ISOMETRIC DILATIONS AND VON NEUMANN INEQUALITY FOR
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ABSTRACT. Motivated by Ball, Li, Timotin and Trent’s Schur-Agler class version of com-
mutant lifting theorem, we introduce a class, denoted by P, (), of n-tuples of commuting
contractions on a Hilbert space H. We always assume that n > 3. The importance of this class
of n-tuples stems from the fact that the von Neumann inequality or the existence of isometric
dilation does not hold in general for n-tuples, n > 3, of commuting contractions on Hilbert
spaces (even in the level of finite dimensional Hilbert spaces). Under some rank-finiteness
assumptions, we prove that tuples in P, (H) always admit explicit isometric dilations and
satisfy a refined von Neumann inequality in terms of algebraic varieties in the closure of the
unit polydisc in C™.

1. INTRODUCTION

In this paper we deal with the problem of isometric dilations and (refined) von-Neumann
inequality for n-tuples (n > 3) of commuting contractions. For notational convenience, we
denote by T™(H) the set of all ordered n-tuples of commuting contractions on a Hilbert space
H:

T"(H) = {(Th,....T) : Ty € BH), T < LTI, = TyT, 1 < i, j < n},
where B(H) denotes the set of all bounded linear operators on H. Let V. = (V4,..., V) €
T™(K) be a tuple of commuting isometries (that is, V;*V; = I for all i = 1,...,n) on a
Hilbert space K, and let I O H (or, H is isometrically embedded in k). We say that V' is an
isometric dilation of T € T™(H) if

TF = PV (ke ZY),
where Py denotes the orthogonal projection of K onto H and
7% ={k = (k1,...,ky) ki €Zy,i=1,...,n},

and for each multi-index k € Z7 and commuting tuple A = (A;,..., A,) on a Hilbert space

L we denote AF = A¥ ... Akn Tt is well known that the existence of an isometric dilation of
T € T"(H) guarantees [21] the von-Neumann inequality for T

Ip(Th, - .. T)llsae < sup{lp(2)] : z € D"},
for all p € C|z1,...,2,). Now one knows on one hand the existence of isometric dilations of
n-tuples in 7"(H), n = 1,2, is guaranteed by the celebrated dilation theory of Sz.-Nagy and
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Foias and Ando. On the other hand, in general, neither the existence of isometric dilation
nor the von Neumann inequality holds for tuples in 7"(H), n > 2 (even in the case of
dim H < o0). For instance, see the counterexamples by Varopoulous [23], Crabb and Davie
[7] and Parrott [22].

An intriguing question therefore is to identify those n-tuples in 7"(H), n > 3, which admit
isometric dilation (and also satisfy the von Neumann inequality over a variety in D" or D*
in the sense of [1], [10], [11] and [5]). This has turned into one of the most challenging ques-
tions in multivariable operator theory and functions of several complex variables. However,
the research in this direction seems unexplored except the work of Grinshpan, Kaliuzhnyi-
Verbovetskyi, Vinnikov and Woerdeman [14] and the recent paper [5]. Also see Choi and
Davidson [6], Drury [12], Holbrook [15, 16], Knese [17] and Kosinski [18] for relevant exam-
ples and results.

The complexity of the above problem is further compounded by a number of related
(and equally complex) function theoretic problems in several complex variables like com-
mutant lifting theorem, (Toeplitz) corona theorem, Nevanlinna-Pick interpolation theorem,
Caratheodory-Fejer theorem and invariant subspace problem. Here we are particularly inter-
ested in the commutant lifting theorem, which is also equivalent to the Ando dilation theorem
(cf. [13]). The commutant lifting theorem in the setting of scalar-valued Hardy space is due to
Sarason [20]. We state here the Sz.-Nagy and Foias version [21] of commutant lifting theorem
in the setting of vector-valued Hardy space: Let £ and &, be Hilbert spaces, @ C HZ(D)
and Q, C HZ (D) be closed subspaces and let X € B(Q, Q.). Suppose that Q and Q, are
shift co-invariant subspaces (invariant under the adjoint of the multiplication operator M.,)
of HZ(D) and HZ (D), respectively, and

Then there exists a bounded holomorphic function ¢ € Hgj, ¢ (D) such that || X|| = [|¢[|e
(the uniform norm of ¢ over D) and
X* = Mq..

Here and in what follows, Hyj, . (D") denotes the set of all bounded B(E, £, )-valued analytic
functions on D”. In connection with the above it is now natural to ask whether the commutant
lifting theorem can be extended to the case of vector-valued Hardy space over the polydisc D"
in C". This has been addressed by Ball, Li, Timotin and Trent [4] for a special class, known
as Schur-Agler class, of multipliers. To be more specific, let £ and &, be Hilbert spaces. The
Schur-Agler class SA, (&, &) consists of B(E, £,)-valued analytic functions ® on D™ such that
® satisfies the n-variables von Neumann inequality, that is

SAL(E,E.) ={® € Hye e \(D") : |&(T)|| < 1,T € 7"(H) and H a Hilbert space},
where 7"(H) ={T € T"(H) : |T;|]| < 1,7 =1,...,n}. Here, the functional calculus ®(T) is
given by

O(T)=S0T - > 0T,

kez?
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where ®(z) = Zkeli ®y,2* is the Taylor expansion for @ centered at the origin in C" with

®y, € B(E,E,) and 2F = 2} -2k for all k € Z. The elements of SA,(E,E.) are called
Schur-Agler class functions. It is worth noting that the Schur-Agler class is a proper subset of
bounded holomorphic functions in three or more than three variables [6, 15, 16, 17, 18, 22, 23]:

SA.(E,E.) G Hye e (D) (n>2).

We need one more piece of notation. Given A € B(H), the conjugate map [4] is the completely
positive map Cy : B(H) — B(#H) defined by

(1.1) Ca(X) = AXA* (X € B(H)).
It is easy to see that if Aj Ay = AsA; for some Ay, Ay € B(H), then Cy,Cy, = Cy,Clha,.

We are now ready to state the Ball, Li, Timotin and Trent’s Schur-Agler class version of
commutant lifting theorem (Theorem 2.4 in [4]): Let Q@ C HZ(D") and Q, C HZ (D) be
closed subspaces and let X € B(Q, Q.). Suppose that M} Q C Q and M} Q, C Q, and

(PQ*MZi Q*>X = X(PQMZz Q)?
for all i = 1,...,n. Then there exists & € SA, (&, E,) such that || X|| = ||P||o and
X" = Mg

Qs
if and only if there exist positive operators G; € B(Q,), i = 1,...,n, such that

[—XX* =G+ -+ Gy,

and
n

(HUB@*) - CPQ*MZZ.\Q*)> (Gi) =0,
i
foralls=1,...,n.

Using the above Ball, Li, Timotin and Trent commutant lifting theorem as an inspiration,
we introduce a class of operators in 7"(H). But before we do that, we introduce some notation
and definitions.

From now on we will assume that n > 3. For T' € T"(H) and 1 < i < n, define

~

j—zi - (Tb s 71—;—177—%4-17 s 7Tn> S T(n_l)(H),
the (n — 1)-tuple obtained from 7" by deleting T;. Now we define the set
Sp(H) ={T € T"(H) : S; (T, T*) > 0 and T; is pure for all i = 1,...,n},
where
S,NT,T) = > (~nHTET*,
ke{0,1}»

The elements of S,,(H) are called Szego n-tuples. Recall that a contraction X € T*(H) is said
to be pure if || X*™h|| — 0 as m — oo for all h € H. Now we are ready to define the central
object of this paper.
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Definition 1.1. An n-tuple T' € T"(H) is said to be in P,(H) if T, € S,_1(H) and there

exist positive operators Gy, ...,G,_1 (depending on T') in B(H) such that
I_TnT;:Gl—i_—i_anl;

and
n—1

Sr(Gi) = < (Um0 — CT))(Gi) >0,

J
J

.=

S0

foralle=1,...,n— 1.

Definition 1.2. Let 7" € P,(H). We say that T is a finite rank tuple if there exist positive
operators G, ...,G,_1 associated to T as in the above definition such that

rank(S;il(Tn,T:» < o0, and rank(ST(Gi)> < 00,
foralle=1,...,n— 1.

The main results of this paper says that: If T € P,(H) is a finite rank tuple, then
(i) 7" admits an explicit isometric dilation (see Theorem 4.4), and
(ii) there exists an algebraic variety V in D" such that

Ip(T) 53y < sup [p(2)],
zeV

for all p € Clzy,..., 2| (see Theorem 5.1).

In fact, in Theorem 4.3 we first reprove the Ball, Li, Timotin and Trent commutant lifting
theorem. Here, however, with a slightly more elaborated idea we prove an explicit version of
the commutant lifting theorem. This method then yields an explicit construction of isometric
dilations of finite rank tuples in 7™(#). This is the content of Section 4. Then in Section 5,
as application of the explicit isometric dilations, we prove a refined version of von Neumann
inequality, in terms of algebraic varieties in D" (or in D"), of finite rank tuples in P, (H).

In Section 2, we present some elementary examples. In Section 3, we set up some notation
and terminology and prove some basic results.

It is worth noting, in this context, that the class of commuting contractions in P, (H) is
larger than the one considered in [5] (see Remark 2.1).

2. EXAMPLES

Before we move on to the technical part, we present an elementary but non-trivial example
of tuple in P, (H).

Let (T}, Ty) € So(H) and let §,k > 1. Suppose Ty = T{T§. Then T = (T, Ty, Ts) € Ps(H).
Indeed, if we set A
and A ‘

Gy =T{(I - TN,
then clearly
I —T375 = G1 + Gs.
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On the other hand, S;*((Ty, 1), (T}, T5)) > 0 implies that
L(I - TIy)T; < I-T17,

from which it follows that
j—1
TG\ Ty = Tz(z T = TVIT)TT)TS
i=0
-1

TiTo(I — TVT) T3 Ty

IN I
.o [
I
—= O

Ti(I - LI)TY

o

J kg
_TlTl )

.

that is

G, —ToGT; > 0.
Similarly, 71 (1 — TxT5)Ty < I — 15Ty implies that

Gy —ThGTY > 0,
and hence the claim follows.

In this context we remark, in view of Cr,Cr, = Cr,Cr, for all i = 1,... n, that (see
Definition 1.1)

Sr(Gi) = Y (~)MTEGTrE

ino
kez’~?

where T}, = (T4, ..., Ti—1, Tie1, ..., Toy) € T D(H) for 1 < i < n— 1. In particular, if
n = 4, then

e

(IB(’H) - CTj>(G3) - G3 - T1G3T1* - T2G3T2* + T1T2G3T1*T2*

S,
NI
W

Moreover, (Ty, Ty, T3) € T?(H) if there exist positive operators G; and G5 in B(H) such that
I - TdT; == Gl -+ GQ,

and
G2 — TlGQTI* Z 0 and G1 — T2G1T2* Z 0.

Remark 2.1. Let T = (T3,...,T,) € T"(H) and let 1 < p < ¢ < n. Recall from Subsection
2.3 in [5] that T" € T (H) if T, € S,_1(H) and T, satisfies the Szegd positivity. We claim
that

7"7’1

p.q

(H) € Pu(H).
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Indeed, for T € T"(H), without any loss of generality, we assume that 7}, € S,_1(#) and T}
satisfies the Szego positivity. Then we set Gy =1 =T, T and G; =0foralli =2,...,n -1,
and consequently

n—1
[ Usen — Cr)(GY) = ST, T7) > 0,
j=2

as Ty € S,_1(#). Therefore T € P,(H), and hence, P, (H) is considerably larger than T (H).

3. PREPARATORY RESULTS

This section sets up some of the needed terminology and isolates some preparatory results.
We start by considering the Hardy space over the unit polydisc.

The Hardy space H?(D") over D" is the Hilbert space of all analytic functions f =
ZkeZi arz® on D" such that

1
£l = (D lawl)? < oe.
keZ”
Moreover, for a Hilbert space £, the E-valued Hardy space on D™ is denoted by HZ(D"). We
will also identify HZ(D") with H*(D") ® £ via the unitary map z*n — 2¥ @ n for all k € Z"
and n € €. It is well known that the B(&)-valued function
(z,w) eD" x D" — S, (z,w)l¢

is the reproducing kernel for H2(D"), where

n

Sa(z,w) = [[(1—zm)™"  (2,weD"),
i=1
is the Szegd kernel on D". Let (M,,,..., M, ) denote the n-tuple of multiplication operators
on HZ(D"). Here (M,,f)(w) := w;f(w) for all f € HD"), w € D" andi =1,...,n. It
follows from the definition that
M M, = Izmy, Mz M., = MM, and M M., = M, M.,

foralli,j=1,...,nand 1 <p<q<n.
Now we recall the fractional linear transformation representations of Schur-Agler class of
functions. Let H;, i =1,...,n, £ and &, be Hilbert spaces, and let

B(z) = © aln € B(S M),

the diagonal operator for all z € D". Let

A B n n
(3.1) U= |:C, D:| :ED (ZE:BI Hz) — &P (Z@jl 'Hz),

be a unitary operator (known as colligation matriz). Then the transfer function 1y corre-
sponding to U is defined by

(3.2) 0(z) = A+ BE(2)(Iy — DE(2))'C (2 € D").
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Since ||D|| < 1, and so ||DE(z)| < 1 for all z € D", it follows that 7y is a B(&, &, )-valued
analytic function on D™ Moreover, a standard and well-known computation (cf. [2], [4])
implies that

(33)  IT—rm(2)'ru(z) =C"(In— E(2)"D") (I — E(2)"E(2))(Ix — DE(2))"'C,

for all z € D™. We conclude that 7y is a contractive multiplier, that is, 7y € H B, g*)(]D)”) and
| M, || <1 where M, : H3(D") — HZ (D") is the multiplication operator defined by

My f=mf  (f € H:D")).

The celebrated realization theorem of Agler states the following: ® € SA, (&, E,) (see Section
1 for the definition of SA,(€,&,)) if and only if there exist Hilbert spaces {H;}", and a
unitary colligation matrix U, as in (3.1), such that & = 7.

The following basic result will be useful. Part of the proof relies on the following general
result: Let A be a contraction on a Hilbert space IC, A € T and let f € K. Then

Af = \f & A*f = \f.
Lemma 3.1. Let Hy, ..., H, and & be finite dimensional Hilbert spaces, and let

U= {g g} e BE® (& 1)),

be a unitary matriz. Then the transfer function Ty defined by
1v(2) = A+ BE(2)(Iy — DE(2))'C (2 € D"),

is unitary-valued a.e. on T™. Moreover, if A € B(E) is a completely non-unitary, then for
each z € D" the operator Ty(z) does not have eigenvalues on the unit circle.

Proof. Clearly, z — det(I3; — DE(z)) is a non-vanishing polynomial in D™ and hence
z = (Iy — DE(z))™",

is a non-zero rational function in H°°(D"). This means that z — det(I3 — DE(z)) does not
vanish on a set of positive measure on T" and hence z + (I — DE(z))"! exists a.e. on T".
The first part now follows from (3.3).

For the second part, let z € D™, A € T and let f be a non-zero element in £. Suppose

TU(Z)f = )\f
Since 7i/7(z) is a contraction, it follows that
T (2)"f =M,

and so
(Ie — y(2)*1v(2))f =0.
It follows easily from (3.3) that C'f = 0. Then Af = 7y (2)f = A\f and so

A f = ).

This implies that A has a non-trivial unitary part, which leads to a contradiction. 0J
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Let us now proceed to set the stage of the technical part in the proofs of our main results.
Let € be a Hilbert space. Define the evaluation map evy : H3(D") — & by

evof = f(0)  (f € HZD")).

Then evy : € — HZ(D") sends 7 € € to the constant function n € H(D") in the following
sense:

(evgm)(z) =n  (z€D").
Now let T € T™(#H) and suppose T}, € S,_1(H). Let {F},..., F,_1} C B(#) and K be a

Hilbert space. For each i =1,...,n — 1, set
E - mﬂ?
and define

F= (é_gf) @ (Faa®K),
the (n — 1)-fold direct sum of Hilbert ;;laces. Define
D; = (S;il(fn,T;))é and D —TanD; .
Let

(3.4) U— {g g} D ®F »Dy @ F,

be a unitary operator such that
(3.5)
U(Dj h, F\TTh, ..o Fy 9Ty oh, (Fy Ty 1 h, O0x)) = (Dg, Ty, Fih, ..o By oh, (F, 1R, Ok)),

for all h € H. Define ¢+ and Y in B(#, F) by

(36) 1h = (Flh, ceey Fn_Qh, (Fn_lh, OIC)),
and
(3.7) Yh=(FTrh, ..., FusT: oh, (Fu i TF b, 0g)),

for all h € H. Then (3.5) yields
{A B} {Dfnhl B [DTA"T;;h]

C D||Yh th
Therefore
(3.8) Dy T, = AD; + BY and 1=CD; + DY.
Suppose ¢ = 7+, that is (see (3.2))
(3.9) ®(z) = A+ C*(Ir — E(2)D*) 'E(2)B* (2 €D" ).

Define ¥ : 7 — H3_ (D"™') by
(3.10) [(Wz](z) = C*(Ir — E(z)D") 'z (v € F,ze D" 1),
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and set
\Ij = [\1’1 e ‘I’nfl],

where, U; : F; — Hp_ (D"') foralli=1,...,n—2 and ¥,y : o1 ® K — Hp_(D"7).

n

It is convenient to represent D and B as row operators:

n—2

D=[Dy -+ Dy anl]:<@ﬂ>@<fn4@lc)—>f,

i=1

where D; = D|z, : F; - Fforalli=1,...,n—2and D,y = D|f, ,ex, and similarly

B=[B, - Bua Bn]: (@92?) @ (Fas ©K) - Dy,
=1

The following two lemmas will be used in Section 4 to prove the dilation theorem. We closely
follow the ideas of [4].

Lemma 3.2. Let ® and ¥ be as above. Then ¥ is a contraction. Moreover
n—1
U = evyC* + Z MV, D3,
i=1

and

n—1
Mgevy = evyA* + Z M., V;B;.

J=1

Proof. 1t follows directly from Lemma 3.2 of [4] that ¥ is a contraction. For the second part,
let z = (z1,...,2Zn_1) € F (note that z, 1 € F,,_1 ®K) and z = (21,...,2, 1) € D""1. Then

n—1

n—1
\I’E(Z)QI = Z\I/ijLEj = ZZJ'\I]J'I]',
j=1

j=1
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and hence

*

[Wz](z) = C*(I — E(2)D*)™"
=C"(I - E(z)D")" (1 E(z)D" + E(z)D")x
—C*x+< “(I — E(2)D *)_1>(E(Z)D*x)
= (evyC” )(Z)+[ () z](2)

= (evyC*x)(2) + zj\I/ Dz

n

= (evyC :cz—i— zj J>

= (eviC” +Z (M., ¥, D ) (2).

7j=1

This implies that ¥ = efC* +> """, "M, ;V;D%. On the other hand, for each n € Dy, , we have

Mgevin = evyA*n + VE(z)B*n = evyA™n + [Z M.,V B*}( ).
7j=1

This completes the proof. O

For each X € B(H) and natural number m we define (see page 656 in [4]) a positive map
28 B(H) = B(H),

as
m—1

TR(A) =Y XFAX™ (A€ B(H)).
k=0
Let T = (1T1,...,T,) be an n-tuple of commuting operators on H. It is easy to see that

nXy =Xr iy,
forall i,j = 1,...,n. Define

_ (f[zg;)(A) (A€ B(H)).

Clearly, if A > 0, then {X7"(A)}>°_, is an increasing sequence of positive operators and we
set
Yr(A) =80T — lim Y7'(A),
m— 00
provided the limit exists. Moreover, for each 7,7 =1,...,n, and m > 1, we have

21.Cr, = Cr, A7,
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as T' is a commuting tuple (see (1.1) for the definition of the conjugate map Cr,). Therefore

(3.11) Yl —Cp) = (I —Cp) X5 = (I — Cpm),

for all2=1,...,n, and hence

(3.12) E:ITCL(H([B(”H) - CT)) = (H(IB(H) - CT]?”)>'
j=1 j=1

Finally, it will be clear from the context in what follows that given a Hilbert space &, M, will
denote the n-tuple of multiplication operators (M,,, ..., M, ) on HZ(D"). Consequently, M.,
will denote the (n — 1)-tuple

(Msy, ..., M, M

Zjy1r -

° MZTL)?

obtained from M, by removing M. .
We now prove a technical lemma.

Lemma 3.3. Let Hy, ..., H, and € be Hilbert spaces, ¥ = [Uy--- U, | : @, H; — HZ(D")
a bounded linear operator and let ® € Hy) (D"). If

||(6U0f7 \IJTM; f7 ceey \IIZM:nf) “5@(69?:17'[1‘) = ||(6U0M$f7 \I}Tf’ SRR QZf)HSEB(@?:lHi)v

for all f € H3(D"), then
T (1,07 < o0

J

forallj=1,...,n.

Proof. The norm equality condition implies that

evpevo + Y M. W WSM: = MaegeoMy + Y W07,
j=1 j=1

and so

i W0 — i M., W; Wi MZ = evgevg — Moevgevo Mg
j=1 j=1
= (TTt = ) (1) = Mo ((T] (1 = O ) (D) 0

j=1 j=1

This gives

> (1 = Car )(;05) = (T = O ) ) (1 = Moi),

=1 =1

as MgM., = M. Mg for all i = 1,...,n. Applying Xy} to both sides of the above equality
and then using (3.11) and (3.12) we obtain

>z (= Cu)(w,99)) =TT = ) = Mo ).
=t

j=1
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If we set

< *k
Ko= U N Ker M;",
k=0 j=1 J

then for any f € Ky we have
DT (W) f = (1 = Mo M) f
j=1

for sufficiently large m. Since Kq is dense in Hg(D"), it follows that X\, (W;¥%) < oo for all

j=1...,n. ]

4. DILATIONS OF TUPLES IN P,(H)

The purpose of this section is to construct explicit liftings and isometric dilations of finite
rank tuples in P, (#H). Note that if V € T™(K) is an isometric dilation of 7" € T"(H) with
II : H — K as the corresponding intertwining isometry (see the definition of dilations in
Section 1) and

Q = ran II,
then Q is a joint invariant subspace for (V{*,...,V*). Moreover, (T1,...,T,) on H and
(PoVilg, ..., PoVihlg) on Q are unitarily equivalent (via the unitary IT : H — Q), and
(PoVlo)™ = V™o,
for all k € Z7;.

The following dilation result is well known (see [8], [19] and also see [5]):

Theorem 4.1. Let T € S, (H). Suppose Dy = S;HT,T*)"? and Dy = Tan Dr. Then
Il: H — Hp (D), defined by

(Ih)(z) = Y 2*DyT**h (h e H,zeD),
kel
is an 1sometry and satisfies IIT; = MZII for all @ = 1,...,n. Moreover, the dilation is

minimal, that 1s
H}_(D") = span{z*(IIH) : k € Z' }.

We call the map II as the canonical dilation of T'. The following standard lemma will be
useful.

Lemma 4.2. Let T € S,,(H) and let 11 be the canonical dilation of T. Then for all k € ZT}
and n € Dy, we have

II*(z* ® n) = T*Dp.
Proof. For h € H, it is easy to see that
evollh = evo( Z Z® DTT*lh) = Drh,

n—1
lez”
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thus
(4.1) evoll = Dr.
Hence, for n € Dy and k € Z~' we obtain
IT*(2F @ ) = *MEevin = T*1T*evin = T* Dy,
and the proof follows. O
We are now ready to prove the first commutant lifting theorem of this paper. The explicit

representation of the lifting ® € SA,1(D;, , Dy, ) below will be useful in our isometric dila-

tions and von Neumann inequality. For a T € T"(H) and 1 < j < n — 1, recall that, ijn
denotes the (n — 2)-tuple
(Tla S 77—‘]'—1711]4-1’ s 7Tn—1)7

obtained from T" by removing 7} and T,

Theorem 4.3. Let H and K be Hilbert spaces, T € T"(H), and let {Fy,...,F,_1} C B(H).
Suppose T,, € S,—1(H), F; = mank; for alli =1,....;.n—1, 11 : H — H%T (D"1) is the

canonical dilation of Tn, and

F= (é?) @ (Far @K).

If ETn(E*E) exists for all i = 1,...,n =1, and U : Dy, & F — Dy @© F is a unitary
satisfying
U(DTnh7 FTTh, ... Fy 9Ty oh, (Fh 1T 1h,0c)) = (DT"T;h, Fih, ..., F, oh,(F,_1h,0%)),
for all h € H, then
7" = MIL,
where ® € SA,_1(D;, , Dy ) is the transfer function of U*.

Proof. Let U = [é g} be the block matrix representation of U with respect to the decom-

position Dy @ F. Suppose ® = 7y (see (3.9)), ¥ be as in (3.10) and let f € H%Tn (D 1).
Then, in view of (3.5), Lemma 3.2 implies that
Ulevof, WIMZ f, ..., V5 (M7 f) = (evoMg f, Wif, ... . 5 f).
In particular
[(evo f, WIMZ, f, .. W  ME )N = l(evoMg f, W1 f, . 9 P,

Zn—1
and therefore
D, (¥;97) < oo,
forall j =1,...,n—1, by Lemma 3.3. Hence
Yy (0,00 = T1° (EMZ (@jxp;))n < o,

gyn 2
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forall j =1,...,n— 1. Now define 2 and Y in B(H,F) as (see (3.6) and (3.7))
wh = (Fih, ..., Fy_oh, (F,—1h,0x)),
and
Yh=(E\Trh, ... FyoT* ok, (Foa T b, 0g)),
for all h € H. Also define I' : F — H by
=" —II"W.
We set I' = [I'y - - - T',,_1], where
L,=T

_ *
=1

foralli=1,...,n—2, and

Ui =Tz e = [Fi_ilr_, 0] —II'0,_: Foy @K = H.

Now for each 7 =1,...,n — 2, we have
515 = (Ff |7, — I705) (F; — WIII)
< (F} |5, — I00))(E} — W) + (|, + 10, (F) + W31)

2(FFFy + 10, W3I),

and hence
2 (Fjl“;) < 00.

By a similar computation, we also have that Xz n(I’jF;) < o0. On the other hand, since
(see (3.8))
1= CDTn + DY,

we have
[=¢ — "0
n—1
=D; C*+Y*D* —II'QC* —1I" Y M. ¥;D;
j=1

n—1 n—1
=Dy, C* + YTy D; = Dy, C* =3 TII"Y;D;

=1 =1
n—1
= ZTjer;
j=1
Dy
= [Tll“l Tn—lrnfl] )
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and hence
Ty 1
IT* = [Ty -+ T,o1lna] DD : Z DIy,
| Y i=1
as D is a contraction. This implies
n—1 n—1
> Iy — C Zr - TIIT <0,
j=1 J=1
Next, for each natural number m and j =1,...,n — 1, we have

E%l_’n(lﬂjl“;) — T}”ET}’”(FJF;)@T"’” < Zm (F-F*-) - TmE’Y;H(FjF;T)@T"m
= Em (IB CTm>(FJF;>,

and since (see (3.11))
L Usgy = Crm) = 25 X (Isy — Cry) = 27 (Isy — Cy),
it follows that
n—1
Z g (L305) = Ty, (D051 (Iny — Cr,)(T;I7)) < 0.

]:1 =1

.

Since T} is pure, passing to the limit as m — oo, we get

n—1

> % (L) <0.

7,
Jj=1

On the other hand, since X7 (I';I') > 0, by definition, we have that
Xz (I515) =0,
forall j =1,...,n— 1. Hence
Filp, —II"0; =T; =0 and F;_ —II"¥,_; =T, =0,
j=1,...,n—2. Finally, for pe Z7 " and n € Dy, , we have
IT"My(2P @ 1) = IT* Mo Mo (1 ® ) = TPIT* My (1 @ 1) = TPIT* Mo Qn.

But
n—1 n—1
TPI* MpQn = TPIT* [QA* + Z M. W, B*] n=TP [D A+ S Ty, B*]
7=1

by Lemma 3.2 and (4.1), and therefore by (3.8) and Lemma 4.2
"My (2P ® n) = TPT, Dz, n = T,TP Dy n = T,ITI" (2P @ 1).

15
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But since {zP @ n:p € Z',m € D; } is a total set in H2 (]D)” D), we conclude
" My = T,IT*,
which completes the proof of the theorem. O

We are now ready to prove the dilation theorem for commuting tuples in P,(H) (recall
Definitions 1.1 and 1.2). Recall from Theorem 4.1 that given a T' € Py (H), the canonical

isometric dilation IT: H — H3_ (]D)” 1) of the (n — 1)-tuple T}, is an isometry and
N7 = M1,
foralli=1,...,n— 1.
Theorem 4.4. If T € P,(H), then there exists a contractive multiplier ® € S, 1(Dy, , D;, )
such that ) .
HTi*:{ %}:g z{f@i—zln,‘...,n 1,

If, in addition, T s finite rank, then ® is an inner function. In particular, a finite rank T in
P.(H) dilates to a commuting isometries (M,,,..., M, _,, Mg) on H2 (]D” .

Proof. Let {G1,...,Gp,_1} be the positive operators on H corresponding to 1" € P, (#H). Then
]—TnT: :G1+"'+Gn—1a

so that
Dy —T,D: T;= Y (-)MTHI-T,T;)1T;*
kez ™!
n—1

= | | U@y — Cr)(I = T, T},)

.
Il
R

i
—
3
|

—

I
(]

(s — Cry)(Gy)

.
Il
3 .
Il
_

3
LR

||
—

(Isry — Cry)Us) — O1,)(Gi)

S
I
—_
Il
L

TN

= S (n_l(IB(H) - CTj)(Gz‘) - Ti(ﬁ(IB(H) - CTj)(Gi))ﬂ*>’
=R 7

in view of Cr, Cr, = Cr,Cr, for all p,q = 1,...,n — 1. If we define (see Definition 1.1)

n—1

S,
Il
FLogen
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then Sr(G;) >0 foralli=1,. — 1, by assumption, and
n—1
D%~ T,D% T = 3 (S2(Gy) = TiSe(GOT ).
i=1

If we let F? = Sp(G;) for alli =1,...,n — 1, for simplicity, then

n—1 n—1

D% +> Ty =T,D% T, +> F},

i=1 i=1
and so the map
(4.2) U:{(Dg h, WTTh, ..., Fo T, h):he "}y — {(Dgy Tyh, Fih, ..., F, 1h) - h € H}
defined by

U(Dj h, \TTh, ..., Fy i Ty h) = (Dg, Trh, Fih, ... Fy1h),

for all h € H, is an isometry. Set

7, = Tk,

foralli =1,...,n—1. Then, by adding an infinite dimensional Hilbert space K, if necessary,
one can find a unitary

(4.3) U:Dj & (81 F) @K — Dy & (8 F) ek,

such that

U(Dj h, \TTh, ... Fy i Ty h, Og) = (D, Thoh, Fih, .. Fyoah, Ok,
for all h € H. Finally, since
Iy (FiF}) = 1 s — Crp)(G) < G

k#in
implies that X (F Fr) exists for all ¢ = 1,...,n — 1, the first part of the theorem follows
from Theorem 4 3,
In addition now assume that 7' is finite rank. Then Dj and F;, ¢ = 1,. — 1, are
all finite dimensional Hilbert spaces. Then the unitary U in (4.2) extends to a umtary on
Dj. @ (@] F;) which we also denote by U and then by applying Theorem 4.3 (with K = 0),
we have

Mgl = 11T},
where @ is the transfer function corresponding to U*. In this case, Lemma 3.1 yields that ¢
is a B(Dy ) valued inner multiplier. This completes the proof of the theorem. O

Remark 4.5. It is worth mentioning that the converse of the above theorem is also true.
Indeed, if £ is a Hilbert space, ® € S,,_1(£,&) and Q C HZ(D"!) is a joint invariant subspace
for (M* M; . Mg), then [4, Theorem 5.1] implies that

(PoM.,lg, ..., PoM., |0, PoMasl|g) € Pn(Q).
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5. VON-NEUMANN INEQUALITY FOR FINITE RANK TUPLES IN P, (H)
Now we turn to the von-Neumann inequality for finite rank tuples in P,(H).

Theoiem 5.1. Let T € P,(H) be a finite rank tuple. Then there exists an algebraic variety
V in D" such that

[p(T)|| < sup [p(2)],
zeV
for allp € Clzy,...,z,]. If, in addition, T, is a pure contraction, then V C D".

Proof. Let (M., ...,
Theorem 4.4 and let

O(z) = A* + C*E(2)(Ir — D'E(2))"'B* (2 € D"V,

Moz 1)) OD H%Tn (D" 1) be the isometric dilation of T as in

Zn—1)

the transfer function corresponding to the unitary

U* = [é* g*} :DTAn@‘F%DTn@f

as constructed in the proof of Theorem 4.4 (see (4.3) and note, in view of the assumption
that 7" is finite rank, that £ = {0}). Let

. w* 0
A :|:0 E*:| ODHo@leDTn,

be the canonical decomposition of A* into the unitary part W* on Hy and the completely
non-unitary part E* on H;. With respect to the above decomposition of A*, let

D(z) = {q)oéz) @1(2z)}

be the decomposition of ®, where
Oo(z) = W™ (z e D",

and
®,(2) = E*+C*E(2)(Ir — D*E(2))"'B* (2 €D"),
is a multiplier in Hgg, \(D"'). We set

Vo i={z e D" :det(znlpy — Po(21,- .., 20-1)) =0} = D" x o(W*),

and
Vi={zeD":det(z, 15y, — P1(21,...,2n-1)) = 0}.
Then for each p € C[z, ..., 2,] we have
(D) < [[p(Mey, oo, My Mapay,z) |
= [ Mp(z..oi21, @1 ) |
= sup \|p(ei91]DTn, . ,ew"*lIDTAn, D). 1))

01,...0n—1
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Moreover, for j = 0,1, we have

17??571 Hp(ewlIHj, o ,ew”‘lIHj, ®; (e )
= 1,§.1,1913l_1{|p(6i017 cL €N N € a(B(e L )}
< lIpllav;-
Since ® (e, ..., eifn-1) = Oy, ... ePn-1) P Py(e?, ... e?-1) we have by continuity and

Lemma 3.1 that
[p(T)|| < sup [p(2)],
zeV

where

V=Vu.
For the second part, we prove that Ho = {0} which would imply that V is the empty set.
Let Q@ = II(#), where II is the canonical dilation map for 7,,. We claim that

Q C Hj, (D" ).

Indeed, let g € H, (D" '), m € Z, and let g,,, = Mg"g. Then g, € H3, (D""') and

g= Mg, gm.
For f € Q, we have

<g7f> - <Mgf)9maf> = <9m,M$Tf> - <gm7M$m > = <gmaT;m > — 0,
as m — oo, as T, is pure. This implies that @ € H3 (D" '). By the minimality of the

isometric dilation of T}, (see Theorem 4.1), we have

\ MEQ= (D).
kez’ =t !

Clearly, H3, (D" 1) C H%T (D"1) is a joint reducing subspace for (M,,,..., M, ). Then we

) Zn—1

have H, (D"') = {0} and hence, Ho = {0}. This completes the proof of the theorem. [

The finiteness assumption for tuples in P, (#) seems natural for refined (in terms of alge-
braic varieties) von Neumann inequality. However, we do not know how to prove the existence
of (explicit) isometric dilations for tuples without the finiteness assumption.
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