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and so on...
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The set we ve intevested in is

the limit of this process



The set of points that vemain aﬂer

all these "middle thivds” have been
deleted is called the Cantor set.



The set of points that remain aﬁ‘er

all these "middle thivds” have been
deleted is called the Cantor set.

( Geory Cunter, 15451915



/ts /mfobabéf not at all clear that an 1y
points vemain but, as we ll see, there

are tons of lnaz'mﬁs i the Cantor set!



In spite of the ﬁwz‘ that it's havd to
visualize the Cantor set it's not hard
to understand w/z)/ if must be a very

bz’y set.
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So A 15 the limit of the A, 5.



10 see that we haven't just given an
elaborate ﬂ/e/‘z‘n (ttion /%r an empty set,
let's vecall again (a portion oﬂ our
imitial construction, this time labelin 19

the em&wzhzﬁs.
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0 1/3 23 1
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Since we always remove points from the middle of an interval)
notice that the enapoints 0 and 1 vemain after the first "deletion”.
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0 1}
0 1/3 23 1
b 18779 1/3 2/3 7/9 8/9 1
0 T/9 2/: 1_/3 2/3_ _7/9 8; Z

Both 0 and 1 remain aﬁ‘er the second and third deletions, too. In
fact, they vemain after every subsequent deletion.



THE CONSTRUCTION

0 1
0 1/3 23 1
b 18779 1/3 2/3 7/9 8/9 1
0 T/9 2/: 1_/3 2/3_ _7/9 8; Z

Thus, the limiting set contains
at least the two endpoints 0 and 1.



THE CONSTRUCTION

0 1}
0 1/3 23 1
b 18779 1/3 2/3 7/9 8/9 1
0 T/9 2/: 1_/3 2/3_ _7/9 8; Z

But now we just appéf the same reasoning to the points 1/3 and
2/3. Notice that they, too, vemain in our set after any deletion.
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0 1
0 1/3 23 1
b 18779 1/3 2/3 7/9 8/9 1
0 T/9 2/: 1_/3 2/3_ _7/9 8; Z

The same is true of 1/9 2/% 7/9, and 8/71..



In short, the Cantor Set will necessarily contain the
endpoints of any “discarded middle thivds”

intervals; nam eéf,

O 1 1/52/ 51 2/ 71/ 785/7%



Thus the Cantor Set consists of

an zhﬁm'te numbeyr af /wz'm‘s/



n féza‘: The Cantor Set consists of
an unwumfab& zhﬁm'fe

number of /00[141,‘.5/



To prove this, we set up a corresponﬂ/enc@ or
V/4

‘matching’, between the points in the Cantor set
and the points in the interval [0,1].

In order to do this, we ll take a fresh look at our

construction.
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Instead of vemoving middle thivds, imagine our construction
as a process of retaining the /eﬁf and rz'ﬂ/n‘ thivdls af each

interval, labeling our choices as we go along
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Instead of vemoving middle thivds, imagine our construction
as a process of retaining the /eﬁf and rz'ﬂ/n‘ thivdls af each

interval, labeling our choices as we go along



In order to veach a yz’wzn /voz'm‘ in the Cantor Set,
we would follow a “path” down this staivstep,
c/masiny /eﬁ‘ or r[y/n‘ at each step, a/wa)/.s carefu/ to

choose a subinterval of ouy cuyvent 'fszfc;v 2



In order to veach a yz’wzn /voz'm‘ in the Cantor Set,
we would follow a “path” down this staivstep,
c/masiny /eﬁ‘ or r[y/n‘ at each step, a/wa)/.s carefu/ to

choose a subinterval of ouy cuyvent 'fszfc;v 2

You ve not allowed to /'um/v across a gap in the curvent step;
you just step down, c/mos[ny either the left or r[y/n‘ third
of the curvent step.
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Any given sequence of choices

LRLLRRRLLLRRR...,

necesmnéf deteymines a 5[14y/5 /voz'mf in the Cantor
Set since the wrrespona/zhﬂ interval “steps” are

nested and thewr /enyzf/m decrease to O,

In other wordls, the /eﬁ‘ and r[y/n‘ ena{w[m‘s 0f onr

V/4 V/4 o
sequence of steps will con verqge to a common value.



Conversely, each point in the Cantor Set
uniquely deteymines the path, or sequence of L s
and R's, that leads to it. Indeed] given a point in the
Cantor Set. at the "bottom ”of our stairstep, there
can be but one sequence of interval “steps” that

contain (t.



But what's s0 .5/056[61/ aboutl s and Rs?
Nothing really. Let'’s use 05 and 1's instead of
L5 and R5.



But now... a sequence of 0% and 15

O7710710001777100170...
looks /'usf ke a b[nmy decomal

0.0110100071110070... (base 2).



Now each pownt in [0,1] has a bz'muy decimal
expansion and) conversely, each binary decimal

represents some point in [0,1.



Now each pownt in [0,1] has a b[nmy decimal
expansion and) conversely, each binary decimal

represents some point in [0,1.

Thus, we have a corvespondence between the points

i the Cantor set and the points in the interval

[01].



We have /}451,‘ shown that

the Cantor set is

”B/G /{



/ . o
Now well show it is “small”!



Let's wm/vmfe the total /enyzf/z of all the

mtervals in the Cantor Set



We will do this b)/ ﬁr.szf wmpmfmﬂ
the /enyz‘/z of the intervals we vemoved,



We start with the interval [0,1] and] in the first
step, we vemove 1 interval of length 1/3; in the
second step, we vemove 2 more intervals of length

/% in the thivd step we remove 4 more intervals of
/enyf/z 1/27- and so on.



n jenem[ at the n-th 51,‘&155, we vemove another

9 n—1
intervals, each of /enﬂf/z
3 it )



n jeneml at the n-th 51,‘435, we vemove another

277,—1

intervals, each of length
3 e

Total /enyf/z of imtervals removed:

D2 zn—l

A9 9F o éi(>

|
| | | |
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Total /enyf/z of imtervals removed:

100 n—1
3 9 7 . gy §Z<>

|
| | | | =
="

This is a geometric series, and the sum is easy to find.

L
i2(5) -3

mn="1




Thus, the total /enyzf/z of all the intervals
we removed ﬁ’om [0,1] in the
construction of the Cantor set equa/.s 7 -

the same as the /enﬂzf/z af the interval we
started with!

In other words, we removed a/eiyzf/z 7% ﬂ/ 7



We know that the Cantor set is a "big” set
- after all, it has the same "size”as [0,1]

z'zfse//f at least in one sense...



.and )/ezf it must also be a "small” set

sunce its the result of removing a set of

”/enﬂf/z / ”ﬁ’om [01]



The dilemma, zf you will, centers
around the /‘wa that we ve emp/a)/eﬂ/

o o Y /A J/
fwo ﬂ/z/f%rem‘ notions of size’,



Evidently, “total length” and “cardinality”

are not 57m'm/5nt notions of s1z¢e:

a set can be very small in the ﬁrmf sense

while bein g very /arﬂe m the second!



BASED ON AN ARTICLE BY

NEAL L. CAROTHERS

DEPARTMENT OF MATHEMATICS AND STATISTICS
BOWLING GREEN STATE UNIVERSITY

http://personal.bgsu.edu/~carother/cantor/Cantor1.html


http://www.bgsu.edu/departments/math/
http://www.bgsu.edu/departments/math/
http://www.bgsu.edu/
http://www.bgsu.edu/
http://personal.bgsu.edu/~carother/cantor/Cantor1.html
http://personal.bgsu.edu/~carother/cantor/Cantor1.html

