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» Ca(X,r) = UxeaxBx(r) ; X CR? :d > 2.

» Geometric properties : Volume, Surface measures,
Intrinsic volumes.

» Combinatorial properties : Subgraph counts, Component
counts.
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» # connected components = 5.
» Euler-Poincaré Characteristic: xy = 2.
» What about the holes ?
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Betti Numbers (a heuristic crash course)

» [o(.) — # connected components ;
» B1(.) — # two dimensional or circular holes ;

» [2(.) — # three dimensional holes or voids.

Figure: Bo(T) =1,51(T) =2,52(T) = 1.

Figure: 5o(S) =1, 51(S) =0, 62(S) = 1.
» Alexander’s duality : Ba_1(A) = Bo(R?\ A) — 1.
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The example of Boolean Model

» Bo(Cg(X,r)) := # connected components = 5.
> B1(Ca(X.r)) =3 = Fo(R?\ Cg(X,r)) — 1.
> Bk(-) =0,k >2.

> xX(Ca(X,r) ==Y 4oo(—1)*Bu(Ca(X, 1)) = 2.
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Vertices = ® = {X;} C R?
k-simplices/face : {Xo, ..., Xk} if NK_B.(X;) # 0.
Cu(®, r) .= {[Xo, ..., Xk]} Collection of k-faces.

Cech complex C(®, r) := UL Cx(P,r) C 2°.
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Nerve Theorem

V finite. A is a complex if A C 2V such that

BeAACB=AcA.

Nerve theorem : Cech complex = U;B,(X;), Boolean

model.
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Betti numbers (a formal crash course)

» Fr:={z|z: C — {0,1} = F}. - vector space over F.
» Ok - |Ck—1| x |Ck| matrix. 9o =[0,...,0].

» Ok(if) = 1 if the ith (k — 1)-face C jth k-face.

» By :=1Im0ky; (boundaries) Zy := Ker 0y (cycles)

» B(Bx) - maximal £ linearly independent columns in Ok, 1.

» k =0 - Columns corresponding to a spanning forest.
8k8k+1 =0= B, C Z.

v

v

Homology group Hy := Zy/Bx.
Br = B(Hxk) = B(Zk) — B(B).

» B0 := |G| — |spanning forest| = £ conn. components.

v
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Poisson /Binomial point process

v

Density f : supp(f) compact and convex.

v

O < infycqupp(r) F(X) < supycra F(x) < 00.

v

P, - Poisson point process with intensity nf.

v

X, ={Xy,..., X,} - X i.i.d. with density f.

v

Sk == |Cul-
Bk(C(Pm rn))aﬁk(C(Xna rn)) as n — oo, nr’()f —r?

v
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Variance Bounds
» Add-one cost or difference operator : X finite set, x € R?
Dy (X, r) = Bk(C(X U {x},r)) — Bi(C(X)).
—D,Sk11(C(X,r)) < DB(X,r) < D,Sk(C(X,r)).

—Kg < Dyfo(X,r) < 1.

» Poincaré or Efron-Stein inequalities
VAR(Bi(C(Pn; 1a))) = O(n) 3 VAR(Gk(C(Xn, 1)) = O(n).
» Variance bounds of Last-Peccati-Schulte (2015):

VAR(B4-1(C(Py, 1)) = Q).
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Concentration Inequalities

» Hoeffding inequality = For any a > %, e >0 and for n
large enough, with v = (2a — 1) /4k,

P(|Bk(C(Xn, ra)) — E(Be(.)) | = €n®) < §n2k+2—aexp(_m).

lim 17 [3(C(Pa. 1)) ~ E(B(C(Pa )] = 0,

Tim 07 [B(C(Xa, 7)) — E(B(C(X, )] = 0.

» Strong and weak laws hold for Ergodic point processes

under appropriate asymptotics. Proof via sub-additive
arguments.
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Central Limit Theorem
» P - Poisson (1) pp in RY; P, =P N W,,

1/d l/d

» K= C(P,,U {O},r)7 K1= C(P,,r),
> ICQZC(anBo(2I’)U{O},r), IC():IClﬂICQ.

DoBi(C(Pn, r)) = Bi(K2)—Bi(Ko)+5(Ker ny ) +B(Ker ni_1).

via Mayer-Vietoris exact sequence.

> Mk - Hk(’C()) — Hk(ICl) b Hk(’CQ)
» Weakly stabilizing: DofSk(C(Pn, r)) = DSk a.s..
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Theorem
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Theorem

Bi(C(Xs, r)) — E(Bk(C (X, r)))
NG

= N(0,72), 0 < 72 < o2
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