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Ahlfors Schwarz lemma

The Gaussian curvature of a Riemannion metric ¢? is
defined to be

Ko(2) =—(2)% Alog@(2).

Claim: We will vcriFy that any holomorphic Function
f:9- B(0,r) defines a metric f*p, of constant negative
curvature on Q\{f' =0}, where p,.(z):= e is the
Poincare metric of B(0,r) and

* rIf'(2)] /

(f*pr)(z) == R z € Q\{f =0}.

Ahlfors Lemma: Let ¢ >0 be a continuous Lunction on
B(0,1). Assume that ¢ is C? oh the open set Dy :={¢p > 0}.

Suppose K, <1, on D, for some n>0 Then

i} 4

z € B(0,1).
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aPPIicaJrions

Definition: For any open connected set QcC, let Ne(Q)
denote the set of continuous Functions ¢ >0 on Q@ such
that ¢ is C2 on {p >0} and Alogg > 492 there.

It is easy, using the chain rule, to vcrﬂ:y:

Proposition Suppose that f:Q - Q is a holomorphic
maps of open connected sets iNC. Then ¢ c N¢(Q)
implies o =|f'|(po f) i5 N NE(Q).

it Follows From the AhlFors lemma that Ne(C) = {0}.

Verification: Pick ¢ in N¢(C). FixaeC. For any r > |al,
toking f: B(0,r) — B(0,7), f(z) =z AhlFors Lemma yields
(f*@)(a) =9(a) < - As r — o, we see that ¢(a) =0.
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aPPIicaJrions

Corol\ary: Letf:C—Q QCC, be a holomophic Function.
£ Ne(@) # {0}, then f must be constant.

Liouvile's theorem As a corollary, +akin6 Q=DB(0,M), we

see that every bounded entire function must be a
constant.

Picards little theorem Simiarly, i f:C— C(o1), where
Cyo,13 :==C\{0,1} is holomophic, then f is constant.

Proo-(:: To vcri@y this, all we need to do is show that
N€(Cyo1y) # {0}. The non-zero function

0(2) = 2P/ 12|/ 21 (14 |2F) 1+ |2-1))P, B >0,
i5 IN N€(Cygy) Foro<p<z/m
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a class of opcr'a+or'9

LetT:# — . be a bounded linear operator For which
a) eachweb is an eigenvalue,

b) the w— y(w), where y(w) is the eigenvector with
cigcnvaluc w i holomorphic.

e) the dimension of the eigenspace is 1.

The class of operators B(D) was introduced by
Cowehn and Douglas. They showed, among other things,
that the uni+ary equivalence class of the operator T
and the equivalence class of holomorphic Hermitian
bundie .« determined by the holomorphic Frame y
determine each other.

As a result, the curvature function .7 is a complc+c
invariont for the operator T.
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Also, +hcy show that an opcra+or' T in this class is
uni+ari|y caluivalcrﬁ' to the adjoinJr M* of the mul-l-iplicaﬁon
operatorM loy the co-ordinate Function on some
Hibert space 7 of holomorphic Functions on
Q:={zeC:z€Q} Posscssing a rcproclucing kernel K.

Let @ :={w:weQ} A kernel function K:Q*xQ* —C is
holomorphic in the First and ar\+i—holomor‘|9hic in the

second varidble. Therefore, the map w — K (), w € Q is
holomorphic.

i is Hermitian, K(z,w)=K(w,2), and positive definite, that
is, (K (wi,w));,_, i positive definite For every subset
{w,...,wn} of o, neN.
For any Fixed w e @, the holomorphic function K(,w)
belongs to 7 and

fw)={f,K(,w)), f€H, weQ.
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The rcProducing property of K ensures that
M*K(w)=wK(-w). Therefore, for weQ, yw):= K(,w)
dc?mcs a hatural holomorphic Frame For the opcra+or'
M*. Thus, in this case, we set y(w) = K(-,w).

For any operator T' in the calsss B(Q), we have

(T-wl)y(w)=0. Diﬁlcrcrﬁ-iaﬂng with respect to w, we
see that

TY (w) = 7(w) + wy (w)
Thus the restriction of T-wI to the subspace
[(w) = {y(w),Y(w)} is hipotent of order 2. We
therefore set Ny (w):= (T-wl )r(w). We assign the
natural meaning to hy ond ;.

The backward shift s_ acting on the space (*(N) is
easily seen to sa+|9£y al of a), b) and &) with B &

y(w) = (L, w,w?,...,w" ) The curvature 75 (w) coincides
with 7 (w) =—(1- \w| g
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Nipotent action on I'(w)

There is a natural hipotent action N(w) on the space
I(w) determined by the rule

Y (w) ™ y(w) "o,

Let eg(w), e1(w) be the orthonormal basis For I'(w)
obtained From y(w), Y (w) by the Gram-Schmidt
orthonormalization. The matrix representation of N (w)
with respect to this orthonormal basis is of the Form
(0 h(’ll,’)>.

0 0
it is easy to compute h(w). Indeed, we have

Iy |
(I @) r)2 =1 (7 (w), Y(w)) )3
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contraction

Now, the operator wi+N(w) = (16 "(5)) defined onr(w) is
contractive ik and only i h(w) < 1wl

Let 2 be the Hibert space (2(N) and

1 (w) = (Lw,w?,...,w",...). CICO\"I\/,

(o(w),8) =Co+wl + - +w"l,+ is holomorphic for
every choice of {= (5,61 Gn,-.) In A(N).

Now, ¥ (w) = (0,1,2w,...,nw"",...). A simple computation
gives ho(w)=1-|u* and thus H(}; ho}ﬁ)” — 1

This is the restriction of the uniateral backward shift
operator to the invariont subspace I'(w) C £2(N).
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curvature

The holomorphic Function y admits a power series
expansion in some small nciahlaorhoocl ofo say,
Y(w) =Y5_ o Cewk, & € #. Then we have
Iy(w)|I? = (y(w), y(w)) = ¥ (&, Ge)wi o™,
i
Using the linearity of differentiation, we then Find that
32
K (w) ¢:*m10g<?’(w)7?’(w)>

9 (Fprw) y(w))

T 90 (rw),1(w))
)Py v(w), vw) 2
[Y(w)[? '
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ncgaﬁvc curvature

The Cauch\/ - Schwarz in6quali+y implics that

d d
H%Y(w)\ﬁ\ly(w)l\h\(gy(w)#(wm? >0.
It therefore Follows that the curvature 7 (w) is
ncgaﬂvc.

, . 1 1
ji/()(w) T ho(w)? T (I [w[®)?2>

we conclude that the inequality h(w) < (1-|w|?) is
equivalent to the curvature inequality 7 (w) < o (w).

Let .2 be the trivial holomorphic line bundie over the

unit disc D. We can think of y as a frome For ¢ with

the induced metric given by g(w) = |y(w)|? weD. Then ¢

is the curvature of the line bundie . —fc
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£y s holomorphic and admits the power series
CXPaHGiOH y(w) = &+ Grw+ Gw? +---, then the horm ||y(w)]|?

is a function of w and @. 1 has the form

o

Y (&, Gwia®, &, G, € .

=
Polarizing \\y(w)|r2, we obtain a new Function

Wz,w) := (¥(2), Y(w))-

Thus (#(zi1,2))) is non negative definite £or all choices
of 2,...2, IND. This is just the Posi’rivc—dc?inﬁcnc;s of
the kernel Function K (z,w) = (y(z), y(w))!

The curvature 7 is a real analyﬁc Lunction and we
have shown that -7 is PosH-ive.

Let 7 (z,w):= 7% log7(z,w) denote the Function
obtained From polarization of the curvature 7. B G

What dbout positive definiteness of — 72
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a secret

Kcﬁinina the compu+a+ion that established the Posi+ivi+y
of #, we obtain a stronger inequdlity. Set

o(w) :=K(,w)@IK(,w)-dK(,w)® K(,w).
Note that o(w) € 77, weD.
Moreover, a 9+raigh+£orward comPquaJrion using the
reproducing property of K shows that

(9(2),9(w)) = A w2 7(w) 2| e w), (a)

4
| =

82
= llo(w)|* 525 1og [ p(w)

= 754](’2 (’U.)),

where y(w) = K(-,w), as before and ¥, . is the Gaussian
curvature of the metric K (w,w) 2.

Thus the Goaussian curvature 9 > is a hon-hegative
deFinite kernel.
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iHCquaIH'y For the Goussion curvature

Proposition

Let T e Bi(D) be a contraction. Assume that T' is unitarily
equivalent to the operator M* oh (7, K) For some
non-negative definite kernel K on the unit disc. Then the
Following inequality holds:

K2(z,w) < Sp2(z,w) k1 (2, w),

that is, the matrix

((SbQ(wi,wj)%K 1 (wi7wj)7K2(wi7wj)))i,j:1

is non-negative definite For every subset {wy,...,w,} ofFp
and n e N.

ge



Thank. Youl
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