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ABSTRACT. A characteristic function is a special operator-valued analytic function defined
on the open unit ball of C™ associated with an n-tuple of commuting row contraction on some
Hilbert space. In this paper, we continue our study of the representations of n-tuples of com-
muting row contractions on Hilbert spaces, which have polynomial characteristic functions.
Gleason’s problem plays an important role in the representations of row contractions. We
further complement the representations of our row contractions by proving theorems concern-
ing factorizations of characteristic functions. We also emphasize the importance and the role
of the noncommutative operator theory and noncommutative varieties to the classification
problem of polynomial characteristic functions.

1. INTRODUCTION

Identifying and then computing a complete unitary invariant of (tuples of) bounded linear
operators on Hilbert spaces is one of the central objects in operator theory. From this point
of view, the notion of characteristic function of contractions on Hilbert spaces stands out in
its breadth of applications in function theory and operator theory.

Let T'= (T3,...,T,) be an n-tuple of commuting operators on a Hilbert space H, and let
T be a row contraction (that is, Y . | T;7; < Ip). The characteristic function of 7" is the
B(Dr, Dy« )-valued analytic function

n
GT(ZD R Zﬂ) = [_T + DT* (IH - Z Zij_;'*)_IZDT”DTa
i=1
for all (z1,...,2,) € B", where B™ denotes the open unit ball in C*, Z = (2114, ..., z,13) is
a row operator, Dy = (I — T*T)2 and Dy = ranDr (see Section 2 for more details).

In particular, if n = 1, then the above definition of #7 becomes the well known and classical
Sz.-Nagy and Foias characteristic function of the single contraction 7' [19]. In this case,
clearly, 67 admits a power series expansion on the disc D = {z € C : |z| < 1}. This,
of course, immediately raises the natural question of the relationship between the class of
polynomial characteristic functions and the structure of corresponding contractions. To some
extent, the work of Foias and the third author [7] gives a satisfactory answer to this question.
For instance: The characteristic function 67 of a completely nonunitary contraction 7" on a
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separable, infinite dimensional, complex Hilbert space H is a polynomial if and only if there
exist three closed subspaces Hi, Ho, H_1 of H with H = H; & Ho D H_1, a pure isometry
S on Hi, a nilpotent N on Hy, and a pure co-isometry C' on H_q, such that 7" admits the
following matrix representation

S x %
T=10 N =«
0 0 C

Moreover, the dimension of ker S* and dimension of ker C' are unitary invariants of 7" and that
N, up to a quasi-similarity, is uniquely determined by T (see [7, Sections 4 and 5]). In the
follow-up paper, Foias, Pearcy and the third author [8] proved the following analytic result:
If 67 is a polynomial of degree m, then there exist a Hilbert space M, a nilpotent operator
N of order m, a coisometry Vi € B(Dy+ & M, Dr+), and an isometry Vo € B(Dr, Dy & M),
such that

0 Im

On the other hand, the approach of [7] was continued and extended to n-tuples of noncommut-
ing row contractions setting by Popescu in [17]. Also, the results of [8] were further extended
to Popescu’s noncommutative setting in [9].

It is worthwhile to note that Popescu (see [16] and other references therein) first recog-
nized that the notion of characteristic functions, a special class of multi-analytic operators
[14], plays a central role in multivariable operator theory and noncommutative function the-
ory. Moreover, his approach to noncommutative varieties links up with the noncommutative
operator theory and commutative operator theory (see [13, 16] and Section 5).

This paper aims to complete the classification problem of contractions, which admits poly-
nomial characteristic functions. More precisely, we aim to classify n-tuples of commuting row
contractions, which admits polynomial characteristic functions.

The question of the structure of n-tuples of commuting row contractions is important in
its own right. However, on the other hand, Popescu’s approach to noncommutative vari-
eties unifies many analytic and geometric questions concerning n-tuples of commuting row
contractions. From this point of view, it is also necessary to examine the noncommutative
operator theoretic technique and the classifications of noncommuting row contractions admit-
ting polynomial characteristic functions to our classification problem of tuples of commuting
row contractions. As we will see, some of the present techniques and results are similar to
the one variable case and the noncommutative case. However, commutativity property (a
constrained property, as identified by Popescu in [13, 16]) brings out more intrinsic function
theoretic features to the classification problem. Indeed, natural and satisfactory versions of
the classification problem (for instance, see Theorem 3.5) are related to the notion of Gleason’s
problem (see Definition 3.4).

More specifically, suppose T' = (11, ...,T,) be a commuting row contraction on a Hilbert
space H. Theorem 3.3 records the following general observation: Suppose the characteristic
function of T is a polynomial of degree m. If

M =span{T*Dr-h:h € H,|a| >m,a € Z" },

w=vi [ p v
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and M; := Tj|p foralli=1,... n, and
N =span{T*Dr<h:h € H,|a| =m,a c Z},

then M is a joint closed invariant subspace for T" and the restriction tuple M = (M, ..., M,)
is a commuting pure partial isometry on M (see the end of Section 2 for the definition of
pure tuples). Moreover

M =span{M*°N : a € Z },

and

N=Me (Zn:MzM)a
i=1

and M is the minimal closed joint M-invariant subspace of M containing N .

Comparing this construction with that of noncommuting tuples of operators [17] (including
the n = 1 case [7]), one may be tempted to conclude that the n-tuple M on M, up to unitary
equivalence, is simply the multiplication tuple (M., ..., M, ) on H3(N), the N-valued Drury-
Arveson shift (see Section 2). However, for n-tuples of commuting row contractions, n > 1,
this is not true in general. This problem is connected to Gleason’s property of functions on
the unit ball [5, Section 2]. This motivates us to isolate the specific class of operators, which
we call regular tuples operators (see Definition 3.4): T' is regular if there exists € > 0 such
that for any z = (z1,...,2,) € C" with ||z||c» < €, the subspace

n

(T = Z2YH" = (T — z:In)H,

=1

is closed in ‘H and
W= (T -2+ (H@Zﬂ%).
i=1

By keeping in mind the regular tuples of operators (corresponding to Gleason’s property of
functions), in Theorem 3.6, we present the following complete picture: Suppose the charac-
teristic function of a commuting row contraction 7" on H is a polynomial of degree m. With
M as above, we set

My = span{T*Dyp«h:h e H,a € Z} o M,

and
He={heH: > [T*h|]* = ||h|* for all k € Z.}.

lal=k

Then H = M @ H,y @ He and T; admits the following matrix decomposition

M, * x
0O 0 W;
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forall i = 1,...,n, where M = (My,...,M,) on M is a pure row contraction, N on H,; is
a commuting nilpotent tuple of order less than or equal to m and W on H,. is a commuting
spherical co-isometry. Moreover,

iMiM;‘ — Iy — Py,

i=1

where N = M © (Z TZM) If, in addition, M is regular, then it is a Drury-Arveson shift.
i=1

We stress that oulrZ results for commutating tuples of operators does not follow from Popescu’s
noncommutative theory (see Remark 3.8). The above set of results is the main content of
Section 3.

Section 4 is devoted to the study of factorizations of characteristic functions of n-tuples of
noncommutative row contractions. Given a noncommuting row contraction 7' = (11,...,T,),
we denote by O the characteristic function of T'. Motivated by [8, Theorem 1.3], in Theorem
4.3, we prove the following factorization result: Let H, H;, Ho and H_; be Hilbert spaces
and let H = H; ® Ho & H_1. Assume that T = (T1,...,T,) is a row contraction on H and

Si * *
;=10 N; x|,
0 0 ¢
forall i = 1,...,n. Then S, N and C' are n-tuples of row contractions on H,, Ho and H_1,

respectively, and there exist Hilbert spaces &£, &; and £, and unitary operators
1 EB(DN*@g,Dc@gl) and TQEB(DS*@gg,DN@E),
such that ©7 coincides with
Oc 0 Oy 0 Os 0
I I .
[ 0 [F®81:| Uren) { 0 IF®€:| (Ir ) { 0 Irgs,

Finally, in view of Popescu [17, Theorem 1.1], in Corollary 4.5, we prove the following factor-
ization result: Let T" be a noncommutative row contraction on H such that the characteristic
function Or is a noncommutative polynomial of degree m. Then there exist a Hilbert space

&, a nilpotent row contraction N = (Ny,...,N,) of order < m, such that
On 0
Or=G G
T 1 |: 0 IF®D5:| 2,

where G; and Go are co-isometry and isometry in B(I' ® (Dy+ @ &€),I' ® Dr-) and B(I' ®
Dr,I'® (Dy @ E)), respectively. The n = 1 case of this result comes from [8].

In Section 5, we continue our discussion of factorizations of characteristic functions in the
setting of noncommutative varieties [13]. Here, we prove analogous results as developed in the
early part of this paper in the setting of noncommutative varieties. It is well known that the
class of commuting row contractions on Hilbert spaces can be realized through a particular
noncommutative variety in the sense of Popescu [13]. From this point of view, in Theorem
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5.4, we prove the following result: Let T = (17,...,7T,) be an n-tuple of commuting row
contraction on H such that 6 is a polynomial of degree m, and let

M = Span{T*Dy-h : h € H,|a| > m,a € Z1 }.

If T' is regular, then there exist a Hilbert space &, a co-isometry Gy € B(H2® (Dy-®E), H:®
Dr+) and a partial isometry Gy € B(H? ® Dy, H2 @ (Dy @ £)) such that

Or = G {HN 0 } Gs.

0 Tup2ep,

Note that if n = 1, then the partial isometry G5 becomes an isometry [8, Theorem 2.2].

In Section 6, we discuss some unitary invariants of n-tuples of commuting row contractions,
which admit polynomial characteristic functions. The results here are motivated by the earlier
results of Popescu [17]. The final section is devoted to an example to justify the regularity as-
sumption on commuting tuples of row contractions, where the following introductory section,
Section 2, briefly outlines a few key facts of Drury-Arveson space, n-tuples of commuting row
contractions, and characteristic functions of commuting row contractions.

Finally, we remark that from the multivariable operator theory point of view, this is a
sequel to the papers [7] and [8] by Foias, and Foias and Pearcy, respectively, and the third
author.

2. PRELIMINARIES

In this section, we recall basic definitions and notations used in the rest of the paper.
Throughout the paper, Hilbert spaces will be denoted by Hi, Ha, £, &, etc. The set of all
bounded linear operators from H; to Hs will be denoted by B(H;i,Hz). When H; = Ho,
one writes simply B(#,) instead of B(H1,Hi). Now let {T3,...,T7,} C B(H). We say
that T = (11,...,T,) is a row contraction (or spherical contraction) if the row operator
T :H" — H, defined by

T(hi,....ha) =Y Tihy  (hi,... hy €H),
=1

n
is a contraction. It is clear that T is a row contraction if and only if Y || T7A||* < ||h]|* for
i=1
all h € H, or equivalently > " | T;T* < Iy. A row contraction T is said to be commuting row
contraction if T;T; = T;T; for 1,5 =1,...,n.
A typical example of a commuting row contraction is the n-tuple of multiplication operator
(M,,,...,M.,) on the Drury-Arveson space H?, where H? is the reproducing kernel Hilbert
space corresponding to the kernel

n

k(z,2w)=(1-) zw)™'  (z,weB").

i=1
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Here B" denotes the open unit ball in C" and z (and w etc.) denotes an element in C", that
is, z = (z1,...,2,) € C". Then

2
H?={f= Z aoz® i a, € C and ||f|* == Z 20| < oo},

a€Z a€Z @
where Z; = {0,1,2,...}, a = (a1,...,o,) € Z and
ol (200

,YOL: | - | '7
o! op! o)

is the multinomial coefficient. The £-valued Drury-Arveson space will be denoted by HZ2(E).
In this case, the representation of H2(€) is the same as H? above but replacing a,, € C with
ao € € and |a,| with ||as|le. Now identifying H2(E) with the Hilbert space tensor product
H!®E (via z°n — 2°®n, a € Z and n € &), we see that (M,,,..., M, ) on HZ(E) and
(M,, ® I¢,...,M, ®I¢) on H2 ® £ are unitarily equivalent. We shall frequently make use
of this identification. Given a commuting tuple M = (M, ..., M,) on a Hilbert space H, we
often say that M is a Drury-Arveson shift if there exists a Hilbert space VW such that M and
(M,,,...,M,,) on H2(W) are unitarily equivalent.

Also recall that a holomorphic function ¢ : B” — B(&, &) is said to be a (Drury-Arveson)
multiplier if

pH(E) C Ha(E).

In this case, by virtue of the closed graph theorem, it follows that the multiplication operator
M, : H2(E) — HZ(E.) (where M,f = of for all f € H2(E)) is a bounded linear operator.
The set of all multipliers will be denoted by M(&,&,). It also follows that M(E, &) is a

Banach space relative to the operator norm

el == | Myl ez e),m2 () (p e M(EE))).

Now let T'= (11, ...,T,) be a row contraction on ‘H. The defect operators and defect spaces
of T are given by

Dy = (I —T*T): € B(H") and Dr = (I —TT%)z € B(H),
and
Dy =tanDr CH" and Dp- =tanDp- C H,

respectively. For any commuting row contraction 7" = (11,...,T,) on H, the characteristic
function of T'is a B(Dr, Dr-)-valued analytic function 67 : B* — B(Dr, Dr-) defined by

(2.1) 0r(2) = (= T+ Dr-(I — 217) ' ZDr)lp, (2 €BY),

where Z = (2113, ..., 2,13) is a row operator on ‘H and so ZT* = 2,1 for all z € B".
i=1
Also we define T* = T7" - - - T*» and T** =T - - T>* for all @ = (ov,..., ) € Z7, and
P H" — H by
Pi(hi,...,hy,) = h; (hi,...,h, € H).
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Then
n
QT(Z) = ( — T + Dy Z ’}/aT*aza+eijDT> |DT'

a€Zly
j=1
If we define 67, the coefficient of 2%, o € Z}, in the Taylor series expansion of 01 as

_T|DT ifa=0
9 a = - *(o—e; :
T, > Yace, Dr T~ P;Drlp, if @ #0,
j=1

then 0r(z) = ZIaIZO 0r.2% z € B". In what follows, we adopt the standard convention that

Ya—e; = 0 and T*(aiej) =7 (Ck S err, a5 = 0)

It is now natural to define polynomial characteristic functions. Let 7" be an n-tuple of com-
muting row contraction on ‘H and let m be a natural number. We say that the characteristic
function 07 is a polynomial of degree m if

010 # 0,

for some |a| = m and 6r3 = 0 for all |3] > m. If Op(2) = —T|p,, z € B", then we say that
Or is a polynomial of degree zero. Throughout this paper, we make the convention that the
degree of the zero polynomial is zero.

A commuting tuple N = (Ny,..., N,,) on H is said to be nilpotent of order m(> 1) if

N“=0 and NP #0,

for all a in Z7 with |a| = m and for some 3 in Z7 such that |a| — || = 1. For a commuting

row contraction 7' = (T1,...,T,) on H we define
(2.2) Heom (et 3T P = [0 forall kez,}
|a|=k
Clearly, H. is a closed and joint (77, ...,7T,)-invariant subspace. Moreover, H. is mazimal,

that is, H. is the largest closed subspace of H on which T* : H — H" acts isometrically.
The row contraction 7' is said to be a completely non-coisometric (c.n.c) row contraction if
H. = {0}. The row contraction 7T is said to be pure if

: *Qp (12
;}E&Z |IT**h>=0  (heH).

a€Zl
|a|=k
As an example, we note that the multiplication tuple (M,,,..., M, ) on a vector-valued
Drury-Arveson space H2(€) is a pure row contraction.
Finally, we recall that a pair of commuting n-tuples of row contractions (77,...,7,) and

/

(T,,...,T.) are said to be unitary equivalent if there exists a unitary U : H — H such that

n

T,=UT,U*foralli=1,...,n.



8 BHATTACHARJEE, HARIA, AND SARKAR

3. PoLYNOMIAL CHARACTERISTIC F'UNCTIONS

This section presents the representations of n-tuples of commuting row contractions, which
admits polynomial characteristic functions. Gleason’s problem plays a crucial role in our
consideration. We begin with the following key lemma.

LEMMA 3.1. Let T = (Ti,...,T,) be a commuting row contraction on a Hilbert space H.
Suppose Or is a polynomial of degree m. If « € Z% and |a| > m + 1, then

(%)

(T()é—ei DT* )’

forallie{l,...,n}.
Proof. Fix i € {1,...,n}. For each |a| > m + 1, since 0., = 0, it follows that
D4 BTy~
j=1

Note that P;:H — H" is given by

j-th position

for all h € H. Therefore, using matrix representation of the operator D%, we have

[-T:T, —TiTy---  —TiT, 7 [ba 0
T, I —T;Ty-- =TT, | |6, 0
T —TiTy =TT, [6a, 0

where

a;—1 o o
(5aj = Ya—e; 1;° Iyt T Drps,

J

for all @ = (a1,...,0p) € Z with « > m + 1 and j = 1,...,n. From the above identity, we
have

Z _Ti*Tj(SOéj + (I = T7Ti)da, =0,
j=1
J#i

and hence

O, = T;‘(ZTjaaj).
j=1
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Replacing da; = Ya—e; T]% TC"l - T Dp« in the above identity, we get

Yoo, TN e T Dy = T ( ZT Yare, T TR - T Dy
j=1

= [D_ o TP T Dr)

= [ 90 (T Dr).

Since |a| > m + 1, ax > 1 for some k € {1,...,n}. Therefore 7,_., # 0 for some k €
{1,...,n}. Then

T7 (T D) = — 2= T T .. T Dy

[Z:: Yae;]

_ nf}/afei (Toz—ei DT*)-

(> a-e]

j=1
Finally, since
VYo—e; _ %
- ol
[ Z Yae,)
it follows that T (T*Dp«) = e (e BZDT*) u

LEMMA 3.2. Let T = (Th,...,T,) be a commuting row contraction on a Hilbert space H. If
Or is a polynomial of degree m, then

TDy+ L TPDpe,
forall o, € Z7, o # 5 and |al, |B] > m.
Proof. If vy € Z%, |y| > m and i = 1,...,n, then by Lemma 3.1, we have

1
(3.1) 0p = N
vi+1
Now we fix «,8 € Z% such that a # § and ||, |3] > m. Since a # B, o; # B; for
some j € {1,...,n}. Without loss of generality, we assume that a; < ;. Fix an integer

k€ {1,...,n} such that k # j. By (3.1), we have
T°Dy. = Ty T TP Do,

where
Bl +1

B+ 1

C, —
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By repeated applications of (3.1), we have
TPDre = (ex -+ Chpmet) T T T D,
for some positive scalars cg, . .., ckrmy1. Hence for hy and hy in H, we have
(T*Dyphy, T Dreha) = (- ot ) (T T Dys by, T TP D ho),

where, on the other hand

(T T Dy by, T TP Doy = (TjO‘jT,j;"“< I Tf‘iDT*>h1, Tfﬂ'T,;”“( I TffDT*>h2>

i#] i#j
= P (7D )b, T (1T Dre Y.
1%£] ¥

But
TATOT (1 T Dy ) = T () (T T 1 T D
JoT3 Tk '#'iT*_j 3TN\ koo Lt HT
17£) i#]
= oy OO (T e 1 T D),
i

J

for some positive scalar ¢, which follows from Lemma 3.1. By setting ¢ = ccg - - - Cgama1, it
follows that

(T D, T Dr-ho) = (T} 70 (177004 1T D Yo, T4 (1L TP D Y.
i#] i#]
Since f8; > «a;, applying again Lemma 3.1 (possibly finitely many times), we get a constant ¢
such that

T%(ﬁjfl) (T_ajflT]zn+1 I zviaiDT*> — é]ﬂ]’_“(ﬁj*ag‘) (T’;n—‘rl 11 T;aiDT*>7

J J

i#j i#]
and hence
(T Dyhy, T2 Do) = (T (T 1T Dy Yo, 107 10 (11 17Dy Y o).
i#£] i#]j
But once again, by Lemma 3.1, it follows that
Ty (T3 11 T Dy ) = 0.

i#]

This implies that (T Dy«hy, T? Dp<hy) = 0 and completes the proof of the lemma. []

Now let T" be an n-tuple of commuting row contraction on H such that the characteristic
function f7 is a polynomial of degree m. Set

M =span{T*Dp-h: h e H,|a| > m,a € Z },
and

N =span{T*Dr-h: h € H,|a| =m,a € Z7 }.
Clearly, M is a joint T-invariant subspace of H and N/ C M. Define

M, =T|peBM) (i=1,....n).
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Then (M, ..., M,) is a commuting row contraction on M. If |a| > m, o € Z, then Lemma
3.1 implies that
MM (T°Dy.) = M;TT° Dy = %MiT“fDT* - %T“DT*,
! a

forall i =1,...,n, and hence

(Z MiM¢*> |men = Ipmen

Moreover, if 3 € Z7 and |3| = m, then, again, Lemma 3.2 implies that
T:T°Dy. L TV Dy,

foralli=1,...,n, and v € Z" and |y| > m. This implies that M|y =0 foralli=1,...,n,
and hence we find

(3.2) Ing— (My M + -+ + M, M?) = Py.

In particular, ' = M © ZM /\/l This also implies that the minimal closed joint

(M, ..., M,)-invariant subspace of M containing N is M itself. Moreover, by virtue of
Lemma 3.1, it follows easily that (M, ..., M,) is a pure tuple. We summarize these observa-
tions as follows:

THEOREM 3.3. Let T' = (1y,...,T,) be a commuting row contraction on H. Assume that the
characteristic function of T is a polynomial of degree m. If

M =5pan{T*Dy-h : h € H,|a| > m,a € Z },
and M; :=Ti|pm for alli=1,...,n, and
N =3span{T*Dr-h:h e H,|a| =m,a € Z },

then M is a joint closed invariant subspace for T and the restriction tuple M = (M, ..., M,)
18 a commuting pure partial isometry on M. Moreover

M =span{ M°N : a € Z1} },
and

N:M@(iMiM)7

and M is the minimal closed joint M -invariant subspace of M containing N .

A priori, the above result suggests that the n-tuple M on M, up to unitary equivalence,
is just the multiplication tuple (M.,,,..., M., ) on H2(N), the N-valued Drury-Arveson shift.
It is also instructive to note that for n = 1 case [7] and for n-tuples of noncommutative
operators [17], the operator M on M is indeed the multiplication operator or the tuple of
creation operators on vector-valued Hardy space or the Fock space, respectively. However, for
n-tuples of commuting row contractions, n > 1, this is not true in general. This problem is
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connected to Gleason’s property (also known as Gleason’s problem) of functions on the unit
ball.

For the convenience of the reader, we recall Gleason’s problem in the Drury-Arveson space.
Let w € B" and let f € H2. If f(w) = 0, then the Gleason problem says that [1] there exist
fi,--, [n € H? such that

n

fz)=) (z—w)filz) (2 €B").

i=1
Then, in view of the fact that (M, — W)(H?)" is a closed subspace of H? and

ﬂker(Mzi —wilp2)" = Ck(-, w),
i=1

it follows that '
Hy = (M, — W)(Hp)" +C,
for all w € B", where + denotes the algebraic direct sum of subspaces. With this as motiva-

tion, we define regular tuples of operators [5, Section 2].

DEFINITION 3.4. We say that a tuple of commuting bounded linear operators T = (11, ...,T,)

on a Hilbert space H is reqular if there exists € > 0 such that for any ||z||cr» < € the subspace
(T — Z)H™ is closed in H and

H = (T—Z)H”{L(H@znzﬂ’ﬂ).

THEOREM 3.5. In the setting of Theorem 3.3, if, in addition, the n-tuple M on M is reqular,
then M and the Drury-Arveson shift (M, ..., M., ) on H2(N') are unitary equivalent.

Proof. By (3.2), the tuple M = (My,..., M,) on M satisfies I,y — MM* = P, and hence
M is a partial isometry and, in particular, M*M |rany~ : ranM* — ranM* is invertible. It
follows that

(]k[*jbl)‘ranﬂ4* = LranM*,
and hence by [5, Theorem 3.5], the map

UNE) = 3 va(Paodref)=,
aEZl}
defines a unitary operator U : M — H2(N) and satisfies UM; = M, .U foralli=1,...,n. ®
We continue with the setting of Theorem 3.3, and define
K =span{T*Dr-h:h e H,acZ},

and

Hau=KeM and N; =Py Tilu
forall i = 1,...,n. Clearly, H,; is a semi-invariant subspace for T" and hence

Na = PHI)ilTa|Hnil (a E Z:L-)

nil nil?
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In particular, N;N; = N;N; for all 4,7 =1,...,n, and

n n
Z NiNi* < PHnil ZTiTi*’Hnil < IHnil’
=1 =1

that is, N = (Ny,...,N,) is a commuting row contraction on H,;. Clearly a € 77 with
la] > m implies T*K C M and hence N = 0. This shows that the commuting row
contraction N is a nilpotent tuple of order < m. Moreover, we have

M

j *

T Mo,y = [ 0 Nj} M D Hpt = M DB Ho.

Note now that h € HOK if and only if h € ker(Dp-T*%), or, equivalently, h € ker(T*D2.T**)
for all a € Z” . Note also that

I-Y T°T = D3+ (> T°D3.TF) + -+ (Y T°DRTY),
lo|=Fk |Bl=1 |Bl=k—1
for all £ > 1. This implies that h € H © K if and only if A is in the right side of (2.2).
Moreover, H & K is a T*-invariant subspace of H. Consequently

He=HoK={heH: Y [T*h|*= || for all k € Z},
|a|=k

and Z W,W} = Iy, where W; = Py, T;|y, for all i =1, ... ,n. Moreover

i=1
for all 4,7 = 1,...,n. It follows that W is a commuting spherical co-isometric tuple on H..

Recall that an n-tuple (X7, ..., X,) on L is said to be a spherical co-isometry if Z X X =1,.
i=1
Thus, we have proved:
THEOREM 3.6. Let T = (T1,...,T,) be a commuting row contraction on a Hilbert space H
with polynomial characteristic function of degree m. If M = span{T*Dr+h : h € H,|a| >
m,o € 21}, and
Moyt = Span{T*Dp«h - h e H,a € Z} } © M,

and
He={heH: > |T*h|]* = ||h|]* for all k € Z.},
la|=k
then H =M & H,u® H. and T;, i = 1,...,n admits the following matrix decomposition
M, * x%
(3.3) Li=|0 N = |,
0o 0 W
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where M on M s a pure row contraction, N on H,; is a commuting nilpotent tuple of order
less than or equal to m and W on H. is a commuting spherical co-isometry. Moreover,

zn: M;M; = Iy — Py,

i=1
where N = M & (Z T,M) If, in addition, M is reqular, then it is a Drury-Arveson shift.
i=1

In the final section, we will study a non-trivial example of pure partial isometric commuting
tuple whose characteristic function is not a polynomial. Therefore it is not unitarily equivalent
to a Drury Arveson shift. Because of Corollary 3.10 of [5], a pure partial isometric commuting
tuple is unitarily equivalent to a Drury Arveson shift if and only if it is a regular tuple.
Thus, the regularity assumption is an essential condition for the final conclusion in the above
theorem.

For simplicity in what follows, we will refer to the representation (3.3) as simply the canoni-
cal representation of T' with polynomial characteristic function of degree m. When the n-tuple
M of the canonical representation of 7' is regular, we say that T is regular.

To avoid possible confusion, we remark in passing the following:

REMARK 3.7. If m = 0, then the above construction yields that H,y = {0} and N; = 0 for
alli=1,...,n.

REMARK 3.8. Note that the first assertion of Theorem 3.6 appears to be similar to Popescu’s
result on noncommuting tuples [17, Theorem 1.1]. However, a closer look reveals that the
noncommutative approach does not immediately work in the commutative setting. To be more
specific, let T' = (T4, ...,T,) be a commuting row contraction on H. Suppose the noncommu-
tative characteristic function Or (see section 4 for the definition of noncommutative charac-
teristic functions) is a noncommutative polynomial of degree m. Then by [Theorem 1.1, [17]],
there exist closed subspaces H,, Hni and H. of H such that H = H, ® Hny ® H. and each
T;,1=1,...,n, admits a representation

Vi x %
;=110 N; x|,
0 0 W
where V.= (Vi,...,V,) is a pure row isometry, N = (Ny, ..., N,) is a nilpotent row contrac-
tion of order < m on Hpy, and W = (Wy,...,W,) is a coisomelric row contraction on H..

But, in this representation, V' is a commuting tuple as T' is a commuting tuple. Then V s a
commuting row isometry on H, (that is, V; is an isometry, i = 1,...,n, and V,(H,) L Vy(H,)
for p# q). Therefore, if n > 1, then V; =0 for alli =1,...,n, and H, = {0}. In particular,
the first assertion of Theorem 3.6 does not follow from the representation of [Theorem 1.1,
[17]]. This view also applies to the results of section 6.
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4. FACTORIZATIONS AND NONCOMMUTING TUPLES

We now turn to characteristic functions of noncommuting tuples introduced by Popescu
[11]. Here, following [8], we obtain an analytic structure of polynomial characteristic functions
(up to unitary equivalence) of noncommuting row contractions.

The full Fock space over C", denoted by I'; is the Hilbert space

r=@eEH)" =caecraC) o & (C)" &
m=0
The vacuum vector 1 ® 0@ --- € ' is denoted by ey. Let {ey,...,e,} be the standard
orthonormal basis of C" and F," be the unital free semi-group with generators 1,...,n and
the identity (). For o = oy -, € F we denote the vector e,, ® -+ ® e,,, by e,. Then
{eq : a € F!} forms an orthonormal basis of I'. For each j = 1,...,n, the left creation

operator L; and the right creation operator R; on I' are defined by
Lif=e;®f, Rif=foe (feT),

respectively. Moreover, R; = U*L;U where U, defined by

(4.4) Uley®e,®-®ei,) =€, ® - Qe ey,

is the flip operator on I'. The noncommutative disc algebra A2 is the norm closed algebra
generated by {Ir, Lq,..., L,} and the noncommutative analytic Toeplitz algebra F2° is the
WOT-closure of A (see Popescu [12]).

Let £ and &, be Hilbert spaces and M € B(I' ® £,T' ® &,). Then M is said to be multi-

analytic operator if
In this case, the bounded linear map 6 € B(E,I' ® &£,) defined by
On=M(ey®@n)  (ne€f),
is said to be the symbol of M and we denote M = Mjy. Moreover, define 6, € B(E,E,), a € F}
by
(Oan,n.) == (O, ec @ n.) = (M(eg @n),ea @1s), (N € E,n. € &)
where @ is the reverse of a. The Fourier type representation for multi-analytic operators was

considered first by Popescu (see Popescu [18]), and from this representation, we have a unique
formal Fourier expansion
M ~ Y R*®0,,

a€F;;

and .
M = SOT — lim rllR* © 0,
r—1- kZ:O |a|zzk

where |o is the length of . A multi-analytic operator My € B(I' ® £, ' ® &,) is said to be
purely contractive if My is a contraction and

[Pegoe.Onll < lnl  (n € &n#0).
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We say that My coincides with a multi-analytic operator My € B(I'® ', I'® E.) if there exist
unitary operators W : &€ — & and W, : £, — &£. such that

(Ir © W) My = My (I @ W).

Let H be a Hilbert space and T' = (T3,...,T,) be a row operator on H. For simplicity
of the notations, we will denote by T and R the row operators (Ir @ T,...,Ir ® T,,) and
(R1® Iy,..., R, ® I3y) on I' ® H, respectively.

The characteristic function of a row contraction 7" on H is a purely contractive multi-
analytic operator O7 € B(I' ® Dy, I’ ® Dp«) defined by

Or ~ —Ir ® T+ (It ® Dy-)(Irgn — RT*) ' R(Ir ® Dy).

Hence
Or = SOT - lim Or(rR),

where for each r € [0, 1),

Or(rR) := =T + Ds.(Irgy — rRT*)'rRD;.

Therefore

(4.5) Or = SOT — lim Or(rR) = SOT — lim [ = T+ Dj.(Iren — RT*)'rRD;].
r— r—

Now we recall the classical result of Sz.-Nagy and Foias concerning 2 x 2 block contractions
(see [20], and also [6, Lemma 2.1, Chapter IV]):

THEOREM 4.1. Let Hy and Ho be Hilbert spaces, A = (Ay,...,A,) € B(HY, H1), B =
(By,...,B,) € B(HY,Hs) and X = (X4,...,X,) € B(Hy,Hy1) be row operators. Then the
row operator

T {6‘ g} € B(H! & HE, Hy & M),

is a row contraction if and only if A and B are row contractions and X = D4« LDpg for some
contraction L € B(Dp,Dy+).

Next, we recall a result [9, Theorem 2.2] concerning factorizations of characteristic functions
of noncommutative tuples, which will be used in the proof of the main theorem of this section.
Recall, given a contraction L € B(H,K), the Julia-Halmos matriz corresponding to L is

defined by
| L* Dy
o= {DL* —L] '

THEOREM 4.2. Let H1 and Ho be two Hilbert spaces. Suppose A on Hi and B on Ho are
n-tuples of row contractions and L € B(Dp,Da+) is a contraction, and let

7 — [A D LDg

A }:H?@HS%H1@/H2.
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Then there ezist unitaries T € B(Dr, D4 ® Dy) and 7. € B(Dp+, Dp= ® Dp+) such that

@B 0 @A 0

Or = (I -1
T ( r®T, ) { 0 IF®DL* 0 IF®DL

}(h@h){ ](Ir®7>,

where Ji, € B(Da+ ® D, Dp ® Dr+) is the Julia-Halmos matriz corresponding to L.

We are now ready to prove the main factorization result of this section. This is a non-
commutative version of [8, Theorem 1.3]. The line of the proof also follows the idea of [8,
Theorem 1.3].

THEOREM 4.3. Let H, Hi, Ho and H_1 be Hilbert spaces. Suppose H = H1 B Ho D H_1 and

assume that T = (T, ...,T,) is a row contraction on H and
Si * *
E = 0 Nl * )
0 0 G

foralli=1,...,n. Then S, N and C are n-tuples of row contractions on Hq,Ho and H_1,
respectively, and there exist Hilbert spaces £1,E and &, and unitary operators

T GB(DN* @g,pc@gl) and TQGB(DS* @gQ,DN@g),

such that Or coincides with

[@C 0 1(5@@ {@oN 01@@@) {@S 0 }

0 Iree Irge 0 Irge,

A Y

0 G|’
Since T' is a row contraction, by Theorem 4.1, A and C' are row contractions and there exists
a contraction Ly : Do — Dy« such that Y = Dg«Ly De. On the other hand, since A is a
row contraction, by Theorem 4.1 again, it follows that S and N are row contractions and
X = Dg+Lx Dy for some contraction Ly : Dy — Dg+. Now, applying Theorem 4.2 to the

S X

Proof. For each i = 1,...,n, set T; = where A; = [0 N'] = Pyyon,Tilm, om0

row contraction 1" = [161 Da: éYDC} , we obtain
O¢ 0 (S} 0
_ -1 A
or=(reut) |y g |Gren) |0 Juren

for some unitary operators u € B(Dr,Da @® Dy, ) and u, € B(Dr+, D+ ® Dps ). Note that
Jiy € B(Da- @ Dr,, Do @ Dy ) is the Julia-Halmos matrix corresponding to Ly. Again,

applying Theorem 4.2 to the row contraction A = {g DS*I]/\?(DN} , we obtain
On 0 (S} 0
_ -1 s
0r=hor) | g |rend [T 0 Jmes,
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for some unitary operators o € B(Da,Ds ® D) and 0. € B(Da-, Dn- ® Dr+. ). Again note
that Jp, € B(Ds- @ Dy, Dy © Dy ) is the Julia-Halmos matrix corresponding to Lx. For
convenience, we denote

) 0 e 0
@S:{@S 0 },@NZ{ON ],andcbcz{c }

0 JIrgp,, IF®DL;( 0 IF®DL§/
Therefore
_ Ir o, )oN(Ir ® Jp, )Ps(Ir @0 0
Or = (Ir @ u; e (Ir ® J1,) {(F )N(FO 1x)®s(Ir @ ) I }(Ir@u)
reDr,
_ I ®O‘71) 0 (03N 0
= (I Doo(rI (Ir®o.
(Ir @ u, )Pc(Ir ® JL,) [ 0 ]F®DLY] [ 0 ]F®DLY

(IF®JLX) 0 Py 0 Ir®c 0
I
x { 0 Irep,, | | 0 Irep,, 0 Irep,, (Ir ® u)
P 0 P 0
o -1 N S
= <IF®U* )(I)C(]F@)Tl) [ 0 IF@DLY:| ([1"@7'2) { 0 IF@DLY:| (][*®U)

Here 71 € B((Dn+®Dps ) ®Dry, D ®Drs. ), T2 € B((Ds- © DLy ) ®Dry, (Dn®Drs ) ® Dy )
and ¢ € B(Dy, (Ds & Dy, ) ® Dy) are unitary operators defined by

(r®ot) 0 (Ir®Joy) 0 }

IF®7'1:(IF®JLY)|: 0 :| and IF®7'2:|:

Irgp,, 0 Irgp,,
and
. Ip@O’ 0
Ir®@v= [ 0 ]F®DLY} (Ir @ u).
Hence
C) 0 S 0 S 0
Or = (I -y |7C I N I S I
r=(r@u’) { 0 frqa&} Ur@m) { 0 Ims] (Irem) { 0 Irge, Ur ®v),

where & = Drr, & = Dy ® Dr,, and & = Drs @ Dr,.. This completes the proof of the
theorem. -

The following corollary is a noncommutative generalization of [8, Theorem 2.2].

COROLLARY 4.4. Assume the setting of Theorem 4.3. If S is an isometry and C' is a spherical
co-isometry, then there exist a Hilbert space £, a co-isometry G; € B(I' @ (Dn+®E),I' @ Dr+)
and an isometry Gy € B(I' @ Dr,I' ® (Dy & &)) such that

ey 0
@T—Gl[o ]FWJ Go.

Proof. Since Dg = {03} and Do« = {04_, }, by assumption, it follows that the characteristic
functions Qg : I' ® Dg - ' ® Dg+ and O¢ : ' ® Do — I' ® Do+ are identically zero, that is,

05:=0s=0:T®{0yr} = T'®Dg- and 0c:=0¢c=0:I'®@Dc — T ®{0s_,}.
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In this case, the unitary operators u,, o and v in the proof of Theorem 4.3 become
Uy € B('DT*, {OH_1} ©® DL*Y) and o € B(DA, {OH?} ©® DLX),

and v € B(Dr, ({07} © Dr, ) ® Dy), respectively. Then the representation of O, as given
in the final part of the proof of Theorem 4.3, becomes

@T_G1|:O

where £ = DL} ® Dy, and

Oc 0

Gi=(Ir® u"jl) [ 0 Irgp,.
Y

} (Ir®mn) €BI® (Dy- @ E),I' @ Dys),
and

Os 0

GQ = (]I‘ ® 7'2) |:0 IF@(DLX@DLY)

} (Ir®v) e BT @Dy, I' ® (Dy @ E)).

Since 0c0F = Ip®{0ml} and 0505 = Irg{o,u.}, it follows that G1G] = Irgp,. and G5G5 =
Irgp,. This completes the proof. [ ]

In view of Popescu [17, Theorem 1.1}, the following corollary is now more definite:

COROLLARY 4.5. Let T be a row contraction on H such that the characteristic function O
s a noncommutative polynomial of degree m. Then there exist a Hilbert space £, a nilpotent
row contraction N = (Ny,..., N,) of order < m, such that

Or =Gy {@N 0 }GQ,

0 I I'®Dg

where Gy and Go are co-isometry and isometry in B(I' @ (Dy« ® &),I’ ® Dp«) and B(I' ®
Dr,I'® (Dy ®E)), respectively.

Proof. Since T is a row contraction with a noncommutative polynomial of degree m, by [17,
Theorem 1.1], there exist closed subspaces H_1, Ho and H; of H such H = H_1 & Ho ® H,
and the matrix representation of 7} is given by

Si * *
Ti=10 N; x|,
0 0 ¢
for all © = 1,...,n, where S is a row isometry on H;, N is a nilpotent row contraction of

order < m on Hy and C' is a spherical co-isometry on H_;. The remaining part of the proof
now directly follows from Corollary 4.4. [ ]
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5. CONSTRAINED ROw CONTRACTIONS AND FACTORIZATIONS

In this section, we describe the factorization results obtained in the previous section in
the setting of constrained row contractions. Constrained row contractions are related to the
notion of noncommutative varieties, which was introduced by G. Popescu in [13]. The added
complications and structures of noncommutative varieties are due mostly to the fact, as for
example, that the Drury-Arveson space is a quotient space of the full Fock space (see [13, 16]).

First, we recall the basic features of constrained row contractions and noncommutative
varieties and refer the reader to Popescu [13, 16] for further details.

Let Py C F;° be a set of noncommutative polynomials, and let J be the WOT-closed two
sided ideal of F° generated by P;. In what follows, we always assume that J # F:°. Then

M, =span{p¢:p€ Jipel'} and N;:=Te M,
are proper joint (Li,...,L,) and (Lj,..., L") invariant subspaces of I', respectively. Define
constrained left creation operators and constrained right creation operators on Ny by
Vi:=Pyx,Ljlpy, and  W;:=Py,Rjlp,,  (=1....n),
respectively. Let £ and &, be Hilbert spaces, and let M € B(N; @ E,N; ® £,). Then M is
said to be constrained multi-analytic operator if
MV; @ Ie) = (V; ® Ie. )M (G=1,...,n).
A constrained multi-analytic operator M € B(N;RE,N;®E,) is said to be purely contractive
if M is a contraction, ey € Ny and
[ Peywe. M(eg @)l <l (n#0,n€&).

Let W(W1, ..., W,) denote the WOT-closed algebra generated by {I, Wy,..., W, } and R =
U*F>U, where U is the flipping operator (see (4.4)). The following equality, due to Popescu
[13], is often useful:

W(Wh R Wn) ® B(gag*) = PNJ®€* [RZO ® B<575*>”PNJ®£'

Recall also that a row contraction 7' = (T3,...,7T,) on H is said to be J-constrained row
contraction, or simply constrained row contraction if J is clear from the context, if
p(Th,...,T,,) =0 (p € Py).

The constrained characteristic function © ;1 (see Popescu [13]) of a constrained row contrac-
tion T'= (T3, ...,T,) on a Hilbert space H is defined by
O = Pxnyepr. O1| N, 00,

Note that © ;7 is a pure constrained multi-analytic operator O ;1 : Ny @ Dy — N; & Dy-.
Moreover, since Ny @ Dy is a joint (R} ® Ip,.,..., Ri ® Ip,.) invariant subspace and W; ®
Ip,.. = (Pn,Rilpy,) ® I, i =1,...,n, it follows that (see [13])

(56) @*T(NJ@)'DT*)CNJ@’DT and @T(MJ@DT)CMJ@DT*.

The starting point of our consideration of constrained row contractions is the following
result [9, Theorem 3.1]:
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THEOREM 5.1. Let A on Hy and B on Hs be n-tuples of row contractions, and let L €

B(Dp,Da-) be a contraction. If T = {61 DA*éDB

H1DHs, then A and B are also constrained row contractions and there exist unitary operators
0 € B(Dy,Da® Dy) and 0. € B(Dr+,Dp« & Dy+) such that

18 a constrained row contraction on

@J7B 0

_ e 0
Osr=Uy®o,") [ 0 Inep 0"
L*

1 (Iv ® Jr) { 0 M/@DJ (Iy ® o)

where Ji, € B(Da+ ® D, Dp @ Dr+) is the Julia-Halmos matriz corresponding to L.

We are now ready to prove the factorization result for constrained row contractions. How-
ever, the proof is similar in spirit to that of Theorem 4.3, and thus, we only sketch it.

THEOREM 5.2. Let H, Hi, Ho and H_1 be Hilbert spaces, H = H, ® Ho ® H_1. Suppose

Si * *
T,=|0 N, =« (i=1,...,n).
0 0 ¢

If T is a constrained row contraction, then S, N and C are also constrained row contractions
on Hi,Ho and H_q, respectively, and there exist Hilbert spaces £,E and £ and unitary
operators 71 € B(Dy+ @ E,Dc @ &) and 19 € B(Dg+ ® &2, Dy © &) such that © jr coincides
with

Osc 0 O;n 0 O,s O
[ 0 L\/@EJ ([N®Tl) { 0 Inge UN@TQ) 0 Inse,
: . A Y,
Proof. We use the same notations as in the proof of Theorem 4.3: T; = 0 ol where A; =
= Py Tilmen, for all i = 1,...,n. By Theorem 4.1 and first part of Theorem

0 N
5.1, we already know that A and C' are constrained row contractions and Y = D4« Ly D¢ for
some contraction Ly : Do — D4+. Repeating the argument to the constrained row contraction
A, we obtain that S and N are also constrained row contractions and X = Dg«Lx Dy for
some contraction Lx : Dy — Dg-. Then, applying Theorem 5.1 to the constrained row

contractions T = [61 DA*[&YDC} and A = [g DS*Z]—J\;{DN } , we find
1\ [©uc 0 © 0
Osr = Iy @u;") [ 0 Iven,. ] (v ® Jry) { 6’A IN®DLJ (Iy ®u),
Y

for some unitary operators u € B(Dr, Da @ Dy, ) and u, € B(Dr+, Do+ @ Dry. ), and

@JJV 0

_ © 0
@J7A = (IN ® O, 1) |: 0 IN®DL* )
X

Jewno % 0 Juveo,
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for some unitary operators o € B(D4,Ds ® Dr, ) and 0. € B(Da~, Dy« © Dy ). Finally, by
the same reasoning as in the proof of Theorem 4.3, it follows that

Or0 0 } (Iy ®7) {@6” ¥ } (Iv @ 72) {@6’5 } (Iv ®v),

Osr = (L -

s = (v ®u) { 0 Ivee Inge

where 51 = DL*Y’ 82 = DLX ) DLY and g = 'DL} @D DLy, and T1 - (DN* D 'DL§() @D DLY —
DC D DL;, T © (DS* @DLX) ®DLY — (DN D DL}) D DLY and v : DT — (DS S5 DLX) S5 DLY
are unitary operators defined by

I —1 0
Iveon =(Iy®JL,) {( N%J* )

0
IN®82

} and IN®T2:|:(IN®JLX> 0 ],

InepL, 0 IngD,,
and
Iy®o 0
Iy ®v= { 0 L\/@DLY} (Iy @ u).
This completes the proof of the theorem. [ ]

The particular case of constrained row contractions where the noncommutative variety is
given by
PJC = {LzLj - L]LZ : Z,j = 1,. .. ,Tl},

gives rise to commuting row contractions on Hilbert spaces. In this case, N;, becomes the
symmetric Fock space I's and the n-tuple V' on I'y, where V; = Pr Ljlr,, 7 = 1,...,n,
becomes the left creation operators on I'y (see [4, 13],). More specifically, V' on N, and
(M,,,..., M., ) on H? are unitarily equivalent, where H? is the Drury-Arveson space and M.,
is the multiplication operator by the coordinate function z; on H? i = 1,...,n. Under this
identification, Pr J°|r, corresponds to M(H?2), the multiplier algebra of H? (see also Section
2).

From this point of view, if 7" on H is a constrained row contraction corresponding to P;_,
then T;T; = T;T; for all 4,57 = 1,...,n, and one can identify the constrained characteris-
tic function ©;, 7 = Py, ep,-Or|n; 0pr With the B(Dr, Dr-)-valued multiplier 07 : B" —
B(Dy, Dr+) in M(Dr,Dy+) [3, 4, 13], the characteristic function of the commuting tuple 7'
(see (2.1)). In the remaining part of this paper, the identification of © ;, r and 61 will be used
interchangeably.

The first half of the following theorem is essentially a particular (the commutative) case of
Theorem 5.2. The partially isometric property of V5 in the remaining part is a special feature
of n-tuples, n > 1, of commuting row contractions. The n = 1 case recovers [8, Theorem 1.3]
with a proof essentially along the same line.

THEOREM 5.3. Let H1, Ho and H_1 be Hilbert spaces, and let T = (11, ...,T,) be an n-tuple
of commuting row contraction on Hy @& Ho B H_1 such that each T; has the following matriz
representation

x %
0 C;

ocoon



COMMUTING ROW CONTRACTIONS WITH POLYNOMIAL CHARACTERISTIC FUNCTIONS 23

with respect to Hi & Ho ® H_1. Then S on Hi, N on Hg and C on H_1 are commuting
row contractions, and there exist Hilbert spaces &£1,& and £, and unitary operators Uy €
B(Dy« @& &, D ® &) and Uy € B(Dg+ & £, Dn @ E) such that Or coincides with

Oc 0 On 0 Og 0
I QU T2 @ U )
[0 IH%@SJ (L @ ) {0 fH,%@S] (T @ Uz) {0 IH%@SJ

In addition, if S and C are Drury-Arveson shift and spherical co-isometry, respectively, then
there exist a Hilbert space £, a co-isometry Gy € (H2 @ (Dy« ® E), H> @ Dr+) and a partial
isometry Gy € (H2 @ Dy, H2 ® (Dy & £)) such that

o ex 0
eT_Gl[ . [M} G

Proof. We only need to prove the second half. Since C' is a spherical co-isometry, De- = 0,
and hence Do« = {0g4_,}. On the other hand, since S is the Drury-Arveson shift, g is
identically zero [15, Proposition 2.6]. Therefore, the unitary operators u,,o and v and the
characteristic function © 7, in terms of 6, in the proof of Theorem 5.2 becomes

Uy € B(DT*, {OH_1} ©® DLéﬂ/), S B(DA,DS D DLX), and v € B(DT, (DS b DLX) S7) DLY),

and

0 0
9T=G1{N ]Gm

0 ]H%®(DL;( ®&DLy )

respectively, where &€ = D+ @ Dy,

0 0
Gi1 = (In2 ®u,t) {OC I ®IDL*} (Igz @ Uh) € B(H?® (Dy+ @ E), H> @ Dy ),
n Y
Os 0

Gy = (Ig2 ® Us) { } (]Hgl®v)EB(H,%@D%HZ@(DN@(?)).

0 IH%®(DLXGBDLY)
Since 005 = Th2e05_ 3 and Og = 0, it is clear that Gy is an co-isometry and G is a partial
isometry. [

If N on H, is nilpotent of order m, then the above result clearly yields that the characteristic

function O is a polynomial of degree < m. Moreover, in view of Theorem 3.6, we have the
following;:

THEOREM 5.4. Let T = (T4,...,T,) be an n-tuple of commuting row contraction on a Hilbert
space ‘H such that 01 is a polynomial of degree m, and let

M = Spar{T*Dp<h : h € H,|a| > m,a € Z" }.

If T is regular, then there exist a Hilbert space £, a co-isometry G € B(H2® (Dy-® &), H2®
Dr+) and a partial isometry Go € B(H? @ Dy, H2 @ (Dx @ £)) such that

o ex 0
eT_Gl{O IH,%@DJ G.

Note that if n = 1, then the partial isometry G5 becomes an isometry (see [8, Theorem
2.2]).
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6. UNIQUENESS OF THE CANONICAL REPRESENTATIONS

Recall that the canonical representation of a commuting row contraction 7" with polynomial
characteristic function of degree m is the upper triangular representation of 7T; on H =
M & Hpi @ He as in Theorem 3.6. In this section, we analyze the structure of canonical
representations of commuting row contractions with polynomial characteristic functions.

Here also, some of our results are analogous to Popescu’s noncommuting tuples of operators
[17]. However, in view of Remark 3.8, our results are new and does not follow from Popescu.
In fact, results of this section relies on the representations of tuples obtained in Theorem 3.6.

We first prove that M and H. of the canonical representation are optimal in an appropriate
sense (see [17, Proposition 1.4] for n-tuples of noncommutative row contractions).

THEOREM 6.1. Let T' be an n-tuple of commuting row contraction on a Hilbert space H such
that 01 is a polynomial of degree m and also T 1is reqular. Suppose Hy, Ho and H_1 are
Hilbert spaces, and let H = H1 ® Ho B H_1. If the matrix representation of T; with respect to
H=HiDHoDH_1 is given by

;=10 N, =« (i=1,...,n),
0o 0 W

where M’ on M1 is a Drury-Arveson shift, N’ on Ho is nilpotent of order m and W' on H_;
1s a spherical co-isometry, then M C Hy and H. O H_;.

Proof. Since W' is a spherical co-isometry, with respect to H = H1 S HoBH_1, we have D2, =

% ok ok * x Az * % *

* x x|, If Dpe = | % *  Asp|, then D24, = |x x * ,
* x 0 Azp Asy Asg x % Agy Ag + AgaAsy + AgsAlg
and hence A31A§1 + A32A§2 + A33A§3 = 0. It follows that A31 = A32 = A33 = 0. Therefore

x* x 0
Dp« =[x x 0], and hence on H = H; & Ho B H_1, we have
0 00
Me x * * 0 x x 0
T*Dpr-=1{ 0 0 = x x 0l =10 0 0},
0 0 We||0 00 00 0
and T*Dr«H C H; for all a € ZT with || > m. Then, M C H;, where, on the other hand,
T} .
H_1 C H. as H,. is the maximal closed joint T™ invariant subspace of H such that
Ty .
is an isometry. [

Now we prove that the diagonal entries of the canonical representation of 7', as in Theorem
3.6, is a complete unitary invariant. The noncommutative version of this is due to Popescu
[17, Proposition 2.1].
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PROPOSITION 6.2. Let T on H and T" on H' be n-tuples of commuting row contractions with
polynomial characteristic functions of degree m. Assume that

!/

M, * x% M, x *
T,=|0 N *| andT, =] 0 N, « (i=1,...,n),
0 0 W 0o 0 W

are the canonical representations of T and T' on H = MBS H P H. and H =M @H;nl@?-[,c
respectively. IfU : H — H' is a unitary operator such that UT; = T!U for alli = 1,...,n, then
UM =M, Uty = H,y and UH, = H,, and (U|ap)M; = M;(U|p1), (Ul3,) Ni = N; (Ul )
and (Ul )W = W (Uly.) for alli=1,... n.
Proof. Clearly, UT; = T;'U and UT; = T;*U for j = 1,...,n, implies that UT*Dp+ =
T’O‘DTI*U, a € Z7, and, on the other hand, we have by definition UM = M'’. Moreover,
since

[T (U = |UT™h|* = |T"A]1%,
for all « € Z} and h € H,, it follows that UH,. = H;, and hence UH,; = H

Ulm 0 0

part now follows from the representation U = | 0 Uly,, 0 |. ]
0 0 Uln

’

ni1- The remaining

For convenience, and following Popescu [17], we introduce the following notation. Denote
Z, U{oo} by N, and denote by C, the set of all n-tuples of commuting row contractions
on Hilbert spaces. We define ¢ : C,, — N, x Ny x N, as follows: Let T" be an n-tuple of
commuting row contraction on H. Define

p(T) = (p,m,q),
where m := deg Oy, ¢ := dim{h € H: 3>, _, [[T**h|* = ||h]]?, forall k € Z.} and

| dim(D,, ©Dpy) ifmezZ,
"] dim Dy~ if m = oo,

and D,, :=span{T*Dr-h : h € H,|a| > m}.
Clearly, if a pair T and 7" in C, are unitarily equivalent, then p(T) = ©(T"). For T € C,
such that ¢(T') € Ny, x {0} x {0}, we have the following:

THEOREM 6.3. Let T,T" € C,,.
(i) T is a Drury-Arveson shift if and only if T is regular and ¢(T) € Ny, x {0} x {0}.
(i) If T and T" are regular and p(T) = p(T") = (p,0,0) for some p € Ny, then T and T
are unitary equivalent and rankDp+ = rankD .. = p.

Proof. (i) To prove the necessary part, without loss of generality, assume that 7" is M, on
H2(E) for some Hilbert space £. Observe that since 6, = 0, we have m = 0. Also note that
D+ = Pe ® Ig, which implies Dy = C® £. Since

span{T“Drp-h:he€ H,a € ZI } ©span{T“Dp-h : h€ H,|a| > 1} =C® €,
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it follows that p = dim & = rankDp« € N. Since T is pure, H. = {0}, and so ¢ = dimH,. = 0.
Thus ¢(T) € No x {0} x {0}. For the converse, assume that 7" is regular and ¢(7') €
Neo x {0} x {0}. Therefore, since m = ¢ = 0, Theorem 3.6 implies that H,y = {0}, H. = {0},
that is, 1" is a Drury-Arveson shift.

(ii) This follows from part (i) and the fact that the multiplicity is a complete set of unitary
invariant of Drury-Arveson shifts. ]

The noncommutative version of the above result is due to Popescu [17, Theorem 2.2]. Now

we turn to pure row contractions in C,. The proof is completely analogous to the proof of
[17, Theorem 2.4 (i)].

PROPOSITION 6.4. Let T' be an n-tuple of commuting row contraction with polynomial char-
acteristic function. Then T is pure if and only if o(T) € Ny, x Z, x {0}.

Proof. Assume that T is pure. Consider the canonical representation of " on M & H,y & He
as in Theorem 3.6. For each h € H,, it follows that T**h = W**h and hence

IRlP = W nl® = Y IT"]?,
|a|=F |a|=k

for all £ € N. Since T is pure, this implies that H. = {0}, that is, p(T) € Ny x Z; x {0}.
Conversely, if p(T") € Ny x Z; x {0}, then H. = {0}. The canonical representation of 7" as

in Theorem 3.6 then becomes T; = ]\g’ ;Q on H =M & Huy. Suppose m is the order of
the nilpotent operator N. Then for each o € Z7}, |a| = m, there exists X, € B(Huu, M) such
that T = ]\ga )éo‘} By a computation similar to that in [17, Theorem 2.4 (i)], we obtain
that 1" is pure. [

Along similar lines, most of Popescu’s results in [17, Section 2] hold in a similar way for
n-tuples of commuting contractions. We only point one which needs an additional assumption.

THEOREM 6.5. Let T' be an n-tuple of commuting contractions on a Hilbert space with poly-
nomaual characteristic function. If T' is reqular, then the following are equivalent:

(1) Or is constant.

(2) ¢(T) € Ny x {0} x N.

M.

OZ VT/ on H=M&H,,
i=1,...,n, where (My,..., M,) is a Drury-Arveson shift on M and (W1,..., W) is
a spherical co-isometry on H..

(3) The canonical decomposition of T is given by: T, =

Proof. The proof follows from the definition of the map ¢ and the canonical representation
of the row contraction 7" with polynomial characteristic function. [ ]

7. AN EXAMPLE

In this section, we provide an example of a commuting tuple, which is a partial isometry
with wandering subspace property, but whose characteristic function is not a polynomial.
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Therefore, the tuple is not unitarily equivalent to a Drury Arveson shift. This justifies the
presence of the regularity assumption in the Theorem 3.6.
We consider a subspace of H2 which is invariant under the Drury-Arveson shift. That is,

M:=PH, C H,
n>2
where H,, denotes the class of homogeneous polynomials of degree n and a commuting pair
of bounded linear operators V' = (V3,V5) on M, defined by
Vi =M, |m for i =1,2.

By using the definition of the adjoint of the Drury-Arveson shift, it is trivial to observe

that for each i = 1 and 2,
Ve — %Iz"‘ if o] >3
o 0 otherwise.

From the definition of V;’s, one can easily derive D3, = I — Zle ViV* = Py,, where Py, is
an orthogonal projection onto the subspace H,. Hence, V' is a row contraction on M, and
we recall the expression of the characteristic function of V', given in 2.1, and the Taylor series
expansion, that is,

@V<Z) = [—V + DV* ([ — ZV*)ilzDvﬂpv
(=V+ ) Ovazlny,

la]>1

where for each o with || > 1 the coefficients Oy, = Z?:1 Yoo, Dy=V* @) P, Dy, Also due
to the fact that, ImV C @nZS H,,, we have V Dy = Dy-V = Py, V = 0.
On the other hand, from the definition of the defect operator DZ : M & M — M & M,
the action on the elements (27", 2{")" with a; > 2 is the following
] = [ ] - )

a1 _\/* _ * a a1 aq
21 VoV T =VyVa) |2 1”1

Now, for any «; > 2, we consider § = (a; — 1,0) and we have

—ap a1—1
@V,,B [ﬁlzl oz1Z2:| = 75—61PH2V71*(&1_2)(_—Q1 ?1_1752)
T t1cl o +1
= Yp—es Pty ( — Car2122)
= da121227
where d,, = —7g—¢,Ca, for some non-zero constant c,,. Hence, Oy 3 # 0. Moreover, we can

conclude that for each a@ = (a1,0) with oy > 2, Oy # 0 where § = (a; — 1,0). In other
words, there are infinitely many 3’s for which Oy s # 0, that is, the characteristic function
Oy is not a polynomial.

Following the above calculation, it is straightforward to conclude that V' is a pure partial
isometry, but it is not unitary equivalent to Drury-Arveson shift as its characteristic function
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is not the zero polynomial. By [Corollary 3.10, [5]], it follows that the tuple V' = (14, V4) is
not regular in the sense of Definition 3.4.
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