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Topological Data Analysis

Given : set of data points in a manifold.
Build Boolean model on points.
Analyse the topology of Boolean model.

= Topology of the manifold.

OUR GOAL : Topology of the Boolean model on different
point processes
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Geometric graphs

Vertices= ¢ = { X}, finite set of points.
Edges= {(X,Y) : Bx(r) N By (r) # 0}.
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Geometric complexes

.

Cech Complex: C(®,r)

Vertices = @ ; k-simplices/face ={ Xy, . . ., XpHif

\ mi'{:()BXz'(T) # @
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Bettl Numbers (in 1 slide)
-

Bo(.) — t connected components ;
B1(.) — t two dimensional or circular holes ;

B2(.) — # three dimensional holes or voids.

a

Figure 9: 60(T) — 1751(T) — 2762(T) = L.
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Figure 11: 5O(T) — 1761(T) — 2752(T) = L.

Figure 12. 5O(T) — 1761(T) — 0752(T) = L.
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50() — [
51() —
52() — [

Bettl Numbers (in 1 slide)

connected components ;
two dimensional or circular holes :
three dimensional holes or voids.
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What class of point processes ?

-

Simple, Stationary and unit intensity point process.
Weak sub-Poisson :

E (H <I>(Bi)> < H Bl

-

P(®(B) =0) < e 1Bl

Examples : Poisson point process.

Ginibre point process - Eigenvalues of n x n matrix with
1.I.d. N¢(0,1) entries as n — oo.
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Results sampler

-

_p1/d

n1/d

Oy = 0N |5,

k> 1, Br(r) - Betti numbers of C(®,r).

] ; E(ﬁk(rn)) —7

Radii r,,

— 0

— (0, 0)

> (C'(logn)
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k> 1, Br(r) - Betti numbers of C(®,r).
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Results sampler

/A p1/ds
Dy =P N [ 5 s 9 |5 E(Br(rn)) =7
Radii r,, | — 0 — (0,00) | > C(logn)i
Poi ~ D) O(n) 0

Mathew Kahle - Elizabeth Meckes.
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k> 1, Br(r) - Betti numbers of C(®,r).
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Results sampler

fl~c > 1, Br(r) - Betti numbers of C(®,r).
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Results sampler

fl~c > 1, Br(r) - Betti numbers of C(®,r).

=]

_ i/ 1/d

Oy =N -5, "%

] ; E(ﬁk(rn)) —7

Radii 7, —0 — (0,00) | > C(logn)i
Poi ~ nrg(kﬂ) ~ T 0
weak sub-P + | o(nr&* ) | O(n) 0
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Results sampler

-

k> 1, Br(r) - Betti numbers of C(®,r).

Dy = BN [~ 75, 2] L E(Br(rn)) =7
Radii 7, —0 — (0,00) | > C(logn)i
Poi ~ nrg(kﬂ) ~ T 0
weak sub-P + | o(nrd® Ty 1 O(n) 0
Gin ~ i TR g > C(logn)?
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Euler Characteristic :
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X(C((I), T)) — Z(—l)ZﬁZ(C((I), T))
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Subgraph/Component counts in random geometric graphs.
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What other asymptotics ?

-

Euler Characteristic :
d
X(C(@,7r) =) (—=1)'B;(C(D,7)).
i=0

Subgraph/Component counts in random geometric graphs.

Barcodes - Topological tool to track appearance and
vanishing of holes as r varies.

Morse critical points : Link between differential and
algebraic topology.
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