i−1) and for Figure 2.2.4, Ii = t(k2
i ) −

t(k1
i−1). With the following example we will show that the correlation between

Xt(k1i ) −Xt(k1i−1) and Yt(k2i ) − Yt(k2i−1) is dependent on the overlapping (Ii) and

nonoverlapping region.

Suppose (Xt(k1i−1), Yt(k2i−1)) and (Xt(k1i ), Yt(k2i )) are two consecutive pairs of

log-prices with their corresponding transaction times (t(k1
i−1), t(k2

i−1)), (t(k1
i ), t(k2

i )).

We denote (X,Y ) as a bivariate rv with mean 0 , variances 1 and correlation

ρ. (X,Y ) is independent of the arrival processes. Here we discuss two cases

with example. Figure 2.2.3 and Figure 2.2.4 illustrate two situations where two

consecutive pairs of log-prices are (Xt(k1i ), Yt(k2i−1)) and (Xt(k1i ), Yt(k2i )) with their

corresponding transaction times- (t(k1
i−1), t(k2

i−1)), (t(k1
i ), t(k2

i )). First consider

Figure 2.2.3. Define T = {ti : i = 1(1)n̄} with n̄ = n1 + n2, where n1, n2 are

the number of observations in the two stocks. The conditional expectation:
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E[(Xt(k1i ) −Xt(k1i−1))(Yt(k2i ) − Yt(k2i−1))|T]

= E[(Xt(k1i ) −Xt(k1i−1))(Yt(k2i ) − Yt(k2i−1))|T, (t(k1
i−1), t(k2

i−1), t(k1
i ), t(k2

i )) = (tj , tj+1, tj+3, tj+2)]

= E[(Xtj+3
−Xtj+2

+Xtj+2
−Xtj+1

+Xtj+1
−Xtj )(Ytj+2

− Ytj+1
)|(tj , tj+1, tj+3, tj+2)]

= E[(Xtj+2
−Xtj+1

)(Ytj+2
− Ytj+1

)|(tj , tj+1, tj+3, tj+2)]

= E(X
√
tj+2 − tj+1.Y

√
tj+2 − tj+1|(tj , tj+1, tj+3, tj+2))

= (tj+2 − tj+1)E(XY )

= (tj+2 − tj+1)ρ.

Thus, E[(Xt(k1i ) −Xt(k1i−1))(Yt(k2i ) − Yt(k2i−1))] = ρE(t(k2
i )− t(k2

i−1)).

Also, E[(Xt(k1i ) −Xt(k1i−1))
2|T] = E(Xti+3 −Xti |tj , tj+3)2

E(Xtj+3
−Xtj |tj , tj+3)2

= (tj+3 − tj)EX2

= tj+3 − tj ,

and hence, E(Xt(k1i ) − Xt(k1i−1))
2 = E(t(k1

i ) − t(k1
i−1)). Similarly, E(Yt(k2i ) −

Yt(k2i−1))
2 = E(t(k2

i )− t(k2
i−1)). Thus for the case of Figure 2.2.3,

Cor[(Xt(k1i )−Xt(k1i−1)), (Yt(k2i )−Yt(k2i−1))] =
ρE(t(k2

i )− t(k2
i−1))√

E(t(k1
i )− t(k1

i−1)).
√
E(t(k2

i )− t(k2
i−1))

.

Taking intuition from these examples we will now state our first theorem.

Now we state our assumptions and the main theorem.

We take the following assumptions A:

A1: The associated copula is an Elliptical copula.

A2: The log price process follows independent and stationary increment
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property.

A3: The observation times (arrival process) of two stocks are independent

Renewal processes and n → ∞ as n1, n2 → ∞ where n is number of paired

observations.

A4: Estimation is based on paired data obtained by algorithm A0.

A5 : P [(Yt(k1i ), Yt(k2i )) ∈ R(y, δ)] = O( δ
nψ

) with |δ| = |maxi(yt(k1i )− yt(k2i ))| <

M where y, ψ > 0, M is a positive number and R(a, b)- is the rectangle in R2

formed by the interval (b− a, b+ a) i.e. R(a, b) = (b− a, b+ a)× (b− a, b+ a).

Assumption A5 is reasonable because of the high-frequency nature of the
data, it also relies on continuity of the price processes.

Theorem 3. Under the assumptions A1 − A4,θ̂ defined below is a consistent

estimator of the true copula parameter

θ̂ = ρ̂

√
m1.m2

m(I)
,

where for l = 1, 2 ml = 1
n

∑n
i=1(t(kli)− t(kli−1)), m(I) = 1

n

∑n
i=1 Ii and ρ̂ being

the sample mean and sample correlation coefficient based on the pairs.

Also,
√
n(f(θ̂)− f(θ))

d→ N(0, 1),

where f(θ) = 1
2 [log(1 + θ

γ )− log(1− θ
γ )] and f(θ̂) = 1

2 [log(1 + θ̂
γ )− log(1− θ̂

γ )]

and

γ =

√
E(t(k1

i )− t(k1
i−1))E(t(k2

i )− t(k2
i−1))

E(Ii)
.

Proof of Theorem 3 is given in Section 2.7.

According to the theorem in order to get a consistent estimator, we need

to multiply the usual sample correlation coefficient, based on the paired obser-

vations (by algorithm A0), by a correction factor. The correction factor is a
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function of only the tk1i and tk2i for i = 1(1)n i.e. it is only dependent on the

arrival process and not on the copula.

As we know F (x, y) = C(F1(x), F2(y); θ), asynchronicity does not only affect

the estimation of θ, but also estimation of the copula function because x and y

are supposed to be observed synchronously. The convergence of Ĉ(F̂1(x), F̂2(y); θ̂),

where F̂1(.) and F̂2(.) are empirical distribution functions of F1(.) and F2(.),

needs more than the convergence of θ̂. The next theorem tries to address this

concern.

Theorem 4. Under A1 : A5 , the copula C(F̂1(x1), F̃2(x2); θ̂),with F̂1(.) and

F̃2(.) being the empirical distribution functions of X and Y on the margins of

paired data, and θ̂ defined as in Theorem 14, is uniformly convergent for the

true copula.

Proof of Theorem 4 is given in Section 2.7.

Remark: The assumption A5 can also be replaced by

A∗5 : P [(Xt(k1i ), Xt(k2i )) ∈ R(x, δ)] = O( δ
nψ

) with |δ| = |maxi(xt(k1i )−xt(k2i ))| <

M where ψ > 0 and M is a positive number.

Now as we know that the correction factor in Theorem 16 is a function of

the arrival process only, it is worthwhile to express γ in terms of the underlying

parameters of the arrival process. In the next theorem, we will try to do so. But

the implication of the theorem goes beyond this purpose. Remember that all

the synchronization methods we have discussed, have one problem- it results in

loss of data. If we look at Figure 1.1.1, it will be evident. The first observations

of two stocks will form the first pair and the last observations of two stocks

will form the second pairs. Then all four observations of the first stocks, lying

in between the first and last observations, will be wasted. So one can ask the
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question that with our pairing method (A0), what proportion of observations

(of each stock) will be wasted. This can be answered if we can compare average

interarrival length in a stock (for example E(t1i − t1i−1) for the first stock) and

average interarrival length formed by the pairs (E(t1ki−t
1
ki−1

) for the first stock).

Now if we try to express γ in terms of the arrival process then first we have to

calculate E(t1ki− t
1
ki−1

) , E(t2ki− t
2
ki−1

) and E(Ii) separately. So as a by-product

of the following theorem, we will get the answer to the previous question.

Theorem 5. Suppose the two underlying point processes are Poisson processes

with parameters λ1 and λ2 and Zk ∼ Beta(1, k) for k > 1 then,

γ =

√
η1η2/λ1λ2

1
2

∑∞
n=1 n[( 1

λ1
+ 1

λ2
)(pn + qn)]

where

pn = FZn+1
(

λ2

λ1 + λ2
)− FZn(

λ2

λ1 + λ2
),

qn = FZn+1
(

λ1

λ1 + λ2
)− FZn(

λ1

λ1 + λ2
)

and for i=1,2

ηi =

∞∑
k=1

[{FB(1,k+1)(1−
λi

λ1 + λ2
)−FB(1,k)(1−

λi
λ1 + λ2

)}+k{FB(1,k+1)(
λi

λ1 + λ2
)−FB(1,k)(

λi
λ1 + λ2

)}].

Proof of Theorem 5 is given in Section 2.7.
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Figure 2.3.1: Realizations (stock price) from one simulation with copula param-
eter -0.4.

2.3 Simulation study

We simulated data of log returns of two stocks on a synchronized grid of

2n random time points (generated by a Poisson Process) by a specific copula

function (Figure 2.3.1). Initially, we take a Gaussian copula with dependence

parameter ρ. These 2n values, generated from the Gaussian copula, are then

scaled properly to represent log returns for a particular interarrival. Now from

the first stock, we randomly delete n time points and their corresponding re-

turns. The remaining n data points constitute the data for 1st stock. For the

2nd stock, we will keep the time points which were deleted from 1st stock and

will delete rest of the time points. These time points, which we decided to keep,

along with their corresponding log returns constitute data for 2nd stock. So we

are now left with nonsynchronous data for two stocks.

We then use the method, prescribed in the previous section, to estimate the

copula parameter. We repeat the process 100 times. The mean and variance

of the 100 estimates are reported in the Table 2.3 and 2.4. In Figure 2.3.2, we
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Figure 2.3.2: Box plots for two cases ρ = −0.4 (left) and ρ = 0.8 (right);
the yellow plot is corresponding to the corrected estimate and the red plot
corresponding to uncorrected estimates.

show the box plots for two cases- for ρ = −0.4 and 0.8 and same n = 2000.

The boxplot on the left (yellow) is corresponding to the corrected estimate and

on the right (red) corresponding to uncorrected estimates 1 (refresh time). The

blue line suggests the true parameter.

As discussed earlier TSCV estimator [15], though aims to remove the bias

due to microstructure noise, also tries to mitigate undesirable effects of asyn-

chronicity. Therefore we have to compare our proposed estimator with the

TSCV estimator. It turns out that although on average TSCV estimator per-

forms better than the uncorrected (refresh time) estimate, it is also biased sig-

nificantly. Moreover it has a huge variance compared to other estimates. In

Figure 2.3.4 we showed the boxplot of the proposed and TSCV estimates.

From the table we see that both previous tick and refresh time sampling fails

to capture the magnitude true dependence. In fact previous tick method is the

worst choice for synchronization.
1Throughout this thesis we refer the estimate with simple refresh time sampling as "un-

corrected estimates".
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Figure 2.3.3: Box plot for ρ = 0.8; The yellow plot is for the corrected estimates
of 100 simulations with sample size 500. The red and green plots correspond
to the estimates from refresh time sampling and previous tick sampling respec-
tively.

Figure 2.3.4: Boxplot for proposed and TSCV estimates.
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ρ n Estimate from Estimates from Corrected
previous tick sampling refresh time sampling estimate

-0.4 800 -0.2316 -0.2680 -0.4022
(0.049) (0.046) (0.069)

0.2 800 0.1205 0.1237 0.1853
(0.049) (0.045) (0.067)

0.8 800 0.4675 0.5255 0.7885
(0.038) (0.035) (0.051)

-0.4 2000 -0.2325 -0.2682 -0.4022
(0.034) (0.025) (0.039)

0.2 2000 0.1115 0.1274 0.1911
(0.027) (0.031) (0.046)

0.8 2000 0.4613 0.5258 0.7888
(0.028) (0.019) (0.029)

-0.4 5000 -0.2289 -0.2637 -0.3956
(0.018) (0.017) (0.026)

0.2 5000 0.1165 0.1357 0.2036
(0.019) (0.015) (0.023)

0.8 5000 0.4582 0.5224 0.7844
(0.016) (0.013) (0.019)

Table 2.1: Mean and sd of estimators from 100 simulations for different ρ and
sample size n. The standard (uncorrected) estimators (with previous tick and
refresh time synchronization) and the corrected estimator, prescribed in this
chapter, are reported.

ρ n MSE (previous tick) MSE (refresh time) MSE (corrected)
-0.4 800 0.0307 0.0195 0.0047
0.2 800 0.0087 0.0078 0.0047
0.8 800 0.112 0.0765 0.0027
-0.4 2000 0.029 0.0179 0.0015
0.2 2000 0.0085 0.0062 0.0021
0.8 2000 0.1155 0.0755 0.0009
-0.4 5000 0.0296 0.018 0.0006
0.2 5000 0.007 0.004 0.0003
0.8 5000 0.1117 0.077 0.0006

Table 2.2: Calculated mean-square-error for the results in Table2.3 .
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Figure 2.3.5: Normal QQ plot of log(1 + θ̂
γ ) from 100 simulations.

The qqplot (see Figure 2.3.5) from 100 simulations of the estimates for pa-

rameter 0.8 suggests that the asymptotic distribution is Gaussian (as shown in

Theorem 20).

We carried out the same analysis with the t copula, with different marginal

distributions with different degrees of freedom, which is a more realistic sce-

nario for intraday financial data. The result is similar i.e. not only that our

prescribed correction gives a good estimate but also the uncorrected method

(refresh time) returns a biased estimate and the bias is significant. The result

of 100 simulations with parameter -0.4 is summarized in Table 2.3.

The relation between arrival process parameter and γ is illustrated in Figure

2.3.6. We keep λ1 fixed at 5 and change the γ2 to see how the γ is related with

the parameter of poisson processes. We see that the value of γ is highest when

both the λ’s are same (= 5). The more λ2 departs from λ1 smaller the value of

γ becomes.
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t copula (df 8) uncorrected estimate corrected estimate
marginals mean sd mean sd
(t(5), t(7)) -0.2623 0.036 -0.3932 0.054

(N(0, 2), N(0, 4)) -0.264 0.038 -0.3936 0.055
(t(4), N(0, 3)) -0.2532 0.039 -0.3801 0.059

Table 2.3: Simulation for t copula for different marginals with ρ = −0.4. The
standard estimates with refresh time sampling (uncorrected) and the corrected
estimates are reported.

Figure 2.3.6: Figure illustrating how change in λ2 affects γ. λ1 is fixed at 5.
Increasing value of λ2is plotted at x axis. The y-axis represents values of 1/γ.
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Figure 2.4.1: Facebook (black) and Apple (gray) data after subtracting the
mean for two consecutive days 10.05.2017 and 11.05.2017.

2.4 Real data analysis

As shown in Section 2.3, the unbiased estimate can be very difficult to calculate

depending on the choice of copula and the underlying process. So we have

analyzed real financial intraday data to see which kind of copula is more likely

to be encountered in practice. We use AIC to compare and select the best

copula. In many of the analysis, we have found that the t-copula is a good

choice to model bivariate intraday data.

To see the impact of asynchronicity for the real data we want to see the

magnitude of correction to be undertaken. The intraday data for Apple and

Facebook stocks (Figure 2.4.1) have been modeled by bivariate t copula for

three consecutive days. For all three days both the uncorrected (biased) and

the corrected (unbiased) estimates are evaluated (Table 2.4). The amount of

correction to be undertaken is reported through the percentage change in values

of uncorrected and corrected estimates. We have noticed almost 30 to 35% of

data is lost or deleted in the process of pairing them.

We have also performed the same analysis for couple of other stocks and

the results we got are very similar. For example, when we consider Amazon
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uncorrected corrected percentage change
biased estimate unbiased estimate (unbiased est.−biased est

biased est. × 100)
Day 1 0.098 0.141 43.87%
Day 2 0.129 0.186 44.18%
Day 3 0.111 0.159 43.24%

Table 2.4: Copula estimation for the joint distribution of Apple and Facebook
data.

and Netflix on three nearly consecutive days, the percentage changes in copula

parameter (t copula) are 41.75%, 39.84%, 42.76% respectively.

2.5 Conclusion

These values of both the simulations and real data analysis clearly show that the

impact of asynchronicity can be very serious if not tackled properly. We have

discussed some of the methods to avoid that. Careful preprocessing of intraday

data is necessary in order to model or infer about the underlying realities. But

we have to also bear in mind about the impact of the preprocessing undertaken

and sometimes modifications of inference methods are required in order to avoid

misleading conclusions.

2.6 Proofs of the theorems

2.6.1 Proof of Theorem 3

Proof. The conditional expectation:

E[(Xt(k1i )−Xt(k1i−1))(Yt(k2i )−Yt(k2i−1))|(t(k1
i ), t(k2

i ), t(k1
i−1), t(k2

i−1))] = IiE(XY ).
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This is a consequence of the assumption A2 (and illustrated in the examples).

E[(Xt(k1i ) −Xt(k1i−1))
2|t(k1

i ), t(k1
i−1)] = (t(k1

i )− t(k1
i−1))E(X2).

Similarly,

E[(Yt(k2i ) − Yt(k2i−1))
2|t(k2

i ), t(k2
i−1)] = (t(k2

i )− t(k2
i−1))E(Y 2).

So E(Xt(k1i ) −Xt(k1i−1))
2 = E(t(k1

i )− t(k1
i−1))E(X2).

and E(Yt(k2i ) − Yt(k2i−1))
2 = E(t(k2

i )− t(k2
i−1))E(Y 2). Therefore

Cor((Xt(k1i ) −Xt(k1i−1)), (Yt(k2i ) − Yt(k2i−1))) =
E(XY )E(Ii)√

E(t(k1
i )− t(k1

i−1))E(X2)
√
E(t(k2

i )− t(k2
i−1))E(Y 2)

=
ρE(Ii)√

E(t(k1
i )− t(k1

i−1))
√
E(t(k2

i )− t(k2
i−1))

Therefore the estimate θ̂, defined as

θ̂ =

√
m1m2

m(I)
ρ̂,

where ρ̂ = ˆCor((Xt(k1i ) − Xt(k1i−1)), (Yt(k2i ) − Yt(k2i−1))), is also consistent esti-

mator of θ because ρ̂, m(t(k1
i ) − t(k1

i−1)) and m(I) almost surely converge to

Cor((Xt(k1i )−Xt(k1i−1)), (Yt(k2i )−Yt(k2i−1))), E(t(k1
i )− t(k1

i−1)) and E(Ii) respec-

tively.

Let us define the correction factor: w =
√
m1m2

m(I) .

Now

m1
P→ E(t(k1

i )− t(k1
i−1))

and

m2
P→ E(t(k1

i )− t(k1
i−1))
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and

m(I)
P→ E(Ii).

Therefore w P→ γ, where

γ =

√
E(t(k1

i )− t(k1
i−1))E(t(k2

i )− t(k2
i−1))

E(Ii)

As ρ̂ is sample correlation coefficient, we know

√
n(ρ̂− ρ)

d→ N(0, (1− ρ2)2)

By Slutsky’s theorem we get,

√
n(wρ̂− γρ)

d→ N(0, γ2(1− ρ2)2)

i.e. (note θ = γρ)

√
n(θ̂ − θ) d→ N(0, γ2(1− θ2/γ2)2) = γ(1− θ2/γ2)N(0, 1).

Now we need to stabilize the variance.

Note that,
1

γ(1− θ2/γ2)
=

1

2γ
[

1

1− θ/γ
+

1

1 + θ/γ
].

Define, f(x) = 1
2 [log(1 + x

γ )− log(1− x
γ )].

So,

f ′(x) =
1

2γ
[

1

1 + x/γ
+

1

1− x/γ
].

Therefore a simple application of delta method implies

√
n(f(θ̂)− f(θ))

d→ N(0, 1).
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This completes the proof.

2.6.2 Proof of Theorem 4

Proof. Note that F (x, y) = C(F1(x), F2(y), θ). So Ĉ = Ĉ(F̂1(xt(k1i )), F̂2(yt(k1i )), θ̂;i =

1(1)n) is a consistent estimator for the copula C. But yt(k1i )’s are unobserved,

where yt(k2i )’s are actually observed. Let us use the notation F̂2(.) and F̃2(.)

for the empirical distribution function of Y based on the observations {yt(k1i ) :

i = 1(1)n} and {yt(k2i ) : i = 1(1)n} respectively. Therefore to claim that the

estimated copula based on the paired data (observed) is consistent, we have to

show that |Ĉ(F̂1, F̂2, θ̂)− Ĉ(F̂1, F̃2, θ̂)| → 0 a.s.

Suppose δi = |yt(k1i )−yt(k2i )|. Note that by Assumption 5, δ = max(δi) < M .

Now,

|F̃2(y)− F̂2(y)| = | 1
n

n∑
i=1

I(Yt(k2i ) ≤ y)− 1

n

n∑
i=1

I(Yt(k1i ) ≤ y)|

= | 1
n

n∑
i=1

{I(Yt(k2i ) ≤ y)− I(Yt(k1i ) ≤ y)}|

≤ 1

n

n∑
i=1

|I(Yt(k2i ) ≤ y)− I(Yt(k1i ) ≤ y)|

≤ 1

n

n∑
i=1

I(Yt
k2
i

∈ (y − δi, y + δi))I(Yt(k1i ) ∈ (y − δi, y + δi))

≤ 1

n

n∑
i=1

I(Yt(k2i ) ∈ (y − δ, y + δ))I(Yt(k1i ) ∈ (y − δ, y + δ)).

We have to show 1
n

∑n
i=1 I(Yt(k2i ) ∈ (y − δ, y + δ))I(Yt(k1i ) ∈ (y − δ, y + δ))→ 0
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a.s. using-

∞∑
n=1

P (|F̃2(y)− F̂2(y)| > η)

=

∞∑
n=1

P (
1

n

n∑
i=1

|I(Yt(k1i ) ∈ (y − δ, y + δ))I(Yt(k2i ) ∈ (y − δ, y + δ))| > η)

≤
∞∑
n=1

∑
1≤i,j≤n

1

n2η2
E(I(Yt(k1i ) ∈ (y − δ, y + δ))× I(Yt(k2i ) ∈ (y − δ, y + δ))×

I(Yt(k1j ) ∈ (y − δ, y + δ))× I(Yt(k2j ) ∈ (y − δ, y + δ))

≤
∞∑
n=1

3

η2n2

n∑
i=1

E(I(Yt(k1i ) ∈ (y − δ, y + δ))× I(Yt(k2i ) ∈ (y − δ, y + δ)))

=

∞∑
n=1

3

η2n
P [(Yt(k1i ), Yt(k2i )) ∈ R(y, d)]

=

∞∑
n=1

3

η2
O(

1

n1+ψ
)

<∞

The first inequality is due to Chebyshev’s inequality and the last equality is due

to A5. The second inequality is a consequence of asynchronicity as for each i

there are at most two j’s (the preceding and the next) for which (Xt(k1i ), Yt(k2i ))

and (Xt(k1j ), Yt(k2j )) are dependent.

Hence by Borel Cantelli Lemma, |F̃2(y) − F̂2(y)|
a.s
→ 0. Again we know

|F̂2(y)− F2(y)|
a.s
→ 0. So, |F̃2(y)− F2(y)|

a.s
→ 0.

Now we have to show that uniform convergence will hold in this case. That

is we want to show ∀ε > 0, supy|F̃2(y) − F (y)| < ε. For any given ε > 0 we

have a finite partition of the real line −∞ = z0 ≤ z1 ≤ z2 ≤
. . . ≤ zk = ∞

such that F (z−i+1) − F (zi) ≤ ε. This can be achieved by taking z0 = −∞ and

zj+1 = sup{z : F (z) ≤ F (zj) + ε}. Then, F (zj+1) ≥ F (zj) + ε. Because if

F (zj+1) < F (zj) + ε then by right continuity there exists a ξ > 0 such that

F (zj+1 + ξ) < F (zj) + ε, hence contradicting the definition of zj+1. So between
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zj and zj+1, F jumps at least ε. This can happen at most finite number of times,

so k <∞. And by our definition of zj+1, we have F (zj+1−ξ) ≤ F (zj)+ε ∀ξ > 0.

Hence F (z−i+1)− F (zi) ≤ ε.

If y ∈ [zi, zi+1) then

F̃ (zi) ≤ F̃ (y) ≤ F̃ (z−i+1)

F (zi) ≤ F (y) ≤ F (z−i+1)

=⇒ F̃ (zi)− F (z−i+1) ≤ F̃ (y)− F (y) ≤ F̃ (z−i+1)− F (zi)

=⇒ F̃ (zi)− F (zi) + F (zi)− F (z−i+1) ≤ F̃ (y)− F (y)

≤ F̃ (z−i+1)− F (z−i+1) + F (z−i+1)− F (zi) ∀n > ni

=⇒ −2ε ≤ F̃ (zi)− F (zi) + F (zi)− F (z−i+1) ≤ F̃ (y)− F (y)

≤ F̃ (z−i+1)− F (z−i+1) + F (z−i+1)− F (zi)

≤ 2ε ∀n > ni

=⇒ −2ε ≤ F̃ (y)− F (y) ≤ 2ε ∀y ∈ R, ∀n > max(ni)

=⇒ |F̃ (y)− F (y)| ≤ 2ε.

Now using properties of copula we can clearly see that

|C(F1(x), F2(y))− C(F̂1(x), F̃2(y))|

≤ |C(F1(x), F2(y))− C(F̂1(x), F2(y))|+ |C(F̂1(x), F2(y))− C(F̂1(x), F̃2(y))|

≤ |F̂1(x)− F1(x)|+ |F̃2(y)− F2(y)|.

As both F̂1 and F̃2 are uniformly convergent to F1 and F2 respectively, the

result follows.
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Figure 2.6.1: Two situations depending on the position of t(k2
i )

.

2.6.3 Proof of Theorem 5

Proof. To determine γ, we need to determine E(t(k1
i ) − t(k1

i−1)), E(t(k1
i ) −

t(k1
i−1)), E(Ii).

Let us start with E(Ii). If you fix the point t(k1
i ) then there can two situa-

tions depending on the position of t(k2
i ) as illustrated in Figure 2.6.1.

Consider Case 1 first. We are interested in the coming overlap. As illustrated

in Figure 2.6.2, define S1(the first interarrival of the first stock after t(k1
i )) and

T ′1(the first interarrival of the 2nd stock after t(k2
i )) and T1 (the first interarrival

of the 2nd stock after t(k1
i ) i.e. if we start observing the process only from

t(k1
i ) then the first arrival time for the second stock). As the arrival processes

are Poisson processes, distributions of T1 and T ′1 are same (due to memory-

less property). Denote all the subsequent interarrivals as Si : i = 2, 3, ... and
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Figure 2.6.2: An illustration of the first case.

Ti : i = 2, 3, ....

Now (for case 1),

I =


∑k
i=1 Ti if for k(≥ 1) such that

∑k
i=1 Ti < S1 <

∑k+1
i=1 Ti∑k

i=1 Si if for k(≥ 1) such that
∑k
i=1 Si < T1 <

∑k+1
i=1 Si

(2.6.1)

Therefore (for case 1 i.e. actually conditional expectation),

E(I) =

∞∑
n=1

[E(

n∑
i=1

Ti)P (

n∑
i=1

Ti < S1 <

n+1∑
i=1

Ti)+E(

n∑
i=1

Si)P (

n∑
i=1

Si < T1 <

n+1∑
i=1

Si)].

E(
∑n
i=1 Ti) = nE(T1) = n

λ2
and E(

∑n
i=1 Si) = nE(S1) = n

λ1
.

Define pn = P (
∑n
i=1 Ti < S1 <

∑n+1
i=1 Ti) and qn = P (

∑n
i=1 Si < T1 <∑n+1

i=1 Si).

So,

E(I) =

∞∑
n=1

[
n

λ1
pn +

n

λ2
qn].
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qn = P (

n∑
i=1

Si < T1 <

n+1∑
i=1

Si)

= P (T1 <

n+1∑
i=1

Si)− P (T1 <

n∑
i=1

Si).

Note that T1 ∼ exp(λ2) ≡ Gamma(1, λ2) and
∑n
i=1 Si ∼ Gamma(n, λ1).

So

P (

n∑
i=1

Si > T1) = P (

∑n
i=1 Si
λ1

>
(λ1 + λ2)T1

λ1λ2
− T1

λ2
)

= P (

∑n
i=1 Si
λ1

+
T1

λ2
>

(λ1 + λ2)T1

λ1λ2
)

= P (
T∑n

i=1 Si
λ1

+ T1

λ2

<
λ1λ2

λ1 + λ2
)

= P (
T/λ2∑n

i=1 Si
λ1

+ T1

λ2

<
λ1

λ1 + λ2
)

= P (Zn <
λ1

λ1 + λ2
),

where Zn = T/λ2∑n
i=1

Si
λ1

+
T1
λ2

∼ Beta(1, n)

So,

qn = FZn+1
(

λ1

λ1 + λ2
)− FZn(

λ1

λ1 + λ2
).

Similarly,

pn = FZn+1
(

λ2

λ1 + λ2
)− FZn(

λ2

λ1 + λ2
).

Case 2 is the same if the role of X and Y are interchanged. See Figure 2.6.3.

So for Case 2,

E(I) =

∞∑
n=1

[
n

λ1
pn +

n

λ1
qn].

Now two cases are equally likely, P (Case 1) = 1
2 = P (Case 2).

Therefore both the cases combined, E(I) = 1
2

∑∞
n=1 n[( 1

λ1
+ 1

λ2
)(pn + qn)].
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Figure 2.6.3: A case with two perspectives.

Now we have to calculate E(t(k1
i )− t(k1

i−1)).

For case 1:

Define,

N =


1 for k(≥ 1) such that

∑k
i=1 Ti < S1 <

∑k+1
i=1 Ti

k for k(≥ 1) such that
∑k
i=1 Si < T1 <

∑k+1
i=1 Si

(2.6.2)

Then,

E(t(k1
i )− t(k1

i−1)) = 1
λ1
η1, where E(N) = η1.

E(N) =

∞∑
k=1

{P (

k∑
i=1

Ti < S1 <

k+1∑
i=1

Ti) + kP (

k∑
i=1

Si < T1 <

k+1∑
i=1

Si)}

=

∞∑
k=1

[{P (S1 <

k+1∑
i=1

Ti)− P (S1 <

k∑
i=1

Ti)}+ k{P (T1 <

k+1∑
i=1

Si)− P (T1 <

k∑
i=1

Si)}]

=

∞∑
k=1

[{FB(1,k+1)(
λ2

λ1 + λ2
)− FB(1,k)(

λ2

λ1 + λ2
)}+ k{FB(1,k+1)(

λ1

λ1 + λ2
)− FB(1,k)(

λ1

λ1 + λ2
)}].
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Similarly E(t(k2
i ) − t(k2

i−1)) = 1
λ2
η2 where η2 is the mean of N ′ defined

below,

N ′ =


1 if for k(≥ 1)

∑k
i=1 Si < T1 <

∑k+1
i=1 Si

k if for k(≥ 1)
∑k
i=1 Ti < S1 <

∑k+1
i=1 Ti.

η2 =

∞∑
k=1

[{FB(1,k+1)(
λ1

λ1 + λ2
)−FB(1,k)(

λ1

λ1 + λ2
)}+k{FB(1,k+1)(

λ2

λ1 + λ2
)−FB(1,k)(

λ2

λ1 + λ2
)}].

For case 2 the derivation is similar.

So ultimately we get

γ =

√
η1η2/λ1λ2

1
2

∑∞
n=1 n[( 1

λ1
+ 1

λ2
)(pn + qn)]

.



Chapter 3

Extension for more general

copula

In this chapter, we will try to extend our result to a more general class of

copulas. As the argument, in Chapter 2, is entirely based on the correlation

coefficient, it cannot be directly extended to a larger class of copulas. One big

drawback of the elliptical copula is that it does not provide the flexibility that

copula is famous for. For example, we would find it problematic to model any of

the marginal distributions by a non-elliptical distribution, otherwise, the copula

parameter (correlation matrix) cannot be directly estimated from the data. The

method, which we are going to prescribe here, is a solution to that problem.

Although for a general copula there is no direct relation between Pearson’s

correlation coefficient and the copula parameter, we saw that there is a relation

between Kendall’s tau and copula parameter. So we can study how Kendall’s

tau is affected by asynchronicity. The results in this chapter will enable us to

estimate Kendall’s tau for intraday financial data.

52
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3.1 Dependence measures and relation with cop-

ula:

We discussed that copula completely captures the dependence structure of

a multivariate distribution and therefore plays an important role in the study

of measuring dependence. Some of the widely known association measures are

directly related to copula only (and not to the marginals). Here we discuss some

of them.

Kendall’s τ , an important measure of association based on concordance, is

defined as ρτ (X,Y ) = E(sign(X − X̃)(Y − Ỹ )), where X̃ and Ỹ are identical

but independent copies of X and Y [32]. The relationship between copula and

Kendall’s tau is given by-

ρτ (X,Y ) = 4

∫ 1

0

∫ 1

0

C(u1, u2)dC(u1, u2)− 1. (3.1.1)

For the elliptical copulas (with density), a simplified form can be derived

[33],

ρτ (X,Y ) =
2

π
arcsin.ρ. (3.1.2)

If X and Y are random variables with an Archimedean copula C generated

by φ, then

ρτ = 1 + 4

∫ 1

0

φ(t)

φ′(t)
dt. (3.1.3)

Spearman’s Rho, another measure of association, is defined as

ρS(X1, X2) = 3[P (X1 −X2)(Y1 − Y3) > 0]− P [(X1 −X2)(Y1 − Y3) < 0]).

where (Y1, Y3) is independent (with same margins as (X1, X2)) of (X1, X2)
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but Y1 and Y3 are independent. It can be shown that,

ρS(X,Y ) = 12

∫ 1

0

∫ 1

0

C(u, v)dudv − 3.

For Gaussian copula ρS = 6
πarcsinρ2 [34].

A generalized form of measure of dependence [35] is given by

MC =

∫ ∫
I2
f(u, v, C(u, v))dC(u, v),

where f is an appropriate smooth function (must be such that |MC | ≤ 1

and MΠ = 0). The cases f(u, v, C) = 4C − 1 and f(u, v, C) = 12uv − 3 give

Kendall’s tau and Spearman’s Rho respectively.

Tail dependence is another extremely important measure of dependence,

especially in context of finance, because it is linked to high simultaneous losses.

Tail dependence looks at the concordance in the extreme values of X and Y .

The upper tail dependence (λU ) is defined by-

λU = limu→1P(Y ≤ F−1
Y (u)|X ≤ F−1

X (u)).

Similarly the lower tail dependence (λL) is defined by-

λL = limu→0P(Y > F−1
Y (u)|X > F−1

X (u)).

One of the reasons for the popularity of the copula in finance is that it has

a nice and elegant relation with tail dependence as follows,

λU = limu→1
1− 2u+ C(u, u)

1− u
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and

λL = limu→0
C(u, u)

u
.

Thus, as we discussed, these dependence measures contain significant informa-

tions about the copula parameter. 1. In this chapter we will particularly focus

on the Kendall’s tau. For a large class of copulas there is one-one relation be-

tween copula parameter and Kendall’s tau. As it is difficult to measure the

impact of asynchronicity on copula parameter directly, we will measure the im-

pact on Kendall’s tau. In other words, our intention is very much similar to

that in the previous chapter- we will try to correct the sample Kendall’s tau by

a correction factor. If we obtain the corrected estimate of Kendall’s tau, we can

calculate copula parameter through the equation 3.1.1.

3.2 Asynchronicity and effect on Kendall’s tau

The definition of Kendall’s tau is E(sign((X − X̃)(Y − Ỹ ))) where X̃ and

Ỹ are identical but independent copies of X and Y . The problem with non-

synchronous data is that any two independent pairs of returns cannot be taken

as identical copies of each other. To see this, consider the Figure 3.2.1, where

arrival times of the 1st stock is denoted by triangles and arrival times of the

second stock is denoted by circles. After applying the pairing method, suppose

the first circle and first triangle represent the location of first pair of prices.

Similarly second circle and second triangle represent the next pair. From the

figure it is evident that the returns, from these two pairs, are forming an ex-

ample of second configuration. Similarly, the 3rd and 4th pair constitutes an

example of the 4th configuration. So clearly the corresponding returns cannot
1Unfortunately correlation coefficient does not have any direct relationship with the copula

parameter as it is not invariant under increasing transformation (and copula is invariant under
increasing transformation).
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Figure 3.2.1: Two independent observations (pairs) of two different configura-
tions.

be taken as identical. Instead, to have that we have to take two independent

pairs of returns of the same configurations. Figure 3.2.2 represents the arrival

times of two pairs of same configuration.

As illustrated in Figure 3.2.2, suppose we have two non-overlapping in-

terarrivals u1 and u2 for the first stock, denoted by the triangles and two

non-overlapping interarrivals ε1 + u1 + η1 and ε2 + u2 + η2 for the second

stock, denoted by the circles. The log returns corresponding to those inter-

arrivals of the 1st stock is given by X1 = X(u1) and X2 = X(u2). Similarly

the log returns corresponding to the intervals of the 2nd stock is denoted by

Y1 = Y1(ε1 +u1 +η1) = Y1(ε1) +Y1(u1) +Y1(η1) (due to independent increment

property) and Y2 = Y2(ε2 + u2 + η2) = Y2(ε2) + Y2(u2) + Y2(η2).

In the following section, we will focus on two specific configurations (de-

scribed in the previous chapter).

Define,

A = (X1(I1)−X2(I2))(Y1(I1)− Y2(I2))
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Figure 3.2.2: Two independent observations of a particular configuration.

and

B =


(X1(I1)−X2(I2))(Y1(Ic1)− Y2(Ic2)) for 4th configuration

(X1(Ic1)−X2(Ic2))(Y1(I1)− Y2(I2)) for 1st configuration.

where Ii and Ici are overlapping and non-overlapping regions respectively of

the ith pair. Note that for first and fourth configurations, E(sign(A)) gives us

true Kendall’s tau. We cannot calculate E(sign(A)) because Y1(I1) and Y2(I2)

are not observed. Instead, we observe Y1(I1∪ I2) and Y2(I2∪ Ic2). Therefore the

observed Kendall’s Tau is E(sign(A+ B)). In this chapter, we will try to find

out the relation between E(sign(A)) and E(sign(A+B)).

3.2.1 Assumptions

In order to establish our result, we need some assumptions. Here we will ex-

plain the ideas behind the assumptions and will state the assumptions. Suppose

X and Y are positively associated random variables. Let (X1, Y1) and (X2, Y2)

be two identical copies of (X,Y ). Then, given the information that Y1−Y2 > 0,

we would expect that X1 − X2 is more likely to be positive than negative.

Intuitively, positive association would also suggest that given the information

Y1 − Y2 ∈ S ⊂ R+, X1 − X2 is more likely to be positive. This notion is not
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in general captured by Kendall’s tau. The first and second assumptions, stated

below, try to capture the idea. For each of the following we define (X1, Y1) and

(X2, Y2) are two identical copies of (X,Y ), U = X1 −X2 and V = Y1 − Y2.

Assumption 1: If

P (UV > 0)− P (UV < 0) > 0 (or < 0),

then for all M > 0, the following will also hold:

P (U > 0|0 < V < M)− P (U < 0|0 < V < M) ≥ 0 (or < 0)

and

P (V > 0|0 < U < M)− P (V < 0|0 < U < M) ≥ 0 (or < 0).

Assumption 2: If

P (UV > 0)− P (UV < 0) > 0 (or < 0),

then for all M > 0,

P (UV > 0| |V | > M)− P (UV < 0| |V | > M) > 0 (or > 0)

and,

P (UV > 0| |V | > M)− P (UV < 0| |U | > M) > 0 (or > 0).
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We will call the next assumption as Assumption 2a because we will end up

at the same conclusion by two different paths based on either Assumption 2 or

the following assumption (Assumption 2a).

Assumption 2a: If

P (UV > 0)− P (UV < 0) > 0,

then for M > 0,

P (U > 0|V > M)− P (U < 0|V > M) >

max(P (U > 0|0 < V < M)− P (U < 0|0 < V < M),

P (U < 0| −M < V < 0)− P (U > 0| −M < V < 0))

and ,

P (V > 0|U > M)− P (V < 0|U > M) >

max(P (V > 0|0 < U < M)− P (V < 0|0 < U < M),

P (V < 0| −M < U < 0)− P (V > 0| −M < U < 0))

where U = X1−X2, V = Y1−Y2 and (X1, Y1) and (X2, Y2) are two identical

copies of (X,Y ).

If

P (UV > 0)− P (UV ) < 0) < 0,

then the inequalities are reversed.

3.2.2 Main Results:

Before stating the main theorems, we will first state some Lemmas which
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will help us to prove the theorems.

Lemma 6. E(sign(A)|sign(A) 6= sign(B)) = E(sign(A)).

Proof of Lemma 6 is given in Section 3.4.

Lemma 7. E(sign(A)|sign(A) 6= sign(B), |A| < |B|) = E(sign(A)||A| < |B|)

This is a straightforward consequence of Lemma 6 and the independence of

{sign(A) 6= sign(B)} and {|A| < |B|}.

Lemma 8. Suppose N = {sign(A) 6= sign(B), |A| < |B|}. Then under As-

sumption 1,

(a) If E(sign(A)) > 0, then

E(sign(A)|N) > 0.

(b) If E(sign(A)) < 0, then

E(sign(A)|N) < 0.

Proof of Lemma 8 will be given in Section 3.4.

Lemma 9. (a) For positive association, under Assumption 1 and 2’ , E(sign(A) |

|A| > |B|) ≥ E(sign(A) | |A| ≤ |B|).
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(b) For positive association, under Assumption 1 and 2’ , E(sign(A) | |A| >

|B|) ≤ E(sign(A) | |A| ≤ |B|).

Proof of Lemma 9 is trivial.

Theorem 10. Under the Assumption 1, for the pairs with 1st and 4th config-

uration,

|ρ̃τ | > |ρτ |,

where ρτ is the Kendall’s tau calculated on the paired data with 1st and 4th

configurations, i.e. ρτ = E(sign(X1−X2)(Y1−Y2)), where (X1, Y1) and (X2, Y2)

are independent pairs of the same configurations.

Proof of Theorem 10 is given in Section 3.4.

Now we want to show sign(ρτ ) = sign(ρ̂τ ).

We will show this through two alternative ways motivated by two different

(but related) assumptions Assumption 2 and Assumption 2a.

Theorem 11. For the pairs with 1st and 4th configuration,

ρτ = Esign(A|sign(A) 6= sign(B)&|A| > |B|)P (|A| > |B|),

where ρτ is the Kendall’s tau calculated on the paired data with 1st and 4th

configurations, i.e. ρτ = E(sign(X1−X2)(Y1−Y2)), where (X1, Y1) and (X2, Y2)

are independent pairs of the same configurations.

Proof of Theorem 11 is given in Section 3.4.
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Figure 3.2.3: The region where signs of true and calculated Kendall’s Tau are
opposite.

Due to the Lemma 7 proved earlier,

ρτ = Esign(A||A| > |B|)P (|A| > |B|).

This relation and Assumption 2 together imply that, sign(ρτ ) = sign(ρ̂τ ).

An alternative way to show the same is through Assumption 2a and the

following theorem.

Theorem 12. Under the assumption 1 and 2a , for the pairs with 1st and 4th

configuration,

sign(ρ̃τ ) = sign(ρτ ),

where ρτ is the Kendall’s tau calculated on the paired data with 1st and 4th

configurations, i.e. ρτ = E(sign(X1−X2)(Y1−Y2)), where (X1, Y1) and (X2, Y2)

are independent pairs of the same configurations.

Proof of Theorem 12 is in Section 3.4.
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As a consequence of Theorem 10, we can write ρ̃τ = kρτ , for some k > 1. k

cannot be estimated from the available (nonsynchronous) data. Based on our

empirical study we recommend to take k = 2, (see Table 3.1). An intuitive

reason for this value is given below. From the proof of Theorem 10 we have seen

E(sign(A))− E(sign(A+B)) = 2E(sign(A) | N)P (N)

= 2[P (A > 0, B < 0, |A| < |B|)− P (A < 0, B > 0, |A| < |B|)]

= 2[P (A > 0)P (B < 0, |A| < |B| | A > 0)

− P (A < 0)P (B > 0, |A| < |B| | A < 0)].

The region {A > 0} and {A < 0} are the right and left half circles in Figure 3.2.3.

{B > 0, |A| < |B|} is one of the four geometrically identical sections of {A < 0}.

Similarly {B < 0, |A| < |B|} is one of the four geometrically identical sections

of {A > 0}. If all those sections/slices are probabilistically more or less equal

then P (B < 0, |A| < |B| | A > 0) ≈ 1
4 ≈ P (A < 0)P (B > 0, |A| < |B| | A < 0).

Which leads to-

E(sign(A))− E(sign(A+B)) ≈ 2[P (A > 0)
1

4
− P (A < 0)

1

4
]

=
1

2
[P (A > 0)− P (A < 0)]

=
1

2
E(sign(A)).

With this intuition our corrected estimate is ˆ̃ρτ = 2ρ̂τ i.e. twice of the uncor-

rected estimate (with refresh time).

The assumptions we have taken are less artificial than it seems. Due to the

Theorem 11, we can write E(sign(A)| |A| > |B|) = k.E(sign(A)), where k (> 1)

is a constant. The assumptions ensure that smaller the value of P (|A| > |B|)

is the bigger the value of k becomes. To see this intuitively, suppose there is
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positive association between two stocks. Now a very low value of P (|A| > |B|)

indicates the event with reasonably high values of |A|. That means possibly,

either |X1(u1) − X2(u2)| or |Y1(u1) − Y2(u2)| is high. But as there is positive

association if one of them is high with high chance the other one will also be

high. Therefore both X1(u1) − X2(u2) and Y1(u1) − Y2(u2) would possibly

having same sign resulting in sign(A) = 1 for vast majority of cases.

Due to this inverse relation between k and P (|A| > |B|), the correction

factor introduced above is equivalent of taking k̂ = 1/2
P (|A|>|B|) .

3.2.3 Positive and negative connection

Suppose X and Y are positively associated. And (X1, Y1) and (X2, Y2) are two

identical pairs. Then bigger the value of Y1 from Y2, bigger the probability of

{X1 > X2} would expected to be. This good expectation is formalized in the

following definition.

Definition 13. X is said to be positively connected to Y if ∀M > 0,

P (U > 0|V > M) ≥ P (U > 0|0 < V < M)

≥ P (U > 0| −M < V < 0)

≥ P (U > 0|V < −M).

X is said to be negatively connected to Y if ∀M > 0, the signs of the above

inequalities are reversed.

Note that, the definition is not symmetric for X and Y . X is positively

connected to Y does not mean that Y is positively connected to X.
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Definition 14. If X is positively (or negatively) connected to Y and Y is posi-

tively (or negatively) connected to X, then we call- there is a positive (or nega-

tive) connection between X and Y .

It is easy to see that if X and Y have positive (/negative) connection, then

assumption 1, assumption 2 and assumption 2’ are satisfied. This is because

X1 −X2|Y1 − Y2
d
= X2 −X1|Y2 − Y1.

Therefore this stronger but reasonable assumption unifies the previous as-

sumptions and enable us to state the following theorem.

Theorem 15. Under the assumption that returns of two stocks have positive

(/negative) connection, for the pairs with 1st and 4th configuration,

|ρ̃τ | > |ρτ |

and

sign(ρ̃τ ) = sign(ρτ ),

where ρτ is the Kendall’s tau calculated on the paired data with 1st and 4th

configurations, i.e. ρτ = E(sign(X1−X2)(Y1−Y2)), where (X1, Y1) and (X2, Y2)

are independent pairs of the same configurations.

3.3 Simulation

For the computation of Kendall’s tau, we have to simulate pairs with same

configuration (otherwise two pairs won’t have identical distribution). In Table

3.1 we illustrate the performance of our proposed estimator on simulated data
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Uncorrected ρ̂τ Corrected ρ̂τ Uncorrected θ̂ Corrected θ̂
mean s.d. mean s.d. mean s.d. mean s.d.

CC(4) 0.327 0.016 0.655 0.033 0.977 0.074 3.86 0.574
GC(6) 0.375 0.019 0.751 0.038 1.60 0.049 4.12 0.659
NC(0.8) 0.305 0.021 0.611 0.042 0.461 0.029 0.817 0.039

Table 3.1: Simulation result for Clayton, Gumbel and Normal copula is pre-
sented. In all the cases the marginals taken to be Normal with mean 0 and
variance 1. The uncorrected estimates correspond to refresh time synchroniza-
tion. Sample size is 1000 in all the cases.

with 1st and 4th configuration. The performance of uncorrected and corrected

estimate of Kendall’s tau and the corresponding copula parameter is reported for

Clayton copula (CC) with parameter θ = 4 (Kendall’s tau 0.67), Gumbel copula

(GC) with parameter θ = 6 (Kendall’s tau 0.83) and Normal copula (NC) with

parameter θ = 0.8 (Kendall’s tau 0.59). We note that the corrected estimate

is, although, not completely satisfactory but performs much better than the

uncorrected estimate. For example, for the Clayton case, the true parameter

is 4. The uncorrected and corrected estimates are .977 and 3.86 respectively.

For the Gumbel case, the true parameter is 6. The uncorrected and corrected

estimates are 1.60 and 4.12 respectively.

We have also tested this against several other copulas with different margins,

the results are very similar in nature.
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3.4 Proofs of the Lemmas and Theorems

3.4.1 Proof of Lemma 6:

Proof.

E(sign(A)) = E(sign(A)|sign(A) 6= sign(B))P (sign(A) 6= sign(B))

+ E(sign(A)|sign(A) = sign(B))P (sign(A) = sign(B))

= E(sign(A)|sign(A) 6= sign(B))
1

2
+ E(sign(A)|sign(A) = sign(B))

1

2
.

As Y (η1)+Y (ε1)−Y (η2)−Y (ε2) is independent of Y (u1)−Y (u2) and symmetric

around 0, clearly-

E(sign(A)|sign(A) 6= sign(B))

= E(sign(A)|sign(Y (u1)− Y (u2) 6= sign(Y (η1) + Y (ε1)− Y (η2)− Y (ε2)))

= E(sign(A)|sign(Y (u1)− Y (u2) = sign(Y (η1) + Y (ε1)− Y (η2)− Y (ε2)))

= E(sign(A)|sign(A) = sign(B)).

So, E(sign(A)|sign(A) 6= sign(B)) = E(sign(A)).

3.4.2 Proof of Lemma 8:

Proof. We will only prove the first part. The second part can be proved similarly.

By Lemma 19, E(sign(A)|N) = E(sign(A)| |A| < |B|).
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Now,

E(sign(A)| |A| < |B|) = EE(sign(A)| |Y (u1)− Y (u2)| < M) whereM > 0

= EE(sign(A)| −M < Y (u1)− Y (u2) < M)

= EE(sign(A)| −M < Y (u1)− Y (u2) < 0 or 0 < Y (u1)− Y (u2) < M)

= E[
E(sign(A)| −M < Y (u1)− Y (u2) < 0)P (−M < Y (u1)− Y (u2) < 0)

P (−M < Y (u1)− Y (u2) < M)
+

E(sign(A)| 0 < Y (u1)− Y (u2) < M)P (0 < Y (u1)− Y (u2) < M)

P (−M < Y (u1)− Y (u2) < M)
]

= E[
T1P (−M < Y (u1)− Y (u2) < 0) + T2P (0 < Y (u1)− Y (u2) < M)

P (−M < Y (u1)− Y (u2) < M)
],

where T1 = E(sign(A)| −M < Y (u1) − Y (u2) < 0) and T2 = E(sign(A)| 0 <

Y (u1)− Y (u2) < M). By Assumption 1,

T2 = E(sign(A)| 0 < Y (u1)− Y (u2) < M)

= P (X(u1)−X(u2) > 0|0 < Y (u1)− Y (u2) < M)

− P (X(u1)−X(u2) < 0|0 < Y (u1)− Y (u2) < M)

> 0.

Similarly,

T1 = E(sign(A)| −M < Y (u1)− Y (u2) < 0)

= P (X(u1)−X(u2) < 0| −M < Y (u1)− Y (u2) < 0)

− P (X(u1)−X(u2) > 0| −M < Y (u1)− Y (u2) < 0)

> 0.

This implies E(sign(A)| |A| < |B|) > 0.
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3.4.3 Proof of Theorem 10:

Proof. Due to symmetry of two configurations, it is enough to prove the theorem

for one configuration. We consider the case of Figure 3.2.2 (4th configuration).

Here I1 = u1, I2 = u2, Ic1 = ε1 + η1 and Ic2 = ε2 + η2.

The Kendall’s tau for this nonsynchronous configuration, as defined in sec-

tion 1, is:

ρτ = E(sign(X1 −X2)(Y1 − Y2))

= E(sign(X1(u1)−X2(u2))(Y1(ε1) + Y1(u1) + Y1(η1)− Y2(ε2)− Y2(u2)− Y2(η2)))

= E(sign{(X1(u1)−X2(u2))(Y1(u1)− Y2(u2))

+ (X1(u1)−X2(u2))(Y1(ε1) + Y1(η1)− Y2(ε2)− Y2(η2))}).

According to our notation, A = (X1(u1)−X2(u2))(Y1(u1)−Y2(u2)) and B =

(X1(u1)−X2(u2))(Y1(ε1) +Y1(η1)−Y2(ε2)−Y2(η2)). So, ρτ = E(sign(A+B))

and ρ̃τ = E(sign(A)).

In Figure 3.2.3 the shaded region is the range where sign(A) 6= sign(A+B)

because A and B are of opposite sign and |B| > |A|. Let us denote the region

by N i.e. N = {sign(A) 6= sign(B) &|B| > |A|}.

E(sign(A+B)) = E(sign(A+B)|N c)P (N c) + E(sign(A+B)|N)P (N)

= E(sign(A)|N c)P (N c)− E(sign(A)|N)P (N).

But

E(sign(A)) = E(sign(A)|N c)P (N c) + E(sign(A)|N)P (N).
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By Lemma 20, |E(sign(A)|N)| > 0. This implies |E(sign(A+B))| < |E(sign(A))|.

3.4.4 Proof of Theorem 11:

Due to symmetry of first and fourth configurations it is enough to prove the

results, concerning first and fourth configurations, for only 4th configuration.

Note that for 4th configuration (Figure 3.2.2), I1 = u1, I2 = u2, Ic1 = ε1 +η1 and

Ic2 = ε2+η2. According to our notation, A = (X1(u1)−X2(u2))(Y1(u1)−Y2(u2))

and B = (X1(u1)−X2(u2))(Y1(ε1) + Y1(η1)− Y2(ε2)− Y2(η2)).

Proof. Due to symmetry of two configurations, it is enough to prove the theorem

for one configuration. We consider the case of Figure 3.2.2 (4th configuration).

Here I1 = u1, I2 = u2, Ic1 = ε1 + η1 and Ic2 = ε2 + η2.

The Kendall’s tau for this nonsynchronous configuration, as defined in sec-

tion 1, is:

ρτ = E(sign(X1 −X2)(Y1 − Y2))

= E(sign(X1(u1)−X2(u2))(Y1(ε1) + Y1(u1) + Y1(η1)− Y2(ε2)− Y2(u2)− Y2(η2)))

= E(sign{(X1(u1)−X2(u2))(Y1(u1)− Y2(u2))

+ (X1(u1)−X2(u2))(Y1(ε1) + Y1(η1)− Y2(ε2)− Y2(η2))}).

According to our notation, A = (X1(u1) − X2(u2))(Y1(u1) − Y2(u2)) and

B = (X1(u1)−X2(u2))(Y1(ε1) + Y1(η1)− Y2(ε2)− Y2(η2)). So,
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ρτ = E(sign(A+B))

= E(sign(A)|sign(A+B) = sign(A))P (sign(A+B) = sign(A))

− E(sign(A)|sign(A+B) 6= sign(A))P (sign(A+B) 6= sign(A))

= E(sign(A)|sign(A+B) = sign(A))p− E(sign(A)|sign(A+B) 6= sign(A))(1− p)

= p(E(sign(A)|sign(A+B) = sign(A)) + E(sign(A)|sign(A+B) 6= sign(A)))

− E(sign(A)|sign(A+B) 6= sign(A))

and

ρ̃τ = E(sign(A)|sign(A+B) = sign(A))P (sign(A+B) = sign(A))

+ E(sign(A)|sign(A+B) 6= sign(A))P (sign(A+B) 6= sign(A))

= p(E(sign(A)|sign(A+B) = sign(A))− E(sign(A)|sign(A+B) 6= sign(A)))

+ E(sign(A)|sign(A+B) 6= sign(A)),

where ρ̃τ is the true Kendall’s tau and p = P (sign(A+B) = sign(A)).

Therefore,

ρτ + ρ̃τ = 2p(E(sign(A)|sign(A+B) = sign(A))). (3.4.1)

Now we have to calculate the probability p.
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p = P (sign(A+B) = sign(A))

= P ({sign(A) = sign(B)} or {sign(A) 6= sign(B) & |A| > |B|})

= P ({sign(A) = sign(B)}) + P ({sign(A) 6= sign(B) & |A| > |B|})

= P ({sign(A) = sign(B)}) + P ({sign(A) 6= sign(B)})P (|A| > |B|)

=
1

2
+

1

2
P (|A| > |B|).

The 3rd step of the above derivation is justified because {sign(A) = sign(B)}

and {sign(A) 6= sign(B) & |A| > |B|} are clearly independent. Also indepen-

dence of {sign(A) 6= sign(B) and {|A| > |B|} is self evident which results in

step 4. Note that sign(A) and sign(B) will depend on sign(Y1(u1)−Y2(u2)) and

sign(Y1(ε1)+Y1(η1)−Y2(ε2)−Y2(η2)). Due to independent increment property,

sign(Y1(u1)−Y2(u2)) and sign(Y1(ε1)+Y1(η1)−Y2(ε2)−Y2(η2)) are independent.

Therefore P (sign(A) = sign(B)) = P (sign(A) 6= sign(B)) = 1
2 .

Let us denote the events C = {sign(A) = sign(B)} and D = {sign(A) 6=

sign(B)&|A| > |B|}. Note that ρ̃τ = E(sign(A)) = E(sign(A)|C) as condition

on the event C does not influence the expected value of sign(A).

E(sign(A)|sign(A+B) = sign(A))

=
E(sign(A)|C)P (C) + E(sign(A)|D)P (D)

P (C ∪D)

=
ρ̃τ/2 + E(sign(A)|D)(P (|A| > |B|)/2)

p
.
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Inserting this to 5.2.1 we get

ρτ + ρ̃τ = 2p
ρ̃τ/2 + E(sign(A)|D)(P (|A| > |B|)/2)

p

=⇒ ρτ = E(sign(A)|D)P (|A| > |B|).

Hence we proved the result.

3.4.5 Proof of Theorem 12

Proof. To do so, it is enough to show that givenN c is nonempty, E(sign(A)|N c) >

E(sign(A)|N). Note that, N c = N1 + N2 + N3, where N1 = {sign(A) =

sign(B)} ∩ {|A| > |B|}, N2 = {sign(A) 6= sign(B)} ∩ {|A| > |B|}, N3 =

{sign(A) = sign(B)} ∩ {|A| < |B|}.

Therefore,

E(sign(A)|N c) =
E(sign(A)|N1)P (N1) + E(sign(A)|N2)P (N2) + E(sign(A)|N3)P (N3)

P (N)
.

By Lemma 19, E(sign(A)|N3) = E(sign(A)|N) and E(sign(A)|N2) = E(sign(A)|N1) =

E(sign(A)||A| > |B|).
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E(sign(A) | |A| > |B|) = EE(sign(A) | |A| > M)

= E[
1

P (|A| > M)
{E(sign(A) | Y (u1)− Y (u2) > M)P (Y (u1)− Y (u2) > M)+

E(sign(A) | Y (u1)− Y (u2) < −M)P (Y (u1)− Y (u2) < −M)}]

≥ E[
1

P (|A| > M)
{E(sign(A) | 0 < Y (u1)− Y (u2) < M)P (Y (u1)− Y (u2) > M)

+ E(sign(A) | 0 < Y (u1)− Y (u2) < M)P (Y (u1)− Y (u2) < −M)}]

= EE(sign(A) | 0 < Y (u1)− Y (u2) < M).

The inequality is due to Assumption 2a. Similarly,

E(sign(A) | |A| > |B|) = EE(sign(A) | |A| > M)

= E[
1

P (|A| > M)
{E(sign(A) | Y (u1)− Y (u2) > M)P (Y (u1)− Y (u2) > M)+

E(sign(A) | Y (u1)− Y (u2) < −M)P (Y (u1)− Y (u2) < −M)}]

≥ E[
1

P (|A| > M)
{E(sign(A) | −M < Y (u1)− Y (u2) < 0)P (Y (u1)− Y (u2) > M)

+ E(sign(A) | −M < Y (u1)− Y (u2) < 0)P (Y (u1)− Y (u2) < −M)}]

= EE(sign(A) | −M < Y (u1)− Y (u2) < 0).

Therefore

E(sign(A) | |A| > M) ≥ max(E(sign(A) | 0 < Y (u1)− Y (u2) < M),

E(sign(A) | −M < Y (u1)− Y (u2) < 0))

≥ 1

P (|A| < M)
{E(sign(A) | −M < Y (u1)− Y (u2) < 0)P (−M < Y (u1)− Y (u2) < 0)

+ E(sign(A) | 0 < Y (u1)− Y (u2) < M)P (0 < Y (u1)− Y (u2) < M)}]

≥ E(sign(A) | |A| < M)
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and

E(sign(A) | |A| > |B|) ≥ E(sign(A) | |A| < |B|).

With this, we get that

E(sign(A)|N c) =
E(sign(A)|N1)P (N1) + E(sign(A)|N2)P (N2) + E(sign(A)|N3)P (N3)

P (N)

≥ E(sign(A)|N)P (N1) + E(sign(A)|N)P (N2) + E(sign(A)|N)P (N3)

P (N)

= E(sign(A)|N),

which implies E(sign(A)|N c) > E(sign(A)|N). This completes the proof.

,



Chapter 4

Spectral Distribution of

Hayashi-Yoshida Estimator

4.1 Introduction

One of the important quantities in financial markets to look at is the volatil-

ity which is a measure of dispersion of a given security. For intraday data of

asset returns the volatility we are concerned with is called Integrated volatility

(IV). It is the variance of daily log-return.

Often univariate modeling is not sufficient, it is also important to model

the correlation dynamics between several assets. When we are concerned with

multiple stocks and their interrelation we analogously capture it by variance-

covariance matrix and call it integrated co-volatility. The question is how to

accurately estimate it. For single stock price data Merton (1980) showed that

the variance over a fixed interval can be estimated accurately as sum of squared

realization as long as the data are available at sufficiently high sampling fre-

76
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quency [17]. This estimator is known as Realized volatility. Analogously, for

multiple stocks, we can define a realized volatility matrix/realized covariance

matrix. But realized volatility matrix relies upon synchronous observations and

ignores inherent asynchronicity of the stock price processes. Therefore in or-

der to exercise the tool at our disposal we have to first force the data to be

synchronized. There are two well known methods of synchronizing- fixed clock

time and refresh time [36]. But the estimator, we get after synchronizing, is

biased. Hayashi and Yoshida (2005) proposed an alternative estimator of In-

tegrated covolatility, which is unbiased, without force-synchronization of the

data [37]. Although in presence of microstructure noise Hayashi-Yoshida es-

timator is biased, a bias-corrected version can be developed [38]. But as the

dimension of the data increases the estimator becomes more and more unstable

(no more a consistent estimator of ICV matrix). Developing good estimate of

high-dimensional covolatility is challening unless we impose some structure. A

consistent and positive definite estimator is proposed based on blocking and

regularization techniques [39]. The central idea is to obtain one large covari-

ance matrix from a series of smaller covariance matrices, each based on different

sampling frequency. Shrinkage estimator of covariance matrix with optimal

shrinkage intensity also reduces the estimation error significantly [40]. The

shrinkage estimator is also useful for the purpose of portfolio optimization. The

choice of sampling frequency can be important in presence of microstructure

noise [41] [31]. Sub-sampling can be used to reduce the variance of the estima-

tor [14]. The mixed frequency factor models, that uses high-frequency data to

estimate factor covariance and low frequency data to estimate the factor load-

ings, are also good alternative to estimate high-dimensional covariance matrices

[42]. The composite realized Kernel approach that estimates each entry of ICV

matrix optimally (in terms of bandwidth and data loss) has been proposed and
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asymptotic properties are established [43].

In absence of the structure an alternative approach is to study the spectral

distribution of the estimator. Zheng, Li (2011) explored the limiting spectral

distribution of realized covariance matrix [44]. Recently an asymptotic relation-

ship has been established between the limiting spectral distribution of sample

covariance matrix and sample covariance matrix based on noisy data [45]. Lim-

iting spectral distribution of the covariance matrices of time lagged processes

have been established [46]. When modeled as VARMA(p, q) the limiting spec-

tral distribution of sample covariance matrix can be derived [47]. We intend to

establish limiting spectral distribution for Hayashi’s estimator which has not yet

been studied. In Section 4.2 we discuss the background of the problem. Section

4.3 deals with a very brief introduction to Random matrix theory. In Section

4.4 we determine the limiting spectral distribution for high-dimensional stock

price process. Simulation and real data analysis results are presented in Section

4.5.

4.2 Integrated Covariance Matrix and Asynchronic-

ity

Suppose that we have multiple stocks, say, p stocks, whose price processes

are denoted by Sjt for j = 1, ..., p. and Xj
t := logSjt are the log price processes.

Let Xt = (X1
t , ..., X

p
t )T . Then we can model Xt as a p-dimensional diffusion

process described as

dXt = µtdt+ σtdWt, (4.2.1)

where µt is p dimensional drift process and σt is a pxp matrix, called instan-

taneous covolatility process. Wt is a p dimensional standard Brownian motion.
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The Integrated covariance (ICV) matrix is defined by

Σp =

∫ 1

0

σtσ
T
t dt. (4.2.2)

This is our parameter of interest.

The observations occur in high-frequency at random time points for each

stock. Let ni be the number of observations for ith stock. Throughout this paper

we are assuming all nj ’s are equal, say n. Suppose that lth observation of the ith

stock is observed at random time point til . As discussed, a very commonly used

estimator (when the observations are assumed to be synchronous i.e. til = tl for

∀i) of ICV matrix is the Realized Covariance (RCV) matrix:

ΣRCVp =

n∑
l=1

∆Xl∆X
T
l , (4.2.3)

where ∆Xl =



∆X1
l

∆X2
l

.

.

∆Xp
l


=



X1
tl
−X1

tl−1

.

.

.

Xp
tl
−Xp

tl−1


.

Formation of RCVmatrix assumes that the prices are observed synchronously

for all the stocks, which is not a realistic assumption. Force synchronization can

cause bias. In order to avoid force synchronization Hayashi and Yoshida pro-

posed an alternative estimator for ICV matrix. It is defined as:

ΣHYp =
∑
k,l

∆Xk∆XT
l ◦ I(k, l), (4.2.4)
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Figure 4.2.1: Positions of arrivals and the interarrivals of two assets- Asset a
and Asset b.

where ∆Xl =



∆X1
l

∆X2
l

.

.

∆Xp
l


=



X1
t1l
−X1

t1l−1

.

.

.

Xp
tpl
−Xp

tpl−1


, ‘◦’ is Hadamard product and

I(k, l) is a p × p matrix with (i, j)thelement is the indicator function involv-

ing kthinterarrival of ithstock and lthinterarrival of jthstock: I(Iik ∩ I
j
l 6= φ),

where Iik = (tik−1, t
i
k). In other words if two interarrivals intersect then product

∆Xi
k∆Xj T

l will be included in the sum. In Figure 4.2.1, Iak = (tak−1, t
a
k) =

(pak−1, p
a
k) and Ibk = (tbk−1, t

b
k) = (pbk−1, p

b
k) are shown.

For low-dimensions Hayashi’s estimator is consistent estimator of ICV ma-

trix. But for high-dimensional stock price process, when the dimension grows

at same rate as the number of observations, neither RCV [44] nor Hayashi’s es-

timator is consistent anymore. Here we want to study the asymptotic behavior

of the distribution of eigenvalues of Hayashi’s matrix.
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4.3 Spectral Distribution

The empirical spectral distribution (ESD) function of a symmetric (more

generally Hermitian) matrix Ap×p is defined as

FAp (x) =
1

p
#{j ≤ p : λj ≤ x},

where λ′js are the eigenvalues of the matrix A and #E denotes the cardinality

of set E. In this work we are going to investigate the convergence of ESD

of a sequence of random matrices An. The limit distribution (F ) is called

limiting spectral distribution (LSD). One commonly used method of finding LSD

is through Stieltjes transform. Let Ap×pis a Hermitian matrix and FAp be its

ESD. Then the Stieltjes transform of FAp is defined as

sp(z) =

∫
1

x− z
dFAp (x)

=
1

p
tr(A− zI)−1,

where z ∈ D = {z ∈ C|I(z) > 0}, I(z) being the imaginary part of z. The role

Stieltjes transformation play in Random Matrix Theory is due to the following

theorems. For reference see [48].

Theorem: If G is a function of bounded variation of real line then for any

continuity points a < b of G, we have

G{[a, b]} = limε→0+

1

π

∫ b

a

I(sG(x+ iε))dx,

where sG(z) =
∫

1
λ−zdG(λ).

Theorem: If Gn is a sequence of functions of bounded variation of real line
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and Gn(−∞) = 0∀n then

limn→∞sGn(z) = s(z) ∀z ∈ D,

if and only if there is a function G of bounded variation with G(−∞) = 0 and

Stieltjes transform s(z) such that Gn → G vaguely.

In the next section we are going to derive the limiting spectral distribution

of Hayashi’s estimator.

4.4 Spectral Analysis of High-Dimensional Hayashi’s

Estimator

We are now going to discuss very briefly what kind of assumption we would

need in order to achieve our goal. As we are taking into account the time

variability of the covolatility process we have to assume something on the nature

of time dependence or to consider a restricted class of time-varying co-volatility

processes. Here we assume that σt = γtΣ
1
2 where Σ

1
2 a p× p symmetric matrix

(not time varying) and γt is a time varying cadlag process. This is also the

assumption taken by Zeng, Li while investigating the spectral distribution of

Realized volatility matrix [44]. If we assume this, then ∆Xl has the same

distribution as the following-

∆Xl = Σ
1
2



∫ t1l
t1l−1

γsdW1∫ t2l
t2l−1

γsdW2

.

.∫ tpl
tpl−1

γsdWp


d
= (Σ

1/2◦A)diag(

√√√√∫ t1l

t1l−1

γ2
sds,

√√√√∫ t2l

t2l−1

γ2
sds, ...,

√√√√∫ tpl

tpl−1

γ2
sds)xl,
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where xpl = (xjl )1≤j≤p;Z
j
l ’s are iid normal with mean 0 and variance 1 for

p = 1, 2, ... and 1 ≤ l ≤ n and A = (aij) when aij =
∫ til∧tjl
til−1∨t

j
l−1

γ2
sI((til−1, t

i
l) ∩

I(tjl−1, t
j
l ))ds.

Let us write Dl = diag(

√∫ t1l
t1l−1

γ2
sds,

√∫ t2l
t2l−1

γ2
sds, ...,

√∫ tpl
tpl−1

γ2
sds).

Therefore we are interested in the spectral distribution of

S0 =
∑
k

∑
l

{(Σ1/2 ◦A)Dkxkx
T
l Dl(Σ

1/2 ◦A) ◦ I(k, l)}

as both S0 and ΣHYp have the same LSD. However in order to determine the LSD

we are going to use some already known lemmas and some of them demands the

condition of nonnegative-definiteness of the matrix. Therefore it is difficult and

challenging to work with S0. Instead, we will work with a nnd matrix which is

in some sense close to S0 and then we need to show that LSD of S0 and S are

same. We will return to this point again in assumption 5 of the main theorem.

Secondly, we are going to assume dimension of the matrix is increasing with

number of observations and the ratio of two will converge to a nonzero finite

quantity. Thirdly, we assume spectral distribution of Σ , FΣ ⇒ H and H

has finite second order moment. Fourthly, some assumption regarding the time

varying component γt would be helpful. Finally, assumptions on relation be-

tween γt and xi’s and also between xi’s and Σ are necessary. Apart from these

we would need additional assumptions along the way of establishing theoretical

result.

We summarize all the assumptions and denote it by A described below.

Condition A5 is a bit technical where the sequence τl are carefully chosen to

construct S such that the tr(S0 − S)2 is relatively samll compared to p.

Assumption A:

1. yn = p/n→ y > 0 as p→∞
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2. FΣ d⇒ H (6= delta measure at 0) a.s. and H has a finite second order

moment.

3. xjl ’s (j = 1(1)p) are iid with mean 0, variance 1 and finite moments of all

orders.

4.
∫ tjl
tjl−1

γ2
sds) are independent of Zl.

5. ∃ τl ∈ R+ and let S =
∑
l τlΣ

1/2xl(xl)
TΣ1/2 such that tr(S0−S)2/p → 0

with probability 1 and tr([(S0 − zI)−1(S − zI)−1]2)/p is bounded with

probability 1 where (S0 − zI)−1(S − zI)−1 being positive semi definite

and S0 =
∑
k

∑
l{Σ

1/2Dkxkx
T
l DlΣ

1/2 ◦ I(k, l)} and z = i.v with v > 0 and

sufficiently large.

6. There exists κ, such that maxnmaxl(nτl) ≤ κ. Also there exists a nonneg-

ative cadlag process τ ′s such that

limn

∑
1≤l≤n

∫ l
n

l−1
n

|nτl − τ ′s|ds = 0

7. ∃a K <∞ and δ < 1/6 such that for all p, ‖Σ‖ ≤ Kpδalmost surely.

Now we are ready to state the main theorem.

Theorem. Under the assumptions (A), almost surely, ESD of S0 converges in

distribution to a probability distribution with Stieltjes transform

s(z) = −1

z

∫
1

1− λ
z

∫ 1

0
τ ′t

1+yτ ′t s̃(z)
dt
dH(λ)

where s̃(z) can be solved by the equation: s̃(z) = − 1
z

∫
λ

λ

1−λz
∫ 1
0

τ′t
1+yτ′ts̃(z)

dt
dH(λ).
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This theorem establishes the Limiting spectral distribution of Hayashi-Yoshida

estimator by determining its spectral distribution through the limiting spectral

distribution of Σ. In other words the theorem establishes the link between the

limiting spectral distributions of Σ and Hayashi-Yoshida estimator through its

Stieltjes transform.

Before proving the theorem let us discuss the following Lemmas, which will

be used in the proof (everywhere the norm being used, is spectral norm)

Lemma 16. Let w1,w2 ∈ C, with Re(w1) ≥ 0 and Re(w2) ≥ 0, A be a p × p

Hermitian nnd matrix B any p× p matrix matrix, and q ∈ Cp, then

|q∗B(w1A+ I)−1q − q∗B(w2A+ I)−1q| ≤ |w1 − w2|.|q|2||B||.||A||

Proof: See [49]

Lemma 17. Let z ∈ C, with v = I(z) > 0, A and B be p×p with B Hermitian,

and q ∈ Cp. Then

|tr(((B − zI)−1 − (B + τqq∗ − zI)−1A| ≤ ||A||
v

for all τ ∈ R.

Proof: See [49]
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Lemma 18. For any Hermitian matrix A and z ∈ C, with Im(z) = v > 0

||(A− zI)−1|| ≤ 1/v.

Proof: See [48]

Lemma 19. For X = (X1, X2, ..., Xp)
T where Xj’s are iid random variables

such that E(X1) = 0 , E|X1|2 = 1, and E|X1|2k <∞ for some 2 ≤ k ∈ N, there

exists Ck ≥ 0, depending only on k, E|X1|4and E|X1|2k, such that for any p× p

nonrandom matrix A,

E|X∗AX − tr(A)|2k ≤ Ck(tr(AA∗))k ≤ Ckpk‖A‖2k (4.4.1)

Proof: See [44]

Lemma 20. Suppose S is a matrix defined as assumption A5 and 1
p tr(Snk −

zI)−1 → s(z), then
∑nk
l=1

τl
1+τlal

→
∫ 1

0
τ ′t

1+yτ ′t s̃(z)
dt 6= 0 where s̃(z) is the unique

solution in Q1 to the following equation

∫ 1

0

τ ′t
1 + yτ ′t s̃(z)

dt = 1− y(1 + zs(z))

Proof: [44]

Lemma 21. Let z = iv ∈ C,with v > 0, A be any p × p matrix, and B be a
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p× p Hermitian nonnegative definite matrix. Then tr(A(B − zI)−1A∗) ∈ Q1.

Proof: See [44]

Lemma 22. Let z = iv ∈ C with v > 0, A be a p × p Hermitian nonnegative

definite matrix, q ∈ Cp, a > 0. Then

−1

z
.

1

1 + a.q∗(A− zI)−1q
∈ Q1 = {z ∈ C : Re(z) ≥ 0, Im(z) ≥ 0}. (4.4.2)

Proof: See [44]

Lemma 23. Suppose that Pn are real probability measures with Stieltjes trans-

forms sn(z) . Let K ⊂ C+ be an infinite set with limit points in C+. If

limsn(z) = s(z) exists for all z ∈ K, then there exists a Probability measure P

with Stieltjes transform m(z) if and only if

limv→∞iv.s(iv) = −1

in which case Pn → P .

Proof: See [50].

Lemma 24. For xl, Σ, τl described as Assumption A and z = iv with v > 0,

define,

M1 = x′lΣ
1
2 (Sl − zI)−1(Σ

n∑
l=1

τl
1 + τlal

− zI)−1Σ
1
2xl
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and

M2 = x′lΣ
1
2 (Sl − zI)−1(Σ

∑
j 6=l

τj
1 + τjblj

− zI)−1Σ
1
2xl

Then,

1

p
maxl(M1 −M2)→ 0 a.s.

Proof: See Appendix.

Lemma 25. For xl, Σ, τl described as Assumption A and z = iv with v > 0,

define,

M3 = x′lΣ
1
2 (Sl − zI)−1(Σ

∑
j 6=l

τj
1 + τjblj

− zI)−1Σ
1
2xl

and

M4 = tr[Σ
1
2 (Sl − zI)−1(Σ

∑
j 6=l

τj
1 + τjblj

− zI)−1Σ
1
2 ],

then
1

p
maxl|M3 −M4| → 0 a.s.

Proof: See Appendix.

Now we are ready to prove the theorem. But note that it is enough to show

that the theorem holds for z = iv, where v > 0 is suficiently large (See Appendix

for justification).

Proof of Theorem:

Define S̄ = Σ
∑n
l=1

τl
1+τlal

where al = x′lΣ
1
2 (Sl − zI)−1Σ

1
2xl and Sl =∑

j 6=l Σ
1
2xjx

′
jΣ

1
2 .



CHAPTER 4. SPECTRAL DISTRIBUTION OF HAYASHI-YOSHIDA ESTIMATOR89

We denote the Stieltjes transform of FS by sn,

sn := sn(z) =
tr((S − zI)−1)

p
.

Similarly, Stieltjes transform of FS0and Stieltjes transform of F S̄ are denoted

by s0
n and s̄n respectively.

In order to show the convergence of sn(z) it is enough to show for all z = iv

with v > 0 sufficiently large and the condition, in Lemma 32, is satisfied.

We will start by showing that s0
n and s̄n converge to the same limit.
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s̄n − s0
n

=
1

p
tr[(S̄ − zI)−1 − (S0 − zI)−1]

=
1

p
tr[(S̄ − zI)−1 − (S − zI)−1 + (S − zI)−1 − (S0 − zI)−1]

=
1

p
tr[(S̄ − zI)−1[S − S̄](S − zI)−1] + tr[

(S − zI)−1 − (S0 − zI)−1

p
]

=
1

p
tr[(Σ

n∑
l=1

τl
1 + τlal

− zI)−1[

n∑
l=1

τlΣ
1
2xlx

′
lΣ

1
2 − Σ

n∑
l=1

τl
1 + τlal

](S − zI)−1]

+ tr[
(S − zI)−1(S0 − zI − S + zI)(S0 − zI)−1

p
]

=
1

p
tr[(Σ

n∑
l=1

τl
1 + τlal

− zI)−1[

n∑
l=1

τlΣ
1
2xlx

′
lΣ

1
2 ]

(Sl − zI)−1

1 + τlal
]

− 1

p
tr[(Σ

n∑
l=1

τl
1 + τlal

− zI)−1[Σ

n∑
l=1

τl
1 + τlal

](S − zI)−1]

+ tr[
(S − zI)−1(S0 − S)(S0 − zI)−1

p
]

=
1

p
tr[

n∑
l=1

τl
1 + τlal

(Σ

n∑
l=1

τl
1 + τlal

− zI)−1Σ
1
2xlx

′
lΣ

1
2 (Sl − zI)−1]

− 1

p
tr[

n∑
l=1

τl
1 + τlal

(Σ

n∑
l=1

τl
1 + τlal

− zI)−1Σ(S − zI)−1]

+ tr[
(S0 − S)(S0 − zI)−1(S − zI)−1

p
]

=
1

p

n∑
l=1

τl
1 + τlal

tr[(Σ

n∑
l=1

τl
1 + τlal

− zI)−1Σ
1
2xlx

′
lΣ

1
2 (Sl − zI)−1]

− 1

p

n∑
l=1

τl
1 + τlal

tr[(Σ

n∑
l=1

τl
1 + τlal

− zI)−1Σ(S − zI)−1]

+ tr[
(S0 − S)(S0 − zI)−1(S − zI)−1

p
]

=
1

p

n∑
l=1

τl
1 + τlal

tr[x′lΣ
1
2 (Sl − zI)−1(Σ

n∑
l=1

τl
1 + τlal

− zI)−1Σ
1
2xl]

− 1

p

n∑
l=1

τl
1 + τlal

tr[Σ
1
2 (S − zI)−1(Σ

n∑
l=1

τl
1 + τlal

− zI)−1Σ
1
2 ]

+ tr[
(S0 − S)(S0 − zI)−1(S − zI)−1

p
]
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≤ 1

p

n∑
l=1

τl
1 + τlal

(x′lΣ
1
2 (Sl − zI)−1(Σ

n∑
l=1

τl
1 + τlal

− zI)−1Σ
1
2xl

− tr[Σ 1
2 (S − zI)−1(Σ

n∑
l=1

τl
1 + τlal

− zI)−1Σ
1
2 ])

+

√
tr(S0 − S)2

p
× tr([(S − zI)−1(S0 − zI)−1]2)

p

According to our assumption 6,
∑n
l=1

τl
1+τlal

≤ n max(τl) ≤ κ.
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It is enough to show that

1

p
maxl(x

′
lΣ

1
2 (Sl − zI)−1(Σ

n∑
l=1

τl
1 + τlal

− zI)−1Σ
1
2xl

− tr[Σ 1
2 (S − zI)−1(Σ

n∑
l=1

τl
1 + τlal

− zI)−1Σ
1
2 ])→ 0 a.s.

i.e.
1

p
maxl(x

′
lΣ

1
2 (Sl − zI)−1(Σ

n∑
l=1

τl
1 + τlal

− zI)−1Σ
1
2xl

− tr[Σ 1
2 (S − zI)−1(Σ

∑
j 6=l

τj
1 + τjblj

− zI)−1Σ
1
2 ])

+
1

p
maxl(tr[Σ

1
2 (S − zI)−1(Σ

∑
j 6=l

τj
1 + τjblj

− zI)−1Σ
1
2 ]

− tr[Σ 1
2 (S − zI)−1(Σ

n∑
l=1

τl
1 + τlal

− zI)−1Σ
1
2 ])→ 0 a.s.

i.e.
1

p
maxl(x

′
lΣ

1
2 (Sl − zI)−1(Σ

n∑
l=1

τl
1 + τlal

− zI)−1Σ
1
2xl

− x′lΣ
1
2 (Sl − zI)−1(Σ

∑
j 6=l

τj
1 + τjblj

− zI)−1Σ
1
2xl)

+
1

p
maxl(x

′
lΣ

1
2 (Sl − zI)−1(Σ

∑
j 6=l

τj
1 + τjblj

− zI)−1Σ
1
2xl

− tr[Σ 1
2 (Sl − zI)−1(Σ

∑
j 6=l

τj
1 + τjblj

− zI)−1Σ
1
2 ])

+
1

p
maxl(tr[Σ

1
2 (Sl − zI)−1(Σ

∑
j 6=l

τj
1 + τjblj

− zI)−1Σ
1
2 ]
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− tr[Σ 1
2 (Sl − zI)−1(Σ

n∑
l=1

τl
1 + τlal

− zI)−1Σ
1
2 ])

+
1

p
maxl(tr[Σ

1
2 (Sl − zI)−1(Σ

n∑
l=1

τl
1 + τlal

− zI)−1Σ
1
2 ]

− tr[Σ 1
2 (S − zI)−1(Σ

n∑
l=1

τl
1 + τlal

− zI)−1Σ
1
2 ])→ 0 a.s.

=I + II + III + IV

where blj = x′jΣ
1
2 (Sj,l−zI)−1Σ

1
2xj with Sj,l =

∑
i 6=j,l Σ

1
2xix

′
iΣ

1
2 and I, II, III, IV

are four terms in the last line of the equation.

It is sufficient to show that I, II, III, IV→ 0 a.s.

Convergence ofI and II are followed by Lemma 33 and Lemma 34. Conver-

gence of III and IV can be proved similarly.

Now due to Lemma 29 and Assumption 2, we have

1

p
tr(

n∑
l=1

τl
1 + τlal

Σ− zI)−1 → −1

z

∫
1

1− λ
z

∫ 1

0
τ ′t

1+yτ ′t s̃(z)
dt
dH(λ)

As 1
p tr(

∑n
l=1

τl
1+τlal

Σ− zI)−1 − 1
p tr(S − zI)−1 → 0, we get

s(z) = −1

z

∫
1

1− λ
z

∫ 1

0
τ ′t

1+yτ ′t s̃(z)
dt
dH(λ)

The fact that
∫ 1

0
τ ′t

1+yτ ′t s̃(z)
dt 6= 0 and Real(

∫ 1

0
τ ′t

1+ys̃(z)dt) ≥ 0 implies |s(z)| <
1
|z| and therefore 1 + zs(z) 6= 0. So from Lemma 29, it is clear that s̃(z) 6= 0.



CHAPTER 4. SPECTRAL DISTRIBUTION OF HAYASHI-YOSHIDA ESTIMATOR94

Now

∫ 1

0

τ ′t
1 + ys̃(z)τ ′t

dt =
1

ys̃(z)
(1−

∫ 1

0

1

1 + ys̃(z)τ ′t
dt)

=
1

ys̃(z)
(1− (1− y(1 + zs(z))))

=
1 + zs(z)

s̃(z)
.

Also,

s(z) = −1

z

∫
1

1− λ
z

∫ 1

0
τ ′t

1+yτ ′t s̃(z)
dt
dH(λ)

=⇒ 1 + zs(z) = 1−
∫
λ∈R

1

1− λ
z

∫ 1

0
τ ′t

1+yτ ′t s̃(z)
dt
dH(z)

=⇒ 1 + zs(z) = −1

z

∫ 1

0

τ ′t
1 + yτ ′t s̃(z)

dt

∫
λ

λ

1− λ
z

∫ 1

0
τ ′t

1+yτ ′t s̃(z)
dt
dH(λ)

=⇒ 1 + zs(z)

s̃(z)
= − 1

zs̃(z)

∫ 1

0

τ ′t
1 + yτ ′t s̃(z)

dt

∫
λ

λ

1− λ
z

∫ 1

0
τ ′t

1+yτ ′t s̃(z)
dt
dH(λ)

=⇒
∫ 1

0

τ ′t
1 + ys̃(z)τ ′t

dt = − 1

zs̃(z)

∫ 1

0

τ ′t
1 + yτ ′t s̃(z)

dt

∫
λ

λ

1− λ
z

∫ 1

0
τ ′t

1+yτ ′t s̃(z)
dt
dH(λ)

=⇒ s̃(z) = −1

z

∫
λ

λ

1− λ
z

∫ 1

0
τ ′t

1+yτ ′t s̃(z)
dt
dH(λ).

Due to Lemma 30 and Lemma 31, − 1
z

∑n
l=1

τl
1+alτl

∈ Q1 and 1
p tr(S−zI)−1 ∈

Q1. Same will be true for their limits. Now to show that s(z) is not unique it

is enough to show that if there are two solutions s1(z) and s2(z) (and therefore

s̃1(z), s̃2(z)) then s1 = s2. If possible let there are two limiting spectral distri-

butions s1 and s2 such that s1 6= s2. To show the contradiction, it is enough to

show s̃1(z) = s̃2(z).

Note that, ∫ 1

0

τ ′t
1 + yτ ′t s̃1(z)

dt−
∫ 1

0

τ ′t
1 + yτ ′t s̃2(z)

dt
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=

∫ 1

0

τ ′t((1 + yτ ′t s̃2(z))− (1 + yτ ′t s̃1(z))

(1 + yτ ′t s̃1(z))(1 + yτ ′t s̃2(z))
dt

=

∫ 1

0

y(τ ′t)
2(s̃2(z)− s̃1(z))

(1 + yτ ′t s̃1(z))(1 + yτ ′t s̃2(z))
dt

But,

s̃1(z)− s̃2(z)

= −1

z

∫
λ∈R

[
λ

1− λ
z

∫ 1

0
τ ′t

1+yτ ′t s̃1(z)dt
− λ

1− λ
z

∫ 1

0
τ ′t

1+yτ ′t s̃2(z)dt
]dH(λ)

= − 1

z2

∫
λ∈R

λ2[
∫ 1

0
τ ′t

1+yτ ′t s̃1(z)dt−
∫ 1

0
τ ′t

1+yτ ′t s̃2(z)dt]

(1− λ
z

∫ 1

0
τ ′t

1+yτ ′t s̃1(z)dt)(1−
λ
z

∫ 1

0
τ ′t

1+yτ ′t s̃2(z)dt)
dH(λ)

= − 1

z2
[

∫ 1

0

τ ′t
1 + yτ ′t s̃1(z)

dt−
∫ 1

0

τ ′t
1 + yτ ′t s̃2(z)

dt]

∫
λ∈R

λ2

(1− λ
z

∫ 1

0
τ ′t

1+yτ ′t s̃1(z)dt)(1−
λ
z

∫ 1

0
τ ′t

1+yτ ′t s̃2(z)dt)
dH(λ)

= − 1

z2

∫ 1

0

yτ ′t(s̃2(z)− s̃1(z))

(1 + yτ ′t s̃1(z))(1 + yτ ′t s̃2(z))
dt

∫
λ∈R

λ2

(1− λ
z

∫ 1

0
τ ′t

1+yτ ′t s̃1(z)dt)(1−
λ
z

∫ 1

0
τ ′t

1+yτ ′t s̃2(z)dt)
dH(λ)

= (s̃1(z)−s̃2(z))
1

z2

∫ 1

0

yτ ′t
(1 + yτ ′t s̃1(z))(1 + yτ ′t s̃2(z))

dt

∫
λ∈R

λ2

(1− λ
z

∫ 1

0
τ ′t

1+yτ ′t s̃1(z)dt)(1−
λ
z

∫ 1

0
τ ′t

1+yτ ′t s̃2(z)dt)
dH(λ)



CHAPTER 4. SPECTRAL DISTRIBUTION OF HAYASHI-YOSHIDA ESTIMATOR96

Therefore

1 =
y

z2

∫ 1

0

(τ ′t)
2

(1 + yτ ′t s̃1(z))(1 + yτ ′t s̃2(z))
dt×

∫ 1

0

λ2

(1− λ
z

∫ 1

0
τ ′t

1+yτ ′t s̃1(z)dt)(1−
λ
z

∫ 1

0
τ ′t

1+yτ ′t s̃2(z)dt)
dH(λ)

(4.4.3)

As s̃1, s̃2 ∈ Q1 , |
∫ 1

0
(τ ′t)

2

(1+yτ ′t s̃1(z))(1+yτ ′t s̃2(z))dt| ≤
∫ 1

0
(τ ′t)

2dt <∞.

And− 1
z

∫ 1

0
τ ′t

1+yτ ′t s̃i(z)
dt, i = 1, 2 implies |

∫ 1

0
λ2

(1−λz
∫ 1
0

τ′t
1+yτ′ts̃1(z)

dt)(1−λz
∫ 1
0

τ′t
1+yτ′ts̃2(z)

dt)
dH(λ)| ≤∫

λ2dH(λ) <∞.

So for z = iv, with v sufficiently large, 4.4.3 cannot be true. So s(z) is

unique.

4.5 Simulation

Although we are working with high-dimensional set up, the computational

complexity of the Hayashi’s estimator is worth paying attention to. Due to

the fact that- time to compute Hayashi’s estimtor is much greater compared

to Realized covariance estimator, we have not taken a huge dimension along

with high sampling frequency to illustrate the theory. We simulate 30 stocks

with each 500 observations where spot volatility matrix is I. The empirical and

theoretical cdf’s are shown in Figure 4.5.1. The difference between theoretical

and empirical cdf’s of the spectral distribution will be reduced once we increase

the dimension and sampling frequency appropriately. One important point to

note is that in both our theory and simulation, we have assumed that all the

stocks have same number of observation in a day. This is of course not a

practical assumption and the difference in sample sizes between stocks can be

significant particularly as we are considering high-dimensional set up. In figure

4.5.2, we have plotted the histograms for 60 stocks and sample size 600 and 1000
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Figure 4.5.1: Plot for empirical cumulative distribution functions and theoretical
cumulative distribution functions for Hayashi Yoshida estimator.

respectively (spot volatility matrix is I). Although the dimension and sample size

is low, the histogram shows similarity with the Marcenko-Pastur distribution.

In Figure 4.5.3, we plot the kernel density plot.

4.6 Conclusion and further direction

In this work we have determined the limiting spectral distribution of high-

dimensional Hayashi-Yoshida estimator for nonsynchronous data. We consid-

ered a reasonable class of time varying covolatility processes. The limiting

spectral distribution is particularly useful to test for deviation from null model,

for example, whether the covolatility process is I or not. In this work we have

only considered asynchronicity but not the presence of microstructure noise. In

presence of noise the spectral distribution may deviate from the ideal situation

in significant ways. We have restricted ourselves to the simple Black-Scholes

setup. Black-Scholes models are not always very realistic models to describe

financial data. One can try to go beyond that and investigate into the spectral

analysis of Hayashi’s estimator for advanced model. One can also try to extend

the results for more general class of time varying covolatility processes. Changes
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Figure 4.5.2: The histogram of eigenvalues for 60 stocks and sample size 600
(Left) and 1000 (Right).
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Figure 4.5.3: Kernel density plot of the empirical cumulative distribution func-
tion of eigenvalues for 50 stocks with sample size 1000.
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due to leverage effects can also be quite serious and so worth looking into.



Chapter 5

SPECTRAL

DISTRIBUTION FOR

p/n→ 0

5.1 Introduction

We have earlier discussed that if lim p
n ∈ (0,∞) then the Hayashi’s estima-

tor as well as its eigenvalues fail to be consistent. But when lim p/n = 0, the

Hayashi’s estimator becomes consistent: ||SHY − Σ̄||
a.s.
→ 0. So the sample eigen-

values will also be consistent for their population counterpart. In this section

we are mainly interested in the nontrivial asymptotic distribution of the sample

eigenvalues of the Hayashi’s estimator. When we have synchronously observed

samples from Gaussian distribution with mean 0 and covariance matrix I then

the spectral distribution of
√

n
p ( 1

n (SRCV − Σ̄)) is similar to a p × p Wigner

matrix . The first paper exploring spectral distribution of sample covariance

101
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matrix for the case p/n → 0, was by Bai and Yin [51]. Later a series of works

have extended and modified the result [52], [53], [54], [55]. Many of the results

are proved under the 4th moment condition and the limiting spectral distri-

bution is derived by studying a system of equations determining the LSD [53].

These asymptotic results are also important to derive a test, based on the empir-

ical spectral distribution function [54], for hypothesis testing of cross sectional

independence and also to show asymptotic consistency of the test, although a

complete discussion on the power properties of many of the resulting tests are

yet to be done. Moreover fluctuations of eigenvalues of sample covariance matrix

is studied where the asymptotic distribution of jth largest eigenvalue is shown

to be convergent to a mixture of rescaled semi-circle law [55]. As discussed in

Chapter 1, all these developments were for separable covariance matrix as it is

hard to find a general result for non-separable matrix. As Hayashi’s estimator is

not a separable matrix we have to take help of a separable matrix close enough

to the Hayashi’s matrix.

In the first chapter we discussed that one strategy of determining the limiting

Stieltjes transform is to express the Stieltjes transformation of Fn as

sn(z) =
1

f(z, sn(z)) + o(1)
,

for some function f . Then the the Stieltjes transform of the limiting spectral

distribution will be the solution to the equation s = 1
f(z,s) .

In this chapter, we will take a modified version of the same strategy. We

will show that under some condition, for some function f and g.

sn(z) =
1

p

p∑
i=1

1

f(z, λi, βn(z)) + o(1)
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and

βn(z) =
1

p

p∑
i=1

1

g(z, λi, βn(z) + o(1))
.

(βn(.) is a function of z and will be defined later in the proof). So instead of one

equation, the Stieltjes transform can be expressed by a system of two equations

1. .

5.2 Spectral Analysis of High-dimensional Hayashi’s

Estimator for p/n→0

Due to the fact that Hayashi’s estimator is unbiased we will be concerned

about the following matrix (let us call S̃),

S̃ =

√
n

p
(S0/n− Σp/n).

Like the previous chapter here also we have to take some assumptions, we will

call it A.

A1: σt = γtΣ
1
2 where Σ

1
2 a p× p symmetric matrix (not time varying) with

Σ(= Σ
1
2 Σ

1
2 ) being a non-nnegative definite matrix and γt is a one-dimensional

time varying cadlag process.

A2: lim p/n→ 0 as p→∞ and n→∞.

A3: x′ijs (1 ≤ i ≤ p, 1 ≤ j ≤ n) are iid Gaussian random variables with

E(Xij) = 0, E|Xij |2 = 1.

A4: FΣp L→ FH( 6= δ{0}) as p→∞ where FH is a distribution function.

A5: ∃τl, l = 1(1)n such that tr(S̄n − S̃)/p → 0 with probability 1 and

tr([(S̄n−zI)−1(S̃−zI)−1])/p is almost surely bounded where S̄n =
√

n
p (
∑n
l=1 τlΣ

1
2
p xlx

′
lΣ

1
2
p−

(
∑n
l=1 τl)Σ).

1For more details see [48] and [55]. This chapter is going to be a straightforward application
of [55]
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A6: ||diag(τ1, τ2, ..., τn)|| is bounded above.

A7: 1
n (

∑n
l=1 τl)→ τ > 0 and 1

n (
∑n
l=1 τ

2
l )→ τ̄ > 0 as n→∞

Now we are ready to state the main theorem.

Theorem 26. If the above assumptions (A) are true then the empirical spectral

distribution of
√

n
p ( 1

nS0− 1
nΣp) almost surely converges weakly to a nonrandom

distribution F as n → ∞, whose Stieltjes transform s(z) is determined by the

following system of equations:


s(z) = −

∫ dF (λ)
z+τ̄λβ(z)

β(z) = −
∫ λdF (λ)
z+τ̄λβ(z)

for any z ∈ C+.

Before proving the theorem we will define some quantities and make some

observations.

Let Σ = U∗ΛU be the spectral decomposition of Σ. Now define,

W = UΣ
1/2{

∑
l

τ
1
2

l xle
∗
l }.

Let wk be the kth row of W and Wk be the matrix after deleting the kth

row. Define,
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hk =

√
n

p
Wkwk,

M =

√
n

p
(WW ∗ − (

∑
l

τl)Λ),

Mk =

√
n

p
(WkW

∗ − (
∑
l

τl)Λk),

M̄k =

√
n

p
(WkW

∗
k − (

∑
l

τl)Λk),

tkk =

√
n

p
(wkw

∗
k − (

∑
l

τl)λk),

where Λk is the matrix obtained by deleting kth diagonal element of Λ.

Now we will make some remarks. Justifications of the remarks are given in

the appendix.

Remark 1: With the mentioned assumption and definition,

M =

p∑
k=1

ek(hk + tkkek)∗

and

M = Mk + ek(hk + tkkek)∗.

Remark 2 :

tr(I + z(M − zI)−1) =

p∑
k=1

(hk + tkkek)∗(Mk − zI)−1ek
1 + (hk + tkkek)∗(Mk − zI)−1ek

.

Remark 3:

(hk + tkkek)∗(Mk − zI)−1ek =
h∗k

¯(Mk − zI)−1hk − tkk
z

.

Remark 4.
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E(h∗k
¯(Mk − zI)−1hk − (

n∑
l=1

τ2
l )λktr( ¯(Mk − zI)−1Λk)/np) = 0.

The next Lemma is known as McDiarmid Inequality [56].

Lemma 27. Let Y1, Y2, ..., Ym be independent random vectors taking values

in X . Suppose that f : X k → R is a function of Y1, Y2, ..., Ym satisfying

∀y1, y2, .., ym, y
′
i,

|f(y1, y2, .., yi, .., ym)− f(y1, y2, .., y
′
i, .., ym)| ≤ ci,

Then for all ε > 0,

P (|f(y1, y2, ..., ym)− f(y1, y2, ..., ym)| > ε) ≤ 2exp(− 2ε2∑m
i=1 c

2
i

).

Now we are ready to prove Theorem 26.

Proof. Suppose the Stiletjes transfor of S̄n is s̄n(z).

So s̄n(z) = 1
p tr(S̄n − zI)−1

Observe that,

z−1I + (S̄n − zI)−1 = z−1I(S̄n − zI + zI)(S̄n − zI)−1

= z−1S̄n(S̄n − zI)−1.
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=⇒ (S̄n − zI)−1 =z−1S̄n(S̄n − zI)−1 − z−1I

=⇒ s̄n(z) =− z−1 +
z−1

p
tr(S̄n(S̄n − zI)−1). (5.2.1)

Notice that,

s̄n(z)− s̃n(z) =
1

p
[tr(S̄n − zI)−1 − tr(S̃n − zI)−1]

=
1

p
tr[(S̄n − zI)−1 − (S̃n − zI)−1]

=
1

p
tr[(S̄n − zI)−1[S̃n − zI − S̄n + zI](S̃n − zI)−1]

=
1

p
tr[(S̃n − S̄n)(S̃n − zI)−1(S̄n − zI)−1]

→ 0 a.s.

The last line of the above derivation is a consequence of Assumption 5 and

Cauchy Schwartz inequality (as in Page 91 in the proof of the Theorem in

Chapter 4). This means that we can derive valuable information about s̃n(z)

by studying the spectral distribution of S̄n(z).

Note that, according to our definitions

tr(S̄n − zI)−1 = tr[

√
n

p
(Σ

1/2{
∑
l

τ
1
2

l xle
∗
l })(Σ

1/2{
∑
l

τ
1
2

l xle
∗
l }∗ − (

∑
l

τl)Σ))− zI]−1

= tr[

√
n

p
(Σ

1/2{
∑
l

τ
1
2

l xle
∗
l })({

∑
l

τ
1
2

l xle
∗
l }∗Σ

1/2 − (
∑
l

τl)Σ))− zI]−1

= tr[

√
n

p
U∗(UΣ

1
2 {

∑
l

τ
1
2

l xle
∗
l })({

∑
l

τ
1
2

l xle
∗
l }∗Σ

1/2U∗U − (
∑
l

τl)U
∗ΛU))− zI]−1

= tr[U∗
√
n

p
{(WW ∗ − (

∑
l

τl)Λ)− zI}U ]−1

= tr[

√
n

p
(WW ∗ − (

∑
l

τl)Λ)− zI]−1. (5.2.2)
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Now from 5.2.1 we have,

s̄n(z) = −z−1 +
z−1

p
tr(S̄n(S̄n − zI)−1)

= −z−1 +
z−1

p
tr(

√
n

p
(WW ∗ − (

∑
l

τl)Λ)(

√
n

p
((WW ∗ − (

∑
l

τl)Λ)− zI)−1)

= −z−1 +
z−1

p
tr{M(M − zI)−1)

= −z−1 +
z−1

p

p∑
k=1

(1− 1

1 + (hk + tkkek)∗(Mk − zI)−1ek
) by Lemma 36

= −z
−1

p

p∑
k=1

1

1 + (hk + tkkek)∗(Mk − zI)−1ek

= −z
−1

p

p∑
k=1

1

1 +
h∗k

¯(Mk−zI)−1hk−tkk
z

= −1

p

p∑
k=1

1

z + h∗k
¯(Mk − zI)−1hk − tkk

= −1

p

p∑
k=1

1

z − tkk +
nλk(

∑
l τ

2
n)

p tr(Λk ¯(Mk − zI)−1) + ε1k
,

where the last equality is due to Lemma 38 with E(ε1k) = 0.

Define βn = 1
p tr(S̄n − zI)Σ)−1, then similar derivation will lead to

βn(z) = −1

p

p∑
k=1

λk

z + h∗k
¯(Mk − zI)−1hk − tkk

. (5.2.3)

But again,

βn(z) =
1

p
tr(S̄n − zI)Σ)−1

=⇒ βn(z) =
1

p
tr(S̄n − zI)U∗ΛU)−1

=⇒ βn(z) =
1

p
tr(M − zI)−1Λ) by 5.2.2

=⇒ λkn(

n∑
l=1

τ2
l )βn(z) = λkn(

n∑
l=1

τ2
l )

1

p
tr(Λ(M − zI)−1).
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By observation 4, we know that h∗k ¯(Mk − zI)−1hk = n(
∑n
l=1 τ

2
l )λktr(Λk ¯(Mk −

zI)−1)/p+ ε1k.

Define, ε2k = λkn(
∑n
l=1 τ

2
l )E(βn(z))− h∗k ¯(Mk − zI)−1hk.

Therefore from 5.2.3,

βn(z) = −1

p

p∑
k=1

λk

z + h∗k
¯(Mk − zI)−1hk − tkk

= −1

p

p∑
k=1

λk
z + λkn(

∑n
l=1 τ

2
l )E(βn(z))− (tkk + ε2k)

= −1

p

p∑
k=1

λk
z + λkn(

∑n
l=1 τ

2
l )E(βn(z))

{−1

p

p∑
k=1

λk
z + λkn(

∑n
l=1 τ

2
l )E(βn(z))− tkk − ε2k

+
1

p

p∑
k=1

λk
z + λkn(

∑n
l=1 τ

2
l )E(βn(z))

}.

Let us consider the second part of the last term,

1

p

p∑
k=1

λk
z + λkn(

∑n
l=1 τ

2
l )E(βn(z))

− 1

p

p∑
k=1

λk
z + λkn(

∑n
l=1 τ

2
l )E(βn(z))− tkk − ε2k

=
1

p

p∑
k=1

−λk(tkk + ε2k)

(z + λkn(
∑n
l=1 τ

2
l )E(βn(z)))(z + λkn(

∑n
l=1 τ

2
l )E(βn(z))− tkk − ε2k)

=
1

p

p∑
k=1

−λk(tkk + ε2k)

(z + λkn(
∑n
l=1 τ

2
l )E(βn(z)))2

+
1

p

p∑
k=1

−λk(tkk + ε2k)

(z + λkn(
∑n
l=1 τ

2
l )E(βn(z)))(z + λkn(

∑n
l=1 τ

2
l )E(βn(z))− tkk − ε2k)

− 1

p

p∑
k=1

−λk(tkk + ε2k)

(z + λkn(
∑n
l=1 τ

2
l )E(βn(z)))2

= −1

p

p∑
k=1

λk(tkk + ε2k)

(z + λkn(
∑n
l=1 τ

2
l )E(βn(z)))2

+
1

p

p∑
k=1

λk(ε2k + tkk)
−(tkk + ε2k)

(z + λkn(
∑n
l=1 τ

2
l )E(βn(z)))2(z + λkn(

∑n
l=1 τ

2
l )E(βn(z))− tkk − ε2k)

= ε3k + ε4k.
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We will try to argue that |E(ε2k)| → 0 as p→∞,

|E(ε2k)| = |E(λk
(
∑n
l=1 τ

2
l )

n
E(βn(z))− h∗kM̄k(z)−1hk)|

= |E(λk
(
∑n
l=1 τ

2
l )

n
E(βn(z))− E((

n∑
l=1

τ2
l )λktr(ΛkM̄k(z)−1)/np− ε1k)|

= |λk
∑n
l=1 τ

2
l

np
E{tr(ΛM(z)−1)} − λk

∑n
l=1 τ

2
l

np
E{tr(ΛkM̄k(z)−1)− ε1k|

= |λk
∑n
l=1 τ

2
l

np
E{tr((M(z)−1Λ)− tr(M̄k(z)−1Λk)} − ε1k|

= |λk
∑n
l=1 τ

2
l

np
E{tr((M(z)−1Λ)− tr(M̄k(z)−1(Λ− λkeke∗k))} − ε1k|

= |λk
∑n
l=1 τ

2
l

np
E{tr((M(z)−1 − M̄k(z)−1)Λ) + λkE(M̄k(z)−1eke

∗
k)} − ε1k|

= |λk
∑n
l=1 τ

2
l

np
E{tr((M(z)−1 − M̄k(z)−1)Λ) + λke

∗
kM̄k(z)−1ek)} − ε1k|

= |λk
∑n
l=1 τ

2
l

np
E{tr((M(z)−1 − M̄k(z)−1)Λ)− λk

z
)} − ε1k|

≤ λk
∑n
l=1 τ

2
l

np
|Etr((M(z)−1 − M̄k(z)−1)Λ)|+ |

λ2
k(
∑n
l=1 τ

2
l )

znp
|+ λk

∑n
l=1 τ

2
l

np
|ε1k|.

It can be shown that the above expression is o(p) (see Appendix).
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E(|ε2k + tkk|2) = E|ε2k + tkk − E(ε2k)|2 + |E(ε2k)|2

= E|λk
(
∑n
l=1 τ

2
l )

n
E(βn(z))− h∗kM̄k(z)−1hk + tkk

− E(λk
(
∑n
l=1 τ

2
l )

n
E(βn(z))− h∗kM̄k(z)−1hk)|2 + |E(ε2k)|2

= E| − h∗kM̄k(z)−1hk + tkk + h∗kM̄k(z)−1hk)|2 + |E(ε2k)|2

= E| − h∗kM̄k(z)−1hk + tkk + (

n∑
l=1

τ2
l )λktrE(ΛkM̄k(z)−1)/np|2 + |E(ε2k)|2

= E| − h∗kM̄k(z)−1hk + tkk + (

n∑
l=1

τ2
l )λktrE(ΛkM̄k(z)−1)/np|2

+ E|(
n∑
l=1

τ2
l )λktrE(ΛkM̄k(z)−1)/np− (

n∑
l=1

τ2
l )λktr(ΛkM̄k(z)−1)/np|2 + |E(ε2k)|2.

It can be shown that all three terms is o(p) (See Appendix).

We further observe that

|z + λk
(
∑n
l=1 τ

2
l )

n
E(βn(z))| ≥ Im(z + λk

(
∑n
l=1 τ

2
l )

n
E(βn(z))) ≥ Im(z) = v > 0

and

|z + λk
(
∑n
l=1 τ

2
l )

n
E(βn(z))− tkk − ε2k| ≥ |z + h∗kM̄

−1
k hk − tkk| ≥ v.

This implies ε3k → 0 a.s.

With this we showed that

E(βn(z)) = −1

p

p∑
k=1

λk

z + λk
(
∑n
l=1 τ

2
l )

n E(βn(z))
+ dn,

where dn → 0 as n→∞.

If we replace (x1i, ..., xpi) by (x′1i, ..., x
′
pi) and call the resulting new s̄n by s′n
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(similarly βn by β′n(z)) then it is easy to show that

|s̄n(z)− s′n(z)| ≤ c1
pv

and

|β̄n(z)− β′n(z)| ≤ c1
pv
.

Hence by Lemma 36,

∑
n

P (|s̄n(z)− s′n(z)| > δ) <∞

and ∑
n

P (|β̄n(z)− β′n(z)| > δ) <∞.

By Borel-Cantelli lemma, s̄n(z)−E(s̄n)→ 0 a.s. and βn(z)−E(βn(z))→ 0

a.s. and thus we also have s̃n(z)− E(s̄n)→ 0.

Now as maxk|λk| ≤ a0 and |z + λkn(
∑n
l=1 τ

2
l )E(βn(z))| ≥ v is bounded

(see appendix), E(βn(z)) is bounded. So by dominated convergence theorem

E(βn(z)) converges to β(z). But as βn(z)−E(βn(z))→ 0 a.s., we have βn(z)→

β(z) a.s. Similarly for sn(z) → s(z) a.s. So sn(z) can be evaluated by the

following two equations,

s(z) = −
∫

dFΣ(λ)

z + n(
∑
l τ

2
l )λE(β(z))

β(z) = −
∫

λdFΣ(λ)

z + n(
∑
l τ

2
l )λE(β(z))

.



Chapter 6

Conclusion

In this thesis, we have seen how asynchronicity can affect the statistical anal-

ysis of nonsynchronous intraday data. We showed that for the Elliptical copula

a significant amount of underestimation of interstock dependence can occur if

proper correction is not made. In chapter 2 we have proposed a method to

pair the nonsynchronous observations while keeping a memory of their original

arrival times. These memories helped us to construct a consistent estimator

of the copula parameter. Through simulation, we have shown the amount of

gain we have made in terms of mean-square-error. We also have determined a

large sample distribution for the proposed corrected estimate. But as discussed

mere consistency of the copula parameter does not imply consistency of the

empirical copula function. We have shown the consistency of copula function.

One important question to address is how much data is getting lost or deleted

in the process of paring. We proved a theorem that determines the amount

of loss of intraday data after applying the pairing algorithm when the original

arrival processes are independent Poisson. Then we investigated the effect of

asynchronicity for a more general copula. To develop the appropriate correction

113
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factor, we looked into how Kendall’s Tau is affected by asynchronicity. If we

can measure the exact amount of this influence, we can then use the relation be-

tween copula and Kendall’s tau to correct the copula parameter appropriately.

Unfortunately, we couldn’t get the exact relation between true and uncorrected

Kendall’s Tau. However under some assumptions, we proved some important

theorem and through simulation and heuristic derivation, we proposed a correc-

tion factor. We then showed the superiority of this corrected estimate over the

uncorrected one by simulation studies on some important Archimedean copula.

Then we looked at the high-dimensional case. As discussed, one of the

unbiased estimators of Integrated covariance matrix is the estimator developed

by Hayashi and Yoshida. When the dimension is high, the good properties of

this estimator is no longer preserved. We have studied the limiting spectral

distribution of this matrix for both the cases when dimension to sample size

ratio converges to a zero or a nonzero number. When it converges to 0, the

sample eigenvalues are consistent to their population counterpart (unlike for

the other case). So we had to establish a nontrivial large sample distribution

for this case. Limiting spectral distribution help us to test significant statistical

hypotheses, some are discussed in detail in [57]. Some other financial application

of the theory, such as in portfolio optimization, can be found in [58]. It is also

used for high-dimensional clustering in the context of genetics but also can be

adopted for investigating relevant aspects of financial data [59].

There are several scopes of future research. It is worthwhile to investigate

how the theorems of chapter 4 and 5 are affected by unequal sample sizes of

the stocks especially when stocks with different liquidity are present. One can

study the spectral distribution for more general time varying covolatility process.

The effect of asynchronicity on tail probabilities and other parameters (such

as Spearman’s rho) can be studied as well. In the thesis only the impact of
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asynchronicity is studied, the presence of microstructure noise is not assumed.

One can extend all these works in presence of both microstructure noise and

asynchronicity.



Chapter 7

Appendix

7.1 Introduction to copula:

Theorem 28. Let F1,2,..,d be a d dimensional distribution function with marginal

distribution functions F1, F2..., Fd. Then there exists a copula such that for all

x ∈ Rd,

F1,2,...,d(x1, x2, ..., xd) = C(F1(x1), F2(x2), ...., Fd(xd)).

If F1, ...., Fd are all continuous functions then C is unique. Otherwise, C is

uniquely determined on the Cartesian product of the ranges of the marginal dis-

tribution functions Ran(F1)×Ran(F2)×....×Ran(Fd). Conversely, if F1.F2, ...., Fd

are distribution functions and C is a copula then the function F1,2,...,d de-

fined above is a d dimensional multivariate distribution function with margins

F1,F2, ..., Fd.

The density of a copula (denoted by c) C is defined as

c(u1, ...., ud) =
∂C(u1, u2, ..., ud)

∂u1∂u2...∂ud
.
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Then the d dimensional density of the joint distribution is given by

f(x1, x2, ..., xd) = c(F1(x1), F2(x2), ..., Fd(xd))

d∏
i=1

fn(xi),

where fn is the density of margin Fn.

7.1.1 Some examples of copula

Two most well known copula families are the Elliptical copula family, Archimedean

copula family.

7.1.1.1 Elliptical copula family

Definition 29. A d-dimensional random vector z is said to have an elliptical

distribution (z ∼ ECd(µ,Σ, g)) with parameters µ (d × 1) and Σ (d × d) if it

has a stochastic representation

z
d
= µ+ rAu,

where r ≥ 0 is a random variable and u is uniformly distributed on a unit

sphere in R. A is a constant matrix such that Σ = AA′.

If r has a density then density of z is of the following form

|Σ|− 1
2 g((z − µ)Σ−1(z − µ)),
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where g is a scale function uniquely determined by distribution of r.

For our purpose without loss of generality we can consider z ∼ ECd(0, R, g),

where R is the correlation matrix. In this case all the marginal distributions of

z are identical with pdf

qg(x) =
π
d−1
2

Γ(d−1
2 )

∫ ∞
x2

(y − x2)
d−1
2 −1g(y)d(y).

Elliptical copula has the following form

CR(u1, u2, ..., ud) = FR(F−1(u1), F−1(u2), ..., F−1(ud)),

where FR(x1, x2,...., xd) is a d-dimensional elliptical distribution function with

correlation matrix R and F (.) is the marginal distribution of FR[60].

Two important and widely used elliptical copulas are Gaussian copula and

Student’s t copula. In Gaussian copula,

CR(u) = ΦdR(Φ−1(u1),Φ−1(u2), .....,Φ−1(ud)),

where ΦdR(.) is a d-dimensional Gaussian distribution function with correlation

coefficient R and Φ(.) is univariate Gaussian distribution function.

For Student’s t copula,

Cν,R(u) = tdν,R(t−1
ν (u1), ...., t−1

ν (ud)),

where tdν,R is the joint distribution of d dimensional t distribution with correla-

tion matrix R with degrees of freedom ν and tν is univariate t distribution with

same degrees of freedom. ν controls the heaviness of the tails and as ν →∞ it

behaves like a Gaussian copula.
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It is important to note that it is not necessary that a multivariate distribution

with Gaussian (or t) copula should have Gaussian (or t) margins. For example,

it is straight forward to see that (from Sklar’s theorem) a d−dimensional mul-

tivariate distribution with distribution function F can have different margins

F1,F2, ....,Fd and a Gaussian copula with dependence R i.e.

F (x1, x2, ..., xd) = CR(F1(x1), ..., Fd(xd))

= ΦdR(Φ−1(F1(x1)),Φ−1(F2(x2)), .....,Φ−1(Fd(xd))).

Sometimes it is also called meta-elliptical copula family [33].

7.1.1.2 Archimedean copula family

Definition 30. An Archimedean copula [61] is defined as the following-

C(u1, u2, ..., ud) =


φ−1(φ(u1) + .....+ φ(ud))

0

if
∑d
i=1 φ(ui) ≤ φ(0)

0 otherwise,

where φ(u) : [0, 1]→ [0,∞) function with φ(1) = 0, φ′(u) < 0 and φ′′(u) > 0

for all 0 ≤ u ≤ 1. φ(u) is called the generator of a copula.

Archimedian copula has many desirable properties, for example it is symmet-

ric and associative. Some examples of Archimedean copulas are- Gumbel copula,

for which φ(u) = (−ln(u))α and Joe copula, for which φ(u) = (−ln1−(1−u)α).
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Copula C(u, v) α

Clayton max{[u−α + v−α − 1]−
1
α , 0} α ∈ [−1,∞)− {0}

Gumbel e−((−log(u))α+(−log(v))α)
1
α α ∈ [1, α)

Frank − 1
α log(1 + (e−αu−1)(e−αv−1)

e−α−1 ) α ∈ R− {0}
Ali-Mikhail-Haq uv

1−α(1−u)(1−v) α ∈ [−1, 1]

Joe 1− [(1− u)α + (1− v)α − ((1− u)(1− v))α]
1
α α ∈ [1,∞)

Independent uv

Table 7.1: Different Archimedean copulas with the corresponding parameter
range.

Copula φ(t) φ−1(t)

Clayton 1
α (t−α − 1) (1 + αt)−

1
α

Gumbel (−log(t))α e−t
1/α

Frank −log( e
−αt−1
e−α−1 ) − 1

α log(1 + e−t(e−α − 1))

Ali-Mikhail-Haq log( 1−(1−t)α
t ) 1−α

et−α
Joe −log(1− (t− 1)α) 1− (1− e−t) 1

α

Independent uv

Table 7.2: Different Archimedean copulas with the generators.

7.1.2 Estimation

The precision of copula estimation can be greatly influenced by the specifications

of marginals. Well-specified marginals can greatly improve the inference. On

the other hand, misspecification can cause a great deal of harm. If we have no

prior information a nonparametric approach for estimation would be preferable.

The probabilities P (X > F−1
X (p), Y > F−1

Y (p)), which is an important quantity

in the context of stock market dynamics, can be greatly underestimated if either

the marginals or the dependence structure is misspecified.

But if we have a good prior idea about the marginals parametric models

are easy to deal with. If we have reasons to believe that the margins and

the copula are absolutely continuous with corresponding densities, maximum

likelihood estimation is the first method of estimation available to us. But
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maximum likelihood estimation of copula to find the optimal set of parameters

can be computationally very expensive. Joe and Xu proposed a method, called

IFM (Inference for the margins) [62], to reduce the complexity of the maximum

likelihood estimate. In this approach, first, the marginal parameter is calculated

and then the copula parameter but not simultaneously. If the parameter of

marginal distributions is θ1 and copula parameter is θ2 then in IFM we estimate

θ1 and θ2 in the following manner:

θ̂1 = argmaxθ1

n∑
i=1

p∑
d=1

log fd(xid; θ1)

θ̂2 = argmaxθ2

n∑
i=1

log c(F1(x1i), F2(x2i), ..., Fd(xdi)),

where p is the number of variables and n is the number of observations.

Although the IFM estimate is different from MLE, the estimator is also a con-

sistent estimator.

An alternative to IFM estimation is MPLE or maximum pseudo likelihood

estimation [63], where the jth margin is estimated nonparametrically by its

empirical distribution function F̂n,j , j ∈ {1, .., p}. So the copula parameters are

estimated based on the pseudo observations

Ûij =
n

n+ 1
F̂n,j(Xij) =

Rij
n+ 1

.

Estimations can also be accomplished using Kernel methods [64].
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7.2 Limiting Spectral Analysis of Large Dimen-

sional Random Matrices

The study of the spectra of large dimensional random matrices first started in

nuclear physics during the 1950s where the unobservable energy levels of quan-

tums were characterized by the eigenvalues of a matrix of observable quantities.

The first pioneering work is Wigner’s semicircle law for a Gaussian matrix [65],

where the limiting spectral distribution of a large dimensional Wigner matrix

tends to the semi-circle law.

To see what Random matrix theory tries to achieve let us start with some

basic definitions of Random Matrix Theory (RMT) 1:

Definition 31. (Empirical Spectral Distribution) For any square matrix A,

the probability distribution P which puts equal mass on each eigenvalue of A is

called the empirical spectral distribution (ESD) of A and is denoted as FA.

If λ is an eigenvalue of a p× p matrix Ap of multiplicity m, then ESD puts

mass m/p on λ.

Definition 32. (Limiting Spectral Distribution) Let {An} be a sequence of ran-

dom matrices with corresponding ESD {Pn}. The limiting spectral distribution

(LSD) of the sequence is defined as the limit of {Pn}, if it exists.

If An’s are random then the limit is understood to be in some probabilistic

sense (almost surely/ in probability). As mentioned, the first breakthrough in
1For comprehensive background on RMT, see [48], [66]
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Random matrix theory came by establishing the limiting spectral distribution

of the Wigner matrix. Let us formally define and state the related results.

Definition 33. (Wigner Matrix) A Wigner matrix of order p and scale param-

eter σ is a Hermitian matrix of order p, whose entries above the diagonal are

iid complex random variables with 0 mean and variance σ2 and the diagonals

are iid real random variables 2.

The Wigner matrix also has a statistical meaning. Suppose (x1, x2, .., xn)

are iid samples drawn from Np(µ, Ip). Then, the sample covariance matrix is

Sn =
1

n− 1

n∑
i=1

(xi − x̄)(xi − x̄)′ ,

where x̄ = 1
n

∑n
i=1 xi. As n→∞, Sn → Ip and

√
n(Sn − Ip)

d→ √pWp.

The limiting spectral distribution of p−
1
2Wp is a semi circle law (with scale

parameter σ) with the density,

fσ(s) =


1

2πσ2

√
4σ2 − s2, |s| ≤ 2σ,

0, otherwise.

The result has been generalized by Arnold [67] and Grenander [68][69].

A generalization of the above result for non iid case is the following:

Theorem 34. Suppose that Wp = 1
pXp is a Wigner matrix and the entries

above or on the diagonal of Xp are independent but may depend on p and not

necessarily identically distributed. Assume that all the entries of Xp (xpjk) are

2Variance of a complex random variable Z is defined as E|Z − E[Z]|2
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of mean 0 and variance 1 satisfying the condition that, for any constant η > 0,

limp→∞
1

p2

∑
j,k

E|x(p)
jk |

2I(|x(p)
jk | > η

√
p) = 0,

then the ESD of Wp converges to the semicircle law almost surely.

The condition in Theorem 4 is also necessary for the conclusion [70].

From a statistical point of view, the most important random matrix to look

at is the sample covariance matrix

S̃ =
1

n− 1

n∑
k=1

(xk − x̄)(xk − x̄)∗.

As x̄x̄∗ is a rank 1 matrix, we actually can remove x̄ from the expression. This

is due to a straightforward consequence of the following theorem (taking A = 0,

B = I, S = C, S̃ = D).

Theorem 35. Let A and B are two Hermitian matrices of orders p × p and

n× n and C and D are two p× n complex matrices. Then

||FA+DBD∗ − FA+CBC∗ || ≤ 1

p
rank(D − C).

Therefore it is enough to study the spectral distribution of

S =
1

n− 1

n∑
k=1

xkx
∗
k.

Here n denotes the number of observations and p denotes the number of

variables. In order to establish the limiting spectral distribution of the sample
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covariance matrix, we need to take into account both the size of p and n or more

importantly the relative size of n and p.

At this point, we should emphasize that all the sample covariance matrices

that have been studied so far are of separable form. Here, below, we will give

the precise definition of separable covariance matrix.

Definition 36. For a p × p positive definite matrix Σa and a n × n positive

definite matrix Σb, consider a random p×n matrix X , where Xij ’s are centered

i.i.d random variables such that E(Xij) = 0, E|Xij |2 = 1
n and

√
nXij are

bounded in any Lp space, uniformly in n, i, j, then we call Σ
1
2
aXΣbX

∗Σ
1
2
a a

separable sample covariance matrix.

It means when a random matrix can be rearranged using the vec operator

(vectorizing elements of a matrix) that transforms a n1×n2 matrix into a column

vector of size n1n2, the variance-covariance matrix of the vector is expected to

be expressed through a Kronecker product of two variance-covariance matrices-

each capturing the variability in one dimension (over time and over cross section)

[71]. For example, if we want to measure prices of two stocks at three time points

by a matrix:  x11 x12 x13

x21 x22 x23

 ,

then the variance-covariance matrix of the vectorized matrix will be Σ6×6 =

Σ2×2
1 ⊗Σ3×3

2 where Σ1 captures cross sectional variation and Σ2captures varia-

tion due to time.

Inference in separability of covariance matrix 3is well studied in statistics and
3The problem with asynchronicity is that it does not naturally allow us to take separability

assumption (in chapter 4, we will see that our matrix of concern does not lead to a separable
covariance matrix). To avoid that problem we will take some assumptions to be introduced
later.
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in most of the cases the test statistics needs special structural or distributional

assumptions [72] [73] [74] [75] [76] [72] [77] [78].

The first result on the LSD of sample covariance matrix was established by

Marcenko and Pastur [79] [80] [81] for the case p/n→ c > 0 as p→∞, n→∞.

Theorem 37. Suppose that {xij} are iid random variables with mean 0 and

variance σ2. Assume that p/n → c ∈ (0,∞) and define a = σ2(1 −
√
c)2 and

b = σ2(1 +
√
c)2. Then with probability 1, FS tends to the Marcenko Pastur

Law (M-P Law) with density-

pc(x) =


1
c ×

1
2πxσ2

√
(b− x)(x− a) if a ≤ x ≤ b

0 otherwise

and a point mass 1− 1
c at the origin if c > 1.

If σ2 = 1 then the distribution is called the standard Marcenko Pastur law.

It is clear from the result that the existence of the second order moment of

the entries is necessary for the result to hold.

The result can be extended to the appropriate form for the case where the

entries xij ′s depend on n and for each n they are independent but not necessarily

identically distributed and for the case where xij ′s are indeed not dependent[66].

It is also worthwhile to look at the spectral distribution when p is large (p→

∞) but small compared to n ( pn → 0). The following theorem [51] addressed

this concern and determines the nontrivial limiting spectral distribution:

Theorem 38. If p/n → 0 then the empirical spectral distribution of Wn =√
n
p (Sn − σ2Ip) converges almost surely to the semicircle law with scale index
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σ2.

This result was also extended to a more general setting. Like Theorem 7, we

need some extra assumptions to be taken in order to extend it for non-iid case.

Theorem 39. Suppose that for each n, the entries of Xn are independent and

complex random variables with a common mean and variance σ2. Assume that

for each constant δ > 0, as p→∞ with p/n→ 0 ,

1

pδ2

√
np

∑
jk

((x
(n)
jk )2I(|x(n)

jk | ≥ δ(np)
1
4 )) = o(1)

and
1

np2

∑
jk

((x
(n)
jk )4I(|x(n)

jk | ≥ δ(np)
1
4 )) = o(1),

then with probability 1, the ESD of Wn =
√

n
p (Sn − σ2Ip) tends to the semi-

circlular law with scale index σ2.

After establishing the limiting spectral distribution of a particular matrix,

the next big problems are the convergence rate and bounds of extreme eigen-

values. It is proved that the largest eigenvalue of a sample covariance matrix

converges almost surely to a limit under the existence of fourth moment [82]

(which is also a necessary condition [83]). Almost sure limit of the smallest

eigenvalue of the sample covariance matrix is studied in [84], [85]. The problem

of convergence rate is relatively more challenging. Even for Wigner’s matrix,

the problem was open for decades up until 1993 [48]. In this thesis, we will not

discuss these two problems. We will concentrate on finding the limiting spectral

distribution. The main interest to determine the limiting spectral distribution
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is that it helps us to develop a test for special structure of covariance matrix.

7.2.1 Stieltjes transform method

The eigenvalues of a matrix are a function of its entries. But as there is no

closed form expression of the function (particularly when the dimension is more

than 4) we need some other methods to look into the eigenvalues. There are

three methods that can be used to find the distribution of eigenvalues.

1. The moment method

2. Stieltjes Transform method

3. Orthogonal Polynomial decomposition.

In this thesis, we will work with Stieltjes transform only. So now we will give a

brief outline of the Stieltjes transform method.

Definition 40. If G(x) is a function of bounded variation on real line, then its

Stieltjes transform is defined by

sG(z) =

∫
1

λ− z
dG(λ), z ∈ {z ∈ C : Im(z) > 0}.

Stieltjes transform is an important tool in RMT because of its one-one re-

lationship with the distribution function (ESD in our context). Particularly in

RMT, the significance of Stieltjes transform relies on the fact that to deter-

mine the limiting spectral distribution one only needs to show the convergence
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of corresponding Stieltjes transform. These are captured in the following two

theorems [48].

Theorem 41. For any continuity points a < b of G, we have

G{[a, b]} = limε→0+

1

π

∫ b

a

Im(sG(x+ iε))dx.

Theorem 42. Assume that {Gn} is a sequence of functions of bounded varia-

tions and Gn(−∞) = 0 for all n. Then,

limn→∞sGn(z) = s(z) ∀z ∈ {z ∈ C : Im(z) > 0},

if and only if there is a function of bounded variation G with G(−∞) = 0

and Stieltjes transform s(z) and such that Gn → G vaguely.

If C be a p× p Hermitian matrix and Fnbe its ESD, then elementary calcu-

lation shows that the Stieltjes transform of Gn is given by

sn(z) =

∫
1

x− z
dGn(x)

=
1

p
tr(C − zI)−1

=
1

p

p∑
i=1

1

cii − z − c∗i (Ci − zI)−1ci
,

where Ci is the (p− 1)× (p− 1) matrix obtained by removing ith row and

column from C and ci is the ith column vector of C after removing the ith
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element.

One standard technique of establishing limit of Stieltjes transform is to show

cii − z− c∗i (Ci − zI)−1ci to be f(z, sn(z)) + o(1) for some function f . Then the

LSD exists and is the solution to the equation

s =
1

f(z, s)
.

The limiting spectral distribution is particularly useful for testing of statis-

tical hypothesis for high-dimensional data. Sometimes it is necessary to test

for a specific structure of correlation matrix. The limiting spectral distribution

helps us to construct a test statistics in such situation [55]. Another example of

use of limiting spectral distribution is the following [86]. Consider the testing

problem of the means of two multivariate populations with dimension p. When

p is large the classical Hotelling test is no more perform well. An alternative

test has been proposed and the limiting spectral distribution is used to show

that the test is more powerful than the Hotelling test [87].

The concepts described in this section will be used in chapters 4 and 5

to obtain the limiting spectral distribution of the high-dimensional covariance

matrix obtained from non-synchronous financial data.

7.3 Chapter 5

In chapter 5, we claimed that it is enough to prove the theorem for z = iv,

where v > 0 is suficiently large. We will provide the justification here below.
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We have seen that

1. Re(− 1

iv

∫ 1

0

τ ′t
1 + yτ ′t s̃(z)

dt) ≥ 0

2. | 1

1− λ
iv

∫ 1

0
τ ′t

1+yτ ′t s̃(z)
dt
| ≤ 1 ∀λ ≥ 0

3. | 1
iv

∫ 1

0

τ ′t
1 + yτ ′t s̃(z)

dt| ≤ 1

v

∫ 1

0

τ ′tdt.

Applying dominated convergence theorem, we see that ivs(iv)→ −1 as v →∞.

Now from Lemma 36, we can conclude the justification.

Proof of Lemma 33:

1

p
maxl|x′lΣ

1
2 (Sl − zI)−1(Σ

n∑
l=1

τl
1 + τlal

− zI)−1Σ
1
2xl − x′lΣ

1
2 (Sl − zI)−1(Σ

∑
j 6=l

τj
1 + τjblj

− zI)−1Σ
1
2xl|

=
1

p
maxl|x′lΣ

1
2 (Sl − zI)−1(−1

z
)(−1

z
Σ

n∑
l=1

τl
1 + τlal

+ I)−1Σ
1
2xl

− x′lΣ
1
2 (Sl − zI)−1(−1

z
)(−1

z
Σ
∑
j 6=l

τj
1 + τjblj

+ I)−1Σ
1
2xl|

≤ 1

p
maxl| −

1

z

∑
l

τl
1 + τlal

+
1

z

∑
j 6=l

τj
1 + τjblj

||Σ 1
2xl|2Cpδ.

The last inequality is due to Lemma 1 (where q = Σ
1
2xl, B = (Sl−zI)−1,A =

Σ, w1 = − 1
z

∑n
l=1

τl
1+τlal

, w2 = − 1
z

∑
j 6=l

τj
1+τjblj

), and Assumption 7.

Applying Markov Inequality and Lemma 28,

P (|x′lΣxl − tr(Σ)| ≥ pε) ≤ E|x′lΣxl − tr(Σ)|2k

(pε)2k

≤ Ckp
k||Σ||2k

(pε)2k

≤ CCkp
kp2δk

(pε)2k
.

Choosing k > 2
1−2δ , and using Borel Cantelli lemma (try to include the sum
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in the above equation), we get maxl|x′lΣxl−tr(Σ)|/p→ 0 a.s. As a consequence

maxl|Σ
1
2xl|2/p < M∀n > n0 for some n0.

Define, c = tr(Σ
1
2 (S − zI)−1Σ

1
2 ), and consider

maxlp
δ|
∑
l

τl
1 + τlal

−
∑
j 6=l

τj
1 + τjblj

|.

= maxlp
δ|
∑
l

τl
1 + τlal

−
∑
l

τl
1 + τlc

+
∑
l

τl
1 + τlc

−
∑
j 6=l

τj
1 + τjc

+
∑
j 6=l

τj
1 + τjc

−
∑
j 6=l

τj
1 + τjblj

|

≤ maxlp
δ|
∑
l

τl
1 + τlal

−
∑
l

τl
1 + τlc

|+ maxlp
δ|
∑
l

τl
1 + τlc

−
∑
j 6=l

τj
1 + τjc

|+ maxl|
∑
j 6=l

τj
1 + τjc

−
∑
j 6=l

τj
1 + τjblj

|

= maxlp
δ|
∑
l

τl
1 + τlal

−
∑
l

τl
1 + τlc

|+ maxlp
δ| τl

1 + τlc
|+ maxl|

∑
j 6=l

τj
1 + τjc

−
∑
j 6=l

τj
1 + τjblj

|.

maxlp
δ| τl

1+τlc
| ≤ maxlp

δ| nτl
n(1+τlc)

| ≤ κpδ

n → 0.

Now we will consider the third part of the above equation,

maxlp
δ|
∑
j 6=l

τj
1 + τjblj

−
∑
j 6=l

τj
1 + τjc

|

= maxlp
δ|
∑
j 6=l

τ2
j (c− blj)

(1 + τjblj)(1 + τjc)
|

= maxlp
δ|
∑
j 6=l

τ2
j p(c− blj)/p

(1 + τjblj)(1 + τjc)
|.

maxl|
∑
j 6=l

τ2
j p

(1+τjblj)(1+τjc)
| ≤ κ2p

n2 by Assumption 1 and 6,
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maxlmaxj 6=lp
ε|blj/p− c/p|

= maxlmaxj 6=lp
ε|x′jΣ

1
2 (Sj,l − zI)−1Σ

1
2xj/p− tr(Σ

1
2 (S − zI)−1Σ

1
2 /p)|

= maxlmaxj 6=lp
ε|x′jΣ

1
2 (Sj,l − zI)−1Σ

1
2xj/p− tr(Σ

1
2 (Sj,l − zI)−1Σ

1
2 /p)|

+ maxlmaxj 6=lp
ε|tr(Σ 1

2 (Sj,l − zI)−1Σ
1
2 /p)− tr(Σ 1

2 (S − zI)−1Σ
1
2 /p)|.

Use of Lemma 28, Lemma 27 with Borel Cantelli Lemma will give us for

ε < 1
2 − δ and k > 3

1−2δ−2ε ,

maxlmaxj 6=lp
ε|x′jΣ

1
2 (Sj,l − zI)−1Σ

1
2xj/p− tr(Σ

1
2 (Sj,l − zI)−1Σ

1
2 /p)| → 0 a.s.

Also,

maxlmaxj 6=lp
ε|1
p
tr(Σ

1
2 (Sj,l − zI)−1Σ

1
2 )− 1

p
tr(Σ

1
2 (S − zI)−1Σ

1
2 )|

= maxlmaxj 6=lp
ε|1
p
tr[Σ

1
2 {(Sj,l − zI)−1 − (S − zI)−1}Σ 1

2 ]|

= maxlmaxj 6=lp
ε|1
p
tr[{(Sj,l − zI)−1 − (S − zI)−1}Σ]|

≤ maxlmaxj≤lp
ε 1

p

||Σ||
v

≤ 1

p

Cpδ+ε

v
→ 0 a.s.

This proves out claim.

The first and second inequalities are result of application of Lemma 26 and

Assumption 7 respectively .

Proof of Lemma 34:
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Proof. Using Lemma_ and and Markov Inequality it is easy to show that,

E(x′lΣ
1
2 (Sl − zI)−1(Σ

∑
j 6=l

τj
1 + τjblj

− zI)−1Σ
1
2xl − tr[Σ

1
2 (Sl − zI)−1(Σ

∑
j 6=l

τj
1 + τjblj

− zI)−1Σ
1
2 ])

≤ Ckpk
p2δk

v2k
.

After choosing appropriate value of k and using Borel Cantelli Lemma we

can get the claim.

7.4 Chapter 5

Remark 1:
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M =

√
n

p
(WW ∗ − (

∑
l

τl)Λ)

=

√
n

p
(

p∑
k=1

ekw
∗
kW
∗ − (

∑
l

τl)Λ)

=

√
n

p

p∑
k=1

ekw
∗
k(W ∗l + wke

∗
k)−

√
n

p
(
∑
l

τl)Λ

=

√
n

p

p∑
k=1

ekw
∗
kW
∗
k +

√
n

p

p∑
k=1

ekw
∗
kwke

∗
k −

√
n

p
(
∑
l

τl)Λ

=

√
n

p

p∑
k=1

ek(Wkwk)∗ +

√
n

p

p∑
k=1

ekw
∗
kwke

∗
k −

√
n

p
(
∑
l

τl)

p∑
k=1

λkeke
∗
k

=

p∑
k=1

ekh
∗
k +

p∑
k=1

ek

√
n

p
(w∗kwk − (

∑
l

τl)λk)e∗k

=

p∑
k=1

ekh
∗
k +

p∑
k=1

ek

√
n

p
(w∗kwk − (

∑
l

τl)λk)e∗k

=

p∑
k=1

ekh
∗
k +

p∑
k=1

ektkke
∗
k

=

p∑
k=1

ek(hk + tkkek)∗,

also it is easy to see that,
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M =

√
n

p
(WW ∗ − (

∑
l

τl)Λ)

=

√
n

p
(WkW

∗ + ekw
∗
kW
∗ − (

∑
l

τl)Λk − (
∑
l

τl)eke
∗
kλk)

=

√
n

p
(WkW

∗ − (
∑
l

τl)Λk) +

√
n

p
[ekw

∗
k(W ∗k + wke

∗
k)− (

∑
l

τl)eke
∗
kλk]

= Mk + ekh
∗
k +

√
n

p
ekw

∗
kwke

∗
k −

√
n

p
(
∑
l

τl)eke
∗
kλk

= Mk + ekh
∗
k + ek

√
n

p
(w∗kwk − (

∑
l

τl)λk)e∗k

= Mk + ekh
∗
k + tkkeke

∗
k

= Mk + ek(hk + tkkek)∗.

Remark 2:

tr[ek(hk + tkkek)∗(Mk − zI)−1(hk + tkkek)∗(Mk − zI)−1ek]

= (hk + tkkek)∗(Mk − zI)−1ektr[ek(hk + tkkek)∗(Mk − zI)−1]

= {(hk + tkkek)∗(Mk − zI)−1ek}{(hk + tkkek)∗(Mk − zI)−1ek}

= {(hk + tkkek)∗(Mk − zI)−1ek}2

and

tr[ek(hk + tkkek)∗(Mk − zI)−1ek(hk + tkkek)∗(Mk − zI)−1]

= tr[(hk + tkkek)∗(Mk − zI)−1ek(hk + tkkek)∗(Mk − zI)−1ek]

= {(hk + tkkek)∗(Mk − zI)−1ek}2.
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So,

LHS = tr(M(M − zI)−1)

= tr{ek(hk + tkkek)∗(Mk − zI + ek(hk + tkkek)∗)−1}

= tr[ek(hk + tkkek)∗(Mk(z)−1 − (Mk − zI)−1ek(hk + tkkek)∗(Mk − zI)−1

1 + (hk + tkkek)∗(Mk − zI)−1ek
)]

= tr[ek(hk + tkkek)∗((Mk − zI)−1 − (Mk − zI)−1ek(hk + tkkek)∗(Mk − zI)−1

1 + (hk + tkkek)∗(Mk − zI)−1ek
)]

= tr[ek(hk + tkkek)∗(
(Mk − zI)−1(1 + (hk + tkkek)∗(Mk − zI)−1ek)− (Mk − zI)−1ek(hk + tkkek)∗(Mk − zI)−1

1 + (hk + tkkek)∗Mk(z)−1ek
)

= tr[
ek(hk + tkkek)∗(Mk − zI)−1

1 + (hk + tkkek)∗(Mk − zI)−1ek
]

=
(hk + tkkek)∗(Mk − zI)−1ek

1 + (hk + tkkek)∗(Mk − zI)−1ek

Remark 3:

To see this, manipulate the left hand side the following way-

(hk + tkkek)∗(Mk − zI)−1ek = (hk + tkkek)∗(

√
n

p
(WkW

∗ − (
∑
l

τl)Λk)− zI)−1ek

= (hk + tkkek)∗(

√
n

p
(WkW

∗
k +Wkwke

∗
k − (

∑
l

τl)Λk)− zI)−1ek

= (hk + tkkek)∗(

√
n

p
(WkW

∗
k − (

∑
l

τl)Λk)− zI +

√
n

p
Wkwke

∗
k)−1ek

= (hk + tkkek)∗(

√
n

p
(WkW

∗
k − (

∑
l

τl)Λk)− zI + hke
∗
k)−1ek

= (hk + tkkek)∗((M̄k − zI) + hke
∗
k)−1ek

= (hk + tkkek)∗( ¯(Mk − zI)−1 −
¯(Mk − zI)−1hke

∗
k

¯(Mk − zI)−1

1 + e∗k
¯(Mk − zI)−1hk

)ek

= (hk + tkkek)∗M̄k(z)−1ek −
(hk + tkkek)∗ ¯(Mk − zI)−1hke

∗
k

¯(Mk − zI)−1ek

1 + e∗k
¯(Mk − zI)−1hk

.
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Observe that h∗kek = e∗hk = 0 because W ∗k ek = 0. So,

¯(Mk − zI)ek =

√
n

p
(WkW

∗
k − (

∑
l

τl)Λk)ek − zek

=

√
n

p
(WkW

∗
k ek − (

∑
l

τl)Λkek)− zek

= −zek.

As a consequence e∗k(M̄k − zI)−1hk = −e∗khk/z = 0. And,

(hk + tkkek)∗(Mk − zI)−1ek = −(hk + tkkek)∗ek/z + (hk + tkkek)∗ ¯(Mk − zI)−1hke
∗
kek/z

= −tkk/z + (hk + tkkek)∗ ¯(Mk − zI)−1hk/z

=
−tkk + h∗k

¯(Mk − zI)−1hk + tkkek
∗ ¯(Mk − zI)−1hk

z

=
−tkk + h∗k

¯(Mk − zI)−1hk
z

.

Remark 4:



CHAPTER 7. APPENDIX 139

h∗k
¯(Mk − zI)−1hk =

n

p
w∗kW

∗
k

¯(Mk − zI)−1Wkwk

=
n

p
tr(Wkwkw

∗
kW
∗
k

¯(Mk − zI)−1)

=
nλk
pn

tr(Wkdiag(τ
1
2

1 , .., τ
1
2
n )Uxkx

∗
kU
∗diag(τ

1
2

1 , .., τ
1
2
n )W ∗k

¯(Mk − zI)−1)

=
nλk
p
tr(Wkdiag(τ

1
2

1 , .., τ
1
2
n )U(xkx

∗
k − I)U∗diag(τ

1
2

1 , .., τ
1
2
n )W ∗k

¯(Mk − zI)−1)

+
nλk
p
tr(Wkdiag(τ1, .., τn)W ∗k

¯(Mk − zI)−1)

=
nλk
p
tr(Wkdiag(τ

1
2

1 , .., τ
1
2
n )U(xkx

∗
k − I)U∗diag(τ

1
2

1 , .., τ
1
2
n )W ∗k

¯(Mk − zI)−1)

+
nλk
p
tr(Λ

1
2

k UXn(diag(τ1, .., τn))2X∗nU
∗Λ

1
2

k
¯(Mk − zI)−1)

=
nλk
p
tr(Wkdiag(τ

1
2

1 , .., τ
1
2
n )U(xkx

∗
k − I)U∗diag(τ

1
2

1 , .., τ
1
2
n )W ∗k

¯(Mk − zI)−1)

+
nλk
p
tr(Λ

1
2

k UXn(
∑
l

τ2
nele

∗
l − (

∑
l

τ2
n)I)X∗nU

∗Λ
1
2

k
¯(Mk − zI)−1)

+
nλk
p
tr(Λ

1
2

k UXn(
∑
l

τ2
n)X∗nU

∗Λ
1
2

k
¯(Mk − zI)−1)

=
nλk
p
tr(Wkdiag(τ

1
2

1 , .., τ
1
2
n )U(xkx

∗
k − I)U∗diag(τ

1
2

1 , .., τ
1
2
n )W ∗k

¯(Mk − zI)−1)

+
nλk
p
tr(Λ

1
2

k UXn(
∑
l

τ2
nele

∗
l − (

∑
l

τ2
n)I)X∗nU

∗Λ
1
2

k
¯(Mk − zI)−1)

+
nλk(

∑
l τ

2
n)

p
tr(Λ

1
2

k U(XnX
∗
n − I)U∗Λ

1
2

k
¯(Mk − zI)−1)

+
nλk(

∑
l τ

2
n)

p
tr(Λk ¯(Mk − zI)−1).
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