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What is wrong with this?

o Well, f the infinite sum 1 +2+3+ - is
not known to be convergent, then to say

that C —4C = — 3C is not legitimate, One of
the issues is that of subtracting infinities.

> Moreover, it is not clear, unless the infinite
sum 1 —2+3 -4+ - is convergent, wkv Lk

should equ&t %‘.
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l—24+3—-44+ ... ° 7
o Recall that
L+ x4+ x"4+ x4 = 1ix,|x|<1~

> Differentiating, for |x| < 1, we have,

d 1 FD e ooy

® Now, evaluating abt x = — 1 (which is not
legitimate), we qet the desired sum.






d In bthe series, 1 +x+x°+x° + ---, F'u%w«g
x=—1, we obtain 1—1+1—1+---=%.
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2 In the series, 1 +x + N+ i F’M&mﬂ

x=—-1, weobﬁainl—l+l—l+---=%q

o However, the sequence of partial sums is
1,0,1,0,... and ik doesnt have a Limik,

® Clearly, violating the requirement x| < 1
leads to meaningless consequences (put x = 2),.
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® The qeometric series 1+% + % + %+ oo LS

convergent and its sum is 2,

o On the other hand, none of the series
l=-14+1=1+4:, =243 -4+ and
1+2+3+4+ - are convergent,

o How do we make sense of these sums?




W ["\ 0&& Eﬁ conver 9 ene




W ["\ 0&& Eﬁ conver 9 ene

o Let us qo back to the qeomelric series:

1+% + % + %+---‘. The Fmr&iat sums of this

F ] D

serLes "f(;)‘l‘m a sequemce: 1,5, Z’ ?, FE



W ["\ 0&& Eﬁ conver 9 ene

o Let us qo back to the qeomelric series:

1+% + % + %+---‘. The Fmr&iat sums of this

F ] D

serLes "f(;)‘l‘m a sequemce: 1,5, Z’ ?, FE

o We notice that the elements in the
sequence of the partial sums are at most

2 and %kev M"QQF’ qetting closer to 2,



W ["\ 0&& Eﬁ conver 9 ene

o Let us qo back to the qeomelric series:

1+% + % + %+---‘. The Fmr&iat sums of this

F ] D

serLes "f(;)‘l‘m a sequemce: 1,5, Z’ ?, FE

o We notice that the elements in the
sequence of the partial sums are at most

2 and %kev M"QQF’ qetting closer to 2,

@ Moreover, this sequence has Ehe Limik 2.
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serLes

o Definition: A series is said to be
converqgent if the sequence of its partial
sums cohverqes to a Limit, This Limit is
designated as the sum of the series.

aThis need not be the only way that one
might be able ko make sense of an
infinite series. Are there are other ways?
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What can we do wikh
Conver 9 ME Ser S

olet a;+a,+a;+ - and by + b, + b;+ -+ be kwo
converqgent series with sum A and B respectively,

o Then it makes sense to mulkiply such a series bv
a scalar @ and obtain a new series

aa, + aa, + aay + -+, which is convergent and the

sum is aA. Also, a;+ay+ - +b;+ by + --- = A+ B,
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Suppase l+r+r +r+--is cohverqgent
for some value of r. Then setting
R=1+r+r"+-- and subtracting rR from
R, we conclude that R = 1

4
1 —r

o Caution: AlL this is valid only if the
inikial series is (somehow) known ko be
converqgent,
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o The product of two infinite series is the
k

series C; + ¢+ 3+ -+, where ¢, = Zak_-b-
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o The Iroc&uc& of two converqgent series
need nolt be converqgent,

s
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o The problem with convergence was due to
the lack of convergence of this sequence.

o What if we take the average of this
sequence! We then get a new sequence,
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° Recall the examples 1 —1+1-1+-- and

its sequence of partial sums: 1,0,1,0,1,...

> The problem with convergence was due to

the lack of convergence of this sequence.

> What f we tale the average of this

sequence! We then get a new sequence,
1
? 2
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This new sequence of averages converges'
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ELver Y, 37 g works as b

o For instance, sum of two infinite series
~hich are Cesaro summable is again
Cesaro. Summable.

o We have a Little wore, namely, the
prc;:»c&uc:ﬁ of two Cesaro stumble infinite
series is also Cesaro summable.

o> An converqgent series is Cesaro summable.
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Iﬂf the Em{im&%e series 1 +r+r°+r is

converqgent in the sense of Cesaro, then it

1

sums ko :
1 —r

o To justify this, recall that the earlier proof
involved only mulkiplying the original

converqgent series R with the scalar r and
the subbracktion R — rR
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Whabk abouk 1 —=2+3 -4+ ...9

® The sequence of partial sums is 1, —1,2,-2,...
The average owf Ehis sequence s 1,0,%,0,%,0,?..

o Well, this is not a convergent sequence either.
So, what do we do,



Whabk abouk 1 —=2+3 -4+ ...9

' The sequence of partial sums is b 120 —02 ...

: - 2 3 4
The averaqge Oﬂf Ehis sequem':@. LS 1,0,;,0,;,0,7...

> Well, this is not a convergent sequence either.

So, what do we do,

> Leb us take the averaqe of the averages and

175 "% 3F 59

Phofe g .
get 1,5.5:77° 757 50"
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o Sktarted wikh Par&at SUMS

o Gone to averages of partial sums, called
them Cesaro sums

o Average of the average and repeat
o Iterate this process ad infinitum

o Caln we ever make sense of
1 +2+ 3 CaEE
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‘Potvmommts and convergent power series

are examples of analytic functions

o If we are given an analytic function

defined on the right hal% plane, how

many different WAYS, Can we extend to
the left?

> Unlike the case of smooth functions, if

there is such an extension, thewn Lt is
umiqu&
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C @144 F?l, X SerLe

o Everything said about infinite series of
real number actually applies to the
COMF’L@X counker Fam*&.

o This ncludes convergence, Cesaro sums,
averaqe of average ete.

o The series flz) = 1-— + - ——+-
converges on the right half plane.
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5> The Riemanin zeba function is defined bj

changing all the negative sigins to Fosi&vm
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o The Riemann zeta function is defined bv
changing all the negative sigins to Fosi&vm

e bae L P
((2)= 1+22 e e
® It cownverqges, when the o of z=o+itis <1,

o It does not converqe if 0> 1. But it has an
amat:j%w continuakion to the entire c:o-mytex
Ptame @;xc:@;[z,a%
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Apart from the trivial zeros,
the Riemanin zeta function
has o zeros to the right

of 0 = 1 and to the left

of 0 = 0 (neither can the
zeros Lie too close bto Ehose
Lines). Furthermore, the nown-
Erivial zeros are svmmeéric
about the real axis and the

A 1 .
line 0 = - and, according to

the Riemanin hvpcw%hesi;s,l Ekej

all Llie on the line o = =






