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Last couple of slides from yesterday

Cowen and Douglas

Gram-Schmidt, curvature
( and all that)!

the final act – curvature inequality for contractions
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Ahlfors’ Schwarz lemma

The Gaussian curvature of a Riemannian metric φ2 is
defined to be

Kφ (z) = –φ(z)–2 ∆ logφ(z).

Claim: We will verify that any holomorphic function
f : Ω →B(0,r) defines a metric f∗pr of constant negative
curvature on Ω\{f ′ = 0}, where pr(z) := r

r2–|z|2 is the
Poincare metric of B(0,r) and

(f∗pr)(z) := r|f ′(z)|
r2 – |f(z)|2 , z ∈ Ω\{f ′ = 0}.

Ahlfors’ Lemma: Let φ ≥ 0 be a continuous function on
B(0,1). Assume that φ is C2 on the open set Dφ := {φ > 0}.

Suppose Kφ ≤ –η, on Dφ for some η > 0. Then
f∗(φ)(z) ≤ 4

η
1

1– |z|2 , z ∈B(0,1).
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applications

Definition: For any open connected set Ω ⊆ C, let NC(Ω)
denote the set of continuous functions φ ≥ 0 on Ω such
that φ is C2 on {φ > 0} and ∆ logφ ≥ 4φ2 there.
It is easy, using the chain rule, to verify:
Proposition Suppose that f : Ω → Ω̃ is a holomorphic
maps of open connected sets in C. Then φ ∈NC(Ω̃)
implies f∗φ = |f ′| (φ ◦f) is in NC(Ω).
It follows from the Ahlfors lemma that NC(C) = {0}.
Verification: Pick φ in NC(C). Fix a ∈ C. For any r > |a|,
taking f : B(0,r) →B(0,r), f(z) = z, Ahlfors Lemma yields
(f∗φ)(a) = φ(a) ≤ r

r2–|a|2 . As r → ∞, we see that φ(a) = 0.
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applications

Corollary: Let f : C→ Ω, Ω ⊆ C, be a holomophic function.
If NC(Ω) ̸= {0}, then f must be constant.
Liouville’s theorem As a corollary, taking Ω = B(0,M), we
see that every bounded entire function must be a
constant.
Picard’s little theorem Similarly, if f : C→ C{0,1}, where
C{0,1} := C\{0,1} is holomophic, then f is constant.
proof: To verify this, all we need to do is show that
NC(C{0,1}) ̸= {0}. The non-zero function

φ(z) = |z|β/2–1|1 –z|β/2–1(1+ |z|β )(1+ |z –1|)β , β > 0,

is in NC(C{0,1}) for 0 < β < 2/7.
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Cowen and Douglas



a class of operators

Let T : H → H be a bounded linear operator for which
a) each w ∈ D is an eigenvalue,
b) the w 7→ γ(w), where γ(w) is the eigenvector with

eigenvalue w is holomorphic.
c) the dimension of the eigenspace is 1.

The class of operators B1(D) was introduced by
Cowen and Douglas. They showed, among other things,
that the unitary equivalence class of the operator T

and the equivalence class of holomorphic Hermitian
bundle L determined by the holomorphic frame γ
determine each other.
As a result, the curvature function K is a complete
invariant for the operator T .
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kernel function

Also, they show that an operator T in this class is
unitarily equivalent to the adjoint M∗ of the multiplication
operatorM by the co-ordinate function on some
Hilbert space H of holomorphic functions on
Ω∗ := {z ∈ C : z̄ ∈ Ω} possessing a reproducing kernel K .

Let Ω∗ := {w̄ : w ∈ Ω}. A kernel function K : Ω∗×Ω∗ → C is
holomorphic in the first and anti-holomorphic in the
second variable. Therefore, the map w→K(·, w̄),w ∈ Ω is
holomorphic.
It is Hermitian, K(z,w) = K(w,z) , and positive definite, that
is, ((K(wi,wj)

))n
i,j=1 is positive definite for every subset

{w1, . . . ,wn} of Ω∗, n ∈ N.
For any fixed w ∈ Ω∗, the holomorphic function K(·,w)
belongs to H and

f(w) = ⟨f ,K(·,w)⟩, f ∈ H , w ∈ Ω∗.
7
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the eigenbundle

The reproducing property of K ensures that
M∗K(·,w) = w̄K(·,w). Therefore, for w ∈ Ω, γ(w̄) := K(·, w̄)
defines a natural holomorphic frame for the operator
M∗ . Thus, in this case, we set γ(w) := K(·, w̄).
For any operator T in the calsss B1(Ω) , we have
(T –wI)γ(w) = 0. Differentiating with respect to w, we
see that

T γ ′(w) = γ(w)+wγ ′(w).
Thus the restriction of T –wI to the subspace
Γ(w) := {γ(w),γ ′(w)} is nilpotent of order 2. We
therefore set NT (w) := (T –wI)|Γ(w) . We assign the
natural meaning to hT and KT .

The backward shift S– acting on the space ℓ2(N) is
easily seen to satisfy all of a), b) and c) with
γ(w) = (1,w,w2, . . . ,wn, . . .). The curvature KS– (w) coincides
with K0(w) = –(1– |w|2)–2 . 8



the eigenbundle

The reproducing property of K ensures that
M∗K(·,w) = w̄K(·,w). Therefore, for w ∈ Ω, γ(w̄) := K(·, w̄)
defines a natural holomorphic frame for the operator
M∗ . Thus, in this case, we set γ(w) := K(·, w̄).
For any operator T in the calsss B1(Ω) , we have
(T –wI)γ(w) = 0. Differentiating with respect to w, we
see that

T γ ′(w) = γ(w)+wγ ′(w).
Thus the restriction of T –wI to the subspace
Γ(w) := {γ(w),γ ′(w)} is nilpotent of order 2. We
therefore set NT (w) := (T –wI)|Γ(w) . We assign the
natural meaning to hT and KT .

The backward shift S– acting on the space ℓ2(N) is
easily seen to satisfy all of a), b) and c) with
γ(w) = (1,w,w2, . . . ,wn, . . .). The curvature KS– (w) coincides
with K0(w) = –(1– |w|2)–2 . 8



the eigenbundle

The reproducing property of K ensures that
M∗K(·,w) = w̄K(·,w). Therefore, for w ∈ Ω, γ(w̄) := K(·, w̄)
defines a natural holomorphic frame for the operator
M∗ . Thus, in this case, we set γ(w) := K(·, w̄).
For any operator T in the calsss B1(Ω) , we have
(T –wI)γ(w) = 0. Differentiating with respect to w, we
see that

T γ ′(w) = γ(w)+wγ ′(w).
Thus the restriction of T –wI to the subspace
Γ(w) := {γ(w),γ ′(w)} is nilpotent of order 2. We
therefore set NT (w) := (T –wI)|Γ(w) . We assign the
natural meaning to hT and KT .

The backward shift S– acting on the space ℓ2(N) is
easily seen to satisfy all of a), b) and c) with
γ(w) = (1,w,w2, . . . ,wn, . . .). The curvature KS– (w) coincides
with K0(w) = –(1– |w|2)–2 . 8



Nilpotent action on Γ(w)

There is a natural nilpotent action N(w) on the space
Γ(w) determined by the rule

γ ′(w) N(w)−→ γ(w) N(w)−→ 0.

Let e0(w), e1(w) be the orthonormal basis for Γ(w)
obtained from γ(w), γ ′(w) by the Gram-Schmidt
orthonormalization. The matrix representation of N(w)
with respect to this orthonormal basis is of the form(

0 h(w)
0 0

)
.

It is easy to compute h(w). Indeed, we have

h(w) = ∥γ(w)∥2

(∥γ ′(w)∥2∥γ(w)∥2 – |⟨γ ′(w),γ(w)⟩|2) 1
2

.
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contraction

Now, the operator wI +N(w) =
(
w h(w)
0 w

)
defined on Γ(w) is

contractive if and only if h(w) ≤ 1– |w|2 .

Let H be the Hilbert space ℓ2(N) and
γ0(w) = (1,w,w2, . . . ,wn, . . .). Clearly,
⟨γ0(w),ζ ⟩ = ζ0 +wζ̄1 + · · ·+wnζ̄n + · · · is holomorphic for
every choice of ζ = (ζ0,ζ1 . . .ζn, . . .) in ℓ2(N).
Now, γ ′0(w) = (0,1,2w, . . . ,nwn–1, . . .). A simple computation
gives h0(w) = 1– |w|2 and thus

∥∥∥(w h0(w)
0 w

)∥∥∥ = 1.

This is the restriction of the unilateral backward shift
operator to the invariant subspace Γ(w) ⊆ ℓ2(N).
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Gram-Schmidt, curvature
( and all that)!



curvature

The holomorphic function γ admits a power series
expansion in some small neighborhood of 0, say,
γ(w) = ∑∞

k=0 ζkwk, ζk ∈ H . Then we have
∥γ(w)∥2 = ⟨γ(w),γ(w)⟩ = ∑

j,k
⟨ζj ,ζk⟩wjw̄k.

Using the linearity of differentiation, we then find that

K (w) := – ∂ 2

∂ w̄∂w
log⟨γ(w),γ(w)⟩

= – ∂
∂ w̄

⟨ ∂
∂w γ(w),γ(w)⟩
⟨γ(w),γ(w)⟩

= –
∥ ∂

∂w γ(w)∥2∥γ(w)∥2 – |⟨ ∂
∂w γ(w),γ(w)⟩|2

∥γ(w)∥4 .
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negative curvature

The Cauchy - Schwarz inequality implies that
∥ ∂

∂w
γ(w)∥2∥γ(w)∥2 – |⟨ ∂

∂w
γ(w),γ(w)⟩|2 ≥ 0.

It therefore follows that the curvature K (w) is
negative.
Since h(w)2 = – 1

K (w) , setting
K0(w) := – 1

h0(w)2 = – 1
(1–|w|2)2 ,

we conclude that the inequality h(w) ≤ (1– |w|2) is
equivalent to the curvature inequality K (w) ≤ K0(w).

Let L be the trivial holomorphic line bundle over the
unit disc D. We can think of γ as a frame for L with
the induced metric given by g(w) := ∥γ(w)∥2, w ∈D. Then K

is the curvature of the line bundle L .
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polarization

If γ is holomorphic and admits the power series
expansion γ(w) = ζ0 + ζ1w+ ζ2w2 + · · · , then the norm ∥γ(w)∥2

is a function of w and w̄. It has the form
∞

∑
j,k=0

⟨ζj ,ζk⟩wjw̄k, ζ0,ζ2, . . . ∈ H .

Polarizing ∥γ(w)∥2, we obtain a new function
γ̃(z,w) := ⟨γ(z),γ(w)⟩.
Thus ((

γ̃(zi,zj)
)) is non negative definite for all choices

of z1, . . .zn in D. This is just the positive-definiteness of
the kernel function K(z,w) = ⟨γ(z),γ(w)⟩!
The curvature K is a real analytic function and we
have shown that –K is positive.

Let K̃ (z,w) := – ∂ 2

∂ w̄∂z log γ̃(z,w) denote the function
obtained from polarization of the curvature K .
What about positive definiteness of –K̃ ?
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a secret

Refining the computation that established the positivity
of K , we obtain a stronger inequality. Set

φ(w) := K(·,w)⊗ ∂̄K(·,w) – ∂̄K(·,w)⊗K(·,w).
Note that φ(w) ∈ H , w ∈ D.
Moreover, a straightforward computation using the
reproducing property of K shows that

⟨φ(z),φ(w)⟩ = ∥ ∂
∂w

γ(w)∥2∥γ(w)∥2 – |⟨ ∂
∂w

γ(w),γ(w)⟩|2

= ∥φ(w)∥4 ∂ 2

∂ w̄∂w
log∥φ(w)∥–2

= –GK–2 (w),
where γ(w) = K(·,w), as before and GK–2 is the Gaussian
curvature of the metric K(w,w)–2 .
Thus the Gaussian curvature GK–2 is a non-negative
definite kernel.
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the final act – curvature
inequality for contractions



inequality for the Gaussian curvature

Proposition
Let T ∈B1(D) be a contraction. Assume that T is unitarily
equivalent to the operator M∗ on (H ,K) for some
non-negative definite kernel K on the unit disc. Then the
following inequality holds:

K2(z,w) ⪯ S–2
D (z,w)GK–1 (z,w),

that is, the matrix((
S–2
D (wi,wj)GK–1 (wi,wj) –K2(wi,wj)

))n
i,j=1

is non-negative definite for every subset {w1, . . . ,wn} of D
and n ∈ N.

15



Thank You!
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