sl

Comuzrniron THEOREMS K SPLITTING THEOREMS
IN VON NEUMANN RLGEBRAS
ST R 25/00 ~ TFA

@) vow Nevmrawn RGECRA 1, €MCB(H) *~JUBALGERR , (WO)SO-CLOSED
cenrer Z(M)=MnM’; M Facror : Z(M) =2 M?=M
EQUIVILENCE OF PROIECTIONS €, FEM: e~ § (e<f)

(#) ven, viy=e,vwt=f (vW*<f)
Comparison THEOREM : (3) pe& Z{(M), projechon

P Lfp , PU-PLettp)

M RRCTOR :  EITHER @4 £ , OR fde

e
J. vew Neumanw's Rebucrron Tweory M=[ MBdutt)
REQUIRES SEPARRBILITY OF M, (H) MLt

ALEEBRAIC REDUCTION THEORY (NO SEPRRREILTY RSSUMPTIONS)
GLIMM . KL GELFNO SPECTRUM Ok F(M)

K v ] athcm CLOSED 2-SI10ED 10ERML GEN. 8Y £

SAKR! : M FINITE ==y M FACTORS
S-2 (19%) : M SEMJFIMITE =7 SOME NRTORAL COMPLETIONS
Me RRE FHCTORS
@) Dixmier mars
F = convex hutl {M X P uUxU ; ueM m.éuj}c )

——

T= TP wpont cloune om 8M)
Dixmyer Sets _
K(z) = F N 2(M)# P (diawmee) Treorer)

e = Gm. N 2M) = T(0nZ2M)

M e FAcTOR = K(z) = 700%, 7 trace, zt1) =
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M INFINITE FRCTOR : £ SSENTTAL NOMERICAL RANGES
( CONWRY, 4970)

3((2) =V7(x)={cpcx)5 e SM), cfh=o}
C(z) = Vp(2):= {900 peSM), ®|p=0}

T = CLOSED 2-SIDED 1DEAL GENERRTED BY FINITE PROJECTION

J= —y= PROTECTIONS €4

/M PROPERLY INFINITE VON NEUMBNN 2cEBRR (SZ 1972)
T (M= {é‘b : M => 2(M) ; CoMd. EXPECTATIONS &

xfz) = '\-/;(x)-.-.- {4(’()5@&2, %’7"0}
e =V wi={®0; P, $|r =0}

N] SEMFINITE : MO 0.—#@6—2) 4’]1-0 IN SVORMAL
a 7Y H <. T=0 : (Enousr mavy NORMAL des

IpLicsT CONSEQUENCE (EXpLICIT WV 52 4972 -

[FPPROXIMARTION THEOREM : M) PROPERLY INFINITE =2
M) 4.1. §II=0

ANY CONDITIONRL EXPECTRTION P: M H
CAN BE W- Por PPPROXMATED B8Y DIXMIER MAPS .

o N Twp Tll : BNY, CONOITIONAL EXPE TATION $ :M-=2m)
CAN 8E wi-poryr RPPRONMARTED WITH DIxMIER MAHPS
x > J."Z'_utq. Uy X U
=/

® N FACTOR oF TYPE H] : ANY STATE Pp:M—>CIcm
CRN BE W~ POINT APROXIMBTED BY DIXMIIER MAPLS

THE KEY ROLE IS PLRYED WERE BY THE LESS USUAL
dixmirer ser Clx) siwvce
Cn) v ﬁ,m.temw af,m%;d‘and_, whkrke
H(z) ~ 7OV SpuVaLeace % 4 OF peazEcions
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) cuassrcar esemenmry resor: (M, = M., (©))
My CM => M= Mat (MynmM) = M, & (MyamM)
CONNES ~ TRKESAK! (1975 Cons1STENT USE oF Motwiar THEORY)
MR FRCTORS , B BBEUAN, MBL,CRCMBA =) R=med,

THEOREM (GE-KADISON, IWVENT. MATH {996) M FACTOR
D MY RCMBEBMN) => R= MBN e Risspur

OBV/OUSLY MOT TRUE FOR M) # MON- RARCTOR
M=M @M, , R= (MBN,)@ (M:@N,) , W, #N;

QUEST70NS :

4°. WHaT Remmins TRUE IF Z(M) 1S ARAITRARY ?

2’ UNDER wWHET EXTRR CONOIIIONS @ REMMNS TRUE
wirH  ZE(M) wvow TRIVIRL ?

WHAT IS ¥ N @ 7
N S 4y®@N = RN(Z0E604)= R N(MB1,)’

ANSWERS :
1° 0 THEOREM (5-3) M@ 4y c RC MBI =>
=2 R = (Me4,)v(RNMe)) R cisspur”
Rervauy R = (M@dy) g’)cm (M@4,y) TENSR Aeosucr

OVER 2(M)
As ZM@1c RN(2ME8w)) C Z(M)B 8(H) we cer
R PORTIRL ANSWER To Questron 2°:
o COROLLARY JF M@, C R M@BMH) Tew
R I1sspUT ¢=> R N (Zm)e 8w) 1s spur

I.€ p comPIETE ReosucTION OF QUESTION 2° TO TVE
COMMIUTRIIVE CRASE FOR M.
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2° 2Z®4, cRcZe8wtH) = R=28N (Zamwmmic)
. CONOIT/IONS

NECESSARY Cowbirron : (A @id)(R)CR, (W) xeRd @)

NOT  SUFEICIENT :

B CERTAIN yHOMOGCENEITY® IS NECESSARY
. MAHIRAM) ~ FROC. NAS, 1942

o THEoREM (S-2) IF M8, cRCMBBU) And
2M) 1S LOCALLY WOMOSENEOUS |,
(& d) (R0 (2B BH) C R(EM@8r) @) xeAd(Zm))

el R=MBN (R isspur)

THE BRs/c RESOLT USED ROR THE Peoor Is
®  PROACSITION (S5-B) For & 4 Locally Comawer sRovP :
L6)04,c Rc [G)BBW)
(Ad(rg)@<d) (RICR, W) ge &

PeooF X: G —> Sud(R) , ¢3=4ﬂ4’)5a
v: L)~ R | V(f) = fei
“Q(V(f) = v(AdOg) §)

By the LevosTaD TyPE THeorem For cressss
ProdocTs 8y &RouP JusLS (S-Vorculesew -2 , 1976)

R = (L%6)@4,) v R™ (R fixed pte of )
R2c (L™(s)& 8tw)) N {Xgoi,,;ge@}’
c 460 8(4) .

] =y K= L‘YG)JM
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@ FOR THE PROOF CONSIDER FIRST THE (GE-KRDISON CASE:
M FACTOR , M@1%, CRCMBBH) => R = MBN

o QUR FIRST RemARK : WE m9Y RSSOME R oF TYPE 1] :

€) meii#»_c_me PB®M@1, C PBR c PEMBBH
Pem ssTrel :  P@R = fomen (qei o)

e WWAr s ”? N= MO” =i((?¢gd)(k)) qéw’)m(i”
Curcx Tuey R = O 8Y TomyTR
= / > M/ ! s
R MBN <= (MeN)! c R¢=>MI@N c R e
M‘Olﬁcﬂ’@>kc»¢oacw ——

< dy@N/ cR' 1s 2557 (#) XeR, ye/vj peM, :

‘ka{;dk) (X(my)) ((fod)CX) (403')

R D248V se R 5 (vmd)oe)
&) ¢ €SM) voemac
INOEED, By THE RPPROXIMARTION THEOREM
G =Wp- Ut of convex(x —>uzu?) , uem
@@id = wp limet of comvex (X (o) X (u'e1))
M@4LCR wewe -> 2

Ty THE GEMERDL CASE
WE MOVE THE RPACOXIMABTION THEOREM
\VE MEED B CERTNY COMMUTRIION THEOREM



.
@) UsuaL Teysor Producr M= M,8M, :
- M, CN,
M= MM, s (3) N, TveTracror & gt ¥
My €N,

EX/STENCE , ON/QUENESS .. . /Vo s B(II‘J@,{” ,A‘l. 4//0&”:)
3 1
THEN THE Tormr7R CommurRTION THEOREAN) REARDS :
(M M) = (M aNe) v (MLnA))

TENSOR PRODUCT OVER B CommMUTATIVE : 1 41

(3) TYPE I vNAseRRA Wit ZMN,) = 2 Svocw THAT
M Ne , My C/V.'
Exssrence (ModeL) . Myc BK,)@82 @1y = A,
@'andri!mxma»a&uwy M,C 1, @ 2@80K) =N,
M= vaMz
ONIQUENESS : T - 150 => - T @ 4l  SPRTIAL 15O
2(e) = 2(f) => .- @1~ f@¢

o Tweorem (Commuramion Tweorem) (S-2)

MM = (MnN.)v (M0, )
BerumiLy : g 2

Wirw 2 maxmoL RBELAN (2= B') TS means :
/I 1,,‘0 2cHMclH,)82, Mc 25'80/,)) TvEN

o [Mei)vinem) = Mey)vi,en)

THE PROOF OF THE COmMOTRTION THECLEM :
o /W INE SEPRRIBULE CASE (N,CBN), H SEMRRSLE) 1T IS

REDVCED TD THE TOMITH COMMUTRTION THEOREM BY A
ROUTINE ROPIICHTION OF VON NEUMBNY RE DUCTION THEORY
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IN THE GENERRL CHSE, B SIMILAR RPPROACH USING ouR
n RLEEBRAIC REDUCTION FAMLED
o We PROVED Jv 8Y EXTENNING THE RIEFFEL-VAN DAELE

y REAL WILBERT SPACE * PROOF oF Tammn's THEOREM

oo o HILBERT MOOULES OVER RERL PRRTS OF OPERSTOR MEERRAS ...

SPLTTING THEOREM

COMMUTATION TiEoREM For

@ e TesT PRRTICULAR CRSES OF B GENERSL =
COMMUTATION THEOREM

IT RPPERS THAT 8o 0URL,

commule
@ NyN,, Ny, C BCH) voy Nevmown #sEérss mmnf_u
MiCNVN, , M ,CNVN, WMo, Yypel

1) (W vm, vrmz)'= (M) OA,) V(o) v (vww, wv,)'
@ MvMmy)'n (NN = (MI0N,) v (M) nN,)

CONSEQUENCES

o 4° (N=2) THE ComMUTRIION THEOREM FOR Qg

o L (Ny=No, My=M, My=N,= 2) AL _SPLITTING THECREM 1

- COMMUTE
NN, CB(H) = SAMECENTERE , NEMC N VN, =
S NoTYPEL

= M= (MoNs)v (NVA,)!
MinN, = Ml (NN,) = MON,) NN,

37 (8y mooryive 2°
TO THE CommorawTs)y SpL)rrimg THEOREM
SAME RSSYMmPIIONS DS PBOVE ==
M= NV (mMnN,)
MON, = Vinm = Fm) (@ :xva, -4,
20) = Z(Moy) o2

RCTUBLLY : M) = Ng (N/OM)




e

@ INVRRIANCE THEOREM FOR CONDITIONAL EXPECTATIONS
Commnute
VAA c 8H) & samme cemiter 2

No t]ﬁ‘_
¢) $ v - @\N 1-4 CORESPONOEAMCE O
NVN, = N, N  NORMAL COVL. EXDECTHTIONS

W) NCMCNVN, => PM)= MNN, = N am
Q7 § NNy, = Ny mormat C.E,.
GENERAL SCHEME OF THE PROOF :

BOPROXIMATION THEOREM

l COMMUTATION THEOREM
(CommUmPIVE CHSE)

INVARIANCE THEOREM /

i SPLI 77'/0‘ THEOREM

ouAL SPU”‘M’G THEOREM

|

P CENERN. COMMUTRTION THEOREN
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TENSOR PRODUCT OVER SUBRLGE 8RAS
M = Mf g Mz ZsZ’(N)CN L—,M,
MERNS : 3

1‘ M = M4VMZ MzC—-’M
COMMUTE
CNVN,
& (D) M MeN' S 200) = E0) <E o2 MC NV,
Wy, M, THPET M, CNVH,

BY TWE SPLITTING THEOREM TS IMPLIES
My= N ? (Mlam,)  My® /V? w'nmy)
M=NV (/V,OM,) v (”//7,.':)

Je N 15 R FRCTOR THIS MERNS
M s NBB | M= NEF, s M8M, = N8/, &),
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PROPERLY INTERPRETED THE Generne CommUTATION THEOREM

SAYS ¢ _ ' . o ;
“ (R, ® R,) =R, 8, A,

NRAMELY :

COMMUTE
N, N,, Ny < same cENTER MG M NN
NN TIPEL NS MCNVA,

- ! ! =
o (M@M) = (M,VN. ® '
(M@a) = (Vi) B VM)

MODEL :

N= l”‘o R (L") 1”‘
Ny= BUH)B2R) 94, (Wwwvmy) = 1,® R'®4,
My = 4, @ 20)E BUR) )

W@®RC R cBH)BR , M=k @1y
R @4y C R C R BH,) ) My =4y @R,

(
o [Ri@t,)vyerD] = (Rl®1),) v (4, @R!)
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@ ® APPLICATION: PRRIIAL ANSWER TO R PROBLEM OF S. Pope

(1963)

P, C P, c B(H), H serarnsce
P, maximacr iNzEcTIve v 4

4° ,[[, REDUCTION THEORY
& ®F, rmx1mmL MIECTIVE 1v Z@K, | (V) Z commursnve

2° J|, vsiwe TwE  SPLITTING TIHEOREM)
R®F, maxmmoe wzecrve w R8F, , (W R ivTecrrve
£ Z@BH) = ()@ BH) & L™ (2)x; 807)
2@, < Z@P, cMc 28R C2Q8M) wp» P cMm)h cB)
M INIECTIVE #. M) INIECTIVE f-ae.

2° REP, cMc RRR == M= (Red, )V (M0 (200)BER))

® . R—>2R) @36 iol) (M) wEncE mrecrive
"

2eh, < MO (2RIBBM) c ZR)@P,

MRY. INIECTIVE =
THEREFORE M = RBF, .

THE CRSE R INTECTIVE FACTOR WRS CONSIERED Iv G& - KRo/son

ExTension ror C-ALEEGRAS : A omra swmmie nocienr
A® =
ic Bcﬁgﬂb =7 8_42‘.6

L2510, J Bhcnmaias IN0BPENOENT ireceewT Paoors



