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Betti Numbers (a heuristic crash course)

I β0(.)−# connected components ;

I β1(.)−# two dimensional or circular holes ;

I β2(.)−# three dimensional holes or voids.

Figure: β0(T ) = 1, β1(T ) = 2, β2(T ) = 1.

Figure: β0(S) = 1, β1(S) = 0, β2(S) = 1.

I Alexander’s duality : βd−1(A) = β0(Rd \ A)− 1.
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∑

k≥0(−1)kβk(CB(X , r)) = 2.



The example of Boolean Model

I β0(CB(X , r)) := # connected components = 5.

I β1(CB(X , r)) := 3 = β0(Rd \ CB(X , r))− 1.

I βk(.) = 0, k ≥ 2.

I χ(CB(X , r)) :=
∑

k≥0(−1)kβk(CB(X , r)) = 2.



The example of Boolean Model

I β0(CB(X , r)) := # connected components = 5.

I β1(CB(X , r)) := 3 = β0(Rd \ CB(X , r))− 1.

I βk(.) = 0, k ≥ 2.

I χ(CB(X , r)) :=
∑

k≥0(−1)kβk(CB(X , r)) = 2.



The example of Boolean Model

I β0(CB(X , r)) := # connected components = 5.

I β1(CB(X , r)) := 3 = β0(Rd \ CB(X , r))− 1.

I βk(.) = 0, k ≥ 2.

I χ(CB(X , r)) :=
∑

k≥0(−1)kβk(CB(X , r)) = 2.



The example of Boolean Model

I β0(CB(X , r)) := # connected components = 5.

I β1(CB(X , r)) := 3 = β0(Rd \ CB(X , r))− 1.

I βk(.) = 0, k ≥ 2.

I χ(CB(X , r)) :=
∑

k≥0(−1)kβk(CB(X , r)) = 2.



Geometric complexes

Vertices = Φ = {Xi} ⊂ Rd

k-simplices/face : {X0, . . . ,Xk} if ∩ki=0Br (Xi) 6= ∅.

Ck(Φ, r) := {[X0, . . . ,Xk ]} Collection of k-faces.

Cech complex C (Φ, r) := ∪∞k=0CK (Φ, r) ⊂ 2Φ.



Geometric complexes

Vertices = Φ = {Xi} ⊂ Rd

k-simplices/face : {X0, . . . ,Xk} if ∩ki=0Br (Xi) 6= ∅.

Ck(Φ, r) := {[X0, . . . ,Xk ]} Collection of k-faces.

Cech complex C (Φ, r) := ∪∞k=0CK (Φ, r) ⊂ 2Φ.



Geometric complexes

Vertices = Φ = {Xi} ⊂ Rd

k-simplices/face : {X0, . . . ,Xk} if ∩ki=0Br (Xi) 6= ∅.

Ck(Φ, r) := {[X0, . . . ,Xk ]} Collection of k-faces.

Cech complex C (Φ, r) := ∪∞k=0CK (Φ, r) ⊂ 2Φ.



Geometric complexes

Vertices = Φ = {Xi} ⊂ Rd

k-simplices/face : {X0, . . . ,Xk} if ∩ki=0Br (Xi) 6= ∅.

Ck(Φ, r) := {[X0, . . . ,Xk ]} Collection of k-faces.

Cech complex C (Φ, r) := ∪∞k=0CK (Φ, r) ⊂ 2Φ.



Geometric complexes

Vertices = Φ = {Xi} ⊂ Rd

k-simplices/face : {X0, . . . ,Xk} if ∩ki=0Br (Xi) 6= ∅.

Ck(Φ, r) := {[X0, . . . ,Xk ]} Collection of k-faces.

Cech complex C (Φ, r) := ∪∞k=0CK (Φ, r) ⊂ 2Φ.



Geometric complexes

Vertices = Φ = {Xi} ⊂ Rd

k-simplices/face : {X0, . . . ,Xk} if ∩ki=0Br (Xi) 6= ∅.

Ck(Φ, r) := {[X0, . . . ,Xk ]} Collection of k-faces.

Cech complex C (Φ, r) := ∪∞k=0CK (Φ, r) ⊂ 2Φ.



Nerve Theorem

V finite. ∆ is a complex if ∆ ⊂ 2V such that

B ∈ ∆,A ⊂ B ⇒ A ∈ ∆.
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I βk := β(Hk) = β(Zk)− β(Bk).

I β0 := |C0| − |spanning forest| = ] conn. components.
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I Density f : supp(f ) compact and convex.

I O < infx∈supp(f ) f (x) ≤ supx∈Rd f (x) <∞.

I Pn - Poisson point process with intensity nf .

I Xn := {X1, . . . ,Xn} - Xi i.i.d. with density f .

I Sk := |Ck |.
I βk(C (Pn, rn)), βk(C (Xn, rn)) as n→∞, nrdn → r ?
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Variance Bounds

I Add-one cost or difference operator : X finite set, x ∈ Rd

Dxβk(X , r) = βk(C (X ∪ {x}, r))− βk(C (X )).

Dxβk(X , r) ≤ DxSk(C (X , r)).−DxSk+1(C (X , r)) ≤ Dxβk(X , r) ≤ DxSk(C (X , r)).

−Kd ≤ Dxβ0(X , r) ≤ 1.

I Poincaré or Efron-Stein inequalities

VAR(βk(C (Pn, rn))) = O(n) ; VAR(βk(C (Xn, rn))) = O(n).

I Variance bounds of Last-Peccati-Schulte (2015):

VAR(βd−1(C (Pn, rn))) = Ω(n).
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Concentration Inequalities

I Hoeffding inequality ⇒ For any a > 1
2
, ε > 0 and for n

large enough, with γ = (2a − 1)/4k ,

P
(∣∣βk(C (Xn, rn))− E(βk(.))

∣∣ ≥ εna
)
≤ C

ε
n2k+2−a exp(−nγ).

lim
n→∞

n−1 [βk(C (Pn, rn))− E(βk(C (Pn, rn)))] = 0,

lim
n→∞

n−1 [βk(C (Xn, rn))− E(βk(C (Xn, rn)))] = 0.

I Strong and weak laws hold for Ergodic point processes
under appropriate asymptotics. Proof via sub-additive
arguments.
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Central Limit Theorem
I P - Poisson (1) pp in Rd ; Pn = P ∩Wn,

Wn := [−n1/d

2
, n

1/d

2
]d .

I K = C (Pn ∪ {O}, r), K1 = C (Pn, r),

I K2 = C (Pn ∩ BO(2r) ∪ {O}, r), K0 = K1 ∩ K2.

DOβk(C (Pn, r)) = βk(K)− βk(K1).DOβk(C (Pn, r)) = βk(K2)− βk(K0) + ....DOβk(C (Pn, r)) = βk(K2)−βk(K0)+β(Ker ηk)+β(Ker ηk−1).DOβk(C (Pn, r)) = βk(K2)−βk(K0)+β(Ker ηk)+β(Ker ηk−1).

via Mayer-Vietoris exact sequence.

I ηk : Hk(K0)→ Hk(K1)⊕ Hk(K2).

I Weakly stabilizing: DOβk(C (Pn, r))→ D∞βk a.s..
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Poisson and Binomial CLT

Theorem

βk(C (Pn, r))− E(βk(C (Pn, r)))√
n

⇒ N(0, σ2).

I Proof via theorem of Penrose-Yukich (2001).

I Xn := {X1n, . . . ,Xnn}, Xin i.i.d. uniform rvs in Wn.

I r /∈ Id iff CB(P , r) or Rd \ CB(P , r) does not percolate

I I2 = ∅, Id 6= ∅. Assume r /∈ Id for k 6= 0, d − 1.

Theorem

βk(C (Xn, r))− E(βk(C (Xn, r)))√
n

⇒ N(0, τ 2), 0 < τ 2 ≤ σ2.
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