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1. Random Real Polyhedra - Optimal vs Random approximations.
2. Polyhedra in complex variables - Optimal approximation.
3. Random Complex Polyhedra - A theorem and a conjecture.
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RANDOM REAL POLYHEDRA



EUCLIDEAN POLYHEDRAL APPROXIMATION
K c R% d > 2— Smooth, Compact, convex set. Eg. Unit ball, Ellipsoids....

INSCRIBED POLYHEDRA CIRCUMSCRIBED POLYHEDRA
P, := Conv — Hull({ v xn}) k P, - Intersection of tangent half-planes /
X oy e D .\ at X, ..., x, € bK and containing K. 4 )
Optimal approximation: Optimal approximation: | \ ;
v,(K) := inf{Vol(K\P,) : xy, ...,x, € bK} \ \/ v (K) := inf{Vol(P\K) : Xi, ..., X, € bK} \/

McClure & Vitale 1975; Gruber 1993. Gruber 1993.

1 ks
v (K) ~ e del, 6, (b K)1+2/(d=1) ,~2/(d~1) v (K) ~ - div, |6, (b K)1+2/d=1) ,=2/(d=1)

Domain constant -0, (x) = KII{/ (dH)(x) o(x), x € bK, kx—Gaussian curvature, 6 = 6,

Blaschke affine surface area measure.

Exponent - 2/ (d-l)} Dimension Constants - Delone filings and Dirichlet-Voronoi tilings.

Equi-Affine transformations preserve convex sets, polyhedra and all that !




5, Unit ball.
INSCRIBED POLYHEDRA CIRCUMSCRIBED POLYHEDRA

P, — inscribed regular polygon i.e., n equi-spaced points. P, - circumscribed regular polygon.

n 2T 27 >
vol(K\P,) = m — —sm(—) T e vol(P\K) = ntan(—) — n ~ — n—?
2 3 n 3
General Optimal approximation result General Optimal approximation result
] I b ol 7
v (K) ~ : del, |6, (b K)1+2/@d=1) j=2/d=1) v (K) ~ : div, 6, (b K)1+2/d=1) p=2/(d=1)



" RANDOM POLYHEDRAL APPROXIMATION

K C R%d>?2. Compact, convex set. X, ..., X, i.id. with cts density f: bK — (0,00)|

INSCRIBED POLYHEDRA

P, - Intersection of tangent

half-planes at X, ..., X and
containing K.

P, = Cani== Hull({Xl, ...,Xn})

Optimal and Random approximation.

Same rate of decay. Same domain dependent constants - o6, (DK). Same Exponent - 2/(d — 1).

Dimension constants differ



Mathematics: Interesting mix of geometric analysis and probability.

"The probabilistic description of random figures, e.g. distributions, moments, asymptotic coefficients,
etc., should yield new integral geometric entities containing information about the geometry of the
random figures. This general point of view has been the motivation of all my papers about

geometric probabilities.”
R. Sulanke in a 2004 letter to I. Barany about Renyi & Sulanke (1963)

Statistical Estimation: Infer geometry of domain (for eg., Volume, mean-width) using random polyhedra.
Baldin & ReiR (2018), Last & Molchanov (2022+)

Optimization: Useful to approximate arbitrary sets by Polyhedra.
Optimal Polyhedra are very specific constructions. Random polyhedra are easier to construct.

See Hug (2013) survey introduction for more applications.



POLYHEDRA IN SEVERAL COMPLEX VARIABLES

" If I knew what it is I am doing, it wouldnt be called research. Would it ?”

For an SCV perspective, watch Purvi Guptas Talk in Virtual East-West SCV Seminar.
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CONVEXITY. : REAL AND IMAGINARY.
REAL CONVEXITY C—CONVEXITY

K C RY smooth bK & K := {p < 0}, “nice” p D C C¢ smooth bD < D := {p < 0}, “nice” p

Convex if KN L is connected for all real affine lines L. | C—Convex if DN L is connected and simply connected

( & simply connected) for all complex affine lines L.

C—Convex if Hessian (p) is semi-positive definite
on the complex tangent space (i.e., maximal complex
subspace of the tangent space) everywhere on bD.

Convex if Hessian (p) is semi-positive definite on the
tangent space everywhere on bK.

Strongly Convex if Hessian (p) is positive definite. Strongly C-Convex if Hessian (p) is pos. definite.
K is Convex = K =~ [ D is C—Convex = D =~ [
Preserved under affine transformations. Preserved under linear fractional (MabiUS) transformations
byo+ byizy + ... + bz, ba +bpzy + .- + byuzy
X' (Diah byixy A oD i eh o Lo, o R (25 1052 > M
( 10 T 011X 1d%d 40 T Dg1% dd d) <boo R L R T bOdZd)

Locally strongly Convexiable under Mobius transformations.

(Strong) Convexity in R24 implies (Strong) C—Convexity in C4




G- CONVEX,DOMAINS 50 N{ILLUSTRATION&

" Sk L R |
C—Convex if DN L is connected and simply connected for all complex affine lines L.

= D C C is C—convex if D is a simply connected domain.

C—Convex if Hessian (p) is semi-positive definite on the complex tangent space (i.e., maximal complex subspace of
the tangent space). Strongly C—Convex if Hessian (p) is positive definite.

oy A 21 S et : i
Eg 1: D=dyaiiiiid i Aets et 2) Eg2: D={y>|z] + 250 5P(Z)=(Z1,—2R€(Zz)—5)

Zr = (X ) = X + 1y N)

3D slice Eg 3: Mobius transformations of Strongly convex domains.

inX2:O



POLYHEDRAL CONSTRUCTION IN ONE LINE
GIVEN
DOMAIN - D C C%, a smooth strongly C—convex domain.

SOURCE - ¢ = {wy,...,w,} CbD DEPTH - 6 : bD — (0,00)
Obstacle to Polyhedral Construction - No natural convex hull construction, tangent planes are lower dimensional,...

Affine Complex tangent space: H bD = w + complex tangent space at w = {Vv+ W € C?: (dp(w),v) = 0}

A construction Cuf-ouf tube of _depfhf.é(wi) around H, (bD).

REAL ANALOGUES. A~

Glasauer-Schneider 1996
Ludwig 1999.

Circumscribed.

0=0 \
i,

Cutting out
) 0—tubes
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d=1. A connected domain D C C is Strongly C—convex iff D is simply connected.

H (bD) = {w}, we bD ; {z:d(z,H (bD)) <6} = B, (0) i.e., a regular Euclidean ball.

Cauchy-Leray polyhedra are obtained by “cutting out” balls at w;,...,w,  from D and
union of the remaining connected components that intersect D.




| TUBULAR NEIGHBOURHOODS IN HIGHER DIMENSIONS
d> 1. DcC?, asmooth strongly C—convex domain. Source - ¢ = {wy,...,w,} CbD, 6 : bD — (0,00) - Depth.

H bD— Affine Complex tangent space to bD at w = w + complex tangent space at w = {v+w € C?: (dp(w),v) = 0}.

Tubular neighbourhood of H, bD - {z € C? : d(z, H bD) < 6(w) }

. 2 e l‘
Egl: D={y,> |z} ; 9p(2) = (z'l,—é) Eg2: D={y> |z —x} : dp@) = (zl,—2Re(z2)—5)

w=0; HbD=1{z,=0} = {x, =y, =0} w=0; HbD=1{z,=0} = {x, =y, =0}

x, = 0 plane. x; =0 plane.



CAUCHY-LERAY. POLYHEDRA IN HIGHER DIMENSIONS

d>1.D C C%, a smooth strongly C—convex domain.

Source - @ = {Wy,...,w,} CbD, ¢6:bD — (0,00) - Depth.

H bD— Affine Complex tangent space at w
(=w + complex tangent space at w = {v+w &€ C%: (dp(w),v) = 0}).

Tubular neighbourhood of H bD - {z€ C?: d(z,H,bD) < 5(w) }

Polyhedra - P(¢;0)  Union of connected components (intersecting D) of

18 & i - alz, H,,bD) > 6(w)) }

Mo6bius transformations preserve strongly C—convex domain, polyhedra and all that '




OPTIMAL APPROXIMATION
d > 1. D c C?%, a smooth strongly C—convex domain. Source - @ ={wy,....,w,} CbD, 0:bD — (0,00) - Depth.

Polyhedra - P(@; 0) Union of connected components (intersecting D) of | Vo
N1 12 E C? : d(z HwibD) > o(w)) } ; H, bD— Affine Complex tangent space to bD at w.

Optimal approximation: v (D) := inf{ Vol(D\P) : P = P(¢,0) C D, = {w,...,w, } C .bD, 6:bD — (0,00)]}

Optimal approximation among contained polyhedra with at most n ‘facets’.

THEOREM (Gupta, 2022+)

Vn(D) 7 &mf(bD)l+1/d n—l/d

Real case - 2/(d-1)

Exponents - 1/d = 2/2d ;

Domain constant - 6, - related to Mobius-Fefferman hyper surface measure

Real case - 0, - Blaschke affine surface measure.

oAbt rppay
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Conjecture - 0, = kor 4@+

. Opf i Ope - Mobius-Fefferman hyper surface measure

Precursor: Optimal approximation for pseudo-convex domains with Fefferman measure; see Gupta (2017).
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RANDOM COMPLEX POLYHEDRA



. RANDOM

D c C% d > 2. smooth, Strongly C—Convex, compact set.

p, =1X;,...,X } CbD ;X,,...,X — iid. with continuous density f: bD — (0,00).

n

logn | 1/4
(==

Depth function g : bD — (0,00) continuous function. 9 (x) := g(x), x € bD.

n

Polyhedra - P, := P(f,;0,) Union of connected components (intersecting D) of

(FIoate & C? : d(z HXibD) > 0,(X)} : H bD— Affine Complex tangent space at w.

Metric of approximation. Containment not guaranteed and so we need a different metric.

5,(n) = (D, P,) := Vol(D\P)1[P, C D] + Vol(D)1[P, ¢ D]

? ?



RANDOM APPROXIMATION : A THEOREM.

D c C%d > 2. strongly C—Convex, compact set. P, = XK G B g () = (log )W (x) x € bD

Random Polyhedra. PPl

- e s
- be
JERIE 7
g . 3
L ¢ v 5
‘Da" h .
._.‘.
ve

Approximation Metric.  ,(n) := (D, P,) := Vol(D\P,)1[P, C D] _|:‘V01(D)J1[PW¢;D] ?'

Containment Condition. |{Assume |]3>( P D) LTl AR TS )

NN =)

Log factor is necessary as containment = coverage on bD i.e.,, {P, C D} = {bD C U_, B(X;9,(X)))}

THEOREM (Siva Athreya, Purvi Gupta, D. Y., 2022) (

)7 5,(n) i[ 2(2) do(2)

log n D

i.e.,, Ve > 0, P[| %5V(n)_,[ g(z)da(z)| >€] — 0,asn > ©.

log n D

ExPonem‘ - 1/d = 2/2d ; Real case - 2/(d-1)

Theorem reduces finding good volume approximation to finding good coverage on the boundary !l




BEST RANDOM APPROXIMATION : A CONJECI

THEOREM (Siva Athreya, Purvi Gupta, D. Y., 2022)  (

)7 5,(n) 5[ 2(2) do(z)
bD

log n

-

Best approximation for a f. Vp(f) := inf {J 8()do(2) : g cts, P(P,C D) > 1}, f>0, a cts density on bD.

Best overall approximation. v :=1nt {yp(f) : f > 0, a continuous density on bD}

CONJECTURE (Siva Athreya, Purvi Gupta, D. Y., 2022) vi = (hyw, 49" o gmf(bD)H%

oo ° . 1 ?.
Mobius-Fefferman hyper surface ¢, (z) := (16 yp(2))7+2 0(2), yp— complex-restricted curvature of bD
measure.

Coverage Heuristics: bD C U'_, B(X;;0,(X;)) iff (4 \/ yo@) L hyw,, 5 f(2)g(x)*> 1V z € bD.
Janson, 1986; Hall 1985.



RANDOM APPROXIMATION : PROOF IDEA

o
THEOREM (Siva Athreya, Purvi Gupta, D. Y., 2022) ( )7 65,(n) — J g(2) do(2)

log n D

i.e.,, Ve > 0, P[|

bD

%5‘/(71)—'[ g(z)da(z)| > 6] — 0, asn —> ©.

log n

Idea :

1. Approximate D\P, via a random tubular neighbourhood of bD - depth depé;n‘d.gbn DO &

2. Use Weyl-type tube formula due to Roccaforte, 2013.

logn . 1/4
3. Random depth at z ~ ( : )1/ g(2)

n



SUMMARY OF REAL vs COMPLEX

COMPLEX CONTAINED POLYHEDRA REAL INSCRIBED POLYHEDRA
D c C%d > 2. Smooth, Compact, Strongly C—convex set. K Cc R4, d > 2. Smooth, Compact, convex set.
P,— Cut out tubular neighbourhoods around complex ‘ P = o, Hull({xl, ...,xn})
tangent planes at X, ..., X, T b |
Optimal approximation: (Gupta, 2022+) Optimal approximation:
L 1+1/d ,,—1/d e 1 kg ek R
V(D) ~ Gy (bD) " lort - vi(K) ~ = dely_; 61, (bK) oLy il me

Best Random approximation: (CONJECTURE) Best Random approximation:

log n ’
(1 P ~1/d 1+1/d S o
VEK) ~ (hywy,_5)" """ 63:(bD) ( VE(K) 4 a(d) 6, (b K)1+2/@d=1) j, =2/(d=1)
n
Other Results: Other Results:
Variance upper bounds for Vol(D\P,) (via Poincaré inequality) Variance asymptotics for Vol(D\P,)

Normal approximation for VOl(D\Pn) assuming var. low. bd. Normal approximation for VOl(D\Pn)

(via second-order Poincare inequality)

All the above results for Poisson process too and variance lower All the above results for Poisson process too.

bound. And more.....
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