SUBGROUP STRUCTURE OF FUNDAMENTAL GROUPS IN
POSITIVE CHARACTERISTIC

LIOR BARY-SOROKER AND MANISH KUMAR

ABSTRACT. Let IT be the étale fundamental group of a smooth affine curve over
an algebraically closed field of characteristic p > 0. We establish a criterion
for profinite freeness of closed subgroups of II. Roughly speaking, if a closed
subgroup of II is “captured” between two normal subgroups, then it is free,
provided it contains most of the open subgroups of index p. In the proof
we establish a strong version of “almost w-freeness” of Il and then apply the
Haran-Shapiro induction.

1. INTRODUCTION

The étale fundamental group of a variety over a field of characteristic p > 0 is
a mysterious group. Even in the case of smooth affine curves it is not yet com-
pletely understood. The prime-to-p part of the group is understood because of
Grothendieck’s Riemann Existence Theorem [19, XIII, Corollary 2.12]. The main
difficulty arises from the wildly ramified covers.

Let C be a smooth affine curve over an algebraically closed field k of characteristic
p > 0. Let X be the smooth completion of C, g the genus of X and r = card(X \C).
Let 71(C) be the étale fundamental group of C. This is a profinite group and
henceforth the terminology should be understood in the category of profinite groups,
e.g. subgroups are closed, homomorphisms are continuous, etc. For a finite group
G, the quasi-p subgroup p(G) is the subgroup generated by all p-sylow subgroups
of G. If G = p(G) then G is said to be a quasi-p group.

Abhyankar’s conjecture which was proved by Raynaud [17] and Harbater [§]
classifies the finite quotients of 71 (C), namely a finite group G is a quotient of
m1(C) if and ounly if G/p(G) is generated by 2g + r — 1 elements. In particular,
m1(C) is not finitely generated, hence it is not determined by the set of its finite
quotients.

Recently people have tried to understand the structure of 71 (C) by studying its
subgroups. In [12] the second author shows that the commutator subgroup is free
of countable rank, provided k is countable. In [14] Pacheco, Stevenson and Zalesskii
make an attempt to understand the normal subgroups N of 71 (C), again when k is
countable. In [10] Harbater and Stevenson show that 71 (C) is almost w-free, in the
sense that every finite embedding problem has a proper solution after restricting to
an open subgroup (see also [11]). If k is uncountable, the result of [12] is extended
in [13]. We prove a diamond theorem for 71 (C) when k is countable, Theorem 1.1
below, by using Theorem 1.3 below which strengthens [10, Theorem 6].
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Let us explain the main result of this paper in detail. We say that a subgroup
H of a profinite group II lies in a II-diamond if there exist M7, My <1 II such that
MyNMs < H,but My £ H and My £ H. Haran’s diamond theorem states that a
subgroup H of a free profinite group of infinite rank that lies in a diamond is free
[6]. In [1] the first author extends the diamond theorem to free profinite groups of
finite rank > 2. Many subgroups lie in a diamond, notably, the commutator and
any proper open subgroup of a normal subgroup.

The diamond theorem is general in the sense that most of the other criteria follow
from it, and it applies also to non-normal subgroups, in contrast to Melnikov’s
theorem [5, Theorem 25.9.2]. Moreover, there are analogue of diamond theorem for
Hilbertian fields [7] and other classes of profinite groups. In [2] Haran, Harbater,
and the first author prove a diamond theorem for semi-free profinite groups, and in
[3] Stevenson, Zalesskii and the first author establish a diamond theorem for 7 (C),
where C' is a projective curve of genus at least 2 over an algebraically closed field
of characteristic 0.

For a smooth affine curve Z, let Z denote the smooth completion of Z. For each
g > 0, we define a subgroup of 71 (C),

P,(C) = ﬂ{m(Z) | Z — C is étale Z/pZ-cover and the genus of Z > g}.

We note that Py(C) is the intersection of all open normal subgroups of index p and
we have Py 1(C) > P,(C).

Our main result is the following diamond theorem for subgroups of 71 (C') that
are contained in Py (C) for some g > 0.

Theorem 1.1. Let k be a countable algebraically closed field of characteristicp > 0,
let C' be a smooth affine k-curve, let Il = 71 (C), let g be a non-negative integer, and
let M be a subgroup of II. Assume M < Py(C') and there exist normal subgroups
My, My of IT such that M contains My N My but contain neither My or Msy. Then:

(i) For every finite simple group S the direct power S is a quotient of M.
(ii) Assume further that [MM,; : M] # p for i = 1,2. Then M is free of
countable rank.

This generalizes [12, Theorem 4.8]. Let II' be the commutator subgroup of II.
Then IT" < Py(C), so II/IT' is a non finitely generated abelian profinite group, hence
II/TI' = A x B with A, B infinite. So IT' is the intersection of the preimages of A
and B in II, hence lies in a diamond as in the above theorem. Since A and B are
infinite, the hypothesis of Theorem 1.1(ii) also holds for IT'.

We note that Theorem 1.1 implies that for every g > 0 the subgroup P, (C) is free.
However we do not know whether Theorem 1.1 follows from this latter assertion,
because it is not clear that M lies in a P,(C)-diamond even if it contained in a
71 (C)-diamond.

Although a normal subgroup N of 71 (C) of infinite index is not necessarily free,
every proper open subgroup of N is free, provided it is contained in P,(C') for some
g (cf. Lubotzky-v.d. Dries’ theorem [5, Proposition 24.10.3]).

Corollary 1.2. Let k be a countable algebraically closed field of characteristic p >
0, let C be a smooth affine k-curve, let IL = w1 (C). Let N be a normal subgroup of
II of infinite index and let M be a proper open subgroup of N that is contained in
P,(C) for some g > 0. Then M is free.
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A stronger form of this corollary appears in [14]. There instead of assuming
M < P,(C), it is assumed that II/N has a “big” p-sylow subgroup. However there
is a gap in [14]. The gap can be fixed under the assumption that N < P,(C). Note
that under the assumption N < P,(C'), the assertion of Corollary 1.2 follows from
Lubotzky-v.d. Dries’ theorem for free groups because P,(C) is free. But in general,
it seems that one cannot apply the group theoretical theorem directly.

If [N : M] # p the corollary follows directly from Theorem 1.1 Part (ii). For the
general case we need the diamond theorem for free groups, Melnikov’s theorem on
normal subgroups of free groups, and Theorem 1.1 Part(i). See §3.4 for the proof.

The proof of Theorem 1.1 contains two key ingredients. We first prove a geomet-
ric result on solvability of embedding problems for 7;(C). This geometric result
and the Haran-Shapiro induction, see [2] is used in the second step which is group
theoretic in nature.

For the geometric result, we need a piece of notation. An open subgroup II° of
IT is the étale fundamental group of an étale cover D of C'. We say I1° corresponds
to a curve of genus g if the genus of the smooth completion of D is g.

Theorem 1.3. Let k be an algebraically closed field of characteristic p > 0, let
C be a smooth affine k-curve, Il = m1(C), g a positive integer, and & = (u: II —
G,a: T — Q) a finite embedding problem for I1. Then there exists an open normal
index p subgroup 11° of I such that:

(1) u(11°) = G.

(2) TI° corresponds to a curve of genus at least g.

(3) The restricted embedding problem (u|me : 11° — G, : T' — G) is properly

solvable.

Harbater and Stevenson prove that II = 71 (C) is almost w-free, i.e., there exists
an open normal subgroup II° satisfying (1) and (3) [10, Theorem 6]. The proof of
[10, Theorem 6] is based on “adding branch points”. In [11] Jarden proves that a
profinite group I' is almost-w free under the mild condition that A7 is a quotient of
I for all sufficiently large n and m (here A,, is the alternating group). Since A7 is
a quasi-p group, if n > p, A™ is a quotient of 71 (C) by the result of Raynaud [17]
and Harbater [8]. Hence Jarden’s result implies [10, Theorem 6]. We note that both
Harbater-Stevenson’s and Jarden’s methods do not give any bound on the index
of II° in II, which is essential for applications, e.g. to the proof of Theorem 1.1.
Our proof relies on the constructions in [12]. We use an auxiliary curve of high
genus to construct an étale p-cyclic cover of C' such that the given embedding
problem has a proper solution when restricted to the fundamental group of this
cover. This fundamental group is the subgroup II° of Theorem 1.3. The hypothesis
that M < P,(C) in Theorem 1.1 ensures that M is contained in II°. The existence
of such II° for any given embedding problem is used in the second step.

ACKNOWLEDGMENTS

The authors thank David Harbater and Kate Stevenson for useful discussions
and thank the referee for his/her remarks that improved the presentation of this
paper.

Part of this work was done while the first author was a Alexander von Humboldt
fellow. The first author is partially supported by the Lion Foundation.

The second author is supported by SFB/TR45 grant.



4 LIOR BARY-SOROKER AND MANISH KUMAR

2. SOLUTIONS OF EMBEDDING PROBLEMS FOR THE FUNDAMENTAL GROUP

An embedding problem € = (u : II — G,a : ' — G) for a profinite group II
consists of profinite group epimorphisms p and a. We call H = ker « the kernel of
the embedding problem.

1 H r G 1

The embedding problem is finite (resp. split) if T' is finite (resp. « splits). A weak
solution of & is a homomorphism ¢: IT — T" such that ccop = u. A proper solution
is a surjective weak solution ¢.

Let k be an algebraically closed field of characteristic p > 0. Let C be a smooth
affine k-curve, Il = m(C), and (u: II — G, : T' — G) a finite embedding problem
for II. Let H be the kernel of a.

2.1. Prime-to-p kernel. In the rest of the section we shall prove the existence
of proper solutions of finite embedding problems with prime-to-p kernels when
restricting to a normal subgroup of index p:

Proposition 2.1. Let g be a positive integer and let € = (p: 11 — G,a: T — Q)
be a finite split embedding problem for II with H = ker a prime-to-p. Then there
exists an open normal subgroup 11° of II of index p such that
(1) The image p(I1°) = G;
(2) The subgroup I1° corresponds to a curve of genus at least g;
(3) The restricted embedding problem, (u|ne : I11° — G, : ' — G), is properly
solvable.

Let K™ denote the compositum (in some fixed algebraic closure of k(C)) of the
function fields of all finite étale covers of C. Let X be the smooth completion of C'.
By a strong version of Noether normalization theorem ([4, Corollary 16.18]), there
exists a finite surjective k-morphism ®, : C' — Al which is generically separable.
Here 2 denotes the local coordinate of the affine line. The branch locus of ®q is of
codimension 1, hence @ is étale away from finitely many points. By translation we
may assume none of these points map to x = 0. Note that ®( extends to a finite
surjective morphism ®y : X — PL. Let {ry,...,ry} = &3 ({x = 0}), then ®x is
étale at r,...,7TnN.

We use the construction in [12, Section 6], which we recall for the reader’s conve-
nience. Let &y : Y — IE”; be a p-cyclic cover between smooth curves, locally given
by ZP — Z — y~" = 0, for some r that is prime to p. The genus of Y is

(1) gy =(p—-1(r-1)/2

and Py is totally ramified at y = 0 and étale elsewhere (see [16]). Let F' be the
zero locus of t — xy in Py Xspec(k) Py Xspec(k) SPec(k[[t]]). Let X and Yr be the
normalization of an irreducible dominating component of the product X xp1 I and
Y Xp1 F, respectively. Let T be the normalization of an irreducible dominating
compbnent of X Xp Yr. We summarize the situation in Figure 2.1.

Lemma 2.2. The fiber of the morphism T — Xpg over Spec(k((t))) induces a
Z[pZ-cover T X gpec(k)) SPeC(K(())) — X Xspec(k) SPec(k((t))) which is étale over
C.
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FIGURE 2.1

Proof. Note that k(Xp) = k((t))k(X) because generically ¢ # 0 and over ¢t # 0
the morphism F — PL is the base change PL Xgpec(r) Spec(k((t))) — Pi. Also
note that over ¢ # 0 the local coordinates z and y satisfy the relation y = t/x
on 7. Therefore, since Yr is the base change of ¥ — ]P’gll7 it follows that k(Yr) =
k() (x)[Z]/(ZP — Z — (x/t)"). Since T is a dominating component of X X Y,
we have

k(T) = k(Xp)k(Yr) = k(1) R(X) (k(2)[2] /(2P = Z = (x/t)"))-

But ZP —Z —(z/t)" is irreducible over k(X)k((t)), hence k(T)/k(Xr) is a Galois ex-
tension with Galois group Z/pZ. Finally since the cover T'X gpec(r[i))SPeC(k((t))) —
X Xgpec(k) Spec(k((t))) is given by the equation ZP — Z — (z/t)" = 0, it is étale
away from x = oo. In particular, it is étale over C. (I

Since Gal(K“"/k(C)) = m1(C), the surjection p: m1(C) — G induces an ir-
reducible normal G-cover Uy : Wx — X which is étale over C'. Since gy =
(p — 1)(r — 1)/2, we can choose a prime-to-p integer r to be sufficiently large so
that gy > max{|H|,g}. Then there exist an irreducible smooth étale H-cover

Uy : Wy — Y, since H is a prime-to-p group ([19, XIII, Corollary 2.12]).

Proposition 2.3. There exist an irreducible normal T'-cover W — T of kl[[t]]-
curves, a regular finite type k[t,t~']-algebra B contained in k((t)) and an open
subset S of Spec(B) such that the I'-cover W — T descends to a I'-cover of con-
nected normal projective Spec(B)-schemes Wg — Tg and for any closed point s in
S we have the following:

(1) The fiber Ts of T at s is a smooth irreducible Z/pZ-cover of X étale over
C.

(2) The fiber Wy — Ts of W — Tp at s is a smooth irreducible T'-cover such
that the composition Wy — Ty — X is étale over C.

(3) The quotient Wy /H ‘s isomorphic to an irreducible dominating component
of Wx x xTs as G-covers of Ts. In particular, k(Wx) and k(Ts) are linearly
disjoint over k(X).

Proof. By [12, Proposition 6.4] there exists a normal irreducible I'-cover W — T
of k[[t]]-curves with prescribed properties. We claim that this cover is étale away
from the points lying above z = oo in T'.
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Indeed, by Conclusion (1) of [12, Proposition 6.4], we have
(2) W xg Tx = Ind%(Wxr x7 Tx),

where tilde denotes the (¢)-adic completion, Tx = T'\ {z = 0}, Wxr is the normal-
ization of an irreducible dominating component of Wx x x T, and for any variety
V, IndiV = VI'/ ~, where (v,v) ~ (v,v') if and only if 4/ = g~ and v/ = gv,
for some g € G. Note that the left hand side of (2) is the (¢)-adic completion of
W xp Tx hence the branch locus of W x4 Tx — Tx and W xp Tx — Tx are
same. On the other hand, the right hand side of (2) is the disjoint union of copies

of Wxr X7 Tx, so the branch locus of W xr TX — TX maps to the branch locus
of Wx — X under the morphism Tx — X. Thus, since Wx — X is etale away
from {z = oo}, so is W xp Tx — Tx. Similarly, using (1’) of [12, Proposition 6.4]
and the fact that Wy — Y is étale everywhere, we get that over Ty =T \ {y = 0}
the cover W — T is étale. It follows from Conclusion (2) of [12, Proposition 6.4]
that W — T is étale over {x =y = 0}, as needed.

By Conclusion (5) of [12, Proposition 6.4] W/H = Wxr as G-covers of T', hence
we identify them. By Lemma 2.2, away from ¢ = 0, T — X Xj, Spec(k[[t]]) is a
Z/pZ-cover.

Now we apply “Lefschetz’s type principle”, [12, Proposition 6.9], to the proper
surjective morphisms of projective k[[t]]-curves

W — Wxr — T — X x;, Spec(k[[t]])

and the points 71,...,ry in X lying over x = oo. The proof of [12, Proposition
6.9] shows that there exists an open subset S of the spectrum of a k[t,t~!]-algebra
B such that the above morphisms descend to the morphisms of Spec(B)-schemes

WB — WXT,B — TB e X Xk SpeC(B)

and the fiber over every point s in S leads to covers of smooth irreducible curves
Wy — Ts and Ty — X with the desired ramification properties and Galois groups.
This proves Conclusions (1) and (2). For (3), we note that W, — T factors through
Wxr,s and since W/H is isomorphic to Wxr, Ws/H is isomorphic to Wx7r . So
Wxr,s is an irreducible G-cover of T;. Also Wxr s is an irreducible dominating
component of Wy xx Ts. Finally, the compositum k(Wx)k(Ts) is the function
field of Wxr s and it is a Galois extension of k(T,) with Galois group G. Also
Gal(k(Wx)/k(X)) = G, so k(Ts) and k(Wx) are linearly disjoint over k(X).

Note that the statement of [12, Proposition 6.9] only asserts the existence of the
fibers Wy, T, etc. and covering morphisms between them with the desired Galois
group and ramification properties. Since the morphisms of k[[t]]-curves W — T
and T — X are finite, they descend to morphisms of a regular finite type k[t, ¢~ !]-
algebra B contained in k((¢)). In the proof of [12, Proposition 6.9] it is further
shown that there exists an open subset of Spec(B) such that fibers over any point
in this open subset have the desired properties. (I

Proof of Proposition 2.1. Using the notation of the above proposition, let ¥ C Tk
be the preimage of X \ C under the covering Ts — X, let T2 = T5;\ X, and let II° =
m1(T2). By (1) of Proposition 2.3, k(T?)/k(C) is a Galois extension with Galois
group Z/pZ. If Z — T? is an étale cover of T2 then the composition with T? — C
gives an étale cover Z — C'. Conversely, if Z — C is an étale cover of C' which
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factors through T? — C, then Z — T? is also étale. So II° = Gal(K"" /k(Ts)) =
m1(T?) is an index p normal subgroup of Gal(K*"/k(C)) = m1(C).

For (2), note that by construction of T' (see Figure 2.1), T' dominates Y, so over
the generic point, the genus of the k((t))-curve T' Xgpec(rfisy] SPec(k(()) is at least
the genus of Y. But gy > g, so this genus is at least g. Since T is a smooth fiber
of Ts which in turn descends from T, the genus of T} is also at least g.

Since the G-cover Wx — X is induced by the epimorphism p: II — G, we have
ker p = Gal(K*"/k(Wx)). So (ker u) NII° = Gal(K“"/k(Wx)k(Ts)). Hence

u(I1%) = I0°/((ker p) N II°) = Gal(k(Wx )k(T,) /k(TL)).

But Gal(k(Wx)k(Ts)/k(Ts)) = G by (3) of Proposition 2.3, so we get u(I11°) = G,
as needed.

Also from Proposition 2.3, we get a I'-cover Wy of T such that k(Wx) C k(Ws)
and we obtain the following tower of field extensions:

K’U//’L
. K(W,)
p
r

\
k(Wx)
e

G
m

k(X)

Hence there is a surjection from II° — I" = Gal(k(W)/k(Ts)) which dominates
plme: I° = G. Hence W; provides a proper solution to the embedding problem
restricted to II°. O

2.2. Proof of Theorem 1.3.

Let k£ be an algebraically closed field of characteristic p > 0, let C be a smooth
affine k-curve, II = m1(C), g a positive integer, and € = (p: I — G,a: T — G) a
finite embedding problem for II. Put H = ker a.

Since II is projective ([18, Proposition 1]), £ has a weak solution. When this
happens, it is well known that there exists a finite split embedding problem &’ with
the same kernel H, such that a proper solution of £’ induces a proper solution of
& (even when restricted to a subgroup II° with u(II°) = G), see for example |9,
Discussion after Lemma 2.3]. Hence, without loss of generality, we can assume that
& splits.

Let p(H) be the quasi-p subgroup of H. Since p(H) is characteristic in H, it
is normal in I'. Then there is «': T'/p(H) — G such that a = o' o &, where
o": T — T'/p(H) is the natural quotient map.

Since ker o/ is prime-to-p, by Proposition 2.1, there exists an index p normal
subgroup II° of II such that p(II°) = G, II° corresponds to a curve of genus at least



8 LIOR BARY-SOROKER AND MANISH KUMAR

g, and the embedding problem
(e : 1I° — G,a’: T/p(H) — G)

has a proper solution, say u': II° — I"/p(H).
The kernel of o’ is p(H) which by definition is quasi-p. So using Pop’s result
([15, Theorem B]) the embedding problem

(' :1° —=T/p(H),a": T —T/p(H))
has a proper solution, say ¢. Then
C\{OSO:CUIOC\{/IOSO:QIOMI:/AHO.

Hence ¢ is also a proper solution of (u|re : [I1° — G, a: T' — G), as needed. O

3. PROOF OF THEOREM 1.1

3.1. The Haran-Shapiro induction. We recall the notion of twisted wreath
products and its application in solutions of split embedding problems via the Haran-
Shapiro induction. We refer the reader to [2] for more details and proofs.

Let A, Gy, and G be finite groups with Gy < G. Assume Gq acts on A and for
a € A, p € Gg let a” denote the action. Let I = Inng(A) ={f:G—A| f(op) =
f(0)?, Yo € G,p € Gy} be the induced G-group. Then I = A(%:G0) as groups and
G acts on I by the formula

fo(r) = f(om), o, 7 €Q@G.
We denote the corresponding semidirect product by Alg, G := I x G, and we refer
to it as the twisted wreath product. It comes with a canonical projection map
a: Ag, G — G. If Ap is a normal subgroup of A that is invariant under the action
of Gy we will say that A = A/A is a quotient of A through which the action of Gy
on A descends.

For the reader’s convenience we formulate the following special case of [2, Propo-
sition 4.6] that is built on [6, Theorem 2.2] which will be used.

Theorem 3.1. Let M < II be profinite groups, let A,G1 be finite groups together
with an action of G1 on A, and let

E1(A) = (u: M — Gr,a1: Ax Gy — Gy)
be a finite split embedding problem for M. Let D, 11y, L be open subgroups of I1
such that

(1) D is a normal subgroup of II with M N D < ker p,

(2) M <Tlp <MD,

(3) L is a normal subgroup of II with L < IIo N D.
Put G =1I/L, Gy = IIy/L < G, and let ¢: 11 — G be the quotient map. Then
there is an epimorphism ¢1: Go — G1, through which the action of Gy on A is
defined. Moreover, assume that there exists a closed normal subgroup N of 11 with
N < M N L such that there is no nontrivial quotient A of A through which the
action of Gy on A descends and for which the finite split embedding problem

E(N,A) = (¢: TI/N — G,a: Aig, G — G),
where @ is the quotient map, is properly solvable. Then any proper solution of

E(A)=(p: T - G,a: Alg, G — G),
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where @ is the quotient map, induces a proper solution of E1(A).

3.2. Special cases. Let k be a countable algebraically closed field of characteristic
p > 0, let C be an affine k-curve, let IT = 71 (C), let g be a non-negative integer, and
let M < P,(C) be a subgroup of II. In particular [II : M] = co. Assume that there
exist normal subgroups M7, Ms of II such that My N My < M and M;, My £ M.

Proposition 3.2. Assume [MM; : M] =00 and [MMsy: M| # 1,p. Let
E1(A)=(u: M — Gr,a1: Ax Gy — Gy)
be a finite split embedding problem for M. Then & is properly solvable.

Proof. There exists an open normal subgroup L of IT such that M N L < ker p and
the following conditions hold:

(A) [MiML: ML) =[My: Myn(ML)] > 3p.

(B) [MoaML: ML) =[My: ManN(ML)] #1,p.

(C) [II: ML] > 3p.

Note that any sufficiently small open normal subgroup L of II satisfies (A) because
[MiM : M] = oo, and (B) because [M2M : M] # 1,p, and (C) because [II : M| =
0.

Let G =1I/L, ¢: II — G the natural epimorphism, and Gy = ¢(M) = ML/L.
Let D = L and IIp = ML, then by Theorem 3.1 there exists an epimorphism
¢1: Gy — G through which the action of Gy on A is defined.

Thus

E(A)=(p: T - G,a: Alg, G — G)
is a finite split embedding problem for II. Theorem 1.3 gives an open normal

subgroup U of II of index p that corresponds to a curve of genus at least g such
that ¢(U) = G and such that the restricted embedding problem

(3) E(A) = Elp(A) = (Plu: U — G,a: A, G — G)

has a proper solution ¢: U — Alg, G. Since U corresponds to a curve of genus at
least g we have M < P,(C) < U. Also ¢(U) = G implies UL = II.

<p

M;nU = M;

ail M;N(ML)NU ——— M; 0 (ML)

(M;NnU)N(M(LNU))

MinUNM —————=M,NM

Let a; = [M;NU : (M;nU)N(M(LNU))], for i = 1,2. Then ay > MtLOOIDL >
3. If My < U, then My NU = M, and we have

QQZ[MQMQO(M(LQU))}E[MQMQQML}>].
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If My £ U, then [My : My NU] = p. Then we have
p-[MaNU:MaN(MLYNU] = [My: MaNU|MsNU: Mo (ML)NU]
= [Ms:ManN(ML)NU]
= [My: Myn (ML)|[Myn (ML) : My (ML)NUJ.

By (B) we get that the right hand side does not equal p, hence [My N U : My N
(ML)NU] > 1, hence ag > 1. Since UL =1II, we have

[U:MLNU)>[U:UNML) =[UML: ML) =[II: ML] > 3p > 3.

The last paragraph implies that if we set I=U,M=MnU,M=MAU= M,
and L = LN U then we have
(A) (V0 < ) = (31, 30 () 2 3
(B) [MoML : ML) = [Mz: MpN (ML)] 2 2.
(C) MI: ML) > 3.
Moreover ¢ is a proper solution of E(A). o
Let K; = o(M;) =2 M;L/L, i = 1,2. By the third isomorphism theorem (A)-(C)
can be reformulated as
(a) [KlGo : Go} Z 3;
(b) [K2G0 : Go} Z 2;
(¢) [G:Gp] > 3.
We show that M < II, D = L, [l = ML, and N = L N M, N M, satisfy the
conditions of Theorem 3.1 to conclude that ) induces a proper solution of £ (A).
Indeed, let A be a nontrivial quotient of A through which the action of Gy on A
descends. We need to prove that
E(N,A) = (¢:TI/N — G,a: Ag, G — Q)
is not. progerly solvable. Here @ is the quotient map (recall that G = II/L = ﬁ/ L
and N < L). )
Put H = A, G. A§sume by negation that there is an epimorphism p: II — H

with &0 p = ¢ and p(N) = 1. For i = 1,2, let H; = p(M;). Then H; is normal in
H and a(H;) = ¢(M;) = K;. By [5, Lemma 13.7.4(a)] there exists h; € Hy and
hy € Hy such that a(hy) = 1 and [hy, ho] = hihohy 'hy ' # 1.

Let v; € M; be such that p(y;) = h;. Then ¢(y1) = a(hy) =1, so y1 € L. Then
[’)/1,’}/2] S [i,Mg] N [Ml,Mg] < [N/ﬁ (Ml N Mg) = N

(As Ny, Ny are normal §ubgroups, we have [Nl, ]\72] < NlﬁNQ, because a =t~ tab =
a_iab =b"% for a € N7 and b € Ny.) We thus get that [h1, he] = [p(71), p(72)] €

p(N) = 1. This contradiction implies that £(N, A) is not properly solvable, as
needed. (I

The following result is very well known.

Lemma 3.3. Let I" be a profinite group and G a finite group. Assume that G™ is
a quotient of T for everyn > 1. Then G*™ is a quotient of I

Proof. We construct by induction a sequence of open normal subgroups G = Ny >
N; > Ny > -+ of T such that I'/N; = G*. Then I'/ N2, N; = G*™.

Assume we constructed N;. There exists an integer m that is bigger than the
number of subgroups of I'/N; = G*. Let V be an open normal subgroup of I' with
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I'/V = G™. Then V = N}, Vi, where V}, is the kernel of the projection onto the
k-th factor of T'/V. In particular, I'/V, =2 G and Vi, V; =T for k # [.

If there exists 1 < k < m such that Vi N; =T, then T'/(V;,NN;) 2 T'/V xT'/N; =
Gl So we set N;;1 = Vi N N; and we are done. Otherwise, Vi, N; # T for
k=1,...,m. Since (Vi N;)(VIN;) = (ViVi)N; =T'N; =T, for k # [, the subgroups
ViN;, ...,V N; are distinct. But this yields that T'/V; has at least m subgroup, in
contradiction to the choice of m. [l

Proposition 3.4. Let S be a finite simple group. Assume p divides the order of S
and [MM; : M| = oo and [MMs : M] > 2. Then S is a quotient of M.

Proof. By Lemma 3.3 it suffices to prove that S™ is a quotient of M for every n.
Set A =5S" and G; = 1. Then the embedding problem

E1(A)=(u: M - Gr,a1: AxG —G))=(M—1,5"—1)

is properly solvable if and only if S™ is a quotient of II. As in the proof of Propo-
sition 3.2 there exists an open normal subgroup L of IT such that

(A) [MyML: ML) =[M;: M;n(ML)] > 3.

(B) [MoML: ML) =[My: MynN(ML)] > 2.
(C) MI: ML) > 3.
Let G=1I/L, ¢: Il — G the quotient map, Iy = ML, Gy = (M) = ML/L, and
N =LnNnM NM,. If welet K; = @o(M;) = M;L/L,i=1,2, then, as in the proof
of Proposition 3.2, we have

(a) [K1Go : Go) > 3;

(b) [KQGO : Go} Z 2;

(¢) [G: Gp] = 3.
Note that since p divides the order of S, S™ is quasi-p. Thus £(4) = (¢: II —
G,a: A, G — Q) is properly solvable.

Exactly the same argument as in the last two paragraphs of the proof of Propo-
sition 3.2 gives that there is no quotient A of A through which the action of Gy
on A descends and for which £(N, A) is properly solvable. So Theorem 3.1 (with
D = L) gives a proper solution of &;. (]

Proposition 3.5. Let S be a finite simple group. Assume p does not divide the
order of S and [MM; : M| = oo and [MMy : M] > 2. Then S is a quotient of
M.

Proof. Again by Lemma 3.3 it suffices to show that the embedding problem
gl(A) = (/J, M — Gl,alz A X Gl — Gl) = (M—> 1,5” — 1)

is properly solvable for all n. If [MMs : M| # p, then by Proposition 3.2 the
embedding problem is properly solvable and we are done. Thus we assume [M My :
M] =p.

As in the proof of Proposition 3.2 we can choose an open normal subgroup L
of II satisfying (A) and (C) of the proof of Proposition 3.2 and the following (B’)
instead of (B):

(B) [MoML: ML) =[Msy: MyNn (ML)] = p.

Then we again let G = II/L, ¢: II — G the natural epimorphism, and Gy =
(M) = ML/L. Let D = L and IIp = ML. By Theorem 3.1 there exists an
epimorphism ¢;: Gy — G1 through which the action of Gy on A is defined. The
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same application as in the proof of Proposition 3.2 gives an open normal subgroup
U of II that corresponds to a curve of an arbitrary large genus gy such that M < U,
o(U) = G, UL =1I and the embedding problem

(4) EA)=E&lu(A) = (¢lv: U — G,a: Ay, G — G)
has a proper solution ¢: U — A g, G.
If My < U, then

ay = [MynU:(MynU)n(M(LNU))
= [My:ManNM(LNU)| > My: MyNML]=p>1.

Hence we can proceed as in the proof of Proposition 3.2 to conclude that £ (A) is
properly solvable. Note that condition (B) in the proof of Proposition 3.2 was only
used to show that ag > 1.

Next assume that My £ U. Thus, since [II : U] = p we have [Msy : My N U] = p.
Since M < P,(C) < U (by the choice of U) and since [My : My N M] = p we have
MsnN M = MyNU. In particular U/(M2 NU) 22 I1/Ms hence U/Mj; is a quotient
of TI.

Let X be the smooth completion of C, let g be the genus of X and r +1 =
|X \ C|. Let v be the maximal positive integer such that S” is a generated by
2g+ 1 elements. Since the maximal prime-to-p quotient of II is free (pro-prime-to-p
group) on 2g + r elements, v is the maximal integer such that S” is a quotient of
II.

If gy is sufficiently large, then S**" is generated by 2gy elements. Since the
prime-to-p quotient of U is free of rank at least 2gy, there exists an epimorphism
: U — S"T" Let T' =y (MaNU).

Since My NU < U it follows that I' <« S¥T™. As I' is a normal subgroup of a
direct power of a finite simple group, I' & S** and S*™ =T" x A, where A = S"2
and 11 + v, = v+ n. We have A = (U/(Mz N U)), hence A is a quotient of
U/(MsNU) 2 11/Ms,, and hence of II. Thus v, < v, so 11 > n.

Let ¢: U — I be the composition of i with the projection onto I'. Then
e(MaNU) =9 x1)=T. Since Mo NU < M < U we get that (M) =T. This
finishes the proof because I' & S§** with v1 > n. [l

3.3. Proof of Theorem 1.1. First note that we can assume [M; : M; N M| =
[MM; : M] = co. Indeed, if [M; : My N M] = [MM; : M] < oo, then there
exists an open normal subgroup U of II such that UNM; < M N M; < M. Since
[II: M] = o0, we have [U : UNM] =[UM : M] = co. Thus we can replace My by
U and M, by M; to get the assumption.

Now Propositions 3.4 and 3.5 imply that for every finite simple group S, S is
a quotient of M. This finishes the proof of the first part of the theorem.

The group II is projective, hence M, being a subgroup, is also projective [5,
Proposition 22.4.7]. Since k is countable, II is of rank R, hence rank(M) < Ny.
Thus to prove that M is free of countable rank it suffices to properly solve any finite
split embedding problem for M [9, Theorem 2.1]. By the assumption in the second
part of the theorem [M My : M| # p, hence Proposition 3.2 asserts that every finite
split embedding problem for M is solvable, as needed. ([l

3.4. Proof of Corollary 1.2. Let k£ be a countable algebraically closed field of
characteristic p > 0, let C' be an affine k-curve, let I = m1(C'). Let N be a normal
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subgroup of infinite index and let M be a proper open subgroup of N that is
contained in Py(C) for some g > 0. We have to prove that M is free.

Let U be an open normal subgroup of II such that NNU < M. Then M is in the
IT-diamond determined by N and U. Note that [II : M] = oo, so [UM : M| = cc.
Thus if [N : M| # p, then M is free by Part (ii) of Theorem 1.1 and we are done.

We thus assume [NV : M] = p and divide the proof into two cases.

Case A, assume N < Py(C). As II/Py(C) = F3°, we have II/P,(C) =V x W,
where V = W = [F>°. Therefore by Part (ii) of Theorem 1.1 P,(C) is free. Then M
is a proper open subgroup of a normal subgroup NV of a free profinite group Py(C),
thus free [5, Proposition 24.10.3].

Case B, assume N £ P,(C). Then M = P,(C)NN (because M < P,(C)NN <
N). Thus M is a normal subgroup of the free profinite group P,(C). By Part (i)
of Theorem 1.1, S is a quotient of M, for every finite simple group S. Thus by
Melnikov’s theorem [5, Proposition 25.9.9] M is free. O
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