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Abstract

Markov Chain Monte Carlo (MCMC) methods are the backbone of Bayesian

computation, yet classical algorithms such as the Metropolis–Hastings sampler suf-

fer from slow exploration in high-dimensional and highly correlated target distribu-

tions. This report provides a self-contained, mathematically rigorous treatment of

the Hamiltonian Monte Carlo (HMC) algorithm, which resolves these limitations

by embedding the sampling problem within the framework of classical Hamilto-

nian mechanics. We begin by reviewing the deficiencies of the standard Metropolis

algorithm and motivating the HMC construction. We then derive the leapfrog inte-

grator in full detail, prove its two essential geometric properties—time-reversibility

and volume preservation (symplecticity)—and use these properties to rigorously

establish that HMC satisfies the detailed balance condition, guaranteeing conver-

gence to the correct target distribution. In the second part, we implement and

visualise the HMC trajectory in R for a bivariate Gaussian target, introduce the

No-U-Turn Sampler (NUTS) as an adaptive extension, and demonstrate a con-

crete Bayesian application: posterior inference for the parameters of the Vasicek

stochastic differential equation using Stan via rstan. The report aims to serve as a

complete reference for a mathematically literate reader wishing to understand both

the theory and practice of HMC.
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1 Introduction and Motivation

The fundamental challenge of Bayesian statistics is the evaluation of integrals of the form

Eπ[f(x)] =

∫
X
f(x)π(x) dx, (1)

where π(x) ∝ e−S(x) is a target density (here written in the physicist’s convention with

action S(x) = − log π̃(x) for unnormalised density π̃) and the integration domain X ⊆ Rd

is typically of high dimension. Except in specially conjugate models, these integrals are

analytically intractable, necessitating computational approximation.

Monte Carlo methods replace the integral by a sample average: given i.i.d. draws

x(1), . . . , x(T ) ∼ π, the law of large numbers gives

1

T

T∑
t=1

f(x(t))
a.s.−−→ Eπ[f(x)]. (2)

When direct sampling is impossible, Markov Chain Monte Carlo (MCMC) con-

structs a Markov chain {x(t)} whose stationary distribution is π, so that the ergodic

average converges to the same limit.

1.1 The Metropolis–Hastings Algorithm and Its Limitations

The Metropolis–Hastings (MH) algorithm [3, 4] is the prototypical MCMCmethod. Given

a symmetric proposal kernel q(x′ | x) (typically a Gaussian random walk), each iteration:

1. proposes x′ ∼ q(· | x(t)),

2. accepts with probability α = min

(
1,

π(x′)

π(x(t))

)
= min

(
1, eS(x

(t))−S(x′)
)
.

While correct in principle, the random-walk proposal produces two pathological be-

haviours in high dimensions:

• High rejection rates. A proposal drawn uniformly at random in Rd is overwhelm-

ingly likely to move into a low-density region, causing rejection.

• Diffusive exploration. Accepted proposals are locally correlated; the chain re-

quires O(d2) steps to traverse the support of π, generating high autocorrelation and

making the effective sample size far smaller than the nominal sample size.

The HMC algorithm, first introduced by Duane et al. [1] under the name Hybrid Monte

Carlo and later popularised in statistics by Neal [2], resolves both issues by exploiting

the gradient of log π to generate long-range, low-rejection proposals.
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2 Hamiltonian Mechanics: The Physical Analogy

2.1 The Hamiltonian System

The key idea of HMC is to embed the sampling problem in a higher-dimensional phase

space by augmenting the position variables x = (x1, . . . , xd) ∈ Rd (the original parameters

of interest) with auxiliary momentum variables p = (p1, . . . , pd) ∈ Rd. The dynamics on

this phase space are governed by the Hamiltonian:

H(x,p) = S(x) +K(p), K(p) =
1

2

d∑
i=1

p2i =
1

2
∥p∥2, (3)

where S(x) = − log π̃(x) plays the role of potential energy and K(p) = 1
2
∥p∥2 is the

kinetic energy (corresponding to a unit mass matrix; a general mass matrix M gives

K(p) = 1
2
p⊤M−1p).

The joint distribution on phase space corresponding to H is the canonical distribution:

π(x,p) ∝ e−H(x,p) = e−S(x) · e−
1
2
∥p∥2 . (4)

Because H is separable, x and p are independent under π(x,p): the marginal in x is the

target π(x) ∝ e−S(x), and the marginal in p is a standard multivariate Gaussian N (0, Id).

2.2 Hamilton’s Equations

The evolution of the system through fictitious time τ is determined by Hamilton’s

equations:
dxi

dτ
=

∂H

∂pi
= pi,

dpi
dτ

= −∂H

∂xi

= − ∂S

∂xi

. (5)

These equations define a flow Φτ : (x(0),p(0)) 7→ (x(τ),p(τ)) with three fundamental

properties that are essential to the correctness of HMC:

Proposition 2.1 (Properties of Hamiltonian Flow). The flow Φτ generated by Hamilton’s

equations satisfies:

(i) Energy conservation: H(x(τ),p(τ)) = H(x(0),p(0)) for all τ .

(ii) Time reversibility: If (x∗,p∗) = Φτ (x,p), then (x,−p) = Φτ (x
∗,−p∗).

(iii) Volume preservation (Liouville’s theorem): | det JΦτ | = 1, where JΦτ is the

Jacobian of the map Φτ .

Proof. (i) Energy conservation. By the chain rule and Hamilton’s equations:

dH

dτ
=

d∑
i=1

(
∂H

∂xi

dxi

dτ
+

∂H

∂pi

dpi
dτ

)
=

d∑
i=1

(
∂H

∂xi

pi −
∂H

∂pi

∂S

∂xi

)
.
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Since ∂H/∂xi = ∂S/∂xi and ∂H/∂pi = pi, each summand is pi ·∂S/∂xi−pi ·∂S/∂xi = 0.

(ii) Time reversibility. The momentum negation map N : (x,p) 7→ (x,−p) is an in-

volution (N 2 = id) and reverses the direction of Hamiltonian flow, since negating p

negates dx/ dτ = p while leaving dp/ dτ = −∇xS unchanged in magnitude. Hence

N ◦ Φτ ◦ N = Φ−τ = Φ−1
τ , which is precisely the statement of reversibility.

(iii) Volume preservation. Liouville’s theorem from classical mechanics states that Hamil-

tonian flows are volume-preserving. This follows from the divergence theorem: the diver-

gence of the Hamiltonian vector field V = (∇pH,−∇xH) = (p,−∇xS) is

∇(x,p) · V =
∑
i

∂pi
∂xi

+
∑
i

∂(−∂S/∂xi)

∂pi
= 0 + 0 = 0.

A vector field with zero divergence generates a flow that preserves volume.

2.3 Why This Helps Sampling

Because the Hamiltonian is conserved along the flow, proposing the state (x∗,p∗) =

Φτ (x,p) yields ∆H = H(x∗,p∗)−H(x,p) = 0, and the Metropolis acceptance probabil-

ity is min(1, e−∆H) = 1. In other words, the exact Hamiltonian flow always accepts.

In practice we use a numerical integrator (the leapfrog) which introduces small discreti-

sation errors, but acceptance rates remain high. Moreover, the momentum carries the

trajectory along level sets of H in phase space, which correspond to the high-probability

“shells” of π—hence the intuition of the ball rolling along the bottom of the valley.

3 The HMC Algorithm

Definition 3.1 (The HMC Algorithm). Given the current position x(t), one HMC tran-

sition proceeds as:

1. Momentum refreshment. Sample fresh momentum independently:

p(0) ∼ N (0, Id), i.e., p
(0)
i

i.i.d.∼ N (0, 1). (6)

2. Leapfrog integration. Starting from (x(0),p(0)) = (x(t),p(0)), simulate Hamil-

ton’s equations for Nτ steps of size ∆τ using the leapfrog integrator (Section 4) to

obtain a proposal (x∗,p∗).

3. Metropolis correction. Accept the proposal with probability

α = min
(
1, eH(x(0),p(0))−H(x∗,p∗)

)
= min

(
1, e−∆H

)
. (7)

If accepted, set x(t+1) = x∗; otherwise, set x(t+1) = x(t).
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Remark 3.2. The momentum refreshment in Step 1 ensures ergodicity : by independently

resampling p at the start of each iteration, the chain can explore all of phase space and

is not confined to a single energy surface. The Metropolis correction in Step 3 corrects

for the numerical error introduced by the leapfrog integrator. When using the exact

Hamiltonian flow, ∆H = 0 and the acceptance rate is 1.

4 The Leapfrog Integrator

Hamilton’s equations (5) are a system of 2d first-order ODEs and generally lack closed-

form solutions. We must therefore numerically integrate them. The leapfrog (Störmer–

Verlet) method is the integrator of choice because it exactly preserves the two geometric

properties needed for detailed balance: time-reversibility and volume preservation.

4.1 Derivation of the Leapfrog Scheme

Definition 4.1 (Leapfrog Integrator). Given a step size ∆τ > 0 and total number of steps

Nτ ∈ N, the leapfrog method advances the state (x(0),p(0)) to (x(Nτ∆τ),p(Nτ∆τ)) via

the following sequence of updates:

Step 1 (initial half-step for position):

xi(∆τ/2) = xi(0) + pi(0) ·
∆τ

2
. (8)

Steps n = 1, . . . , Nτ − 1 (full alternating updates):

pi(n∆τ) = pi((n− 1)∆τ)− ∂S

∂xi

(
(n− 1

2
)∆τ

)
·∆τ, (9)

xi

(
(n+ 1

2
)∆τ

)
= xi

(
(n− 1

2
)∆τ

)
+ pi(n∆τ) ·∆τ. (10)

Final steps (last full momentum update and final half-step for position):

pi(Nτ∆τ) = pi((Nτ − 1)∆τ)− ∂S

∂xi

(
(Nτ − 1

2
)∆τ

)
·∆τ, (11)

xi(Nτ∆τ) = xi

(
(Nτ − 1

2
)∆τ

)
+ pi(Nτ∆τ) · ∆τ

2
. (12)

The key structural feature is that x and p are evaluated at times offset by half a step

(hence “leapfrog”): x lives on the half-integer grid {(n − 1/2)∆τ} while p lives on the

integer grid {n∆τ}. This staggering is not cosmetic—it is the source of both reversibility

and symplecticity, as we now prove.
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4.2 Time Reversibility of the Leapfrog

Theorem 4.2 (Time Reversibility). Let (x∗,p∗) denote the output of the leapfrog inte-

grator applied to (x,p) for Nτ steps of size ∆τ . Then applying the leapfrog to (x∗,−p∗)

for Nτ steps of the same size returns exactly (x,−p). Equivalently, the leapfrog map L
satisfies

N ◦ L ◦ N = L−1, (13)

where N : (x,p) 7→ (x,−p) is the momentum-negation map.

Proof. We prove this for a single component i and one full leapfrog cycle of Nτ steps; the

general case follows by applying the argument to each component and composing over

steps.

Forward pass: Starting from (xi(0), pi(0)), the leapfrog performs the sequence

xi

(
∆τ
2

)
= xi(0) + pi(0)

∆τ
2
,

pi(∆τ) = pi(0)−
∂S

∂
xi

(
∆τ
2

)
∆τ,

xi

(
3∆τ
2

)
= xi

(
∆τ
2

)
+ pi(∆τ)∆τ,

...

pi(Nτ∆τ) = pi((Nτ − 1)∆τ)− ∂S

∂
xi

(
(Nτ − 1

2
)∆τ

)
∆τ,

xi(Nτ∆τ) = xi

(
(Nτ − 1

2
)∆τ

)
+ pi(Nτ∆τ)∆τ

2
.

Let the final state be (x∗
i , p

∗
i ) = (xi(Nτ∆τ), pi(Nτ∆τ)).

Reversed pass: Now start from (x∗
i ,−p∗i ) and apply the leapfrog. The first half-step

gives

x̃i

(
∆τ
2

)
= x∗

i + (−p∗i )∆τ
2

= xi(Nτ∆τ)− pi(Nτ∆τ)∆τ
2

= xi

(
(Nτ − 1

2
)∆τ

)
,

which is exactly where the forward pass was at position index Nτ − 1/2. The full mo-

mentum update gives

p̃i(∆τ) = −p∗i −
∂S

∂
xi

(
x̃i

(
∆τ
2

))
∆τ = −pi(Nτ∆τ) +

∂S

∂
xi

(
(Nτ − 1

2
)∆τ

)
(−∆τ) · (−1)

Carefully tracking the signs, the leapfrog update for momentum is p← p− (∂S/∂x)∆τ .
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Starting from −p∗i :

p̃i(∆τ) = −p∗i −
∂S

∂
xi

(
(Nτ − 1

2
)∆τ

)
∆τ

= −pi(Nτ∆τ)− ∂S

∂
xi

(
(Nτ − 1

2
)∆τ

)
∆τ

= −
[
pi(Nτ∆τ) +

∂S

∂
xi

(
(Nτ − 1

2
)∆τ

)
∆τ

]
= −pi((Nτ − 1)∆τ),

where the last equality uses (11) in the form pi(Nτ∆τ) = pi((Nτ − 1)∆τ)− (∂S/∂xi)∆τ .

Continuing this backward unrolling step by step, each leapfrog update in the reversed

pass exactly undoes one step of the forward pass (with momentum negated), until after

Nτ steps we arrive at (x̃i(Nτ∆τ), p̃i(Nτ∆τ)) = (xi(0),−pi(0)), establishing (13).

4.3 Volume Preservation (Symplecticity) of the Leapfrog

Theorem 4.3 (Volume Preservation). Each elementary update of the leapfrog integrator—

whether a half- or full-step—is a shear map in phase space with unit Jacobian determi-

nant. Consequently, the full leapfrog map L satisfies | det JL| = 1, i.e., the leapfrog

preserves 2d-dimensional phase-space volume.

Proof. We analyse the two elementary updates separately.

Position update (momentum fixed). The half-step position update is

x← x+
∆τ

2
p, p← p.

Writing (x′,p′) = (x+ ∆τ
2
p,p), the Jacobian of this map is the (2d)× (2d) block matrix

Jpos =

(
Id

∆τ
2
Id

0 Id

)
, det Jpos = det(Id) · det(Id) = 1, (14)

using the formula det

(
A B

0 D

)
= detA · detD for block triangular matrices.

Momentum update (position fixed). The full-step momentum update is

x← x, p← p−∆τ ∇xS(x).

Writing (x′,p′) = (x,p−∆τ ∇xS(x)), the Jacobian is

Jmom =

(
Id 0

−∆τ ∇2
xS Id

)
, det Jmom = 1. (15)

8



Since the full leapfrog map is a composition of such elementary updates, its Jacobian

determinant is the product of individual determinants:

| det JL| =
∏
k

| det Jk| = 1.

Remark 4.4. The leapfrog is in fact a symplectic integrator, meaning it preserves the

symplectic 2-form ω =
∑

i dxi ∧ dpi on phase space, which is a stronger statement than

mere volume preservation (Liouville’s theorem is a consequence of symplecticity). This

symplectic structure is what gives the leapfrog its superior long-time energy behaviour

compared to non-symplectic integrators such as Euler or Runge–Kutta methods.

4.4 Discretisation Error

The leapfrog is a second-order method: the local truncation error per step is O((∆τ)3),

and the global error over a trajectory of fixed length τfin = Nτ∆τ is O((∆τ)2). Con-

sequently, the Hamiltonian error satisfies |∆H| = O((∆τ)2), and the acceptance rate

approaches 1 as ∆τ → 0.

5 Detailed Balance and Convergence

We now prove rigorously that the HMC Markov kernel satisfies the detailed balance

condition with respect to the target distribution, ensuring correctness of the algorithm.

5.1 The Extended Target and the Transition Kernel

The HMC algorithm operates on the extended phase space (x,p) ∈ R2d with invariant

distribution

Π(x,p) ∝ e−H(x,p) = e−S(x) · e−
1
2
∥p∥2 . (16)

One HMC transition from (x,p) consists of:

1. Momentum refreshment: p→ pnew ∼ N (0, I), yielding (x,pnew).

2. Leapfrog proposal: (x∗,p∗) = L(x,pnew).

3. Metropolis accept/reject with probability α = min(1, eH(x,pnew)−H(x∗,p∗)).

Theorem 5.1 (Detailed Balance for HMC). The HMC Markov kernel T
(
(x,p) →

(x′,p′)
)
satisfies the detailed balance condition with respect to Π:

Π(x,p)T
(
(x,p)→ (x′,p′)

)
= Π(x′,p′)T

(
(x′,p′)→ (x,p)

)
. (17)

Proof. We write the proof in stages, leveraging Theorems 4.2 and 4.3.
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Step 1: The proposal step. Consider a proposed move (x,p)→ (x∗,p∗) generated by

the leapfrog map L. The transition density (in the continuous case, working with density

kernels) for proposing (x∗,p∗) starting from (x,p) is, by change of variables using the

Jacobian of L:

q
(
(x,p)→ (x∗,p∗)

)
= δ(x∗,p∗)−L(x,p), | det JL| = 1.

By time reversibility (Theorem 4.2), the reverse proposal (x∗,p∗)→ (x,p) under negated

momentum is generated by L(x∗,−p∗) = (x,−p).

Step 2: Metropolis accept/reject. The acceptance probability for the forward move

is

αfwd = min

(
1,

e−H(x∗,p∗)

e−H(x,p)

)
,

and for the reverse move (from (x∗,−p∗) to (x,−p)):

αrev = min

(
1,

e−H(x,−p)

e−H(x∗,−p∗)

)
= min

(
1,

e−H(x,p)

e−H(x∗,p∗)

)
,

using H(x,−p) = S(x) + 1
2
∥ − p∥2 = H(x,p).

Step 3: Verifying detailed balance. The flow of probability from (x,p) to (x∗,p∗) is

Π(x,p) · αfwd = e−H(x,p) ·min
(
1, eH(x,p)−H(x∗,p∗)

)
.

Without loss of generality, assume H(x∗,p∗) ≥ H(x,p). Then:

Π(x,p) · αfwd = e−H(x,p) · eH(x,p)−H(x∗,p∗) = e−H(x∗,p∗),

Π(x∗,p∗) · αrev = e−H(x∗,p∗) · 1 = e−H(x∗,p∗).

The two sides are equal, establishing (17). The case H(x,p) ≥ H(x∗,p∗) is symmetric.

Corollary 5.2 (Invariance of Π). Π is stationary for the HMC kernel, i.e., if (x(0),p(0)) ∼
Π, then (x(1),p(1)) ∼ Π.

Proof. Detailed balance implies stationarity by integrating both sides of (17) over (x,p).

Remark 5.3. Since momentum is refreshed at the start of each iteration, the HMC chain

is also aperiodic and irreducible under mild regularity conditions on S (e.g., S continuous

and the support of π connected), which together with stationarity imply ergodicity : the

time average 1
T

∑
t f(x

(t)) converges to Eπ[f ] for Π-almost all starting points.
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6 Applications and Parameter Tuning

6.1 The Role of Nτ and ∆τ

The two free parameters of HMC are the step size ∆τ and the number of leapfrog steps

Nτ . Their product, the trajectory length τfin = Nτ∆τ , controls the distance the system

travels in phase space before a Metropolis test is applied.

• Large ∆τ : coarser discretisation, larger ∆H, lower acceptance rate.

• Small ∆τ : finer discretisation, smaller ∆H, near-unit acceptance rate, but higher

computational cost per proposal (since Nτ must be increased to maintain trajectory

length).

• Large Nτ∆τ : longer trajectories, less correlated samples, but O(Nτ ) gradient eval-

uations per step.

• Small Nτ : cheap proposals but potentially high autocorrelation (in the extreme,

Nτ = 1 reduces to a Langevin-type step).

The optimal acceptance rate for HMC in the limit of a d-dimensional target with i.i.d.

components is 0.651, achieved by scaling ∆τ ∝ d−1/4 [6]. In practice, one targets accep-

tance rates in the range [0.6, 0.9].

6.2 Handling Complex Targets

A notable application from the original literature [1] is sampling from matrix-valued

actions appearing in lattice field theory:

S(ϕ) = N Tr

(
1

2
ϕ2 +

1

4
ϕ4

)
, ϕ ∈ RN×N .

The gradient ∇ϕS(ϕ) = N(ϕ + ϕ3) is tractable, making HMC far more efficient than

random-walk MCMC in the d = N2-dimensional parameter space.

7 Visualising the HMC Trajectory in R

To develop intuition, we implement the leapfrog integrator in R and visualise the trajec-

tory on a two-dimensional standard Gaussian target π(x) ∝ exp
(
−1

2
(x2

1 + x2
2)
)
, for which

the potential energy and its gradient are:

U(x) = S(x) =
1

2
(x2

1 + x2
2), ∇xU = x.

Listing 1: R implementation of the leapfrog algorithm and HMC trajectory visualisation

on a 2D standard Gaussian target.
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1 # Load required library

2 library(ggplot2)

3

4 # Define the gradient of the potential energy U(q) = 0.5 * ||q

||^2

5 grad_U <- function(q) {

6 return(q) # Gradient of 0.5 * q^2 is simply q

7 }

8

9 # Leapfrog Algorithm

10 # q : position vector (length 2)

11 # p : momentum vector (length 2)

12 # epsilon: step size Delta_tau

13 # L : number of leapfrog steps N_tau

14 leapfrog <- function(q, p, epsilon , L) {

15 q_path <- matrix(NA, nrow = L + 1, ncol = 2)

16 q_path[1, ] <- q

17

18 # Initial half -step for momentum

19 p <- p - epsilon * grad_U(q) / 2

20

21 for (i in 1:L) {

22 # Full position step

23 q <- q + epsilon * p

24 q_path[i + 1, ] <- q

25 # Full momentum step (except at the last iteration)

26 if (i != L) p <- p - epsilon * grad_U(q)

27 }

28

29 # Final half -step for momentum

30 p <- p - epsilon * grad_U(q) / 2

31 return(q_path)

32 }

33

34 # Initial states

35 q_init <- c(-2, 2) # Starting position

36 p_init <- c(1, 0.5) # Initial random momentum

37 epsilon <- 0.15 # Step size

38 L <- 40 # Number of leapfrog steps

39

40 # Generate trajectory

41 path <- leapfrog(q_init , p_init , epsilon , L)

42 path_df <- data.frame(x = path[,1], y = path[,2], step = 1:(L

+1))

43
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44 # Generate grid for contour plot of the 2D Gaussian PDF

45 grid_vals <- seq(-3, 3, length.out = 100)

46 grid <- expand.grid(x = grid_vals , y = grid_vals)

47 grid$z <- exp(-0.5 * (grid$x^2 + grid$y^2))
48

49 # Plot using ggplot2

50 ggplot () +

51 geom_contour_filled(data = grid , aes(x = x, y = y, z = z),

alpha = 0.8) +

52 geom_path(data = path_df, aes(x = x, y = y),

53 color = "red", size = 1,

54 arrow = arrow(length = unit (0.15 , "cm"))) +

55 geom_point(data = path_df[1, ], aes(x = x, y = y),

56 color = "yellow", size = 4) +

57 geom_point(data = path_df[nrow(path_df), ], aes(x = x, y = y)

,

58 color = "cyan", size = 4) +

59 labs(title = "HMC Leapfrog Trajectory on 2D Target

Distribution",

60 subtitle = "Yellow = Start , Cyan = End",

61 x = "x1", y = "x2") +

62 theme_minimal () +

63 scale_fill_viridis_d(option = "magma") +

64 theme(legend.position = "none")

The resulting figure (Figure 1) shows the leapfrog trajectory (red) overlaid on the contour

plot of the target density. The trajectory follows the high-density elliptical shell of the

Gaussian, illustrating how HMC exploits the gradient to propose distant states while

remaining in regions of high probability.
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Figure 1: HMC Leapfrog Trajectory on 2D Target Distribution. The trajectory (red)
efficiently explores the high-density region while conserving Hamiltonian energy.

8 The No-U-Turn Sampler (NUTS)

A practical obstacle to deploying HMC is the need to manually specify Nτ (the trajec-

tory length). Too small a value gives short, correlated proposals; too large a value wastes

computation once the trajectory begins to “turn back” on itself. The No-U-Turn Sam-

pler (NUTS), introduced by Hoffman and Gelman [5], solves this problem by adaptively

determining the trajectory length.

8.1 The U-Turn Criterion

NUTS extends the trajectory by doubling in both directions simultaneously using a tree-

building procedure, stopping when the trajectory begins to turn back toward its origin.

Formally, a U-turn is detected when

(x+ − x−) · p+ < 0 or (x+ − x−) · p− < 0, (18)

where x+,p+ (resp. x−,p−) are the rightmost (resp. leftmost) states of the current tra-

jectory. When condition (18) is satisfied, the tree stops growing and a new position

is sampled from the current subtree using a biased progressive sampling scheme that

maintains detailed balance.
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8.2 Dual Averaging for Step-Size Adaptation

NUTS also incorporates the dual averaging scheme of Nesterov [10] to adaptively tune

∆τ during a warm-up phase, targeting a user-specified acceptance rate (default 0.8 in

Stan). After warm-up, ∆τ is fixed and NUTS runs with standard detailed balance.

8.3 Stan and rstan

Stan [8] is a probabilistic programming language that compiles user-specified models to

efficient HMC/NUTS samplers with automatic differentiation for gradient computation.

The rstan package provides an R interface to Stan.

9 Application: Bayesian Calibration of the Vasicek

SDE via HMC

We demonstrate the power of HMC/NUTS in a concrete Bayesian inference problem:

recovering the parameters of the Vasicek short-rate model [7] from discrete observa-

tions.

9.1 The Vasicek Model

The Vasicek model specifies the short rate rt as the solution of the linear SDE:

drt = a(b− rt) dt+ σ dWt, (19)

where a > 0 is the speed of mean reversion, b ∈ R is the long-run mean, σ > 0 is the

volatility, and {Wt} is a standard Brownian motion. The three parameters θ = (a, b, σ)

are to be inferred from observed data r = (r1, r2, . . . , rN) at equally spaced times with

step ∆t.

9.2 Exact Transition Density

The Vasicek SDE is an Ornstein–Uhlenbeck process and admits a closed-form conditional

distribution. Given rt, the next observation rt+∆t satisfies:

rt+∆t | rt ∼ N
(
µt, ν

2
)
, (20)

where

µt = rt e
−a∆t + b

(
1− e−a∆t

)
, (21)

ν2 =
σ2

2a

(
1− e−2a∆t

)
. (22)
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Derivation of the exact transition density. From the integrating factor solution of the Va-

sicek SDE (as derived in detail in the companion report [?]), for s < t:

rt = b+ (rs − b)e−a(t−s) + σ

∫ t

s

e−a(t−u) dWu. (23)

Since rs is Fs-measurable and the stochastic integral
∫ t

s
e−a(t−u) dWu is independent of

Fs, the conditional distribution of rt given rs is Gaussian with mean

E[rt | rs] = b+ (rs − b)e−a(t−s) = rse
−a(t−s) + b(1− e−a(t−s)),

and variance, by the Itô isometry:

Var(rt | rs) = σ2

∫ t

s

e−2a(t−u) du =
σ2

2a

(
1− e−2a(t−s)

)
.

Setting t− s = ∆t recovers (21)–(22).

9.3 Bayesian Model and Likelihood

The exact log-likelihood for N observations (conditioning on r1) is:

ℓ(θ | r) =
N−1∑
t=1

log ϕ
(
rt+1;µt, ν

2
)
, (24)

where ϕ(·;µ, ν2) is the Gaussian density. We place the following weakly informative

priors:

a ∼ N (0, 22) · 1[a > 0], b ∼ N (0.05, 0.052), σ ∼ Half-Cauchy(0, 0.1). (25)

The posterior is π(θ | r) ∝ eℓ(θ|r) · π0(θ), which does not have a closed form due to the

nonlinear dependence of µt and ν2 on a. This is exactly where HMC excels: the gradient

of the log-posterior with respect to (a, b, σ) can be computed via automatic differentiation,

and NUTS traverses the correlated posterior geometry efficiently.

9.4 Simulation Study: Data Generation

We first generate synthetic observations from the known true parameters (a∗, b∗, σ∗) =

(0.5, 0.05, 0.02) using the Euler–Maruyama discretisation with ∆t = 1/252 (one trading

day) over N = 250 steps, with r1 = 0.04.

9.5 Stan Model and R Implementation

Listing 2: Full R implementation: data generation, Stan model specification, HMC sam-

pling via rstan, and trace plot diagnostics.
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1 library(rstan)

2

3 # ---- 1. Simulate synthetic Vasicek data ----

4 set.seed (42)

5 N <- 250

6 dt <- 1 / 252 # daily step size

7 a_true <- 0.5

8 b_true <- 0.05

9 sigma_true <- 0.02

10

11 r <- numeric(N)

12 r[1] <- 0.04

13 for (t in 2:N) {

14 dr <- a_true * (b_true - r[t-1]) * dt + sigma_true * sqrt(

dt) * rnorm (1)

15 r[t] <- r[t-1] + dr

16 }

17

18 stan_data <- list(N = N, dt = dt, r = r)

19

20 # ---- 2. Stan model using the exact transition density ----

21 stan_code <- "

22 data {

23 int <lower=1> N;

24 real dt;

25 vector[N] r;

26 }

27 parameters {

28 real <lower=0> a;

29 real b;

30 real <lower=0> sigma;

31 }

32 model {

33 // Weakly informative priors

34 a ~ normal(0, 2);

35 b ~ normal (0.05 , 0.05);

36 sigma ~ cauchy(0, 0.1);

37

38 // Exact Gaussian transition density (Ornstein -Uhlenbeck)

39 for (t in 2:N) {

40 real mean_r = r[t-1] * exp(-a * dt) + b * (1 - exp(-a * dt)

);

41 real var_r = (square(sigma) / (2 * a)) * (1 - exp(-2 * a *

dt));
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42 r[t] ~ normal(mean_r, sqrt(var_r));

43 }

44 }

45 "

46

47 # ---- 3. Run NUTS via rstan ----

48 fit <- stan(

49 model_code = stan_code ,

50 data = stan_data ,

51 iter = 2000, # 1000 warmup + 1000 sampling per chain

52 chains = 4,

53 seed = 123

54 )

55

56 # ---- 4. Diagnostics: trace plots ----

57 # A well -mixed chain produces overlapping "fuzzy caterpillar"

traces.

58 traceplot(fit , pars = c("a", "b", "sigma"), inc_warmup = FALSE)

59

60 # ---- 5. Print posterior summary ----

61 print(fit , pars = c("a", "b", "sigma"), probs = c(0.025 , 0.5,

0.975))

9.6 Interpreting the Trace Plots

The trace plot (Figure 2) shows four independent Markov chains over 1000 post-warmup

iterations for each of the three parameters (a, b, σ). Convergence is assessed via:
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Figure 2: Trace plots for the Vasicek parameters (a, b, σ) across 4 chains. The ”fuzzy
caterpillar” appearance indicates excellent mixing and convergence.

1. Visual mixing: The overlapping “fuzzy caterpillar” pattern indicates that all four

chains are exploring the same region of the posterior, consistent with convergence.

2. R̂ statistic (Gelman–Rubin): The potential scale reduction factor R̂ =

√
V̂ /W ,

where V̂ is the between-chain variance estimator and W the within-chain variance,

should satisfy R̂ < 1.01 for good mixing. Stan computes this automatically.

3. Effective sample size (ESS): The number of effectively independent samples

from the chain; NUTS typically achieves ESS/T ≫ 0.1, far exceeding random-walk

MCMC on correlated posteriors.

Remark 9.1. The Vasicek posterior is highly correlated in the (a, b) subspace because

the long-run mean b and the speed a jointly determine the stationary mean E[r∞] = b.

Standard random-walk MH would require many more iterations to explore this curved

ridge, while NUTS traverses it efficiently due to gradient-guided proposals.
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10 Discussion: HMC vs. Standard MCMC

Table 1 summarises the key differences between the standard Metropolis–Hastings (MH)

random walk and HMC/NUTS.

Table 1: Comparison of Metropolis–Hastings and HMC/NUTS.

Property Metropolis–Hastings HMC / NUTS

Proposal mechanism Random walk Gradient-guided leapfrog
Gradient required No Yes
Scaling with d O(d2) steps O(d5/4) steps [6]
Autocorrelation High in d≫ 1 Low
Parameter tuning Step size h only ∆τ , Nτ (NUTS: automatic)
Typical acceptance ∼ 0.234 (optimal 1D) ∼ 0.65 (optimal, any d)

The fundamental scaling advantage of HMC—O(d5/4) gradient evaluations vs. O(d2) pro-

posals for MH—makes it indispensable for modern Bayesian computation with hundreds

to thousands of parameters, as exemplified by its adoption as the default sampler in Stan

and PyMC.

11 Conclusion

This report has provided a complete, rigorous treatment of the Hamiltonian Monte Carlo

algorithm, from first principles through to practical implementation. The main contribu-

tions are:

1. A self-contained derivation of the physics intuition underlying HMC, connecting

Hamiltonian mechanics to MCMC sampling.

2. Detailed proofs of the two essential properties of the leapfrog integrator—time re-

versibility (Theorem 4.2) and volume preservation (Theorem 4.3)—and their use

in proving the detailed balance condition (Theorem 5.1), which guarantees correct

convergence to the target distribution.

3. An R implementation and visualisation of the HMC trajectory on a 2D Gaussian

target, providing geometric intuition.

4. An introduction to NUTS as an adaptive extension that eliminates manual tuning

of the trajectory length.

5. A concrete Bayesian application: posterior inference for the Vasicek SDE param-

eters using Stan, demonstrating HMC’s superiority over random-walk MCMC in

highly correlated parameter spaces.

The HMC algorithm exemplifies a beautiful connection between theoretical physics and

computational statistics: the same equations that govern the motion of a ball rolling on
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a landscape allow us to explore complex probability distributions with unprecedented

efficiency. As models grow in dimension and complexity—from Bayesian neural networks

to large-scale latent variable models—gradient-based samplers such as HMC and NUTS

will remain central tools of the statistical practitioner.
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