TOPOLOGICAL VECTOR SPACES

PRADIPTA BANDYOPADHYAY

1. TOPOLOGICAL VECTOR SPACES

Let X be a linear space over R or C. We denote the scalar field by K.

Definition 1.1. A topological vector space (tvs for short) is a linear space X
(over K) together with a topology J on X such that the maps (z,y) — z+y
and (a,z) — ax are continuous from X x X — X and K x X — X

respectively, K having the usual Fuclidean topology.

We will see examples as we go along.

Remark 1.2. Let X be a tvs. Then

(1) for fixed € X, the translation map y — x + y is a homeomor-
phism of X onto X and

(2) for fixed a # 0 € K, the map x — «x is a homeomorphism of X
onto X.

Definition 1.3. A base for the topology at 0 is called a local base for the
topology J.

Theorem 1.4. Let X be a tvs and let F be a local base at 0. Then

(i) U,V € F = there exists W € F such that W CUNV.

(i) If U € F, there exists V € F such that V +V CU.

(#i) If U € F, there exists V. € F such that oV C U for all « € K
such that |a| < 1.

(iv) Any U € J 1is absorbing, i.e. if x € X, there exists 6 > 0 such
that ax € U for all a such that |a| < 6.

Conversely, let X be a linear space and let F be a non-empty family of
subsets of X which satisfy (i)—(iv), define a topology J by :

These notes are built upon an old set of notes by Professor AK Roy. The debt is
gratefully acknowledged.
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A C X is open if, for each x € A, there exists U € F such that x + U C A.

Then J is a topology which makes (X, J) a tvs with F as a local base.
Proof. Exercise. ([

Some elementary facts concerning a tvs are summarized in

Lemma 1.5. Let X be a tvs. Then

) x+A=z+A.

i) A+ B2 A+ B.

i11) If U is open and A is any subset then A+ U is open.

iv) C,D compact = C + D compact.

v) If AC X, A=nN{(A+U): U neighborhood of 0}.

vi) J is Hausdorff if and only if {0} is closed if and only if {0} =
N{U : U € F}, for any local base F.

(vii) If U is a neighborhood of 0, there exists a balanced neighborhood
V of 0 such that V C U.

(viii) Closure of a convex set is convex; closure of a subspace is a

(
(
(
(
(
(

subspace; closure of a balanced set is balanced.

(iz) If C is compact, U neighborhood of C' then there exists a neigh-
borhood V' of 0 such that C+V CU.

(z) C compact, F closed = C + F closed.

(zi) If U is a balanced neighborhood of 0 then int(U) is balanced.
(zii) If U is any neighborhood of 0, U contains a closed balanced
neighborhood of 0. In other words, the closed balanced neighborhoods
form a local base (at 0).

(ziii) Every convez neighborhood of 0 contains a closed, balanced, con-

vex neighborhood of 0.

Proof. (x) Suppose x ¢ C + F,ie. (x—F)NC =0 or C C (z — F)“.
Now, (x — F)¢ is open and C compact, therefore by (ix), there exists a
neighborhood V' of 0 such that C +V C (x — F)¢, ie. (C+V)N(z—F)=
0=2¢C+F+V=a2dC+F by (v).

(xii) There exists a balanced neighborhood V' of 0 such that V +V C U.
Now V is also balanced and V. C V +V C U.

(xiii) Let U be a convex neighborhood of 0 and define V= n{alU : a € K,

|a] = 1}. V is convex, balanced (easy to check!) and a neighborhood of 0 as
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U contains a balanced neighborhood of 0 by (zi7). Now, %7 - %V—i—%V cV,

hence %7 is a closed convex, balanced neighborhood of 0 contained in U. [J

The class of tvs mostly used in analysis is given by

Definition 1.6. A tvs X is called locally convez if there is a local base at 0

whose members are convex.

The topology of a lctvs is precisely that generated by a family of seminorms.
Recall that

Definition 1.7. A function p : X — R is sublinear if p is subadditive and
positively homogeneous, i.e.,

(a) p(z +y) < p(z) +p(y) for all 2,y € X, and

(b) plax) = ap(z) for all x € X, and a« > 0

p is called a seminorm if for all z,y € X and a € K,

(a) p(z+y) < p(z)+p(y), and
(0) plax) = |alp(z).

If p(x) =0 = x =0, call p a norm.

We show now that a family of seminorms on a linear space generates a locally

convex topology in the following sense :

Theorem 1.8. Let {p; : i € I} be a family of seminorms on the linear
space X. Let U be the class of all finite intersections of sets of the form
{z € X : pi(z) < &} wherei € I, 6; > 0. Then U is a local base for a
topology J that makes X a locally convex tvs. This topology is the weakest
making all the p; continuous, and for a net {xo} C X, xo — = in J if and

only if pi(xq —x) — 0 for each i € I.
Proof. We check that all the conditions of Theorem 1.4 are satisfied.

(7). U is clearly closed under finite intersections.

(73). Suppose U = {z : pj(x) < d;, i = 1,...,n}. Let § = min;d;/2 and
V=A{x:pi(z)<d, i=1,....,n}. lfy,z € Vthen p;(y+2) < pi(y)+pi(z) <
§/240/2=6<6;=V+V CU.

(#i7). Since p;(ax) = |a|p;i(z), each U € U is balanced.
(). If v € X, pi(ax) = |a|pi(z) < d; if « is sufficiently small.
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J is a locally convex topology as each U € U is convex.

Each U = {z : pi(x) < &, i =1,...,n}isopenasifx e U, x +V C U
where V = {z € X : p;j(2) < min;[d; — p;(x)]}.

Now continuity of p; is equivalent to continuity at 0 as |p;(x) — pi(y)| <
pi(x —y) and the sets U € U are open in any topology that makes each p;
continuous at 0. This proves that the given topology is the weakest, making

the p;’s continuous.

Finally, o — z < 24 — 2 — 0 & pi(xoq —x) — 0 for all ¢ by the definition
of . O

Remark 1.9. 7 is a Hausdorff topology if and only if the family {p; : i € I'}
is separating, i.e., given x # 0, there exists p; such that p;(x) # 0.

Example 1.10. (a) Let X be the vector space of all K-valued continuous
functions on a topological space ). For each compact set K C 2, define
pr (f) = supscg | f(t)]. The family {px : K C Q compact} gives a Hausdorff
vector topology in which convergence means uniform convergence on all
compact subsets of . If K is restricted to finite subsets of €2, we get the
topology of pointwise convergence. In general, if the sets K are restricted
to a class C of subsets of {2, we obtain the topology of uniform convergence

on sets in C.

(b) Let X = C®Ja,b], the vector space of all infinitely differentiable (K-
valued) functions on the closed bounded interval [a,b]. For each n, define
pu(f) = sup{|f™(t)| : t € [a,b]} where f(™) is the n-th derivative of f. In
the topology defined by the p,,, convergence means uniform convergence of
all derivatives.

We will now prove the converse of Theorem 1.8, that is, locally convex vector
topologies are generated by families of seminorms. But we first examine

convex sets in some detail.

Definition 1.11. A subset K C X is said to be radial at x if and only if
K contains a line segment through z in each direction, i.e. for every y € X,
there exists 0 > 0 such that z + Ay € K for all A\ € [0,0] (sometimes z is
called an internal point of K). If K is convex and radial at 0 (equivalently,
K is absorbing), the Minkowski functional of K is defined as

pr(z) =inf{r >0:z € rK}.
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Intuitively, px (x) is the factor by which & must be shrunk in order to reach
the boundary of K.

Lemma 1.12. Let K be convex and radial at 0.

(a) pr is sublinear.

(b) {r € X :px(x) <1} ={x € K : K is radial at z} C K C {x :
prca) < 1}

(¢) If K is balanced, px is a seminorm.

(d) If X is a tvs and 0 € K°, the interior of K, then px is continuous.
K = {px < 1}, K° = {px < 1}, hence {px = 1} = 0K, the
boundary of K.

Proof. (a). Let € > 0 be given. There exists r > 0, s > 0 such that
r <pk(x)+e/2, s <pr(y)+e/2and z/r,y/s € K. Now,

) e
r+s r4+s\r r+s\s

by convexity, hence px(z +y) < (r+s) < px(x) + pr(y) +¢.

(b). If pr(x) <1 then z/r € K for somer <1 =xz=r(z/r)+(1—7r)(0) €
K. If y € X then pr(x + \y) < pr(z) + Apx(y) < 1 if A > 0 is sufficiently
small, hence {px < 1} C {x € K : K is radial at }. Conversely, if K is
radial at z, then x + Az € K for some A > 0, hence px(x + Az) < 1 by
definition of px = pr(x) < 1%\ < 1. By definition of pg, K C {px < 1}.

(¢). If z/r € K and a # 0 € K, then @y €K (as K is balanced) =

pi(ax) < a|r. Thus, px(az) < |a|pk(x) (taking infimum over r).

Taking x/a instead of x, we get px(x) < |a|px(xz/a). Putting b = 1/a, we
get pi (bx) > |blpk ().

(d). 0 € K° = there exists neighborhood U of 0 with U C K. Let € > 0
be given. If y € €U then px(y) = pr(eu) = epr(u) < e (since z € K =
pi(r) < 1) = pk is continuous at 0 = px continuous everywhere.

pr continuous = {px < 1} is closed = K C {px < 1}. Suppose px(z) < 1.
If0 < A <1, then pxg(Ax) = Apg(z) <1 = xr € K. If A = 1 then Az — =,
hence * € K = K 2 {px < 1}, hence K = {px < 1}.

pr continuous = {px < 1} is open and hence C K°. But if px(z) = 1 then
tn = 2/(1—1/n) ¢ K as prc(an) = 1/(1— 1/n) > 1 and K C {pc < 1},

but z, — x, so z is a limit of points not in K, hence x ¢ K°. O
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Theorem 1.13. If X is a locally convex tvs, then its topology is generated

by a family P of seminorms.

Proof. If X has a local base consisting of convex sets, it has a local base B
consisting of closed convex balanced neighborhoods of 0. For U € B, the
Minkowski functional py is a seminorm. Since U = {p, < 1}, the family
{pu : U € B} generates the topolgy of X. O

Definition 1.14. A set E in a tvs Y is said to be bounded if, for every
neighborhood U of 0 in Y, there exists t € RT, such that £ C tU.

Theorem 1.15. Suppose X is locally convez, so its topology is generated by
a family P of seminorms. Then E C X is bounded if and only if each p € P
s bounded on E.

Proof. Let E C X be a bounded set. Let p € P. There exists k£ > 0 such
that £ C k{p <1} = p(F) < k.

Conversely, suppose each p € P is bounded on E. Let U be a neighborhood
of 0. Then U 2 {p1 < 1/ni}N---N{pr < 1/n} for some py,...,px € P
and ny,...,n, € N. There exists numbers M; > 0 such that p;(E) < M;
(i=1,...,k). Choose M > Mn; (1 <i<k). If z € E then p;(z/M) <
M;/M <1/n; = z/M €U = x € MU. O

Example 1.16. Compact sets are bounded. In a Hausdorff tvs no subspace
other than {0} is bounded.

Remark 1.17. Suppose P = {p; : i = 1,2,...} is a countable separating
family of seminorms on a linear space X generating a vector topology J.
Then there exists a translation-invariant metric compatible with 7. Just
define

271+ pi(z —y)

The only trouble is that the balls {z : d(0, ) < r} need not be convex (they

are balanced though) as we see from the following example:

Example 1.18. Let s = {(2,)52, : 2, € K for all n > 1}, the space of all

n=1
scalar sequences. The topology of pointwise convergence is described by the
seminorms pg, (k > 1), pr((x,)) = |zk| and the metric is

2 : 1 |1'n - yn|
d = _— = = .
(va) mn 1 + ‘:L'n _ yn|’ X (I’n), y (yn)
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The ball U = {x : d(0,x) < 1} is not convex, since (1,0,0,...),

3 1 31
(0,1,0,0,...) € U, but 2(1,0,0,..) +4(0,1,0,..) = (§,1.0,0,0,...) ¢ U.

474
Can this be rescued? Indeed we have the following theorem whose proof is
omitted (See Rudin, Functional Analysis, Theorem 1.24).

Theorem 1.19. If (X,7) is a (Hausdorff) tvs, with a countable local base,

then there is a metric d on X such that

(a) d is compatible with the topology J,

(b) the balls {z : d(0,z) < r} are balanced

(c) d is translation-invariant: d(x+z,y+z) = d(z,y) for z,y,z € X.
If, in addition, X is locally convex then d can be chosen so that

(d) all open balls {x : d(0,z) < r} are convex.

Remark 1.20. The notion of a Cauchy net for a tvs (X, J) can be defined
without reference to any metric. Fix a local base F at 0 for the topology J.
A net {x,} is said to be (J-) Cauchy if, for any U € F, there exists o such
that @ > ag and 8 > a9 = xo—2g € U. It is clear that different local bases
for J give rise to the same class of Cauchy nets. Now let (X, ) be metrized
by an invariant metric d. As d is invariant and the d-balls centered at 0 from
a local base, we conclude that a sequence {z,} C X is a d-Cauchy sequence
if and only if it is a J-Cauchy sequence. Consequently any two invariant
metrics on X that are compatible with the topology have the same Cauchy

sequences and the same convergent sequences, viz. the J-convergent ones.

By far the most widely discussed locally convex spaces are those for which

the vector topologies are given by a single norm, the so-called normed spaces.

Theorem 1.21 (Kolmogoroff). A (Hausdorff) tvs is normable if and only

if it has a bounded convex neighborhood of 0.

Proof. Let X be normed by | - ||. Then the open unit ball {z : ||z| < 1} is

a convex and bounded neighborhood of 0.

For the converse, let V' be a bounded convex open neighborhood of 0. By
Lemma 1.5 (ziii), there exists neighborhood U of 0 such that U C V, U
convex, open and balanced. Obviously, U is also bounded. For z € X,

define ||z|| = py(z) where py is the Minkowski functional of U.

Cram: {AU : XA > 0} form a local base for the topology J of X.
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Let W € J be a neighborhood of 0. U bounded = U C MW for some
X >0= LUCW.

Now, if  # 0 then = ¢ AU for some A > 0 = ||z|| > A = || - || is actually a
norm on X. As U = {py < 1} is open, it’s easy to see that {z : ||z| <r} =

rU for all » > 0 and the norm topology coincides with the given one. ([

Exercise 1. Show that s, the space of all scalar sequences, is not normable

where the topology on s is defined by the metric

o0

d(0, {zn}) = Z

n=1

1 |Zn|
27 1 + |z |

[Hint: Check that U = {x : d(0,x) < r} is not bounded by verifying that

Pm(X) = |Tm|, X = (24,), is not bounded on U]

Exercise 2. Let X be the space of analytic functions on the unit disc
D = {z € C: |z| < 1} with the topology of uniform convergence on compact

subsets. Show that X is metrizable but not normable.

[Hint: Let p,(f) = sup{|f(2)| : |z| <1 -1} and Un = {f : pu(f) < 3}
Then U,’s form a local base for the topology, hence X is metrizable. To
show that no U, is bounded, fix Ny. Suppose there exists a,, < oo such
that Un, € an,Up, for ny > Ny. Fix zp and z,, such that 1 — Nio <
|z0] < |zny] < 1— n—ll The functions fi(z) = (%)’lC converge uniformly

to0on {z: |z] < 1-— Nio}, hence fi/an, € Uy, for all k& > ky. But
fk(znl) _ i(@)k

— o0 as k — oo, contradiction].
Oy Op, 20

2. QUOTIENT SPACES

Let X be a tvs and M C X a subspace. By definition, the quotient space
X /M consists of cosets  + M = [z] and the quotient map 7 : X — X/M
is defined by 7(z) = = + M. We define a quotient topology on X/M by
stipulating that U C X/M is open if and only if 7~1(U) is open in X. With

this definition, we have

Lemma 2.1. X/M is a tvs, 7 is a continuous and open map, and X /M is
Hausdorff if and only if M is closed.
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Proof. m is continuous by the definition of the quotient topology. Let V' be
open in X. Then 7(V) is open in X/M < 7~ }(w(V))isopenin X < V+M
is open in X which is true, hence 7 is an open map.

Now if W is a neighborhood of 0 in X /M. Then there exists a neighborhood
V of 0 in X such that V +V C 7~ }(W). Since 7 is an open map, (V)
is a neighborhood of 0 in X/M and w(V) 4+ «n(V) C W. This proves the
continuity of addition in X /M.

Check similarly that K x X/M defined by (o, x+M) — a(z+M) = ax+ M

is continuous. Hence the quotient topology is a vector topology.

Now X/M is Hausdorff if and only if [0] is closed in X/M if and only if
771[0] = M is closed in X. O

Suppose that (X, J) is a tvs which is metrized by an invariant metric d. Let
M C X be a subspace. If t + M,y + M € X/M, define

d([z], [y]) = d(z + M,y + M) = d(x —y, M)

which is the distance of # — y to the subspace M. (The expression for d
shows that it is well-defined). d is a psuedometric on X /M and it is a metric
if M is closed. In the latter event, d is called the quotient metric on X/M.

If X is normed, this definition of d specializes to the quotient norm on X /M:
|z + M| = d(0, [z]) = d(x, M) = inf{||x +m]| : m € M}.

Theorem 2.2. Let M be a closed subspace of a metrizable tvs X. With the
quotient topology, X/M is a metrizable tvs. Indeed, if d is a translation-
invariant metric which defines the topology on X, the quotient metric d
induced by d induces the topology on X/M. If X is complete, so is X/M.

Proof. Let m: X — X /M be the quotient map. It is easy to see that if B is
a local base for X then {m (V') : V € B} is a local base for X/M. Check that

n({z: d(0,2) <7r}) = {[u] : d(0, [u]) < r}.

It follows that d is compatible with the quotient topology.

To show d complete = d complete, let {[u,]} be a d-Cauchy sequence. We

can choose a subsequence {[un,]} such that d([un,], [un,,,]) <27
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Inductively choose x; € X so that d(z;, 7;11) < 27% and 7(2;) = [un,]. Since
d is complete, x; — = € X and as 7 is continuous, 7(z;) = [up,] — ().
Hence {[uy]}, being Cauchy, must converge to m(x). O

Exercise 3. If M is a closed subspace of a metrizable tvs X and if both
X/M and M are complete then X is complete.

3. DUALS OF TVS

Theorem 3.1. Let X be a tvs and f : X — K be a linear functional on X,
f £ 0. Following are equivalent:

(i) f is continuous
(ii) ker(f) is closed
(ii1) ker(f) is not dense in X
(iv) there exists a neighborhood of 0 on which f is bounded
(v) the image under f of some non-empty open neighborhood of 0 is
a proper subset of K
If K =C, these are also equivalent to :

(vi) Ref is continuous.

Proof. (i) = (ii) and (iv) = (v) trivial. (i7) = (iii) clear as f # 0.

(797) = (iv). Choose x € X and a balanced neighborhood U of 0 such that
(x+U)Nker(f) =0 = f(x) ¢ —f(U) (which proves (v)). But f(U) is
balanced as U is balanced and hence f(U) is bounded [as a proper balanced

subset of K must be bounded] which proves (iv).

(v) = (¢). Assume that f maps a balanced neighborhood U of 0 onto a
proper subset of K. Hence f(U) is bounded. We have a k > 0 such that
JU)C{zeK:|z| <k}. Let ¢ > 0. Then f(;U) C{z € K: |z <e} = f

is continuous at 0.

(vi) < (7) follows from the observation that f(z) = Ref(z) —iRef(iz). O

Remark 3.2. The last observation that f(z) = Ref(x)—iRef(iz) is useful.
We can consider a complex vector space X as a vector space over the R
by restricting scalar multiplication to R and the space Xg thus obtained
is called the real restriction of X. The above shows that (X*)r is (real)
linearly isomorphic to (Xg)* under the map f — Ref.
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We want to know conditions which ensure that there exists non-zero contin-

uous linear functionals on a tvs.

Theorem 3.3. Let X be a tvs. The following are equivalent :

(i) there exists non-zero continuous linear functional on X.
(7)) there exists proper convex neighborhood of 0 in X.

(ii1) there exists a non-zero continuous seminorm on X.

Proof. (i) = (i7). If f # 0 and f is continuous then U = {x : [f(z)| < 1} is
a proper convex neighborhood of 0 in X.

(ii) = (i1i) If V is a convex neighborhood of 0 then V' contains a convex
balanced neighborhood U of 0. We know that py is continuous and that
U={p, <1}. AsU # X,py(z) > 1if x ¢ U, hence p, # 0.

(797) = (). This is the Hahn-Banach theorem which we will prove in Sec-
tion 4. H

Remark 3.4. This result makes it clear why Ictvs are important viz. these

have plenty of non-zero continuous linear functionals.

If X is a tvs then the continuous linear functionals on X form a linear space
in the usual way, denoted by X*, and is called the dual or conjugate space

of X.

Exercise 4. Let X is a normed space and Y a Banach space then a linear
operator T': X — Y is continuous if and only if supj<; [[T2[| < co. If T
is continuous, let ||T'|| = sup,<; [|[Tz| and denote by B(X,Y) the space
of all continuous linear operators from X to Y. Show that || - || is a norm
on B(X,Y) and that B(X,Y) is complete in this norm, i.e. B(X,Y) is a
Banach space. Specializing to Y = K, we get that X* is always complete

even though X may not be.

Example 3.5. For 1 < p < oo, # = {(zp) : zp € K, > 07, |z,|P < oo}

with norm |[(zn)lp = (3571 lzal?)V/?.

0 ={(z) : z, € K, sup,, |z,| < oo} with norm ||(x,)|| = sup,, |zn|-
¢ ={(zn) € £ : lim,, z,, exists}.

co = {(zp) € £ : lim, x,, = 0}.

These are all Banach spaces and (/F)* = ¢4 for 1 < p < oo, where %—F% =1,

¢ = (%, ¢* = (. The continuous analogues of the ¢P-spaces are the LP(u)
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spaces where (€, %, 1) is a o-finite measure space.

LP(u) ={f:Q — K: f measurable and /|f|pd,u < oo},

with norm ||| = (/ |£Pdi) /7,1 < p < o0.
L®(p) ={f:Q — K: f measurable and essup|f| < oo}

where essup f =inf{M > 0:|f| < M a.e. [u]}.

One knows that (LP)* = L7 for 1 < p < oo, where %—l—% = 1. Also
(LY)* = L™ but (L>)* is usually much larger than L'. More specifically,
® € (LP)* if and only if there exists unique g € L9, unique upto sets of
measure zero, such that ®(f) = [, fg du, f € LP and || ®| = ||g|lq, so the

correspondence between (LP)* and L? is given by ® < g.

For a compact Hausdorff space X, C(X) is a Banach space normed by || f|| =
sup,ex |f(z)] and C(X)* = M(X), the space of regular Borel measures on
X normed by [|ull = supjs <1 |#(f)] = |u[(1), the total variation norm.
More specifically, ® € C(X)* if and only if there exists unique p € M(X)
such that ®(f) = [ f du, (f € C(X)) and ||®| = ||u||. If L is a positive
linear functional, i.e. L(f) > 0 whenever f € C(X) and f > 0 then p is a

non-negative measure.

Exercise 5. When 0 < p < 1, LP(dpu) is defined in the usual way but because
of the failure of Minkowski’s inequality for such values of p, one does not
get a norm. However, d(f,g) = [|f — g[Pdp does define an invariant metric
on LP(du). Show by using (ii) of Theorem 3.3, that (L?[0, 1])* = {0}, with
1 as Lebesgue measure, in contrast to the case when 1 < p < oc.

Solution: Let U. = {f : |f|Pdu < €} is a basic neighborhood. Enough to
show that co(U;) is the whole space. Let f € LP(dp) and let [ |f|P dp = M.
Since z ~ [ |f(y)[Pdu(y) is a continuous function, there exists a point
zo € [0,1] such that [ |f[P du = 2. Subdivide [0,20] and [z, 1] further
in this way to obtain 2" intervals I,, (n to be determined) in each of which
fIn |fIP du = QM,L Let g; = fxi,- Then f = 22221 gi- Put h; = 2"g;. Then

(3

2" ) S M
f=2 gihiand [IhiPdu= | 2%|fifdu= 5oy <<
=1

if n is sufficiently large. Hence h; € U, and f € co(Uy).
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4. THE HAHN-BANACH THEOREM

Theorem 4.1 (Hahn-Banach). Let X be a linear space (over R) and p a
sublinear map on X. Suppose Y C X is a subspace and f:Y — R a linear
functional with f < p on'Y. Then there exists an extension of f to a linear
functional f on X such that f~’§ p.

We first prove the following

Lemma 4.2. The theorem holds when' Y has codimension one.

Proof. Suppose X =Y @ Ra where a € X \ Y. For a fixed k € R, define
f(y—l— Aa) = f(y) + Mk, y € Y. Notice that f<pe
fly) + Ak p(y+Xa) VYAER
<~k < plut+a)—f(u) YueY (A>0)
and k > f(v)—plv—a) VveY (A <0).

IN

Thus f < p <
sup{f(v) —p(v —a):v €Y} <k <inf{p(u+a) — f(u) :ueY}
Now, if u,v € Y,
fw)+f(v) = flutv) < plutv) = p((uta)+(v—a)) < pluta)+p(v—a),
hence f(v) — p(v —a) < p(u+ a) — f(u). Therefore

(1) sup{f(v) —p(v—a):veY} <inf{p(u+a)— f(u) :ueY}

and it follows that k, as required, exists. O

Proof of Theorem 4.1. Let G ={(V,g): V C X asubspace, Y CV, geV/,
gly = f, g <pon V} where V' is the algebraic dual of V.

Partially order G by: (V1,91) < (V2,¢92) if and only if V; C V3 and ga|y; = g1.
It is clear that any chain in G has an upper bound, hence G has a maximal
element (Y’, f') = (Y, f). f Y’ # X, we could obtain an element larger than
Y’ (by one dimension) by Lemma 4.2. This completes the proof. O

Exercise 6. In the theorem, the extension f is unique if and only if (1)
holds for alla € X \ Y.
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Exercise 7. If Y = {0} then f is unique if and only if p is linear.
(Use (1) to get, in this case, —p(—a) = p(a).)

Theorem 4.3 (Complex form of the Hahn-Banach theorem). Let X be a
vector space over C, p a seminorm on X, Y C X a subspace and f:Y — C
a (complex) linear functional such that |f(x)| < p(xz). Then there exists an

extension f: X — C also C-linear and |f| <p.

Proof. Let g = Ref, then g: Y — R is R-linear and g < p. By Theorem 4.1,
there exists R-linear extension g : X — R with g < p. Define f: X —-C
by f(z) = g(x) — ig(iz). It is clear that f is C-linear and that fly = f.
Now g < p = |g| < p. Also, |ﬂ < p, since if f(x) = re? r > 0, then
f(e7®z) = r € R and hence,

r= \f(x)\ = f(e_iea:) = §(e_i9x) < p(e_wx) = p(z).

5. CONSEQUENCES

Corollary 5.1. Let X be a linear space and let A C X be a convex balanced
set which is radial at the origin. Let f be a linear functional on a subspace
M C X such that |f(y)| <1 for ally € M N A. Then there exists a linear
functional g on X such that

glm = f, lg(x)| <1V xe A

Proof. Let y € M, choose r > 0 such that y/r € A (radiality of A) =
[fy/r)| <1=[f(y)] <7 =[f(y)| < p(y) where p = p4 is the Minkowski
functional of A. p as we know is a seminorm. By HB Theorem, there exists
a linear functional g on X extending f and |g(x)| < p(x) for all z € X. If
x € A, p(x) <1 and it follows that |g| <1 on A. O

Corollary 5.2. If (X,|| - ||) is a normed linear space and xo € X, there

exists a linear functional g on X such that ||g|| =1 and g(zo) = ||xo]|-

Proof. Let y = xo/||xo|| and define f on Ky by f(ay) = a. Now, |f(ay)| =
la] < ||ayl|| for all @ € K, so by HB Theorem, there exists g on X such that
9lky = f (= g(x0) = [[zol]) and [g(x)| < [lz]| for all z (= [lg]| = 1). 0

Remark 5.3. It follows that ||z| = sup{|g(x)| : g € X*,||g|| < 1}.



TOPOLOGICAL VECTOR SPACES 15

Theorem 5.4. Let M be a subspace of a lctvs X. Then any continuous
linear functional on M can be extended to a continuous linear functional on
X (when X is a normed linear space this can be accomplished in a norm-

preserving way).

Proof. Let f € M*. Then there exists a neighborhood V of 0 in X such
that |f| < 1 on VN M. Choose a convex balanced neighborhood U of 0
in X such that U C V and we have |f| < 1 on UN M. By Corollary 5.1
above, there exists linear functional g on X such that g|yr = f, |[g| < 1 on
U=geX". O

Corollary 5.5. If M is a closed subspace of a lctvs X and if © & M, there
exists f € X* such that f|pr =0 and f(z) # 0.

Proof. X/M is a lctvs and = + M # [0]. Find f on X/M by HB Theorem,
such that f € (X/M)* and f(z + M) # 0. Define g = fonm € X*. Hence
9(w) = f(z + M) #0. 0

Corollary 5.6. If X is locally conver and x,y € X, x # y then there exists
f € X* such that f(z) # f(y), i.e. X* separates points of X.

Theorem 5.7 (The Separation Theorems). Suppose A, B are disjoint, non-

empty conver sets in a tvs X.

(a) If A is open, there exists f € X* and A € R such that Re f(z) <
A< Re f(y) forallz € A, y € B.

(b) If A is compact, B closed and X is locally convez, then there exists
f e X* A, s € R such that Re f(x) < A\ < Ao < Re f(y) for all
r €A ye B.

Remark 5.8. It is enough to prove these results for tvs over R.

Proof. (a). Fix ag € A, by € B and let xg = by — ag. Put C = A — B + .
Then C' is a convex neighborhood of 0. Let p = po be the Minkowski
functional of C'. Then p is a sublinear functional. Now, AN B =0 = xg ¢
C = p(xg) > 1. Define f(tzp) =t on the subspace M = Rux.

Now, if t > 0, f(txo) =t < tp(xo) = p(txo) and if t < 0, f(tzg) =t <0 <
p(tzo) = f <pon M.
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By HB Theorem, extend f to a linear functional A on X so that A < p. In
particular, A <1on C = A(—x) > —1 on —C = |A| <1 on CN—C which
is neighborhood of 0 € X = A € X*.

Ifae A, be Bthen Ala)—A(b)+1 = Ala—b+z0) < pla—b+zp) < 1 (since
Cisopen and a — b+ 29 € C) = A(a) < A(b). Tt follows that A(A) and
A(B) are disjoint convex sets in R with A(A) to the left of A(B). Also A(A)
is open since A is open and every non-constant continuous linear functional

on X is an open map. We get the result by letting A be the right end point
of A(A).

(b). A compact. B closed = B — A closed = there exists convex neigh-
borhood U of 0 such that UN (B — A) =0 (as ANB =0,0¢ B— A)
= (U+ A)N B = 0. By (a), there exists A € X* such that A(A+ U) and
A(B) are disjoint convex subsets of R with A(A+ U) open and to the left of
A(B). Since A(A) is a compact subset of A(A+ U), we get the result. O

Exercise 8. A closed convex set in a lctvs is the intersection of all the closed
half spaces containing it.

6. COMPLETE METRIZABLE TVS

Definition 6.1. A set A in a linear space X is said to be radial at the origin
if, for each x € X, there exists r, > 0 such that 0 <r <r, = rx € A. Some

authors call 0 a core point or internal point of A.

The basic result here is the following

Proposition 6.2. Let X be a complete metrizable tvs. Let A be a balanced,
closed set radial at 0. Then A+ A is a neighborhood of 0. So, if A is convex
then A is a neighborhood of 0.

Proof. A radial at 0 and A balanced = X = J;_, nA.

A closed = nA closed. By Baire Category Theorem, some nA has non-
empty interior = A has non-empty interior = A+ A (= A— A as A is
balanced) is a neighborhood of 0.

A convex = %A + %A C A. By applying the above argument to %A, we see
that A is a neighborhood of 0 if A is convex. O
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Theorem 6.3 (Equicontinuity Principle). Let X be a complete metrizable
tvs and 'Y a tvs. Suppose {T;}icr is a family of continuous linear transforma-
tions from X into'Y and suppose that, for each x € X, the set {T;x :i € I}
is a bounded set in'Y. Then lim,_oT;x = 0 uniformly fori € I.

Proof. Let V' be a neighborhood of 0 in Y. It suffices to show that
Nicr T, (V) is a neighborhood of 0 in X. Choose a closed balanced neigh-
borhood U of 0 in Y such that U + U C V. Let A = (,.; T, '(U). Then
A is balanced (as T; is linear for each 1), closed (as each T; is continuous
and U is closed) and radial at 0 because if z € X, there exists r, > 0
such that r,(T;z) € U (for all i) by the boundedness of {Tjz : i € I}
in Y. So by last Proposition, A + A is a neighborhood of 0 and clearly
A+ AC e T V). O

Remark 6.4. The above result is often called the Principle of Uniform
Boundedness when X, Y are, respectively, Banach and normed linear spaces.

Specifically, in this context, the theorem reads:

If {T;}icr is a family of continuous linear transformations from X to'Y such
that for each x € X, sup{||Tiz||y : ¢ € I} < oo then there exists M > 0 such
that ||Tix|ly < M||x||x (for alli and x € X ), hence sup; | Ti|| < oo.

Theorem 6.5 (Open Mapping Theorem). Let X, Y be two complete metriz-
able TVS and let T be a linear continuous transformation from X onto Y.

Then T is an open mapping.

Proof. 1t suffices to prove that if V' is a neighborhood of 0 in X then T'(V)
is a neighborhood of 0 in Y. Let d be a invariant metric compatible with the
topology of X. Define V;, = {z : d(0,2) < r-27"}, (n =10,1,2,...) where
r > 0 is so small that V C V. We will prove that some neighborhood W of

0in Y satisfies W C T(V7) C T(V). Since Vi D Vo+ V3 and T is continuous,

we get

T(Vi) 2T(V2) + T(V2) 2 T(Va) + T(V2).
But T'(V3) is closed, balanced and radial at 0 (the latter because V5 is radial

at 0 and 7T is onto), we have by our first proposition that 7'(Va2) + T'(V2)
contains a neighborhood W of 0 in Y.

Now to prove that T'(V1) C T'(V). Fix y; € T(V1). Assume n > 1 and y,

has been chosen in 7'(V;,). By what was just proved, T'(V,4+1) contains a
neighborhood of 0 in Y. Hence [y, — T'(Vs11)] NT(Vi,) # 0 = there exists
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xn € Vp such that Tz, € yp — T (Vo). Put yps1 = yp — Ty € T(Vig1)
and we can continue the construction. Since d(0,z,) < 57, it is easy to see
that the sums x; + ... + z,, form a Cauchy sequence and hence >  z, = =
exists with d(0,z) < r =z € Vp C V. Moreover,

m m
Z Txy = Z(yn - Z/n—i-l) = Y1 — Ym+1
n=1 n=1

and as Ym+1 — 0 as m — oo (this is because by the continuity of T,

{T'(V,,)}52, forms a local base at 0in Y'), we conclude that y; = Tx € T(V).
This completes the proof. [l

Corollary 6.6. Any continuous one-to-one linear map of one complete

metrizable tvs onto another is a homeomorphism.

Exercise 9. Let X be a linear space which is complete under two norms
| -1l1 and || - ||2 and suppose there exists K > 0 such that ||z|1 < K||z||2 for
all z € X. Then there exists L > 0 such that L||z||2 < ||z|1 < K||z||2 for

alze X, ie ||-]1 and || - |1 are equivalent.

Theorem 6.7 (Closed Graph Theorem). Let X,Y be complete metrizable
tvs and let T' be a linear transformation from X toY . Then T is continuous
if and only if the graph G = {(x,Tz) : x € X} C X XY is closed in X X Y.

Proof. Clearly, T' continuous = Gt closed.

Suppose now that G is closed. Consider X x Y with the product metric:

d((z,y), (@', y)) = di(z,2") + da(y, 9/)

where di,ds are the metrics inducing the topologies of X, Y respectively.
G is a closed subspace of X x Y. Let P: Gpr — X be the projective map,
i.e. P{(z,Tx)} = x. P is continuous linear, 1-1 and onto X. Hence by the
above Corollary, P is a homeomorphism, i.e. P! is continuous which says:

T, — = Tx, — Tz, ie. T is continuous. O

Exercise 10. Suppose Y is complete metrizable tvs such that the contin-
uous functionals on Y separate points of Y, i.e. given y; # yo there exists
f € Y* such that f(y1) # f(y2). If X is a complete tvs then T': X — Y,
(T assume to be linear) is continuous if and only if f o T is continuous for
all feY™.



TOPOLOGICAL VECTOR SPACES 19

Exercise 11. Prove that 7 a sequence {\,} C C such that 3 a, converges
absolutely if and only if {\,a,} is bounded.

[Hint: Assume ()\,) exists with \, # 0 for all n. Define T : {* — ¢! by
T(en)] = {en/An}. Then ||T] <> |i! and ) |ﬁ| < oo by the hypothesis.
Hence T is continuous, linear, one-one, onto = ¢ and ¢! are homeomor-
phic which is impossible as £>° is non-separable and ¢! is separable in their

respective norm topologies.]

7. WEAK AND WEAK* TOPOLOGIES

Lemma 7.1. Let X be a linear space. Let F be a family of linear functionals
on X which is total, i.e. f(x) =0 forall f € F = x =0 (equivalently: F
is separating). Let J be the weakest topology on X relative to which every
f € F is continuous. Then (X,J) is a lctvs and every continuous linear

functional on (X, J) is a linear combination of functionals in F.

Proof. A topology on X will make each f € F continuous if and only if
every set Us,. = {y € X :|f(y) — f(x)| < e} is open. The collection of all
such sets is translation-invariant and J is a translation invariant topology.
Thus it is sufficient to look at the topology at the origin where a local base
looks like {z : |f;(z)| <ej, 7 =1,2,...,n}. Such sets are convex, balanced

and absorbing. Therefore, by Theorem 1.4, (X, ) is locally convex.

Suppose f is a linear functional on X which is J-continuous. Then there
exists a J-neighborhood of 0 on which f is bounded, i.e. there exists
fi,. o, fn€F,e>0and M > 0 such that

Ifi(@) <e Vi=1,....n=|f(z)] < M.

Therefore, there exists ¢ > 0 such that |f(z)| < cmaxi<j<y, |fj(x)| for any
z € X. In particular, ker(f) 2 (;_, ker(f;) = f = > 3_; axfi for some
at,...,0, € K. |

Exercise 12. Prove the last statement in the above proof.

Remark 7.2. If F is a linear subspace (of the algebraic dual of X), it
follows from the lemma that the (continuous) dual of (X, J) is F itself.

Definition 7.3. Suppose that (X, J) a lctvs. We know that X* separates
the points of X. Taking F = X*, the lc topology J,, that we get in the above
lemma, is called the weak topology of X. Note that 7, C J. Moreover, a
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typical neighborhood of 0 in 7, looks like {z € X : |fi(2)| < ¢, k =
1,...,n}, fr € X*.

Exercise 13. Let X be alctvs and E C X is a convex set. Then the closure

of E in the weak and the original topology are the same.

Definition 7.4. Suppose that X is a lctvs For each x € X, define the linear
functional  on X* by Z:(x*) = z*(z). Note that {Z : © € X} is a linear space
and that it separates the points of X*. We are now in the situation described
by the lemma with X replaced by X* and F replaced by {# : x € X}. The
corresponding topology is called the weak* topology on X*. A basic w*-
neighborhood of 0 is then {z* : [z*(x)| < e,z € X,k =1,...,n}.

The most important result concerning w*-topology is the following

Theorem 7.5 (Banach-Alaoglu). Let X be a lctvs and suppose that U is a
neighborhood of 0 in X. Then U° = {f € X* : |f(z)| <1 for allz € U} is

compact in the w*-topology on X*.

Proof. First observe that if U°° is defined by {z € X : |f(z)| <1 for all f €
U°} then U®° = ¢o(U) and that U° = (U°°)° (both are simple consequences
of the 2nd form of the separation theorem). Since U°° is convex, balanced
and closed, we may without loss of generality assume that the neighborhood

U is closed, convex and balanced to start with.

Let p = py be the associated Minkowski functional of U. Now, U = {z :
p(z) < 1}, hence U° = {f € X* : |f(z)| < p(z) for all z € X}. p being a
continuous seminorm, any linear functional g on X such that |g| < p on X

is automatically continuous on X.

For each z € X, let D, = {a € C: |af < p(z)}. Look at IT =[] .y D,. II
is compact (Tychonoff). Identifying f with (f(z))zecx, we see that U° C II.
Now II is the set of all functions F' : X — C such that |F(z)| < p(z) for all
x and U° = {F €Il : F linear }. The topology on II is the product topol-
ogy, i.e. the weakest topology defined by the coordinate projections. One
projection for each x € X : #(F) = F(z). Therefore, the weak™ topology on
U°® is its relative topology in II. But U®° is closed in II:
U°={F €Il: F linear} = ﬂ ker[(amy) — a7 — By].

aeC,BeC
z,yeX



TOPOLOGICAL VECTOR SPACES 21

Corollary 7.6. Let X be a normed linear space. Then the unit ball of X*

is weak™® compact.

Exercise 14. If X is a separable normed linear space. Show that the w*-

topology of the unit ball of X™* is metrizable.

8. EXTREMAL POINTS OF COMPACT CONVEX SETS

Definition 8.1. Let C be a convex set in a linear space X.

(a) A point z € C'is called an extreme point of C'if z is not an interior
point of any line segment in C. That is, if y,z € C, A € (0,1) and
r=Ay+ (1 —XN)z, thenz =y = z.

We will denote by ext(C') the set of extreme points of C'.

(b) A convex set F' C C'is called a face of C if no point of F' is an
internal point of a line segment whose endpoints are in C' but not in
F. Thatis, z,y € C, A€ (0,1) and e + (1 =Ny € F = z,y € F.

Thus, z € ext(C) if and only if {z} is a singleton face of C.

If F' has the above property, but is not convex, we call it an extremal set.

Example 8.2. Let K be a compact Hausdorff space and let P be the convex
set of regular probability measures on K, so P C X where X = C'(K)*.

(i) The discrete measures form a face of P (a measure p in P is
discrete if =322 | oz, Yo om =1, a, >0, z, € K).

(ii) The continuous measures (i.e., measures without any point
masses) from a face of P.

(iii) If m € P, then {u € P: p < m} is a face of P.

(iv) If m € P, then {gx € P: L m} is a face of P.

(v) The extreme points of P are the point masses {0, : * € K} and

conversely.

Proof. Any 0, is clearly extreme. If u € P and if the (topological)
support S(u) of p has two points z1,z2 find an open U such that

tlons )
. N 1. Let = —
x1 €U, 29 ¢ U. Now 0 < pulUNS(u)] < et U NS’

1y = s\
n(S(p)\U)
p=pUNS(p)p + 1 — p(UNS(w)]pe.

, then pq, uz € P, 1y # mg and
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(vi) Using (v), show that the extreme points of the unit ball of
C(K)* = M(K) are exactly {A\d; : A€ C, |\ =1,z € K} = B.

(vii) Consider a subspace A of C(K). Show that the extreme points
of the unit ball of A* are contained in B and find an example to
show that all points in B may not be extreme.

(The proof of (vii) follows easily from the Krein-Milman theorem)

Theorem 8.3 (Krein-Milman Theorem). Suppose X is a topological vector
space such that X* separates points of X. If K is a compact conver set in

X, then K is the closed convex hull of its extreme points, i.e.,

K = wo(ext(K)).

Proof. STEP I : If K is a compact convex set in X, then ext(K) # ().
Let P be the collection of all closed faces of K. Clearly, K € P.
Cram : If Se P, fe X* and

Sp={xeS: f(x) =sup f(5)},
then Sf cP.

To prove the claim, suppose z = Az + (1 — N)y € Sy, z,y € K, X €
(0,1). Since z € S and S € P, we have z,y € S. Hence f(z) < sup f(9),
f(y) <sup f(S). Since f(z) = Af(z)+ (1 —\) f(y) = sup f(S), we conclude
f(x) = f(y) =sup f(5), i.e., z,y € Sy.

Order P by reverse inclusion, i.e., say K1 < Ky if Ko C K;. Let C be
chain in P. Since C is a collection of compact sets having finite intersection
property, the intersection M of all members of C is nonempty. It is easy
to see that M € P. Thus, every chain in P has an upper bound. By
Zorn’s Lemma, P has maximal element, My. The maximality implies that
no proper subset of My belongs to P. It now follows from the claim that
every f € X* is constant on Mj. Since X* separates points of X, My must
be a singleton. Therefore My is an extreme point of K.

STEP II : If K is a compact convex set in X, then K = ¢o(ext(K)).

Let H = co(ext(K)). If possible, let zy € K \ H. By Separation Theorem,
there is an f € X* such that f(x) < f(xo) for every x € H. If Ky = {z €
K : f(z) = sup f(K)}, then, by the claim, Ky € P and K; N H = 0. By
Step I, ext(Ky) # (). But since Ky is a face of K, ext(K) C ext(K). This

contradiction completes the proof. O
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9. INTEGRAL REPRESENTATIONS

Suppose K is a non-empty compact subset of a lctvs X and p is a regular
probability measure on K. A point x € X (if it exists!) is said to be
represented by p if f(z) = p(f) = [ fdp for all f € X*. Also, one says that

x is the resultant of p and writes = = r(p).

Proposition 9.1. Suppose C' C X is compact and assume further that
K =¢o(C) is compact. If p € P(C) then there exists a unique point v € X
which is represented by .

Proof. By K-M theorem, there exists a net p, of the form

Mo = iaﬁa)%@ (CL? > O, Zaga) = 1’ yia) c C) )
i=1 !

With g — p in the w*-topology (on M(C)). But > ' Z yz () ¢ K and
since K is compact, there exists a subset Za 2 (B ), say, converging to a
point x € K. Consequently, f(>_ a(m (ﬁ ) — f(z ) for all f € X* and thus
p(f) =limg pg(f) = f(x) for all f € X*. The uniqueness of r(u) is a direct

consequence of the fact that X* separates the points of X. O

Proposition 9.2. Suppose C C X is compact and that K = ¢o(C) is com-
pact as before. Then x € K if and only if there exists p € M (C), the

reqular probability measures on C', which represents x.

Proof. Suppose p € M;7(C). Then by the last result, 7(u) = = € c0(C).
Now, let x € ¢o(C). Then z is approximable by elements of the form
Yo = D2 Adyd (o >0, DA =1, y* € C). Consider the corresponding
measures flo, = Z)\iaéyia € M (0), r(tta) = Ya- There exists a subnet

ps — € M7 (C), hence for all f € X*, limg f(ys) = limg us(f) = u(f).
But yg — z (as yo — ), and we have u(f) = f(x) for all f € X*. O

Remark 9.3. It now follows from the above result that the following state-

ments are equivalent:

(a) If K C X is a compact convex set, then K = co(ext(K)).
(b) Each z € K is the resultant of a u € M; (K) with p supported
by ext(K).
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